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PREFACE  OF  THE  EDITOR. 


After  the  death  of  Dr  Robisoiit  in  190S,  his 
friend  and  suocesaor,  the  latePrdesscnrFlay&ir,  un- 
dertook to  draw  up  an  account  of  his  life  and  writ- 
ing^  and  to  arrange  and  edite  the  various  artides 
which  he  had  composed  for  the  EngrdopsBdia 
Britannica.  The  public  already  know  with  how 
much  ability  Mr  Flay&ir  executed  the  first  part 
of  his  task ;  and  it  is  much  to  be  rq^retted  that 
he  did  not  complete  it»  by  superintending  the 
publication  of  the  present  work.  When  we  con^ 
aider,  however,  his  advanced  age,  and  the  numer- 
ous pursuits  of  his  own,  which  he  did  not  live  to 
finish,  we  cannot  be  surprised  at  his  declining  to 
occupy  his  time  with  a  species  of  labour  by 
which  he  could  neither  add  to  his  own  reputa- 
tion nor  to  that  of  Dr  Rolnson. 

Under  these  circumstances,  I  was  requested  by 
Dr  Robison's  fiunily  to  superintend  the  publica- 
tion of  his  scientific  works,  which  consbted  of:   *: 
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some  manuscript  articles  on  Projectiles  and  Cor- 
puscular Action,*  and  of  the  articles  which  he  had 
contributed  to  the  fourth  edition  of  the  Encyclopae- 
dia Britannica.  Haying  enjoyed  the  advantage 
of  being  one  of  Dr  Robison's  pupils,  I  could  not 
decline  a  task  which  naturally  devolved  upon 
me ;  nor  should  I  have  felt  myself  at  liberty  to  do 
so,  had  I  been  able  to  foresee  the  difficulties 
which  I  had  to  encounter  in  its  execution. 

As  the  work  could  not  be  extended  beyond 
four  volumes,  it  was  necessary  to  select  the  most 
important  articles  fix*  publication ;  and  even  when 
this  selection  was  made,  I  could  not  confine 
thCTci  within  the  prescribed  limits,  without  a  pro- 
cess of  abridgment,  whidi  was  both  troublesome 
and  difficult  In  doing  this,  howevw,  I  gene- 
rally confined  myself  to  the  omission  of  those  £- 
gressions  ot  a  pc^tical  and  religions  nature,  whidi, 
however  appropriate  they  might  have  been  at  the 
time,  were,  in  every  respect,  unsuitable  to  sd^- 
tific  discussions ;  though  sometimes,  from  a  dif- 
fuseness' of  style,  and  a  redundancy  of  illustration, 
allowable  in  an  Encydopasdia,  I  was  enabled  to 
abridge,  without  omitting  any  essential  step  in  tJie 

« 

investigation.  The  repetitions  so  unavoidable  in 
artides  written  and  published  at  different  times. 


*  The  maniucript  artides  are  printed  in  vol.  I.  from  p.  159  to  368. 
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I  have  in  some  cases  omitted ;  but  they  still  exist 
to  a  considerable  degree,  and,  F  am  penoaded, 
they  will  not  be  regarded  as  defects  by  the  reader 
who  has  occasion  to  study  separately  the  articles 
IB  which  they  occur.  Had  the  works  of  Dr  Ro^ 
bison  been  put  into  my  hands  in  MS.  to  be  pub- 
Ikhed  for  the  first  time,  I  should  have  felt  that 
the  responsibility  of  the  autlux'  was  transferred  to 
the  editor ;  but,  in  the  present  case,  almost  all  flie 
vtides  had  been  previously  before  the  public ;  and 
had  received  from  the  hands  of  the  author  various 
oorrections  and  additions.  Under  these  drcum** 
stances,  I  was  freed  from  every  editorial  responn- 
bility^  excepting  that  of  the  most  homUe  Jdod 

In  order  to  render  this  work  as  mudi  as  pes- 
nUe  a  system  of  mechanical  philosophy,  I  was 
anxious  that  it  should  contain  a  complete  treatise 
on  astronomy.  The  short  articles  on  Astroncmiy, 
and  the  artides  on  the  Tides  and  the  Precession 
<^  the  Equinoxes,  which  Dr  Robison  had  written 
for  the  Encyclopaedia  Britannica,  were  unfit  to 
supply  this  desideratum,  I  found  it  necessary; 
therefore,  to  delay  the  work  till  the  year  1890, 
when  the  copy-right  of  his  System  of  Astronomy 
had  expired.  This  work  has  therefore  been  used 
as  a  substitute  for  the  astronomical  articles  con- 
tcdned  in  the  Ency  dopsedia,  and  will  be  found  one 
of  the  most  vahiaUe  treatises  on  Phj«cal  Astro- 
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nomy  that  has  for  a  long  tiine  been  given  to  the 
public. 

Bdng  desirous  of  makug  the  work  as  complete 
as  possible,  I  had  proposed  to  give  an  account  of 
the  recmt  discoveries  in  science  in  the  torn  of 
notes.    I  found,  however,  as  I  proceeded,  that 
there  was  not  room  for  any  additional  matter,  ex- 
cepting a  few  notes,  and  references  to  more  recent 
works;  and  I  felt  that  I  could  make  no  apology 
to  the  reader  for  inserting  compositions  of  my 
own,  while  I  was  under  the  necessity  of  abridg- 
ing the  original  work.    In  the  article  on  the 
Steam-Engine,  however,  I  deviated  fiom  this 
rule.    The  great  improvements  which  had  been 
made  upon  this  engine  since  Dr  Rolnson's  article 
was  written,  rendered  it  necessary  that  considci- 
rable  additions  should  be  made  to  it    I  had  the 
good  fortune  to  prevail  upon  our  late  cdebrated 
countryman,  Mr  James  Watt,  to  undertake  the 
revision  of  the  article ;  and  though  he  intended 
only  to  correct  imperfections,  and  supply  some 
of  the  most  prominent  defects,  yet  he  was  gra- 
dually led  to  extend  his  views,  and  to  compose 
those  valuable  additions  on  the  History,  the  Prin- 
ciples, and  the  Construction  of  the  Steam-Engine 
which  enrich  that  part  of  the  work. 
7o  those  who  may  examine  Dr  Robison's  dis- 
ions  with  a  critical  eye,  it  may  be  necessary 
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to'ftatc^  that  they  were  all  oomposed  under  the  in- 
fluenoe  of  that  cruel  disease  with  which  he  was 
iflGcted  for  a  long  period  of  years.  The  know- 
ledge of  mechanical  philosophy  which  they  every- 
where display  possesses  the  rare  quality  of  being 
at  once  practical  and  profound,  and  they  are  often 
enriched  with  original  views  and  ingenious  in- 
ventions, which  it  required  oolj  the  tranquillity  of 
health  to  perfect  and  mature.  It  was  his  destiny, 
however,  to  enjoy  but  at  distant  intervals  that 
calm  of  mind  which  can  alone  sustain  the  ardour 
of  discovery.  At  such  periods,  his  ambition  con- 
stantly reverted  to  those  original  pursuits  which 
he  was  desirous  of  bringing  to  a  dose ;  but  they 
were  no  sooner  begun,  than  they  were  interrupt- 
ed by  renewed  attacks  of  that  painful  disease 
which  ultimately  deprived  him  of  his  life. 

Although  Dr  Robison's  name,  therefore,  can- 
not be  associated  with  the  great  discoveries  of  the 
oentiuy  which  he  adorned,  yet  the  memory  of  his 
talents  and  his  virtues  will  be  long  cherished  by 
his  country.  Imbued  with  the  genuine  spirit  of 
the  philosophy  which  he  taught,  he  was  one  of 
the  warmest  patrons  of  genius,  wherever  it  was 
found.  His  mind  was  nobly  elevated  above  the 
mean  jealousies  of  rival  ambition,  and  his  love  of 
science  and  of  justice  was  too  ardent  to  allow  him 
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either  to  depreciate  the  labours  of  others,  or  to 
transfer  them  to  himsel£ 

To  these  great  qualities  as  a  philosopher,  Dr 
Robison  added  all  the  more  estimable  endow- 
ments of  domestic  and  of  social  life;  His  friend** 
ship  was  at  all  times  generous  and  sincere^ 
His  piety  was  ardent  and  unostentatious.  His 
patriotism  was  of  the  most  pure  and  exalted  char 
racter ;  and,  like  the  immortal  Newton,  whose  me- 
mory he  cherished  with  a  peculiar  reverence,  he 
was  pre-eminentiy  entitled  to  the  high  distinc- 
turn  of  a  Christian  patriot  and  philosopher. 

EoiNBUKGH^  Dec.  22,  1821. 
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1.  Tuts  name  marks  tliat  department  of  physlco-mathe* 
matical  science  tvbich  contains  the  abstract  doctrine  oC 
MOVING  forces;  Uiat  is,  wJiaterer  Qecessoril^  reaultj from 
the  relations  of  our  ideas  of  motion,  &nd  of  the  immedists 
causes  of  its  production  and  change*. 

2.  All  changes  of  motion  ore  considered  bj  us  as  the  is* 
dications,  the  characteristics,  and  the  measures  of  chaag* 
ing  causes.  This  is  a  physical  law  of  human  thought* 
and  therefore  a'  principle  to  which  we  may  refer,  and 
from  which  we  must  derive  all  our  knowledge  of  thow 
causes.  When  we  appeal  to  our  own  thoughts  of  feel- 
ings, we  do  not  find  in  ourselves  any  disposition  to  refer 
mere  existence  to  any  cause,  although  the  beginning  of 
existence  certainly  produces  this  reference  in  an  instant. 
Had  we  always  observed  the  unirene  in  motion,  it  doea 
not  appear  that  we  should  hafe  ascribed  it  to  a  cauae,  till 
the  observation  of  relative  rest^  or  something  leading^  to 
it,  had  enabled  us  to  Miparat«,  by  abttroction*  the  notion 
of  matter  frcHu  that  of  motion.  We  might  then  perceive^ 
ihai  rest  ia  not  ineompatible  with  matter ;  and  wc  might 
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even  observe,  by  means  of  relative  motions,  that  absolute 
rest  might  be  produced  by  the  concourse  of  equal  and  op- 
posite motions.  But  all  this  requires  reflection  and  rea- 
soning ;  whereas  we  are  now  speaking  of  the  first  sugges- 
tions of  our  minds. 

3.  We  cannot  have  any  notion  of  motion  tit  abstraetOf 
without  considering  it  as  a  state  or  condition  of  existence, 
which  would  remain,  if  not  changed  by  some  cause.  It 
is  from  changes  alone,  therefore,  that  we  infer  any  agency 
in  nature ;  and  it  is  in  these  that  we  are  to  find  all  that 
we  know  of  their  causes. 

4.  When  we  look  around  us,  we  cannot  but  observe, 
that  the  motions  of  bodies  have,  in  most  cases,  if  not  al- 
ways, some  relation  to  the  situation,  the  distance,  and  the 
discriminating  qualities  of  other  bodies.  The  motions  of 
the  moon  have  a  palpable  relation  to  the  earth ;  the  mo- 
tions of  the  tides  have  as  evident  a  relation  to  the  moon ; 
the  motions  of  a  piece  of  iron  have  a  palpable  dependence 
nn  a  magnet.  The  vicinity  of  the  one  seems  to  be  the 
occasion,  at  least,  of  the  motions  of  the  other.  The  causes 
of  these  motions  have  an  evident  connection  with  or  de* 
fiendence  on  the  other  body.  We  are  even  disposed  to 
imagine,  that  they  are  inherent  in  that  body,  and  that  it 
possesses  certain  qualities  which  are  the  causes  of  those  mo- 
dificatioBs  of  motion  in  other  bodies.  These  serve  to  dis- 
tingoish  some  bodies  from  others,  and  may  therefore  be 
called  PROPBaTiBs ;  and,  since  the  condition  of  other  bo- 
dies soevidenUy  depends  on  them,  these  properties  express 
very  interesting  relatione  of  bodies,  and  are  chiefly  at- 
tended to  in  the  ennmeration  of  the  circumstances  which 
ascertain  what  we  cM  the  rmture  of  any  thing.  We  do 
Mot  mean  to  say,  that  these  inferences  are  always  just ; 
nay,  we  know  that  many  of  them  are  ill-founded :  but 
they  are  real,  and  they  serve  abundantiy  for  informing  us 
what  we  may  expect  from  any  proposed  situation  of  things. 
It  is  enough  forns  to  know,  that  when  a  piece  of  iron  it 
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to  «nd  so  aitoated  in  reUilioti  lo  a  magnet,  it  will  move  in 
ft  ootain  manner. 

This  mutual  relation  of  bodies  is  differentlj  considered, 
according  to  the  interest  that  we  chance  to  take  in  the 
phenomenon.  The  cause  of  the  approach  of  the  iron  to  a 
magnet  is  generally  ascribed  to  the  magnet,  which  is  said 
to  attract  the  iron,  because  we  coromoni j  emploj  the  mag- 
net in  order  that  thesis  motions  inajr  take  place.  The  si- 
milar approach  of  a  stone  to  the  earth  is  ascribed  to  the 
stone,  and  we  say  that  it  tends  to  the  earth.  In  ail  pro- 
bability, the  procedure  of  nature  is  the  same  in  both  ;  fbt 
they  are  observed,  in  every  instance,  to  be  mutual  between 
the  related  bodies.  As  iron  approaches  a  magnet,  so  the 
ftnagnet  appiroaiches  the  iron.  The  same  thing  is  obsenred 
in  the  motions  of  electrified  bodies ;  also  in  the  case  of  the 
stone  and  the  earth.  Therefore  the  cause  of  the  motions 
may  be  conceived  as  inherent  in  either,  or  in  both. 

The  Qualities  thus  inherent  in  bodies,  constituting  their 
mechanical  relations^  have  bden  called  the  mcchaitical  avw 
frtcTioifs  OF  Bf  ATtaa.  But  they  ar^  more  commonly  nam- 
ed pownas  or  porcbs  ;  and  the  event  which  indicates  their 
presence,  is  considered  as  the  effect  and  mark  of  their 
agency.  The  magnet  is  said  to  act  on  the  iron,  the  earth 
is  said  to  act  on  the  stone ;  and  the  iron  and  the  stone  are 
Said  to  ACt  on  the  magnet  and  on  the  earth. 

All  this  is  figurative  or  metaphorical  language.  All  lan- 
guages have  begiin  with  social  union,  and  have  improved 
along  with  it.  The  first  collections  of  words  expressed 
the  most  familiar  and  the  most  interesting  notions,  tn 
the  process  of  social  imprcfvement,  the  number  of  words 
did  not  increase  in  the  same  proportion  with  the  notions 
that  became  interesting  and  bmiliar  in  their  turn  :  for  it 
Often  happened  that  relations  of  certain  ideas  so  much  re- 
sembled tbe  relations  of  certain  other  ideas,  that  the  word 
expressing  one  of  them  served  very  well  for  eipressing  the 
frtber ;  because  the  dissimilar  circumstances  of  the  two 
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cases  preTented  all  chance  of  mistake.  Thus  we  are  said 
to  surmount  a  difficulty,  without  attaching  to  the  word  the 
notion  of  getting  over  a  steep  hill.  Languages  are  thus 
filled  with  figurative  expressions. 

5.  Power,  Force,  and  Action,  are  words  which  must 
have  appeared  in  the  language  of  the  most  simple  people ; 
because  the  notions  of  personal  ability,  strength,  and  ex- 
ertion, are  at  once  the  most  familiar  and  the  most  inter- 
esting that  can  have  a  place  in  the  human  mind.  These 
terms,  when  used  in  their  pure,  primitive  sense,  express 
the  notions  of  the  power,  force,  and  action  of  a  sentient, 
active,  being.  Such  a  being  only  is  an  agent  The  ex- 
ertion of  his  power  or  force  is  (exclusively)  action :  But 
the  relation  of  cause  and  effect  so  mucli  resembles  in  its 
results  the  relation  between  this  force  and  the  work  per- 
formed, that  the  same  term  may  be  very  intelligibly  em- 
ployed for  both.  Perhaps  the  only  case  of  pure  unfigu- 
rative  action  is  that  of  the  mind  on  the  body.  Biit  as  this 
is  always  with  the  design  of  producing  some  change  on 
external  bodies,  we  think  only  of  them ;  the  instrument 
or  tool  is  overlooked,  and  we  say  that  we  act  on  the  ex- 
ternal body.  Our  real  action,  therefore,  is  but  the  first 
movement  in  a  long  train  of  successive  events,  and  is  but 
the  remote  cause  of  the  interesting  event.  The  resem- 
blance to  such  actions  is  very  strong  indeed  in  many  cases 
of  mechanical  phenomena.  A  man  throws  a  ball  by  the 
motion  of  his  arm.  A  spring  impels  a  ball  in  the  same 
manner  by  unbending.  These  two  events  resemble  each 
other  in  every  circumstance  but  the  action  of  the  mind  on 
the  corporeal  organ-^the  rest  of  it  is  a  train  of  pure  me- 
chanism. In  general,  because  the  ultimate  results  of  the 
mutual  influence  of  bodies  on  each  other  greatly  resemble 
the  ultimate  results  of  our  actions  on  bodies,  we  have.not 
invented  appropriated  terms,  but  have  contented  ourselves 
with  those  already  employed  for  expressing  our  own  ao« 
tions^  the  exertions  of  our  own  powers  or  forces.    The 
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relaticm  of  physical  cause  and  effect  is  expressed  metapho* 
ncallj  in  the  words  which  belong  properly  to  the  relation 
of  agent  and  action.  This  has  been  attended  by  the  usual 
ooDsequences  of  poverty  of  language,  namely,  ambiguity,  ' 
and  sometimes  mistake,  both  in  our  reflections  (which  are 
generally  carried  on  by  mental  discourse),  our  reasonings, 
and  our  conclusions.  It  ii  necessary  to  be  on  our  guard 
against  such  mistakes ;  for  they  frequently  amount  to  the 
confounding  of  things  'totally  different.  Many  philoso- 
phers of  great  reputation,  on  no  better  foundation  than 
this  metaphorical  language,  have  confounded  the  relations 
of  activity  and  of  causation,  and  even  denied  that  there  is 
any  difference ;  and  they  have  affirmed,  that  there  is  the 
same  invariable  relation  between  the  determinations  of  the 
will  and  the  inducements  that  prompt  them,  as  there  is 
between  any  physical  power  and  its  effect  Others  have 
maintained,  that  the  first  mover  in  the  mechanical  opera- 
tions, and  indeed  through  the  whole  tr^n  of  any  compli- 
cated event,  is  a  percipient  and  intending  principle  in  the 
same  manner  as  in  our  actions.  According  to  these  phi- 
losophers, a  particle  of  gravitating  matter  perceives  its  re- 
lation to  every  other  particle  in  the  universe,  and  deter- 
mines its  own  motion  according  to  fixed  laws,  in  exact 
conformity  to  its  situation.  But  the  language,  and  even 
the  actions  of  all  men,  shew  that  they  have  a  notion  of 
the  relation  of  an  agent  to  the  action,  easily  distinguish- 
able (because  all  distinguish  it)  from  the  relation  between 
the  physical  cause  and  its  effect. 

6.  When  we  speak  of  powers  or  forces  as  residing  in  a 
body,  and  the  effect  as.  produced  by  their  exertion,  the 
body,  considered  as  possessing  the  power,  is  said  to  act 
on  the  other.  A  magnet  is  said  to  act  on  a  piece  of  iron ; 
a  billiard  ball  in  motion  is  said  to  act  on  one  that  is  bit  by 
it :  but  if  we  attempt  to  fix  our  attention  on  this  action, 
as  distinct  both  from  the  agent  and  the  thing  acted  on,  we 
find  no  object  of  contemplation — the  exertion  or  procedure 


of  nattire  in  prodvciBg  the  tfTed  doM  not  come  under  omr 
yriaw.  When  we  tptak  of  the  action  as  distinct  firom  the 
ag«nt,  we  find  that  it  is  not  the  action^  propeify  speakingi 
but  the  ad,  that  we  q^eak  of.  In  like  manner,  the  action 
of  a  mechanical  power  can  be  eonceived  oolj  in  the  eflbct 
produced. 

7.  A  man  is  not  said  to  act  unless  he  prodnces  some 
eiftet  Thought  is  the  act  of  the  thinking  principle ; 
motion  of  the  limh  is  the  act  of  the  mind  on  it  In  me^ 
chaaics,  also,  there  is  action  only  in  so  far  as  there  is  me* 
ehanioal  tSbd  produced.  I  mn^  act  Tiolentiy  in  order  to 
hegin  notion  on  a  slide :  I  must  exert  fbree^  and  this  force 
exerted  inrodnces  motion.  I  conceive  the  preduetbn  of 
motion,  in  all  cases,  as  the  exertion  of  force ;  bnt  it  re» 
quires  no  exertion  to  continue  the  motion  along  the  slide; 
I  am  conscious  of  none,  therefore  I  ought  to  infer  that  no 
force  is  necessary  for  the  continuation  of  any  motbn.  The 
coptinuation  of  motion  is  not  the  production  of  any  new 
elfeet,  but  the  permanency  of  an  effect  already  produoedw 
We  indeed  consider  motion  as  the  cfiectof  anacticm ;  but 
there  would  be  no  eiftct  if  the  body  were  not  moring. 
Motion  is  not  the  action,  but  the  effect  of  the  action. 

8.  Mechanical  m*^ions  have  been  usually  chased  under 
two  heads :  they  are  either  Pnassunss  or  Imfulsions. 
They  are  generally  ^nsidered  as  of  diflfbrent  kinds ;  the 
exertions  of  differ^it  powers.  jpaRssuaa  is  supposed  to 
difler  essentially  from  Impvlsb. 

Instead  of  attempting  to  define,  or  describe,  these  two 
kinds  of  forces  and  actions,  we  riiall  just  mention  some 
instances.  This  will  give  us  all  thf  knowledge  of  their 
distinctions  that  we  can  acquire. 

When  a  ball  lies  on  a  ta^e,  and  I  press  it  gently  on  one 
side,  it  moves  toward  the  other  side  of  the  table.  If  I 
follow  it  with  my  finger,  continuing  my  pressure,  it  ac- 
celerates continually  in  its  motion.  In  Kke  manner,  when 
I  press  on  the  handle  of  a  common  kitchen  jack,  the  fly 
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Ugifiu  to  move  If  I  eontume  to  urge  or  press  round  the 
hmdle,  the  fly  acceicretet  continuaU  j,  and  may  be  brought 
iato  aatate  <»f  tery  rapid  motion.  These  aaotioiis  are  the 
effecta  of  genuine  luressure.  The  ball  would  be  urged 
along  the  table  in  the  same  manner,  and  with  a  motion 
continually  accelerated,  by  the  unbending  of  a  tpringi 
Abo>  a  spring  coiled  up  round  the  axis  of  the  handle  of 
the  jack  would,  by  uncoiling  itself,  urge  round  the  fly 
with  a  motion  accelerating  in  the  same  way.  The  more 
I  reflect  on  the  pressure  of  my  finger  on  the  ball,  and 
compare  it  with  the  efiect  of  the  spring  on  it,  the  more 
clearly  do  I  see  the  perfect  similarity ;  and  I  call  these 
bfluences,  exertions,  or  actions,  by  one  name,  Frbssurk, 
taken  from  the  most  familiar  instance  of  them. 

Again,  the  very  same  motion  may  be  produced  in  the 
ball  or  fly,  by  pulling  the  ball  or  the  machine  by  means 
of  a  thread,  to  which  a  weight  is  suspended.    As  both 
are  motions  aeoelenited  in  the  same  manner,  I  call  the 
influence  or  action  of  the  thread  on  the  ball  or  machine  by 
the  same  name  Fressurb,  and  WjeiouT  is  considered  as  a 
pressing  power.     Indeed,  I  feel  the  same  compression  from 
the  real  pressure  of  a  man  on  my  shoulders,  that  I  would 
feel  from  a  load  laid  on  them.    But  the  weight  in  our  ex- 
ample is  acting  by  the  interrention  of  the  thread.     By  its 
pressure,  it  b  pulling  at  that  part  of  the  thread  to  which 
it  is  fastened ;  this  part  is  pulling  at  the  next  by  means  of 
the  force  of  cohesion ;  and  this  pulla  at  a  third,  and  so 
on,  till  the  most  remote  pulls  at  the  ball  or  the  machine. 
Thus  may  elasticity,  weight,  cohesion,  and  other  forces, 
perform  the  office  of  a  genuine  power ;  and  since  their  re^- 
suit  is  always  a  motion  beginning  from  nothing,  and  ac- 
celerating by  perceptible  degrees  to  any  velocity,  this,  re- 
semblance makes  us  call  them  by  one  familiar  name« 

But  farther,  I  see  that  if  the  thread  be  cut,  the  weight  will 
fidl  with  an  accelerated  motion,  which  will  increase  to  any 
degree^  if  the  length  of  the  fall  be  great  enough.  I  ascribe 
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this  also  to  a  [Hissing  power  acting  on  tlie  weight.  Nay, 
after  a  very  little  refinement,  I  consider  tliis  power  as  the 
causeof  the  body^s  weight ;  which  word  is  but  a  distinguish* 
ing  name  for  this  particular  instance  of  pressing  power. 
Gravitation  is  therefore  added  to  the  list  of  pressures; 
and,  for  similar  reasons,  the  attractions  and  repulsions  of 
magnets  or  electric  bodies  may  be  added  to  the  list ;  for 
they  produce  actual  compressions  of  bodies  placed  Ijtetween 
them,  and  they  produce  motions  gradually  accelerated, 
precisely  as  gravitation  does.  Therefore  all  these  powers 
may  be  distinguished  by  this  descriptive  name  pressures, 
which,  in  strict  language,  belongs  to  one  of  them  only. 

Several  writers,  however,  subdivide  this  great  class  into 
pressions  and  solicitations.  Gravity  is  a  solicitation  ab 
extra,  by  which  a  body  is  urged  downward.  In  like  man- 
ner, the  forces  of  magnetism  and  electricity,  and  a  vast 
variety  of  other  attractions  and  repulsions,  are  called  so- 
licitadons.  We  see  little  use  for  this  distinction,  and  the 
term  is  too  like  an  aflection  of  mind. 

9.  Impulsion  is  exhibited  when  a  ball  in  motion  puts 
another  ball  into  motion  by  hitting,  or  (to  speak  metapho- 
rically) by  striking  it.     The  appearances  here  are  verv  dif- 
ferent.    The  body  that  is  struck  acquires,  in  the  instant 
of  impulse,  a  sensible  quantity  of  motion,  and  sometimes 
a  very  rapid  motion.     This  motion  is  neither  accelerated 
nor  retarded  after  the  stroke,-  unless  it  be  affected  by  some 
other  force.     It  is  also  remarked,  that  the  rapidity  of  the 
motion  depends,  inter  alia,  on  the  previous  velocity  of  the 
striking  body.  For  instance,  if  a  clay  ball,  moving  with  any 
▼elocity,  strike  another  equal  ball  which  is  at  rest,  the  struck 
ball  moves  with  half  the  velocity  of  the  other.    And  it  is 
farther  remarkable,  that  the  striking  body  always  loses  as 
much  motion  as  the  struck  body  gains.     This  universal 
and  remarkable  fact  seems  to  have  given  rise  to  a  confused 
or  indistinct  notion  of  a  sort  of  transference  of  motion 
^m  one  body  to  another.    The  phraseology  in  general 
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use  on  ibis  subject  expresses  this  in  the  most  precise  terms. 
The  one  ball  is  not  said  to  cause  or  produce  motion  in  the 
other,  but  to  communicate  motion  to  it ;  and  the  whole 
phenomenon  is  cnlled  the  communication  of  motion.  We 
call  this  an  indistinct  notion;  for  surely  no  one  will  say  that 
he  has  a  clear  conception  of  it.  We  can  form  the  most 
distinct  notion  of  the  communication  of  heat,  or  of  the 
cause  of  heat ;  of  the  communication  of  saltness,  sweet- 
ness, and  a  thousand  other  things  ;  but  we  cannot  conceive 
how  part  of  that  identical  motion  which  was  formerly  in 
A,  is  now  infused  into  B,  being  given  up  by  A.  It  is  in 
our  attempt  to  form  this  notion  that  we  find  that  motion 
is  not  a  things  not  a  substance  which  can  exist  independ- 
ently, and  is  susceptible  of  actual  transference.  It  ap- 
pears in  this  case  to  be  a  state,  or  condition,  or  mode  of 
existence,  of  which  bodies  are  susceptible,  which  is  pro- 
ducible, or  (to-  speak  without  metaphor)  causable,  in  lio- 
dies,  and  which  is  the  effect  and  characteristic  of  certain 
natural  qualities,  properties,  or  powers.  We  are  anxious 
to  have  our  readers  impressed  with  clear  and  precise  no- 
tions on  this  subject,  being  confident  that  such,  and  only 
such,  will  carry  them  through  some  intricate  paths  of 
mechanical  and  philosophical  research. 

10.  The  remarkable  circumstance  in  this  phenomenon 
is,  that  a  rapid  motion,  which  re(|uirc's  for  the  efiecting 
it  the  action  of  a  pressing  power,  continued  for  a  sensible, 
and  frequently  a  long  time,  seems  to  be  effected  in  an  in- 
stant by  impulsion.  This  Jias  tended  much  to  support  the 
notion  of  the  actual  transference  of  something  formerly 
possessed  exclusively  by  the  striking  bod} ,  inhering  in  it, 
but  separable,  and  now  transfused,  into  the  body  stricken. 
And  now  room  is  found  for  the  employment  of  metaphor, 
both  in  thought  and  language.  The  striking  body  affects 
the  body  which  it  thus  impels :  It  therefore  possesses  the 
power  of  impulsion,  that  is,  of  communicating  motion.  It 
possesses  it  only  while  it  is  in  motion.     This  power,  therti- 
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fore,  is  the  eflicieni  itiBfiognhhtng  came  of  ifs  moUoBy 
•od  its  only  o£See  niiist  be  tke  amlimiation  of  this  motion. 
It  is  theiefore  called  the  mnniiBiiT  voncn,  the  force  inh^ 
rent  in  a  moving  bodj,  tis  ihsita  earpori  sisio.    TUs  tons 
is  transfused  into  the  body  impelled ;  and  ikmfmre  the 
transference  is  instantaneous,  and  the  impelled  body  eott- 
tinues  its  motion  till  it  is  changed  by  some  other  action. 
AU  this  is  at  first  sight  Tery  pUusible ;  but  a  scmpulous 
attention  to  those  feelings  which  have  given  rise  to  this 
metaphor!^  conception,  should  have  produced  very  dif- 
ferent notions.    I  am  conscious  of  exertion  in  order  to  be- 
gin motion  on  a  slide;  but  if  the  ice  be  very  smooth,  I 
am  conscious  of  no  exertion  in  order  to  slide  along.    My 
power. b  felt  only  while  I  am  conscious  of  exerting  it: 
Therefore  I  have  no  primitive  fediog  or  notion  of  power 
while  I  am  sliding  along.     I  am  certain  that  no  exertion 
of  power  is  necessary  here.    Nay,  I  find  that  I  cannot 
think  of  my  moving  forward  without  efibrt  otherwise  than 
as  a  certain  mode  of  my  existence.     Yet  we  imagine  that 
the  partisans  of  this  <^inion  did  reaUy  deduce  it  in  some 
shape  from  their  feelings.    We  must  continue  the  txafiom 
of  walking  in  order  to  walk  on ;  our  power  of  walking 
must  be  continually  exerted,  otherwise  we  shall  stop.  But 
this  is  a  very  imperfect,  incomplete,  and  careless  observa- 
tion.   Walking  is  much  more  than  mere  continuance  in 
progressive  motion.    It  is  a  continually  repeated  lifling 
our  body  up  a  small  height,  and  allowing  it  to  come  down 
again.     This  renewed  ascent  requires  repeated  exertion. 

11.  We  have  other  observations  of  importance  yet  to 
make  on  this  force  of  moving  bodiesi  but  this  is  not  the 
most  proper  occasion.  Meanwhile  we  must  remark,  that 
the  instantaneous  production  of  rapid  motion  by  impulse 
has  induced  the  first  mechanicians  of  Europe  to  maintain, 
that  the  power  or  force  of  iqipulse  is  unsusceptible  of  any 
^mparison  with  a  pressing  power.  They  have  asserted, 
that  impulse  is  infinitely  great  when  compared  with  pres* 
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mtart  i  not  recollecting  ihnt  they  lield  them  to  be  thinge 
lotallf  diqMurate,  that  have  no  proportion  more  than 
fpcfght  asd  9weetneft.  Bat  theae  gestlemen  are  perpetn* 
alljr  cstittd  awiqr  from  their  creed  bj  the  stmihnrity  of  the 
ultimate  results  of  pressure  and  impulse.  No  person  ein 
find  anj  difieimce  between  the  motion  of  two  baUs  mor- 
ii|g  eqnallj  swift,  in  the  same  directiol^  one  of  which  is 
descending  by  gravitj,  and  the  other  has  deriTed  its  mo^ 
tion  from  a  blow.  This  struggk  of  the  mind  |o  maintain 
ili  faith,  and  yet  accommodate  its  doctrines  to  what  wa 
see,  has  occasioned  some  other  curious  hnnB  of  expres- 
sion. Presanre  is  considered  as  an  ^wri  to  producNe  motion. 
When  a  ball  lies  on  a  table,  its  weight,  which  they  call  a 
i>awcir,  continually  and  repeatedly  tndeawmirt  (mark  thf 
metaphorical  word  and  thought)  to  move  the  ball  down^ 
ward.  But  these  ^orts  are  ineffectual.  They  say  that 
Ibis  ineffectual  power  is  cbsd,  and  call  it  a  ▼»  moutua  :  but 
the  ibrce  of  impulsion  is  called  a  vis  viva,  a  living  force; 
But  this  is  yeery  whimsical  and  very  inaccurate  If  the 
impelling  ball  falls  perpendicularly  on  the  other  lying  on 
the  table,  it  will  produce  no  motion  any  more  than  gnu 
vity  will ;  and  if  the  table  be  annihilated,  gravity  becomes 
a  vu  viva. 

We  must  now  add,  that,  in  order  to  prove  that  impulse 
is  infinitely  greater  than  pressure,  these  mechanicians  turn 
our  attention  to  many  familiar  facts  which  plead  strongly 
in  their  favcmr.  A  carpenter  will  drive  a  nail  into  a  board 
with  a  very  moderate  blow  of  his  hammer.  This  will  re- 
quire a  pressure  whicfa  seems  many  hundred  times  greater 
than  the  impelling  effort  of  the  carpenter.  A  very  mode- 
rate blow  will  shiver  into  pieces  a  diamond  which  would 
carry  the  weij^t  of  a  mountain.  Seeing  this  prodigious 
superiority  in  the  impulse  how  shall  they  account  for  the 
production  of  motion  by  means  of  pressure  ?  for  this  mo^ 
tloo  of  the  hammer  might  have  been  acquired  by  its  falU 
ing  from  a  height ;  nay,  it  is  actually  acquired  by  taieani^ 
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of  the  continued  pressure  of  tbe  carpenter's  arm.  Thejr 
consider  it  as  the  aggregate  of  an  infinity*  of  succeeding 
pressures  ii^  every  instant  of  its  continuance,  so  that  the 
insignificant  smallness  of  each  effort  is  compensated  hj 
their  inconceivable  number. 

On  the  whole,  we  do  not  think  that  there  is  clear  eri- 
dence  that  there  are  two  kinds  of  mechanical  force  essen- 
tially different  in  their  nature.  It  is  virtually  given  up  by 
those  who  say  that  impulse  is  infinitely  greater  than  pres- 
sure. Nor  is  there  any  considerable  advantage  to  be  ob- 
tained by  arranging  the  phenomenon  under  those  two 
heads.  We  may  perhaps  find  some  method  of  explaining 
satisfactorily  the  renun'kable  difference  that  is  really  ob- 
served in  the  two  modes  of  producing  motion ;  namely^ 
the  gradual  production  of  motion  by  acknowledged  pres- 
sure, and  the  instantaneous  production  of  it  by  impulse. 
Indeed,  we  should  not  have  taken  up  so  much  of  our  read- 
ers attention  with  this  subject,  had  it  not  been  for  some 
inferences  that  have  been  made  from  these  premises,  which 
meet  us  in  our  very  entry  on  the  consideration  of  first 
principles,  and  that  are  of  extensive  influence  on  the  whole 
science  of  mechanical  philosophy,  and,  indeed,  on  the  whole 
study  of  nature. 

1^*  Mechanicians  are  greatly  divided  in  their  opinion 
about  the  nature  of  the  sole  moving  force  in  nature.  Those 
whom  we  are  now  speaking  of,  seem  to  think  that  all  mo- 
tion is  produced  by  pressure:  For  when  they  consider 
impulse  as  equivalent  to  the  aggregate  of  an  infinity  of 
repeated  pressures,  they  undoubtedly  suppose  any  pressure 
however  insignificant,  as  a  moving  force.  But  there  is  a 
party,  both  numerous  and  respectable,  who  maintain  that 
mulipsion  is  the  sole  cause  of  motion.  We  see  bodies  in 
motion,  say  they,  and  we  see  them  impel  others ;  and  we 
see  that  this  production  of  motion  is  regulated  by  such 
laws,  that  there  is  but  one  absolute  quantity  of  motion  in 
the  universe  which  remains  unalterably  the  same.    It  must 
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therefore  be  transfused  in  the  acts  of  collision.  We  also 
see,  with  clear  evidence,  in  some  cases,  that  motion  can 
produce  pressure.  Euler  adduces  some  verj  whimsical 
and  complicated  cases,  in  which  an  action,  precisely  simi- 
lar to  pressure,  may  be  produced  bj  motion.  Thus,  two 
bails  connected  by  a  thread,  may  be  so  struck  that  they 
shall  move  forward,  and  at  the  same  time  wheel  round. 
In  this  case  the  connecting  thread  will  be  stretched  between 
them.  Now,  say  the  philosophers,  since  we  see  motion, 
and  see  that  pressure  may  be  produced  by  motion,  it.  is 
preposterous  to  imagine  that  it  is  any  thing  else  than  a  re- 
sult of  certain  motions ;  and  it  is  the  business  of  a  philoso- 
pher to  inquire  and  discover  what  motions  produce  the 
pressures  that  we  observe. 

They  then  proceed  to  account  for  those  pressing  pow- 
ers, or  solicitations  to  motion,  which  we  observe  in  the 
acceleration  of  falling  bodies,  the  attractions  pf  magnetism 
and  electricity,  and  many  other  phenomena  of  this  kind, 
where  bodies  are  put  in  motion  by  the  vicinity  of  other 
bodies,  or  (in  the  popular  language)  by  the  action  of  other 
bodies  at  a  distance.  To  say  that  a  magnet  can  act  on 
a  piece  of  remote  iron,  is  to  say  that  it  can  act  tchere  it  is 
not ;  which  is  as  absurd  as  to  say,  that  it  can  act  when 
it  is  not.    Nihil  movtiur^  says  Euler,  nin  a  conttgno  tt  moto. 

The  bulk  of  these  philosophers  are  not  very  anxious 
about  the  way  in  which  these  motions  are  produced,  nor 
do  they  fall  upon  such  ingenious  methods  of  producing 
presi^ure  as  the  one  already  mentioned,  which  was  adduced 
by  Euler.  The  piece  of  iron,  say  they,  is  put  in  motion 
when  brought  into  the  neighbourhood  of  a  magnet,  because 
there  is  a  stream  of  fluid  issuing  from  one  pole  of  the  mag- 
net, which  circles  round  the  magnet,  and  enters  at  the 
other  pole :  This  stream  impels  the  iron,  and  arranges  it 
in  certain  determined  positions,  just  as  a  stream  of  water 
wpnld  arrange  the  flote  grass.  In  the  same  manner,  there 
is  ft  stre^un  of  fluid  continually  moving  towards  the  centre 
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in  all  the  operations  of  nature  that  we  have  investigated 
with  sueeess.  As  the  magnet  attracts  iron,  and  in  so  do* 
ing  is  said  to  act  on  it ;  so  the  iron  attracts  the  magnet, 
and  maj  be  said  to  react  on  it. 

Id.  With  respect  to  the  diiBcultj  that  hag  beeti  object- 
ed to  the  opinion  of  those  who  maintain  that  all  the  me- 
chanical phenomena  are  produced  by  the  agency  of  at- 
tracting or  repelling  forces ;  namely,  thai  this  supposes 
the  bodies  to  act  on  each  other  at  a  distance,  however 
small  those  distances  may  be,  which  is  thought  to  be  ab- 
surd, it  may  be  observed,  that  we  may  ascribe  the  mutual 
approaches  or  recesses  to  tendencies  to  or  from  each  other. 
What  we  call  the  attraction  of  the  magnet  may  be  Considered 
as  a  tendency  of  the  iron  to  the  magnet,  somewhat  similar 
to  the  gravitation  of  a  stone  toward  the  earth.  We  sure- 
ly (at  least  the  unlearned)  can  and  do  conceive  the  iron  to 
be  affected  by  the  magnet,  vnthout  thinkins^  of  any  inter- 
medium. The  thing  is  not  therefore  inconceivable ;  which 
is  all  that  we  know  about  absurdity :  and  we  do  not  know 
any  thing  about  the  nature  or  essence  of  matter  which 
renders  this  tendency  to  the  magnet  impossible.  That  we 
do  not  see  intuitively  any  reason  why  the  iron  should  ap- 
proach the  magnet,  must  be  granted;  but  this  is  not 
enough  to  entitle  us  to  say,  that  such  a  thing  is  impossible 
or  inconsistent  with  the  nature  of  matter.  It  appears, 
therefore,  to  be  very  hasty  and  unwarrantable,  to  sup- 
pose the  impulse  of  an  invisible  fluid,  of  which  we  know 
nothing,  and  of  the  existence  of  whieh  we  have  no  proof. 
Nay,  if  it  be  true  that  bodies  do  not  come  into  contact, 
even  when  one  ball  hits  another,  and  drives  it  before  it, 
this  invisible  fluid  will  not  solve  the  difficulty;  because 
the  same  difficulty  occurs  in  the  action  of  any  particle  of 
the  fluid  on  the  body.  We  are  obliged  to  say,  that,  the 
production  of  motion  without  any  observed  contact,  is  a 
much  more  familiar  phenomenon  than  the  production  of 
motion  by  impulsion.    More  motion  has  been  produced  ia 
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this  way  by  the  gravitation  of  a  small  stream  of  water, 
rumiiiig  ever  since  the  creation,  than  by  all  the  impulaea 
in  the  world  twice  told.  We  do  not  mean  by  this  to  say, 
that  the  giving  to  th^  observed  mutual  relation  between 
iron  and  a  loadstone  the  name  tendency  makes  it  less  ab« 
surd,  than  when  we  say  that  the  loadstone  attracts  the 
iron;- it  only  makes  it  more  conceivable:  It  suggests  a 
very  faipiliar  analogy :  but  both  are  equally  figurative  ex« 
pressions  ;  at  least  as  the  word  tendency  is  used  at  pre* 
sent  In  the  language  of  ancient  Bome,  there  was  no 
metaphor  when  YirgiPs  hero  said,  Tendimus  in  Laiium 
Tendere  versus  solem  means,  in  plain  Latin,  to  approack 
the  sun.  The  safe  way  of  conceiving  the  whole  \9  to  say, 
that  the  conditioii  of  the  iron  depends  on  the  vicinity  of 
the  magnet 

16.  When  the  exertions  of  a  mechanical  power  are  ob* 
served  to  be  always  directed  toward  a  body,  that  body  is 
said  to  attract ;  but  when  the  other  body  always  moves 
off  from  it,  it  is  said  to  repel.     These  also  are  metapho- 
rical expressions.     I  attract  a  boat  when  I  pull  it  toward 
me  by  a  rope ;  this  is  purely  Attraction  ;  and  it  is  pure^ 
unfigurative  Rkpulsion,  when  I  push  any  body  from  me. 
The  same  words  are  applied  to  the  mechanical  phenomena^ 
merely  because  they  resemble  the  results  of  real  attrac- 
tion or  repulsion.     We  must  be  much  on  our  guard  to 
avoid  metaphor  in  our  conceptions,  and  never  allow  those 
words  to  suggest  to  our  mind  any  opinion  about  the  nuM' 
ner  in  which  the  mechanical  forces  produce  their  effects. 
It  is  plain,  that  if  the  opinion  of  those  who  maintain 
the  existence  and  action  of  the  above  mentioned  invisible 
fluid  be  just,  there  is  nothing  like  attraction  or  repulsion 
in  the  universe.    We  must  always  recur  to  the  simple  phe- 
nomenon, the  motion  to  or  from  the  attracting  or  repel- 
ling body ;  for  this  is  all  we  see,  and  generally  all  that 
we  know. 

17.  We  conceive  one  man  to  have  tirice  the  strength  of 
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another  man,  when  we  see  that  he  can  withstand  the  united, 
effort  pf  two  others.  Thus  animal  force  is  conceived  as 
a  quantity,  made  up  of,  and  measured  by,  its  own  parts. 
But  we  doubt  exceedingly  whether  this  be  an  accurate 
conception.  We  have  not  a  distinct  notion  of  one  strain 
added  to  another ;  though  we  have  of  their  being  joined 
or  combined.  We  want  words  .to  express  the  difference 
of  these  two  notions  in  our  own  minds ;  but  we  imagine 
that  others  perceive  the  same  difference.  We  conceive 
clearly  th6  addition  of  two  lines  or  of  two  minutes ;  we 
can  conceive  them  apart,  and  perceive  their  boundaries, 
common  to  both,  where  one  ends  and  the  other  begins. 
We  cannot  conceive  thus  of  two  forces  combined ;  yet  we 
cannot  say,  that  two  equal  forces  are  not  double  of  one  of 
them.  We  measure  them  by  the  effects  which  they  are 
known  to  produce.  Yet  there  are  not  wanting  many  cases 
'  where  the  action  of  two  men,  equally  strong,  does  not 
produce  a  double  motion. 

•  In  like  manner,  we  conceive  all  mechanical  forces  as 
measurable  by  their  effects ;  and  thus  they  are  made  the 
subjects  of  mathematical  discussion.  We  talk  of  the  pro- 
portions of  gravity,  magnetism,  electricity,  &c. ;  nay,  we 
talk  of  the  proportion  of  gravity  to  magnetism: — Yet 
these,  considered  in  themselves,  are  disparate,  and  do  not 
admit  of  any  proportion ;  but  they  produce  effects,  some 
of  which  are  measurable,  and  whose  assumed  measures 
are  susceptible  of  comparison,  being  quantities  of  the 
same  kind.  Thus,  one  of  the  effects  of  gravity  is  the 
acceleration  of  motion  in  a  failing  body ;  magnetism  will 
also  accelerate  the  motion  of  a  piece  of  iron  ;  these  two 
accelerations  are  comparable.  But  we  cannot  compare 
.magnetism  with  heat ;  because  we  do  not  know  any  mea- 
surable effects  of.  magnetism  that  are  of  the  same  kind 
with  any  effects  of  heat. 

When  we  say,  that  the  gravitation  of  the  moon  is  the 
SOOOth  part  of  Jthe  gravitation  at  the  sea*shore^  we  mean 


inrNAMics.  ^  19 

thftt  the  h\\  of  a  slone  in  a  second  is  3600  times  greats 
than  the  fall  of  the  moon  in  the  same  time.    But  we  also 
mean  (and  this  expresses  the  proportion  of  the  teniauy 
ef  gravitation  more  purely )»  that  if  a  stone^  when  hung 
on  a  spring  steelyard,  draw  out  the  rod  of  the  Ateetyard 
to  the  mark  3600,  the  same  stone^  taken  up  tothe  dis* 
t^ce  of  the  moon,  will  draw  it  out  no  further  than  the 
mark  1;    We  also  mean,  that  if  the  stone  at  the  sea- 
shore draw  out  the  rod  to  any  mark,  it  will  require  3600 
such  stones  to  draw  it  out  to  that  mark,  when  the  trial  is 
made  at  the  distance  of  the  moon.     It  is  not,  therefore, 
in  consequence  of  any  immediate  perception  of  the  pro- 
portion of  the  gravitation  at  the  moon  to  that  at  the  sur- 
face of  the  earth  that  we  make  such  an  assertion ;  but 
these  motions,  which  we  consider  as  its  effects  in  these 
situations-,  being  magnitudes  of  the  same  kind^  are  sus- 
ceptible of  comparison,  and  have  a  proportion  which  can  • 
be  ascertained  hj  observation.     It  is  these  proportions 
that  we  contemplate;  although  we  speak  of  the  propor- 
tions of  the  unseen  causes,  the  forces,  or  endeavours  to  de*" 
scend.     It  will  be  of  material  service  to  the  reader  to  per- 
use Dr  Reid^s  judicious  and  acute  dissertation  on  quantity  in 
the  45th  volume  of  the  Philosophical  Transactions;  where> 
we  trust,  he  will  see  clearly  how  forces  velocity,  density, 
and  many  othef  magnitudes  of  very  frequent  occurrence 
in  mechanical  philosophy,  ihay  be  made  the  subjects  of 
mathematical  discussion^  by  means  of  sonle  of  those  pro- 
per quantities^  measurable  by  their  own  parts^  which  are 
to  be  assumed  as  their  measures.     Pressures  are  measur- 
able oiily  by  pressures;    When  we  consider  them  as  mov- 
ing powers,  we  should  be  able  to  measure  them  by  any 
moving  powers,   otherwise  we  cannot  compare  them ; 
therefore  it  is  ndt  as  pressures  that  we  then  measure  them. 
This  observatioti  is*  momentous. 

One  circumstance  must  be  carefully  attended  to.     That 
those  assumed  measures  may  be  aocurate^  they  must  be 
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invariably  oonnected  with  the  magnitudes  which  they  are 
employed  to  mea8m*e,  and  so  connected,  that  the  degrees 
of  the  one  must  change  in  the  same  manner  with  the  de- 
grees of  Che  other.  This  is  evident,  and  is  granted  by  alL 
But  we  must  also  kmm  this  of  the  measure  we  employ ; 
we  must  see  this  constant  and  precise  relation.  How  can 
w«  know  this  ?  We  do  not  perceive  force  as  a  sq>arate 
existence,  so  as  to  see  its  proportions,  and  to  see  that 
these  are  the  same  with  the  proportions  of  the  mi^asuresi 
in  the  same  manner  that  Euclid  sees  the  proportions  of 
triangles  and  those  of  their  bases,  and  that  these  propor* 
tions  are  the  same,  when  the  triangles  are  of  equal  al- 
titudes. How  do  we«  discover  that  to  every  magnitude 
which  we  call^/bire  is  invariably  attached  a  corresponding 
magnitude  of  acceleration  or  deflection  ?  Clearly.  In 
fact,  the  very  existence  of  the  force  is  an  inference  that 
we  make  from  the  observed  accelerations ;  and  the  de» 
gree  of  the  force  is,  in  like  manner,  an  inference  from 
the  observed  magnitude  of  the  acceleration.  Our  mea- 
sures are  therefore  necessarily  connected  with  the  magni- 
tudes which  they  measure,  and  their  proportions  are  the 
same ;  because  the  one  is  always  an  inference  from  the 
other,  both  in  species  and  in  degree. 

18.  It  is  now  evident,  that  these  disquisitions  are  sus- 
ceptible of  mathematical  accuracy.  Having  selected  our 
measures,  and  observed  certain  mathematical  relations  of 
those  measures,  every  inference  that  we  can  draw  from 
the  mathematical  relations  of  the  proportions  of  those 
representations,  is  true  of  the  proportions  of  the  motions, 
and  therefore  of  the  proportions  of  the  forces.  And  thus 
dynamics  becomes  a  demonstrative  science,  one  of  the 
disctplirue  aceurata. 

19.  But  moving  forces  are  considered  as  differing  also 
in  kind ;  that  is,  in  direction.  We  assign  to  the  force 
the  direction  of  the  observed  change  of  motion ;  which  is 
not  only  the  indication^  bUt^eko  the  characteristic,  df 
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the  cluDigiDg  force.  We  cadi  it  an  acetleraiingy  reUnrdingf 
iiJUctingf  forccy  accordiag  as  we  observe  the  motion  to 
be  accelerated,  retarded,  or  deflected. 
'These  denominations  shew  us  incontestabty  that  wo 
have  no  knowledge  of  the  forces  difTerent  from  om*  know* 
ledge  of  the  effects.  The  denominations  arie  all  eithor 
descriptive  of  the  efiects,  as  when  we  call  them  accele^ 
fating,  penetrating,  protrusive,  attractive,  or  repulsive 
forces ;  or  thej  are  names  of  reference  to  the  substances 
in  which  the  accelerating,  protrusive,  &c.  forces,  are  sup- 
posed to  be  inherent,  as  when  we  call  them  magnetismy 
eUctricityy  corpuscular,  be. 

20.  When  I  struggle  with  another,  and  feel,  that  in 
order  to  prevent  being  thrown,  I  must  exert  force,  I  learn 
that  taj  antagonist  is  exerting  force.  This  notion  b 
tratisferred  to  matter ;  and  when  a  moving  power  which 
is  fcnotm  to  operate,  produces  no  motioti,  ^e  conceive  it 
to  be  opposed  hy  anoth^  equal  force ;  the  existence,  agen- 
cy, and  intensitj  of  which  is  detected  and  measured  hy 
these  means.  The  quiesc^t  state  of  the  body  is  cotfsi* 
dered  as  a  change  on  the  state  of  things  that  would  have 
been  exhibited  in  consequence  of  the  known  action  of  one 
power,  had  this  other  power  not  acted  ;  and  this  change 
is  considered  as  the  indication,  characteristic,  and  mea- 
sure^ of  another  power,  detected  in  this  wby.  Thus 
forces  are  recognised  not  only  by  the  changes  of  motion 
which  they  produce,  but  also  by  the  changes  of  motion 
which  they  prevent.  The  cohesion  of  matter  in  a  string 
is  inferred  not  only  by  its  giving  motion  to  a  ball  which  I 
pull  toward  me  by  its  intervention,  but  also  by  its  sus- 
pending that  ball,  and  hindering  it  from  falling  I  know 
that  gravity  is  acting  on  the  ball,  which,  however,  does 
not  fall.  The  solidity  of  a  board  is  equally  inferred  from 
its  stopping  the  ball  which  strikes  it,  and  from  the  motion 
of  the  ball  which  it  drives  before  it.  "In  this  way  we 
learn  that  the  particles  of  tangible  matter  cohere  by  means 
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of  moving  forces,  and  that  thej  resist  compression  witir 
force;  and  in  making  this  inference,  we  find  that  this 
corpuscular  force  exerted  between  the  particles  is  mutual^- 
opposite,  and  equal ;  for  we  must  apply  force  equally  to 
a  or  to  6,  in  order  to  produce  a  separation  or  a  compres- 
sion. We  learn  their  equality,  by  observing  that  no  mo-, 
tion  ensues  while  these  mutual  forces  are  known  to  act  on 
the  particles ;  that  is,  each  is  opposed  by  another  forc^ 
which  is  neither  inferior  nor  superior  to  it 
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Such,  then,  being  our  notions  of  mechanical  forces, 
the  causes  of  the  sensible  changes  of  motion,  there  will 
result  certain  consequences  from  them,  which  may  be 
called  axioms,  or  laws,  of  motion.  Some  of  these  may  be 
intuitive,  offering  themselves  to  the  mind  as  soon  as  the 
notions  which  they  involve  are  presented  to  it.  Others 
may  be  as  necessary  results  from  the  relations  of  these 
notions,  bi|t  may  not  readily  offer  themselves  without  the 
mediation  of  axioms  of  the  first  class.  We  shall  select 
those  which  are  intuitive,'  and  may  be  taken  for  the  first 
principles  of  all  discusaions  in  mechanical  philosophy.. 

FIRST  LAW  OF  MOTIOW. 

Every  body  continues  in  a  state  of  rest^  or  of  uniform  rec^ 
tilineal  motion^  unless  affected  by  some  mechanical  force, 

21.  This  is  a  proposition,  on  the  truth  of  which  the  whol^ 
science  of  mechanical  philosophy  ultimately  depends.  It 
is  therefore  to  be  established  on  the  firmest  foundation;  and 
a  solicitude  on  this^  head  is  the  more  justifiable,  because 
the  opinions  of  philosophers  have  been,  and  still  are,  ex- 
^meljT  different^  both  with  respect  to  the  truth  of  i,hh 
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law,  and  with  respect  to  the  foundation  .on  which  it  is 
built.    These  <q>inion8  are,  in  general,  yery  obscure  and,* 
unsatisfactory ;  and,  as  is  natural,  they  influence  the  dis- 
cussions of  those  by  whom'  they  are  held  through  the 
whole  science.    Although  of  contradictory  opinions  o^e* 
only  can  be  just,  and  it  may  appear  sufficient  that  this  one . 
be  established  and  unifocmly  applied ;  yet  a  short  exposi- 
tion, at  least,  of  the  rest  is  necessary,  that  the  greatest 
part  of  the  writings  of  the  philobophers  may  be  intelKgi-, 
ble$  and  that  we  may  avail  ourselves  of  much  valuable  in- 
formation contained  in  them,  by  being  able  to  perceive 
the  truth  in  the  midst  of  their  imperfect  or  erroneous  con- 
ceptions of  it. 

22.  It  is  not  only  the  popular  opinion  that  rest  is  the 
natural  state  of  body,  and  that  motion  is  something  fo» 
reign  to  it,  but  it  has  been  seriously  maintained  by  the 
greatest  part  of  those  who  are  esteemed  philosophers., 
Thej  readilj  grant  that  matter  mil  continue  at  rest,  -uft. 
less  some  moving  force  act  upon  it.  Nothing  seems  ne-- 
cessary  for  matter^s  remaining  where  it  is,  but  its  ccHiti«. 
nuing  to  exist.  But  it  b  far  otherwise,  say  they,  with 
respect  to  matter  in  motion.  Here  the  body  is  continual- 
ly changing  its  relations  to  other  things ;  therefore  the 
continual  agency  of  a  changing  cause  is  necessary  (by  the 
fundamental  principle  of  all  philosophical  discussion),  for 
there  is  here  the  continual  production  of  an  effect.  They 
say  that  this  metaphysical  argument  receives  complete 
confirmation  (if  confirmation  of  an  intuitive  truth  be  ne-t 
cessary)  from  the  most  familiar  observation.  We  see  that 
all  motions,  however  violent,  terminate  in  rest,  and  that 
the  continual  exertion  of  some  force  is  necessary  for  their 
continuance. 

23.  These  philosophers  therefore  assert,  that  the  conti- 
•aual  action  of  the  moving  cause  is  essentially  necessary  for 
the  continuance  of  the  motion:  but  they  differ  among 
themselves  in  their  notions  and  opinions  about  this  cause. 
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Some  maintain)  that  all  the  motions,  in  the  universe  iU'e 
produced  and  continue  by  the  immediate  agencj  of  Deity ; 
otheri  aflSrra,  that  in  ^v^iy  particle  of  matter  there  is  in- 
herent a  sort  of  mind,  the  t**^  and  ^i^m^^^^xn  of  Aristotle, 
y^hith  thbj  cidl  an  BLSucirrAn  mimj  which  is  the  cause  of 
off  its  motions-  and  chaiiges.  An  overweaning  reverence 
for  Greek  learning  hiM  had  a  great  influence  in  reviving 
this  doctrine  of  Aristotle.  The  Greek  and  Roman  lan« 
gnages  are  affirmed  to  be  more  accurate  expressions  of 
human  thoiight  than  the  modem  languages  are.  In  those 
dticient  lahgiiages,  the  verbs  which  express  motion  are 
employed  both  in  the  active  and  passive  voice ;  whereat 
we  have  only  the  active  verb  to  tnove^  for  expressing  both 
the  state  of  motion  and  the  act  of  putting  in  motion. 
^  The  stone  moves  down  the  slope,  and  moves  all  the  peb^ 
bles  which  lie  in  its  way  :^  but  in  the  ancient  languages, 
the  mere  state  of  motion  is  always  expressed  by  the  pas- 
sive or  middle  vdiee.  The  accurate  conception  of  the 
speakers  is  therefore  eitolled.  The  state  of  motion  is 
expressed  as  it  ought  to  be,  as  the  result  of  a  continual 
action.*"  Kinfiuf  ftiovetur^  is  equivalent  to  ^^  it  is  moved.^ 
According  to  these  philosophers,  every  thing  which  moves 
is  mind,  and  every  thing  that  is  moved  is  body. 

The  argument  is  futile^  and  it  is  false ;  for  the  modem 
languages  are,  in  general,  equally  accurate  in  this  in- 
stance :  "  se  mobvoir^  in  French ;  ^^Jich  bewegen^  in  Ger- 
man ;  '<  dtigatsH^  in  Slavonic ;  are  all  passive  or  reflect- 
ed. And  the  ancients  said,  that  <*  rain  falls,  water  runs, 
^^  smoke  rises,**  just  as  we  do.  The  ingenious  author  of 
AncierU  Metaphysics  has  taken  much  pains  to  give  us,  at 
length,  the  procedures  of  those  elementary  minds  in  pro- 
ducing the  ostensible  phenomena  of  local  motion ;  but  it 
seems  to  be  merely  an  abuse  of  language,  and  a  very  fri- 
volous abuse.  This  elemental  mind  is  known  and  cha- 
racterised only  by  the  effect  which  we  ascribe  to  its  ac- 
tion;  that  is,  by  the  motions  or  changes  of  motions.  Uni- 
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form  and  ilnacepted  experience  sliews  m  tbat  these  are 
regulated  by  laws  as  precise  as  those  of  mathematical 
tnrtli.  We  consider  nothing  as  more  fixed  and  deter- 
nnoed  than  the  common  laws  of  mechanism.  There  is 
nothing  here  that  indicates  any  thing  like,  spontaneity, 
iiitention,  purpose ;  none  of  those  marks  by  which  mind 
ihu  first  brought  into  view :  bot  they  are  very  like  the 
effects  which  we  produce  by  the  exertions  of  our  corpo- 
real forces;  and  we  have  accordingly  given  the  name  force 
to  the  causes  of  motion.  It  is  snrdy  much  more  apposite 
than  the  name  mndj  and  conveys  with  much  more  readi- 
ngs and  perspicuity  the  very  notions  that  we  wish  to 
convey. 

84.  We  now  wieh  to  know  what  reason  we  have  to 
think  that  the  c^itidual  action  of  some  cause  ia  necessary 
for  continuing  matter  in  motion,  or  for  thinking  that  rest 
is  its  natural  ^ate.  If  we  pretend  to  draw  any  argument 
from  the  nature  of  matter,  thai  matter  must  be  known, 
as  far  as  is  necessary  for  being  the  foundation  of  argu- 
ment. Its  very  existence  is  known  only  from  observa- 
tion ;  all  our  knowledge  of  it  must  therefore  be  derived 
from  the  same  source. 

If  we  take  this  way  to  come  at  the  origin  of  this  opi- 
nion, we  shall  find  that  experience  gives  us  no  authority 
for  saying  that  rest  is  the  natural  condition  of  matter. 
We  cannot  say  that  we  have  ever  seen  a  body  at  rest ; 
this  is  evident  to  every  person  who  allows  the  validity  of 
tiie  Newtonian  philosophy,  and  the  truth  of  the  Coperni- 
can  system  of  the  sun  and  planets ;  all  the  parts  of  this 
system  are  in  motion.  Nay,  it  appears  from  many  obser- 
vations, that  the  sun,  with  his  attending  planets,  is  car- 
ried in  a  certain  direction,  with  a  velocity  which  is  very 
great.  We  have  no  unquestionable  authority  for  saying 
that  any  one  of  the  stars  is  absolutely  fixed  ;  but^e  are 
certain  that  many  of  them  are  in  motion.    liest  is  there- 
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fore  so  rare  a  condition  of  body,  that  we  cannot  say,  from 
any  experience,  that  it  is  its  natural  state. 

25.  It  is  easy,  however,  to  see,  that  it  is  from  obsenra- 
tion  that  tbb  opinion  has  been  derived ;  but  the  observa- 
tion has  been  limited  and  careless.  Our  experiments  in 
this  sublunary  world  do  indeed  always  require  continued 
action  of  some  moving  force  to  continue  the  motion ;  and 
if  this  be'not  employed,  we  see  the  motions  slacken  every 
ininnte,  and  termiiiate  in  rest  after  no  long  period.  Our 
first  notions  of  sublunary  bodies  are  indicated  by  their 
operation  in  cases  where  we  have  some  interest.  Perpe- 
tually seeing  our  own  exertions  necessary,  we  are  led  to 
consider  matter  as  something  not  only  naturally  quiescent 
and  inert,  but  sluggish,  averse  from  motion,  and  prone  to 
rest  (we  must  be  pardoned  this  metaphorical  language, 
because  we  can  find  jio  other  term).  What  is  expressed 
by  it,  on  ihis  occasion,  is  precisely  one  of  the  erroneous 
or  inadequate  conceptions  that  are  suggested  to  our 
thoughts  by  reason  of  the  poverty  of  language.  We  ani- 
mate matter  in  order  to  give  it  motion,  and  then  we  en- 
dow it  with  a  sort  of  moral  character  in  order  to  explain 
the  appearance  of  those  motions. 

26.  But  more  extended  observation  has  made  men  gra- 
dually desert  their  first  opinions,  and  at  last  allow  that 
matter  has  no  peculiar  aptitude  to  rest.  All  the  retar- 
dations that  we  observe  have  been  discovered,  one  after 
another,  to  have  a  distinct  reference  to  some  external  cir- 
cumstances. The  diminution  of  motion  is  always  ob- 
served to  be  accompanied  by  the  removal  of  obstacles,  as 
when  a  ball  moves  through  sand,  or  water,  or  air ;  or  it 
is  owing  to  opposite  motions  which  are  destroyed  ;  or  it 
is  owing  to  roughness  of  the  path,  or  to  friction,  &c.  We 
find  that  the  more  we  can  keep  those  things  out  of  the 
way,  the  less  are  the  motions  diminished.  A  pendulum 
will  vibrate  but  a  short  while  in  water ;  much  longer  in 
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air ;  and  ia  (be  exhausted  receiver,  it  will  vibrate  a  whole 
day.  We  know  that  we  cannot  remove  all  obstacles ;  but 
we  are  led.  bj  such  observations  to  conclude  that,  if  thej 
amid  be  completely  i'emovedj  our  motions  would  continue 
for  ever.  And  this  conclusion  is  almost  demonstrated  *bj 
the  motions  of  the  heavenly  bodies,  to  which  we  know  of 
no  obstacles,  and  which  we  reallv  observe  to  retain  their 
motions  for  many  thousand  years  without  the  .smallest 
sensible  diminution. 

.  27.  Another  set  of  philosophers  maintain  an  opinion 
directly  opposite  to  that  of  the  inactivity  of  n^atter,  and 
assert,  that  it  is  essentially  active,  and  continually  chang- 
ing its  state.  Faint  traces  of  this  are  to  be  found  in  tlie 
^writings  of  Plato,  Aristotle,  nnd  their  commentators.  Mr 
Leibnitz  is  the  person^whp  has^treated  this  question  most 
systematically  and  fully.  He  supposes  every  jparticl(e,^_ 
matter  to^have  a  principle  of  indwidiidity,  which  he_  ^  y  ^ 
therefore  calls  a  Mowap.  This  monad  has  a  sort  of  per-',  '  '' 
ception  oF  its  situation  in  the  universe,  and  of  its  relation 
to  every  other  part  of  this  universe.  Lastly,  he  says  that 
the  monad  acts  on  the  material  particle,  much  in  the  same 
way  that  the  soul  of  man  acts  on  hb  body.  It  modifies 
thcmotion  of  the  material  atom  (in  conformity,  howevar, 
to  unalterable  laws),  producing  all  those  modifications  of 
motion  that  we  observe.  Matter,  therefore,  or,  at  least, 
particles  of  matter,  are  continually  active,  and  contioually 
changipg  their  situation. 

It  is  quite  unnecessary  to  enter  on  a  formal  confutation 
of  Mr  Leibnitz's  system  of  monads,  which  diiTers  very 
little  from  the  system  of  elemental  minds,  and  is  equally 
whimsical  and  frivolous ;  because  it  only  makes  the  un- 
learned reader  stare,  without  giving  him  any  information. 
Should  it  even  be  granted,  it  would  not,  any  more  than 
the  action  of  animals,  invalidate  the  general  proposition 
which  we  are  endeavouring  to  establish  as  the  fundamen- 
tal law  of  motion*    Those  powers  of  the  monads,  or  of 
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the  elemental  minds,  are  the  causes  of  aU  the  changes  of 
motion ;  but  the  mere  material  particle  is  subject  to  the 
law,  and  requires  the  exertion  of  the  monad  in  order  to 
exhibit  a  change  of  motion. 

28.  A  third  sect  of  philosophers,  at  the  head  of  yfhidtt 
we  may  place  Sir  Isaac  Newton,  maintain  the  doctrine 
enounced  in  the*  proposition.  But  thej  differ  much  in  re- 
spect of  the  foundation  on  which  it  is  built. 

Some  assert  that  its  truth  flows  from  the  nature  of  the 
thing.  If  a  body  be  at  rest,  and  you  assert  that  it  will 
not  remain  at  rest,  it  must  move  in  some  one  direction. 
If  it  be  in  motion  in  any  direction,  and  with  any  velocity, 
and  do  not  continue  its  equable,  rectilineal,  motion,  it 
must  either  be  accelerated  or  retarded;  it  must  turn  either 
to  one  side,  or  to  some  other  side.  The  event,  whatever  it 
be^  is  individual  and  determinate ;  but  no  cause  which  can 
determine  it  is  supposed:  therefore  the  determination 
cannot  take  place,  and  no  change  will  happen  in  the  con- 
dition of  the  body  with  respect  to  motion.  It  will  con- 
tinue at  rest,  or  persevere  in  its  rectilineal  and  equable 
motion. 

But  considerable  olijections  may  be  made  to  this  argu- 
ment, of  sufficient  reason^  as  it  is  called.  In  the  immen^ 
sity  and  perfect  uniformity  of  space  and  time,  there  is  no 
determining  cause  why  the  visible  universe  should  exist 
in  the  place  in  which  we  see  it  rather  than  in  another, 
or  at  this  time  rather  than  at  another.  Nay,  the  argu«- 
ment  seems  to  beg  the  question.  A  cause  of  deter- 
mination is  required  as  essentially  necessary — a  deter- 
mination may  be  without  a  cause,  as  well  as  a  motion 
without  a  cause. 

29.  Other  philosophers,  who  maintain  this  doctrine, 
consider  it  merely  as  an  experimental  truth ;  and  proofs 
of  its  universality  are  innumerable. 

When  a  stone  is  thrown  from  the  hand,  we  press  it 
forward  while  in  the  hand^  and  let  it  go  when  the  hand 
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bss  acqlured  tfie  gi^ateat  rapidUj  of  motion  that  we  can 
give  it  The  stone  continues  in  that  state  of  motion 
which  it  acquired  gradually  along  with  the  band.  We 
can  throw  a  stone  much  farther  by  means  of  a  sling ;  be- 
cause, by  a  very  moderate  motion  of  the  hand,  we  can 
whirl  the  stone  round  till  it  acquire  a  very  great  velocity, 
and  then  we  let  go  one  of  the  strings,  and  the  stone 
escapes,  by  crnitiniting  its  rapid  motion.  We  see  it  still 
more  distinctly  in  shooting  an  arrow  from  a  bow.  The 
string  presses  hard  on  the  notch  of  the  arrow,  and  it 
yields  to  thb  pressure  and  goes  forward.  The  string  alone 
would  go  faster  forward.  It  therefore  contiimu  to  press 
ttie  arrow  forward,  and  accelerates  its  motion.  This  goes 
on  till  the  bow  b  as  much  unbent  as  the  string  will  allow. 
But  the  string  is  now  a  straight  line.  It  came  into  this 
position  with  an  accelerated  motion,  and  it  therefore  goes 
a  little  beyond  this  position,  but  with  a  retarded  motion, 
being  checked  by  the  bow.  But  there  is  nothing  to  check 
the  arrow ;  therefore  the  arrow  quits  the  strings  and  flies 
away. 

These  are  simple  cases  of  perseverance  in  a  state  of 
motion,  where  the  procedure  of  nature  is  so  easily  traced 
that  we  perceive  it  almost  intuitively.  It  is  no  less  dear 
in  other  phenomena  which  are  more  complicated ;  but  it 
requires  a  little  reflection  to  trace  the  process.  We  have 
often  seen  an  equestrian  showman  ride  a  horse  at  a  gallop, 
standing  on  the  saddle,  and  stepping  from  it  to  the  back 
of  another  horse  tiiat  gallops  alongside  at  the  same  rate ; 
and  he  does  this  seemingly  with  as  much  ease  as  if  the 
horses  were  standing  still.  The  man  has  the  same  velo- 
city with  the  horse  that  gallops  under  him,  and  keeps  this 
vdocity  while  he  steps  to  the  back  of  the  other.  If  that 
other  were  standing  still,  the  man  would  fly  over  his  head. 
And  if  a  man  should  step  from  the  back  of  a  horse  that 
is  standing  still  to  the  back  of  another  that  gallops  past 
him,  he  would  be  left  behind.    In  the  same  manner,  a 
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slack  wire  dancer  tosses  oranges  from  hand  to  hand  white 
the  wire  is  in  full  swing.  The  orange,  swinging  along 
with  the  hand,  retains  the  velocity ;  and  when  in  the  air 
follows  the  hand,  and  falls  into  it  when  it  is  in  the  oppo» 
site  extremity  of  its  swing.  A  ball,  dropped  from  the 
mast  head  of  a  ship  that  is  sailing  briskly  forward^  falls 
at  the  foot  of.  the  mast.  It  retains  the  motion  which  it 
had  while  in  the  hand- of  the  person  who  dropped  it,  and^ 
follows  the  mast  during  the  whole  of  its  fall. 

We  also  have  familiar  instances  of  the  perseverance  of 
ft  body  in  a  state  of  rest  When  a  vessel  filled  with  Wa- 
ter is  drawn  suddenly  along  the  floor,  the  water  dashes 
over  the  posterior  side  of  l3ie  vessel.  It  is  leftiiehind.  In 
the  same  manner,  when  a  coach  or  boat  is  dragged  for- 
ward, the  persons  in  it  find  themselves  strike  against  the 
hinder  part  of  the  carriage  or  boat.  Properly  speaking, 
it  is  the  carriage  that  strikes  on  them.  In  like  manner, 
if  we  lay  a  card  on  the  tip  of  the  finger,  and  a  piece  of 
money  on  the  card^  we  may  nick  away  the  eard,  by  hit-: 
ting  it  neatly  on  its  edge ;  but  the  piece  of  money  will  be 
left  behirfd,  lying  on  the  tip  of  the  finger.  A  ball  will  go 
through  a  wall  and  fly  Onward ;  but  the  wall  is  left  be4 
hind.  Buildings  are  thrown  down  by -earthquakes ;  some^ 
times  by  being  tossed  from  their  foundations,  but  more 
generally  by  the  ground  on  which  they  stand  being 
hastily  drawn  sidcfwise  from  under  thetei,  &c. 

SO.  But  common  experience  seems  insufficient  for  esta* 
blishing  this  fundamental  proposition  of  mechanical  phi- 
losophy. We  must,  on  the  faith  of  the  Copemicaa  sys^ 
tem,  grant  that  we  never  saw  a  body  at  rest,  or  in  uni- 
form rectilineal  motion ;  yet  this  seems  absolutely  neces- 
sary before  we  can  say  that  we  have  established  this  pro^ 
-position  experimentally. 

What  we  imagine,  in  our  experiments,  to  be  putting  a; 
body,  formerly  at  rest,  into  motion,  is,  in  fact,  only 
^hanging  a  most  rapid  moUon,  not  less,  and  probably 
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much  greater,  than  90,000. feet  per  second.  SuptK>8e  a 
cannon  pointed  east,  and  the  bullet  discharged  at  noon 
day  with^ffO  times  greater  relocitjr  than  we  hare  ever 
Jbeen^^ble  to_^ye  it.  ^  It  would  appear  to  set  out  with 
tl^is  unmeasurable  velocity  to  the  eastward ;  to  be  gra* 
dually  retarded  by  the  resistance  of  the  air,  and  at  last 
brought  to  rest  by  hitting  the  ground.  But,  by  reason 
of  the  earth'^s  motion  round  the  sun,  the  fact  is  quite  the 
reverse.  Immediately  before  the  discharge,  the  ball  was 
moving  to  the  westward  with  the  velocity  of  90,000  feet 
per  second  nearly.  By  the  explosion  of  the  powder,  and 
its  pressure  on  the  ball,  some  of  this  motion  is  destroyed, 
and  at  the  muzzle  of  the  gun,  the  ball  is  moving  slower, 
and  the  cannon  is  hurried  away  from  it  to  the  westward. 
The  air,  which  is  also  moving  to  the  westward_90;^000 
feet  in  a  second,  gradually  communicates  motion  to  the 
ball,  in  the  same  manner  as  a  hurricane  would  do.  At 
last  (the  ball  dropping  all  the  while)  some  part  of  the 
ground  hits: the  ball,  and  carries  it  along  with  it. 

Other  observations  must  therefore  be  resorted  to,  in 
order  to  obtain  an  experimental  proof  of  this  proposition. 
And  such  are  to  be  found.  Although  we  cannot  measure 
the  absolute  motions  of  bodies,  we  can  obsenFe  and  mea- 
sure accurately  their  relative  motions,  which  are  the  dif- 
ferences of.  their  absolute  motions.  Now,  if  we  can  shew 
experimentally,  that  bodies  shew  equal  tendencies  to  re« 
sist  the  augmentation  and  the  diminution  of  their  relative 
motions,  they,  ipso  facto^  shew  equal  tendencies  to  resist 
the  augmentation  or  diminution  of  their  absolute  motions. 
Therefore  let  two  bodies,  A  and  B,  be  put  into  such  a 
situation,  that  they  cannot,  (by  reason  of  their  impene- 
trability, or  the  actions  of  their  mutual  powers)  persevere 
in  their  relative  motions.  The  change  produced  on  A  is 
the  effect  and  measure  of  B^'s  tendency  to  persevere  in  its 
former  state  ;  and  therefore  the  proportion  of  these 
changes  will  shew  the  proportion  of  their  tendencies  to 
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maintain  their  former  states.     Therefore  let  the  following 
experiment  .be  made  at  noon. 

Let  A^  apparently  moving  westward  three  feet  p^r  se^ 
cond^  hit  the  equal  body  B  apparently  at  rest.  Suppose, 
Isty  That  A  impels  B  forward,  without  any  diminution  of 
its  own  velocity.  This  result  would  shew  that  6  manir 
fests  no  tendency  to  maintain  its  motion  unchanged,  but 
that  A  retains  its  motion  undiminished. 

2dlyf  Suppose  that  A  stops,  and  that  B  remains  at  resL 
This  would  shew  that  A  does  not  resist  a  diminution  of 
motion,  but  that  B  retains  its  motion  unaugmented. 

Sdljfi  Suppose  that  both  move  westward  with  the  velor 
city  of  one  foot  per  second.  The  change  on  A  is  a  di- 
minution of  velocity,  amounting  to  two  feet  per  secqnd. 
This  is  the  effect  and  the  measiure  of  B^s  tendency  to 
maintain  its  velocity  unaugmented.  The  change  on  B  is 
an  augmentation  of  one  foot  per  second  made  on  its  ve>- 
locity ;  and  this  is  the  measure  of  A^s  tend/ency  to  maipr 
tain  its  velocity  undiminished.  This  tendency  b  but  half 
of  the  former  ;  and  this  result  would  shew,  that  the  re- 
sistance to  a  diminution  of  velocity  is  but  half  of  the  rer 
sistance  to  augmentation.  It  is  perhaps  but  one  quarter; 
for  the  change  on  B  has  produced  a  double  change  oi^  A. 

4thlyj  Suppose  that  both  move  westward  at  the  rate  of 
14  feet  per  second.  It  is  evident  that  their  tendencies  to 
maintain  their  states  unchanged  are  now  equal. 

Sthb/y  Suppose  A  =  2  B,  and  that  both  move,  after 
the  collision,  two  feet  per  second,  B  has  received  an  addi- 
tion of  two  feet  per  second  to  its  former  velocity.  This 
is  the  effect  and  the  measure  of  A^s  whole  tendency  to 
retain  its  motion  undiminished.  Half  of  this  change  09 
B  measures  the  persevering  tendency  of  tlie  half  of  A ; 
but  A,  which  formerly  moved  with  the  apparent  or  rela- 
tive veloc^y  three,  now  moves  (by  the  supposition)  with 
the  velocity  two,  having  lost  a  velocity  of  one  foot  per 
second.    Each  half  of  A  therefore  has  lost  this  velocity, 
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Md  the  whole  foss  of  motiMi  is  two^  Noir  this  is  tk* 
■Masuft  of  BV  tendtncj  to  OMiBtaai  its  fbtawr  ilate  110^ 
gugmenled ;  mm!  thw  jo  the  somo  with  tho  aMaturo  of  A\i 
tendeDcy  to  maintain  its  own  former  state  mdiaiaMiked* 
liie  cooolusioa  horn  mtA  o  resiiH  voald  therefore  be, 
tkat  hodiea  harre  iiflal  tendoicieft  to  Maioloiii  tbeurfonMt 
itetea  of  molian;  wittwit  m^pujnilaiioD  and  witheat  HmU 
wmtmL 

What  is  aoppoaad  in  the  4/A  mmk  5dk  cases  is  roally  thi 
result  of  all  the  experiineiiAa  which  have  been  triai ;  aadi 
tya  fow  regidalcs  all  the  changes  of  motioo  which  eve 
preduceil  by  the  Mutual  aetians  of  bodies  in  iaipiliioBB. 
Thu  assertion  is  tme  witboat  exoeptiow  oe  qaaSficalibn. 
Therefore  it  appears^  thai  bodies;  hare  no  preferable  te»« 
denaj  to  reat»  and  that  no  imet  taw  be  addaced  wfaieli 
afaoiild  mahe  as  suppeat  thaA  a  aiotion  onee  bepm  shooU 
inffer  any  dkniaution  wilbout  the  action  of  a  changing 


But  we  must  now  obser^  that  this  waj  of  establiak 
img  the  firat  law  of  OMlion  is  reiy  imperfict,  ami  alcoge^ 
ther  onfit  for  renderiBg  it  the  fundanoental  priaeq;)ie  of  a 
whole  attd  extemW e  scienee^  it  is  subject  to  att  the  i»- 
accnracj  that  is  to  he  iband  in  oar  best  eaperimeats;  aad 
it  cannot  be  applied  to  eases,  where  acrapwbus  accaraej  ir 
wanted,  aad  where  no  expersaie»t  can  be  made. 

Let  as  tberdbre  cKamiae  the  propositioa,  aad  #e  shoM 
find  it  to  be  an  aaioea  or  intuitive  coDsequeace  of  tho 
relations  of  those  ideas  which  we  hare  of  woliaai  aad  of 
the  caases  af  its  prodaetios  and  ckanges& 

3i.  It  has  been  faligr  dcmODstrated  that  the  powers  or 
forces^  of  which  we  speak,  ao  mach,  ajfe  aerer  the  imme- 
diate oiyeeta  of  our  percepiioil.  Their  very  existence^ 
their  kind^  and  their  degree,  are  instinctive  inferences 
from  the  motioBa  which  we  observe  aad  class.  It  evi« 
dentlj  folkyara  from  this  ezperiracntal  and  oaiversal  truthi 
Utf  That  where  00  change  af  motion  i|  observed,  ao 
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such  inference  is  iMa^e ;  that  is,  no  power  is  supposed  to 
act.  But  whenever  any  change  of  motion  is  observed,  the 
inference  is  made ;  that  is,  a  power  or  force  is  supposed 
to  have  acted. 

In  the  same  form  of  logical  conclusion,  we  must  sky 
that,  2dlyy  When  no  change  of  motion  is  supposed  or 
thought  of,  no  force  is  supposed;  and  that  whenever  we 
suppose  a  change  of  motion,  we,  in  fact,  though  not  in 
terms,  suppose  a  changing  force.  And,  on  the  other 
hand,  whenever  we  suppose  the  action  of  a  changing  force, 
we  suppose  the  change  of  motion ;  for  the  action  of  this 
force,  and  the  change  of  motion,  is  one  and  the  same 
thing.  We  cannot  think  of  the  action  without  thinking 
of  the  indication  of  that  action ;  that  is,  the  change  of 
motion.-^In  the  same  manner,  when  we  do  not  think  of 
a  changing  force,  or  suppose  that  there  is  no  action  of  a 
changing  force,  we,  in  fact,  though  not  in  terms,  sup- 
pose that  there  is  no  indication  of  this  changing  force : 
that  is,  that  there  is  no  change. 

.  Whenever^  therefore,  we  suppose  that  no  mechanical 
force  is  acting  on  a  bodj,  we,  in  fact,  suppose  that  the 
body  continues  in  its  former  condition  with  respect  to  mo- 
tion. If  we  suppose  that  nothing  accelerates^  or  retard  Sj 
or  deflects  the  motion,  we  suppose  that  it  is  not  accele- 
rated, nor  retarded,   nor  deflected     Hence  follows  the 

""proposition  in  express  terms— fl^e  suppose  that  the  body  con- 
itMues  in  its  former  state  of  rest  or  motion,  unless  we  suppose 

[   that  it  is  changed  bi^  some  mechanical  force. 

Thus  it  appears,  that  this  proposition  is  not  a  matter 
of  experience  or  contingency,  depending  on  the  proper- 
ties which  it  has  pleased  the  Author  of  Nature  to  bestow 
on  body:  it  is,  to  us,  a  .necessary  truth.  The  proposi- 
tion does  not  so  much  express  any  thing  with  regard  to 
body,  as  it  does  the  operations  of  our  mind  when  con- 
templating body.  It  may  perhaps  be  essential  to  body  to 
move  in  some  particular  directiout    It  may  be  essential 
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to  body  td  stop  ad  soon  as  the  moving  <^Q8^  has  ceased  to 
act ;  or  it  may  be  essential  to  body  to  diminish  its  motion 
gradualiy,  and  finally  comig  to  rest  But  this  will  not  in* 
ralidate  the  truth  of  this  proposition.  These  circum« 
stances  in  the  nature  of  body,  which  render  those  modi- 
fications of  motion  essentially  necessary,  are  the  causes  of 
those  modifications  ;  and,  in  our  study  of  nature,  thej 
will  be  considered  by  ns  as  changing  forces,  and  will  be 
known  and  called  by  that  name.  And  if  we  should  erer 
see  a  particle  of  matter  in  such  a  situation  that  it  is  af- 
fected by  those  essential  properties  alone,  we  shall,  front 
observation  of  its  motion,  discover  what  thos^  essential 
properties  are; 

This  law  turtls  oiit  at  last  to  be  little  more  than  a  tau* 
tological  proposition :  But  mechanical  philosophy,  as  we 
have  defined  it,  requires  no  other  sense  of  it ;  for,  everi 
if  we  should  suppose  that  body;  of  its  dwn  nature,  i$ 
capable  of  changing  its  state,  this  change  must  be  per- 
formed according  to  some  law  which  chilracteri^es  the  na- 
ture of  body ;  and  the  knowledge  of  the  law  can  be  had  id 
no  other  way  than  by  observing  the  deviations  from  uni- 
form rectilineal  motion.  It  is  therefore  indifibrent  whether 
those  changes  are  derived  from  the  nature  of  the  thing, 
or  from  external  causes  ;  for  id  brder  to  consider  the  va^ 
rious  motions  of  bodies,  we  must  first  consider  this  na-^ 
ture  of  matter  as  a  mechanical  affection  of  matter,  op^ 
rating  in  every  instance ;  and  thus  we  are  brought  back 
to  the  law  enounced  in  this  proposition.  This  becomes 
more  certain  when  we  reflect  that  the  external  causes 
(such  as  gravity  or  magnetism),  which  are  acknowledged 
to  operate  changes  of  motion,  are  equally  unknown  to  ui 
with  this  essential  original  property  of  nature,  and  are, 
like  it,  nothing  but  inferences  from  the  phenomena. 

The  above  very  diffuse  discnssibns  may  appear  super* 
fluouB  to  many  readers,  and  even  cumbersome ;  but  we 
trust  that  the  philosophical  reader  wilUxcuseour  anxiety 
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OB  this  head,  wkea  be  reflects  qd  the  complicated,  ittdis^ 
tinct,  and  inaecmte  notions  commonly  had  of  the  sub* 
'  ject ;  and  more  especially  when  he  observes,  that  of  those 
Who  maintain  the  truth  of  this  fundamental  proportion, 
as  we  have  enounced  it,  many  (and  they  too  of  the  first 
tminence)  reject  it  in  fiust,  by  combining  it  with  other 
opinions  which  are  inconsistent  with  it,  nay,  which  con« 
tradict  it  in  express  terms.    We  may  even  include  Sir 
Isaac  Newton  in  the  number  of  those  who  have  at  least 
introduced  modes  of  expression  which  mislead  the  minds 
^  incautious  persons,  and  suggest  inadequate  notions,  in* 
compatible  with  the  pure  doctrine  of  the  proposition. 
Although,  in  words,  they  disclaim  the  doctrine  that  rest 
}s  the  natural  state  of  body^  and  that  force  is  necessary 
ibr  the  continuation  of  its  motion,  yet  in  words  they 
(and  most  of  them  in  thought)  likewise  abet  that  doc- 
trine ;  for  they  say,  that  there  resides  in  a  moving  body 
B  power  orfarcei  by  which  it  perseveres  in  its  motion* 
They  call  it  the  vis  insita,  the  inhbrbut  force  op  a 
MOVING  BOD  v.     This  is  surely  giving  up  the  question ;  for 
if  the  motion  is  supposed  to  be  continued  in  consequence 
of  a  force,  that  force  is  wppoicd  to  be  exerted ;  and  it  is 
supposed,  that  if  it  were  not  exerted,  the  motion  would 
cease ;  and  therefore  the  proposition  must  be  false*     In-* 
deed  it  is  sometimes  expressed  so  as  seemingly  to  ward  off 
this  objection.     It  is  said,  that  the  body  continues  in  uni- 
form rectilineal  motion,  unless  affected  by  some  cxtenml 
cawe.  But  thb  way  of  speaking  obliges  us,  at  first  setting 
out  in  natural  philosophy,  to  assert  that  gravity,  magnetism, 
electricity,  and  a  thousand  other  mechanical  powers,  are 
external  to  the  matter  which  they  put  in  motion.    This 
is  quite  improper :  It  is  the  business  of  philosophy  to  dis» 
cover  whether  they  be  external  or  not ;  and  if  we  assert 
that  they  are,  we  have  no  principles  of  argumentation 
with  those  who  deny  it     It  is  this  one  thing  that  has 
filled  the  study  of  nature  with  all  the  jargon  of  sethers 
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and  oilier  ittTuible  mtangiUe  fhiidi,  which  hti  ditgnwed 
phihMophy,  and  greatly  retacded  its  prograas. 

.  32.  We  mast  observe,  that  the  teraM  vi»  taWte,  inbereiy 
frncy  are  yerj  improper.    There  is  no  dispute  avMNig 
phflosophers  in  calling  every  thing  a  foroe  Ahat  prodacas 
a  change  of  motion,  and  in  inferring  the  action  of  such  m 
fbrce  whenever  we  observe  a  change  of  notion.    It  is 
sorely  incongraoas  to  give  the  same  name  to  what  has  not 
this  quality  of  producing  a  change,  or  to  infer  (or  rather 
to  suppose)  the  energy  of  a  force  when  no  change  of  mo- 
tion is  observed.     This  is  one  among  many  instaoeas  of 
the  danger  of  mistake  when  we  indulge  in  analogical  dis* 
eussions.    All  our  language,  at  least  on  this  sul^eet,  is 
analogous.     I  feel,  that  in  order  to  oppose  animal  foroe^ 
I  must  exert  force.    Bot  I  must  exert  force  in  order  to 
oppose  a  body  in  motion :  Thm^fore  I  imagine  that  the 
moving  body  possesses  force.     A  bent  aprinfr  will  drive  a 
body  forward  by  unbending:  Therefore  I  say  that  the 
spring  exerts  force.    A  moving  body  impels  the  body 
which  it  hits :  Therefore  I  say,  that  the  impelling  bodj 
possesses  and  exerts  force.     I  imagine  farther,  that  it 
possesses  force  only  by  being  in  motion,  or  because  it  is 
in  motion ;  because  I  do  not  find  that  a  quiescent  body 
will  pat  another  into  motion  by  touching  it.   But  we  shall 
soon  find  this  to  be  £alse  in  many,  if  not  in  all  cases,  and 
that  the  communication  of  motion  depends  on  the  mere 
vicinity,  and  not  on  the  motion,  of  the  impelling  body ; 
yet  we  ascribe  the  exertion  of  the  via  insiia  to  the  circunu 
stance  of  the  continued  motion.     We  therefore  conceive 
the  force  as  arising  from,  or  as  consisting  in,  the  impel- 
ling  body^s  being  in  motion ;  and,  with  a  very  obscure 
and  indistinct  conception  of  the  whole  matter,  we  call  it 
tie  force  iy  whkk  the  bodjf  fraerves  iUe^  m  ms^ien.     Thus, 
taking  it  for  granted  that  a  force  resides  in  the  body,  and 
being  oUiged  to  give  it  some  office^  thb  is  the  only  one 
thiA  we  can  think  of. 
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But  philoiophei^  imagine  that  thej  perceive  the  |ieces« 
sity  of  the  exertion  of  a  fprce  in  order  to  the  continua- 
^on  of  a  motion.  Motion  (say  they)  is  a  continued  ac- 
tion ;  the  body  is  every  instant  in  a  new  situation  ;  there 
is  the  continual  production  of  an  efiect,  therefore  the 
continued  action  of  a  cause. 

38.  But  this  is  a  very  inaccurate  way  of  thinking*  We 
liave  a  distinct  conception  of  motion ;  and  we  conceive 
that  there  is  such  a  thing  as  a  moving  cause,  which  we 
distinguish  from  a)l  other  causes  by  the  name  force.  It 
produces  motion.  If  it  does  this,  it  produces  the  cha« 
racter  of  motion,  which  is  a  continual  change  of  place* 
Motion  U  not  action,  bu(  the  effect  of  an  action ;  and 
this  action  is  as  complete  in  the  instant  immediately  suc- 
ceeding the  beginning  of  the  motion  as  it  is  a  minute 
aiten  The  subsequept  change  of  place  is  the  continuation 
of  an  effect  already  produced.  The  immediate  effect  of  the 
moving  force  U  a  obtbrmination,  by  \iwhich,  if  not  hin- 
dered, the  body  would  go  on  for  ever  from  place  to  place. 
It  is  in  this  determination  only  that  the  state  or  condition 
pf  the  body  can  differ  from  a  state  of  rest ;  for  in  any  in- 
stant, the  body  does  not  describe  any  8pace»  but  has  a 
determination  by  which  it  will  describe  a  certain  space 
uniformly  in  a  certain  time.  Motion  is  a  condition,  a  state, 
or  mod^f  of  existence,  and  no  more  requires  the  conti- 
nued agency  of  the  moving  cause  than  yellowness  or  r6und<r 
ness  does.  It  requires  some  chemical  agency  to  change 
the  yellowness  to  greenness ;  apd  it  requires  a  mechanical 
cause  or  a  force  to  change  this  motion  into  rest.  When 
we  see  a  moving  body  stop  short  in  an  instant,  or  be  gra- 
dually, but  quickly,  brought  to  rest,  we  never  fail  to 
speculate  about  a  cau^e  of  this  cessation  or  retardation* 
The  case  is  no  way  different  in  itself  although  the  retar- 
dation should  be  extremely  slow.  We  should  always  at- 
tribute it  to  a  cau^e.  It  requires  a  cause  to  put  a  body 
out  of  motion  as  much  as  to  put  it  into  motion.     This 


cause,  if  not  external,  must  be  found  in  the  body  itself; 
and  it  must  have  a  self-determining  power,  and  maj  as 
wdi  be  able  to  put  itself  into  motion  as  out  of  it. 

If  this  reasoning  be  not  admitted,  we  do  not  see  hoiT 
anj  effect  can  be  produced  by  any  cause.  £rery  effect 
supposes  something  done ;  and  any  thing  done  implies  that 
the  thing  done  may  remain  (ill  it  be  undone  by  some  other 
cause.  Without  this,  it  would  hare  no  existence.  If  a 
moving  cause  did  not  produce  continued  motion  by  its  in* 
stantaneous  action,  it  could  not  produce  it  by  any  conti-^ 
nuance  of  that  action ;  because  in  no  instant  of  that  ao- 
lion  does  it  produce  continued  motion. 

We  must  therefore  give  up  the  opinion,  that  there  re- 
sides in  a  moving  body  a  force  by  wkieh  it  U  kepi  in  mo* 
Hon;  and  we  must  find  some  other  way^of  explaining  that 
remarkable  difierence  between  a  moving  body  and  a  body 
at  rest,  by  which  the  first  causes  other  bodies  to  move  by 
hitting  them,  while  the  other  does  not  do  this  by  merely 
touching  them.  We  shall  see,  with  the  clearest  evidence, 
that  motion  is  necessary  in  the  impelling  body,  in  order 
that  it  may  permit  the  forces  inherent  in  one  or  both  bo- 
dies to  continue  this  pressure  long  enough  for  producing 
a  sensible  or  considerable  motion.  But  these  moving 
forces  are  inherent  in  bodies,  whether  they  are  in  motion 
or  at  rest. 

34.  The  foregoing  observations  shew  us  the  impropriety 
of  the  phrase  communication  of  motion.  By  thus  reflecting 
on  the  notions  that  are  involved  in  the  general  conception 
of  one  body  being  made  to  move  by  the  impulse  of  an^ 
other,  we  perceive,  that  there  is  nothing  individual  trans- 
ferred from  the  one  body  to  the  other.  The  determina- 
tion to  motion,  indeed,  existed  only  in  the  impelling  body 
before  collision  ;  whereas,'  afterwards,  both  bodies  are  so. 
conditioned  or  determined.  But  we  can  form  no  notion 
of  the  thing  transferred.    With  the  same  metaphysical 
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inpopnbtjr,  ire  apeak  mi  ike  OMiiiMnucation  of  joj,  -oS 
farer. 

35.  Kepler  sntiodiioed  e  tBitn  nrBaTti,  vie  tmRTtjB, 
iMto  nncheiucel  fhileeoplij ;  and  it  is  iwir  in  onsUnt 
vie.    B«t  leriten  an  fvy  carekes  aad  ragse  id  43tt  no- 
^Aidk  ikey  aflix  to  theas  tenui.    Eeplcr  mad  New- 
eeean  geaeralij  ta  trnploj-,  it  for  exfftsumg  ihe  fact. 
Hie  ()erievennce  ef  the  isody  in  its  lu^esent  «tate  of  oio* 
tin  or  reat^  1>ot  lihej  also  frequently  -eoqiresi  bjr  it  eomo* 
Mmg  like  an  iadifiennioe  to  molion  or  rest,  mmifcktdi  bg 
ittrefHiriagAtmtBme  ^catLitgf  ^fwa  fo  mmkt  as  mgmtmtn^ 
Hon  of  its  motion  as  to  jadbc  am  wfuddimnutiam  af  ti.     The 
papular  notion.it  like  that  whieh  we  have  of  actual  re- 
iiaienace ;    and  it  alvvn^s  implies  the  notion   of  force 
tacffed  by  the  ^etisting   body.      We  anppose  this   to 
be  ebe  ezertHMi  vt  the  viw  irnUoj  or  the  otiercnK  fam 
of  a  imdy  in  motion.     But  we  have  the  aame  notion 
of  Tcaistanee  fnnn  aibady  at  rest  whieh  we  set  in  mo* 
tion.    Now,  sorely  it  is  in  direct  contradiotfon  to  the 
common  use  of  the  word  force^  when  we  tuppoee  resist- 
ance from  a  body  at  rest ;  yet  otit  caerf  iff  is  a  very  oonw 
non  expression.     Nor  is  it  more  absurd  (and  it  is  rery 
absurd)  to  say,  that  a  body  maintains  its  state  of  rest  by 
(the  exertion  of  a  vis  inerti^  than  to  say,  that  it  main- 
tains'  its  state  of  motion  by  the  exertion  of  an  wtierent 
^/eive.     We  a hould  avoid  all  such  metaphoricd  eipressions 
ns  rrmlanor*  indifferenecy  sl^ggishnus^  or  prmwnns  to  rtat 
(which  sonie  express  by  uicrtia)^  because  they  seldom  fail 
to  ranke  us  indulge  in  metaphorical  notions^  and  thus  lead 
us  to  misconceive  the  modus  operandi,  or  proeedore  of 
nature. 

-  There  is  no  rad^nee  wkainer  observed  in  these  pbeno- 

•  UDena ;  for  the  force  employed  always  produces  its  compiete 

effect.     When  I  throw  down  a  man,  and  find  that  1  have 

caqployed  no  more  force  than  was  sufficient  to  throw  dorni 

%  similar  and  equal  mass  of  dead  matter,  I  know  by  this 
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iktArht  kumoiteisM;  fnA  I  coMhifc  ihift  he  Am  » 
lifllMiy  ifl  have  bees  sUi^d  t«  cRiploj  amek  laone  foFoe. 
T4iara  M  ihnefere  w>  rewind— ify  properly  so  ealU,  irfaea 
tlie«xerted  iofce  is  ahBerredl  to  frodooe  ite  full  effect. 
3b  say  ikat  ibene  t#  iMHlanee,  is  tiKrefoK  a  reel  mA^ 
eoteapiige  of  ike  anj  in  yfhadk  tchetricel  tiroes  kati^ 
epented  in  itbe>calU9ion  <ef  bodice.    There  is  nb  atoroiB- 
■Btmoe  io  these  cmeB  thaa  in  eaj'edier  natuBel  ehaagoi 
of  cendlitioB.    We  am  guikf ,  boarefor,  at  the  aaaie  ine- 
propriety  of  JangMge  in  oIlKr  caeet,  where  the  came  of 
k  is  flienr  esideat.    We  say  that  coloars  in  grain  Jttesuiikt 
aetion  ef  aaep  and  of  tbeisan,  hot  that  the  ifru«an  bine 
does  aat.     We  aH  peoeeive,  that  in  this  eBpreeiion  the 
vcad  resMlBaoe  is  entirely  ^figantire  ;  and  we  ehanld  Mf 
that  Pnneian  Uae  nesttle  »ap,  if  we  ara  ri^^t  in  aaying 
that  a  body  resists  any  force  employed  to  change  its  state 
of  motion ;  for  soap  must  be  employed  to  dit^charge  or 
change  the  colour ;  and  it  dotB  changt  it.     Force  must  be 
'  empJojed  to  change  a  motion  ;  and  it  does  change  it.    The 
impropriety,  both  of  thought  and  language,  is  plain  in 
the  one  case,  «nd  it  is  no  less  real  in  the  other.     Both  pf 
the  tenm,  Mkerent  firw  mtd  tnertur,  may  be  ased  with 
safely  for  abbreviating  leagnage,  if  we  be  careful  to  em^ 
ploy  tbem  «nly  for  expressing,  either  the  wmpkfaet  afpra- 
wecerimg  in  the  former  state,  or  the  neceMity  •/  emfioying 
a  certain  4eiermimie  Jinrm,  in  e/rder  to  change  that  etaie^^and 
if  we  avoid  ail  iheufrht  of  re$iMance, 

36.  ¥vom  the  whole  o(  this  discussion  we  learn,  ^at 
the  deviations  from  unilomi'  notions  are  the  indications 
«f  the  eaistenoe  and  agency  of  mechanical  forces,  and  that 
they  are  the  only  indications.  The  indication  is  very  sii 
pie,  mere  change  of  place ;  it  can  therefore  indicate 
thing  but  what  is  very  simple,  the  something  competent 
to  the  production  of  the  very  motion  that  we  obsdrre. 
And  when  two  ehanges  of  motion  are  precisely  similar, 
they  indicate  the  eame  thing.  Suppose  a  raariner'e 
'    con^Hiss  on  the  tattle,  and  that  by  a  n^all  tap  with  my 
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finger  I  caui^  tbe  needle  to  turn  off  from  its  quiescent 
position  10  degrees.  I  can  do  the  same  thing  by  bringing 
a  magnet  near  it;  or  by  bringing  an  electrified  body  near 
it ;  or  by  the  unbending  of  a  fine  spring  pressing  it  aside; 
or  by  a  puff  of  wind ;  or  by  several  other  vmethods.  In 
all  these  cases,  the  indication  is  the  same ;  therefore  the 
thing  indicated  is  the  same,  namely,  a  certain  intensity 
and  direction  of  a  moving  power.  How  it  operates,  or  in 
what  manner  it  exists  and  exerts  itself  in  these  instances, 
outwardly  so  different,  is  not  under  consideration  at  pre- 
sent. Impulsiveness,  intensity,  and  direction,  are  all  the 
circumstances  of  resemblance  by  which  the  affections  of 
matter  are  to  be  characterised ;  and  it  is  to  the  discovery 
and  determination  of  these  alone  that  our  attention  is 
now  to.  be  directed.  We  are  directed  in  this  research  by 
the  ' 

SECOND  LAW  OF  MOTION, 

Every  change  of  motion  u  proportional  to  the  force  impresaei^ 
and  is  made  in  the  direction  of  that  force, 

37.  This  law  also  may  almost  be  considered  atf  an  iden- 
tical proposition  ;  for  it  is  equivalent  to  saying,  that  the 
changing  force  is  to  be  measured  by  the  change  which  it 
produces,  and  that  the  direction  of  this  force  is  the  direc- 
tion of  the  change.  Of  this  there  can  be  no  doubt,  when 
we  consider  the  force  in  no  other  sense  than  that  of  the 
cause  of  motion,  paying  no  attention  to  the  form  jot  man- 
ner of  its  exertion.  Thus,  when  a  pellet  of  tow  is  shot 
from  a  pop-gun  by  the  expansion  of  the  air  compressed  by 
the  rammer,  or  where  it  is  shot  from  a  toy  pistol  by  the 
unbending  of  the  coiled  wire,  or  when  it  is  nicked  ^way 
by  the  thumb  like  a  marble — if,  in  all  these  cases,  it 
moves  off  in  the  same  direction,  and  with  the  same  velo- 
city, we  cannot  consider  or  think  of  the  force,  or  at  least 
6(  its  exertion,  as  any  how  different.  Nay,  when  it  is 
driven  forward  by  the  instaataneous  percussion  of  a  smoit 
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stroke,  although  the  manner  of  producing  this  efTect  (if 
possible)  is  essentially  different  from  what  is  conceived  in 
the. other  cases,  we  must  still  think  that  the  propelling 
force^  considered  as  a  propelling  force,  is  one  and.  the 
same.  In  short,  this  law  of  motion,  as  thus  eipressed  bjr 
Sir  Isaac  Newton,  is  equivalent  to  sajing,  ^<  That  we  take 
the  changes  of  motion  as  the  measures  of  the  changing 
forces,  and  the  direction  of  the  change  for  the  indication 
of  the  direction  of  the  forces  r*"  For  no  reflecting  person 
can  pretiend  to  ^jj  that  it  is  a  deduction  from  the  ac- 
knowledged principle,  that  effects  fure  proportional  to  their 
causes.  We  do  not  affirm  this  law,  from  hoving  obserred 
ihe  proportion  of  the  forces  and  the  proportion  of  the 
changes,  and  that  these  proportions  are  the  same ;  and 
from  having  observed  that  this  has  obtained  through  the 
whole  extent  qf  Qur  st^dy  of  nature.  Thiis  would  indeed 
establish  it  as  a  physical  law,  ^n  universal  fact ;  and  it  is 
in  fact  80  established-  But  this  does  not  establbh  it  as  a 
law  of  motion,  according  to  our  definition  of  that  term  < 
as  a  law  of  human  thought,  the  result  of  the  relations  of 
our  ideas,  as  an  intuitive  truth.  The  injudicious  attempts 
of  philosophers  to  prove  it  as  a  matter  of  observation, 
have  occasioned  the  only  dispute  that  has  arisen  in  mecha- 
nical philosophy.  It  is  well  known,  that  a  bullet,  moving 
with  double  velocity,  penetrates  four  times  as  far.  Many 
otiier  similar  facts  corroborate  this  ;  and  the  philosophers 
observe,  that  four  times  the  force  has  been  expended  to 
generate  this  double  velocity  in  the  bullet ;  it  requires  four 
times  as  much  powder.  In  all  the  examples  of  this  kind, 
it  would  seem  that  the  ratio  of  the  forces  employed  has 
been  very  accurately  ascertained ;  yet  this  is  the  invaria- 
ble result.  Philosophers,  therefore,  have  concluded,  that 
moving  forces  are  not  proportional  to  the  velocities  which 
they  produce,  but  to  the  squares  of  these  velocities.  It  is 
a  strong  confirmation,  to  see  that  the  bodies  in  motion 
seem  to  possess  forces  in  thb  very  proportion,  and  produce 
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^ffecti  ia  Ais  prqKirtion ;  penetratbg  four  times  m  deep 
Hfiien  the  ▼elocity  is  only  twice  as  great,  fcc. 

But  if  this  be  a  just  estimation,  we  cannot  reconcile  it 
to  the  oonoessipn  o(  the  same  phftosophers,  who  grant  that 
file  Telocity  is  proportional  to  the  force  impressed,  in  the 
cases  wiiere  we  have  no  previous  obsenration  of  tiie  ratio 
of  the  forces,  and  of  its  equality  to  the  ratio  of  the  vel^ 
cities.  This  is  the  case  with  gravity,  which  Uiese  philo* 
sophers  always  measure  by  its  accelerating  power,  or  the 
velocity  whidi  it  generates  in  a  given  time.  And  diis 
cannot  be  reftised  by  them ;  for  cases  occur,  where  the 
fofce  can  be  measured,  in  the  most  natural  manner,  by 
the  actual  pressure  which  it  exerts.  Gravity  is  thus  nie»- 
tured  by  the  pressure  which  a  stone  exerts  on  its  8U{^)oit8. 
A  weight  which  at  Quito  will  pull  out  the  rod  of  a  spring 
steelyard  to  the  mark  318,  will  pull  it  to  SIS  at  Spits- 
bergen. And  it  is  a  fact,  that  a  body  will  fall  313  inches 
at  Spitsbergen  in  Hae  same  time  that  it  falls  SI  8  at  Quita 
Gravitation  is  the  cause  both  of  the  pressure  and  the  fall  ; 
and  it  is  a  matter  of  unexcepted  observation,  that  they 
have  always  the  same  ratio.  The  philosophers  who  have 
so  strenuously  maintained  the  other  measure  of  forces,  are 
among  the  most  eminent  of  those  who  have  examined  the 
motions  produced  by  gravity,  magnetism,  electricity,  &c.; 
and  they  never  think  of  measuring  those  forces  any  other 
way  than  by  the  velocity.  It  is  in  this  way  that  the 
whole  of  the  celestial  phenomena  are  explained  in  perfect 
uniformity  with  observation,  and  that  the  Newtonian  phi- 
losophy is  considered  as  a  demonstrative  science. 

There  must,  therefore,  be  some  defect  in  the  principle 
on  which  the  other  measurement  of  forces  is  built,  or  in  the 
method,  of  applying  it.  Pressure  is  undoubtedly  the  im- 
mediate and  natural  measure  of  f6rce;  yet  we  know  that 
four  springs,  or  a  bow  four  times  as  strong,  give  only  a 
double  velocity  to  an  arrow. 

The  truth  of  our  law  rests  on  this  only,  that  we  assume 


DTNAHlCAi  W 

Hie  dumgeg  of  motion  as  the  measve  of  the  changisg 
iorces;  or,  at  least,  as  the  measures  of  tbehr  exertioBs  ia 
produciog  motkni.  In  fact,  thej  are  the  measures  only 
of  a  oertaiB  circttmstance,  in  which  the  actions  of  verf 
iUbsnoi  natural  powers  may  resemble  each  other ;  aamelj, 
the  competency  to  produce  motion.  They  do  not,  pcrhiqM, 
BMasnre  their  competency  to  produce  heat,  or  even  to 
bend  springs.  We  can  surely  consider  this  apart  firom  all 
ether  circamitances ;  and  it  is  worthy  of  separate  consi* 
deration.  Let  us  see  what  can  be,  and  what  ought  to  be, 
deduced  from  this  way  of  treating  the  subject 
38.  The  motion  of  a  body  may  certainly  remsdn  unchanged. 
If  the  directioo  and  velocity  remain  the  same,  we  perceive 
no  circumstance  in  which  its  condition,  with  respect  to 
motion,  diflBers.  Its  change  of  place  or  situation  can  make 
no  difference ;  for  this  is  implied  in  the  very  circmnslance 
of  the  bodies  being  in  motion. 

But  if  either  the  velocity  or  direction  change,  then 
snrel J  is  its  mechanieal  condition  no  longer  the  »ame ;  m 
force  has  acted  on  it,  either  intrinsic  or  firom  without^ 
cither  accelerating,  or  retarding,  or  deflecting  it  Suppos* 
ing  the  direction  to  remain  the  same^  its  difference  of  con- 
dition can  consist  in  nothing  but  its  difference  of  velocity. 
This  is  the  only  circumstance  in  which  its  condition  can 
differ,  as  it  passes  through  two  different  points  of  its  rec- 
tilineal path.  It  is  this  determinatioii  by  whidi  the  body 
will  describe  a  certam  determinate  space  uniformly  in  a 
given  time,  which  defines  its  condition  as  a  moving  body : 
the  changes  of  this  determination  are  the  measures  of  their 
own  causes  ;— -and  to  those  causes  we  have  given  the  name 
firee.  Those  causes  may  reside  in  other  bodies,  wbidh 
■say  have  other  properties,  characterised  and  measured  by 
ether  effects.  Pressure  may  be  one  of  those  properties, 
and  may  have  its  own  measures  ;  these  may,  or  may  not, 
have  the  same  proportion  with  that  prop^ty  which  is  the 
cause  of  a  change  of  vdocity  :  and  therefore  changes  of 


4ff  BYNAMICS. 

▼etodty  maj  hot  be  a  measure  of  pressure.  Tbis  is  H 
question  oC  fact,  and  requires  observation  and  experience ; 
but)  in  the  mean  time,  Telocitj,  and  tbe  change  of  velo- 
city,  is  the  measure  of  moving  force  and  of  changing  force. 
When  therefore  the  change  of  velocity  is  the  same,  what- 
ever the  previous  velocity  may  be,  the  changing  force  must 
he  considered  as  the  same :  therefore,,  finally,  if  the  previa 
ous  velocity  is  nothing,  and  consequently  the  change  on 
that  body  is  the  very  velocity  or  motion  that  it  acquires^ 
yre  must  say  that  the  force  which  produces  a  certain  change 
in  the  velocity  of  a  moving  body,  is  the  same  with  the 
fbree  which  would  impart  to  a  body  at  rest  a  velocity 
equal  to  thb  change  or  difference  of  velocity  produced  od 
the  body  already  in  motion. 

•  This  manner  of  estimating  force  is  in  perfect  conformity 
to  our  most  familiar  notions  on  these  subjects.  We  con-» 
ceive  the  weight  or  downward  pressure  of  a  body  as  the 
cause  of  its  motion  downwards ;  and  we  conceive  it  as  be- 
longing  to  the  body  at  all  times,  and  in  all  places^  whether 
falling,  or  rising  upwards,  or  describing  a  pfarabola,  or  ly-; 
ing  on  a  table ;  and,  accordingly,  we  observe,  that  in  every 
state  of  motion  it  receives  equal  changes  of  velocity  inl 
the  same,  or  an  equal  time,  and  aU  in  the  direction  of  its 
pressure. 

.  AU  that  we  have  now  said  of  a  change  of  velocity  might 
be  repeated  of  a  change  of  direction.  It  i^  surely- possibles 
that  the  same  change  of  direction  may  be  made  on  any 
two  motions.  Let  one  of  the  motions  be  considered  as 
growing  continually  slower,  and  terminating  in  rest.  In 
every  instant  of  this  motion  it  is  possible  to  mp.ke  one 
and  the  same  change  on  it.  The  same  change  may  there^ 
fore  be  made  at  the  very  instant  that  the  motion  is  at  aa 
end.  In  this  case,  the  change  is  the.  very  motion  which 
the  body  acquires  from  the  changing  force.  ThereforCj^ 
in  this  case  abo,  we  must  say,  that  a  change  of  motion  is 
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kself  a  miotion^  and  that  it  is  the  motion  whicb  the  force 
would  produce  in  a  body  that  was  prcTiously  at  rest 

The  result  of  these  obsenrations  is  evidently  this,  that 
we  must  ascertain,  in  every  instance,  what  is  the  change 
iQf  motion,  and  mark  it  by  characters  that  are  consjlicuous 
aad  distinguishing ;  and  this  mark  and  measure  of  change 
must  be  a  motion  :  Then  we  must  say,  that  the  changing 
toiite  is  that  which  would  produce  this  motion  in  a  body 
previously  at  rest.  We  must  see  how  this  is  manifest,  as  a 
changeof  motion  is  the  difference  between  theformermotion 
and  the  new  motion ;  and,  on  the  other  hand,  we  must  see 
bow  the  motion  produceable  in  a  quiescent  body  may  be 
so  combined  with  a  motion  already  existing,  as  to  exhibit 
a  new  motion^  in  which  the  agency  of  the  changing  force 
may  i^pear. 

Suppose  a  ship  at  anchor  in  a  stream ;  while  one  man 
walks  forward  on  the  quarter  deck  at  the  rate  of  two  miles 
per  hour,  another  walks  from  stem  to  stem  at  the  same 
rate^  a  third  walks^  athwart  ship,  and  a  fourth  stands  still. 
Let  the  ship  be  supposed  to  cut  or  part  her  cable,  and 
float  down  the  stream  at  the  rate  of  three  miles  per  hour* 
We  cannot  conceive  any  difference  in  the  change  made  on 
each  man^s  motion  in  absolute  space ;  but  their  motions 
are  now  exceedingly  different  from  what  they  were :  the 
first  man,  whom  We  may  suppose  to  have  been  walking 
westward,  is  now  moving  eastward  one  mile  per  hour ; 
tbe  second  is  moving  eastward  four  miles  per  hour  ;  and 
the  third  is  moving  in  an  oblique  direction,  about  three 
points  north  or  south  of  due  east.  All  have  suffered  the 
same  change  of  condition  With  the  man  who  had  been 
standing  still.  .  He  has  now  got  a  motion  eastward  three 
miles  per  hour.     In  this  instance,  we  see  very  well  the 

• 

circumstance  of  sameness  that  obtains  in  the  change  o( 
these  four  conditions.  It  is  the  motion  of  the  ship,  which 
is  blended  with  the  other  motions.  But  this  circumstance 
is  equally  present  whenever  the  same  previous  motions  are 
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dnngetf  into  tbe  tune  new'  moticoB.  We  mtet  learft  to 
expucBtethiff  ;  whick  we  skill  de»  Ijf  eonndmig  lbeiiiai»* 
mrAn  wUeb  tht  iMtion  of  Ae  dnp  k  bfendtd  wkh  etch 
of  the  waaC^'  moiienft^ 

49.  Thie  land  dl  oonbiiuitiiit  lai  beca  cdied  the  com- 
vofiTioir  or  «OTioiir ;  becaaoe,  in  everj  poittlofthe  mo- 
tion realty  porraed,  the  Iwa  notMt  are  to  be  faoad. 

The  fundhuneiital  theofem  ob  thia  svbject  k  tUt>— Tiro 
vniibnn  BiotioBt  in  tbe  dUeo  of  a  pondUlograin  teiyuie 
on  unifarm  motioH  is  tl»diago»al. 

Ssf^oae  that  a  point  A  (Ptate  I.  fig.  1.)  descnbco  AB 
wnifbrail J  in  some  giiren  time,  whale  tho  line  AB  i«  ear* 
lied  imiferaily  along  AC  in  the  same  tioie^  keeping  ahraja 
panDdi  to  its  first  posttioii  AR  The  poinl  A^  by  Ae 
combination  of  these  motions,  will  describe  AD,  the  diago* 
nal  of  the  parallefegram  ABDC,  oniformlj  n  the  same 


For  it  19  phun,  that  the  relockies  in  AB  and  AC  aM 
proportional  to  AB  and  AC,  became  they  ars  umCormlf 
described  hi  the  same  time.  When  the  point  has  got  to 
£,  the  middle  of  AB,  the  Ime  AB  hat  gc^i  kieo  the  sit«a« 
atiott  6H,  half  waj  between  AB  tad  CD,  and  the  point 
£  is  in  the  pkot  t,  the  middle  of  6H.  Diuw  £  <  L  pa* 
raDel  to  AC.  It  it  plain,  that  the  parallelograms  ABDC 
and  AE  c  G  are  simihur;  became  AE  and  AG  are  the 
halret  of  AB  and  AC,  and  the  angle  at  A  is  comnoa  te 
both*.  Therefore,  (EacKd,  Book  VI.  Prop-  xxvi)  thef 
are  about  the  same  diagonal,  and  the  point  e  is  in  the  dia* 
gooal  of  AD.  In  like  maaner,  it  may  be  shewn,  that 
when  A  has  described  AF^  f  tht  of  AB,  the  line  AB  will 
he  in  the  situation  IK,  so  that  Al  it  |ths  of  AC,  and  the 
point  fy  in  which  A  is  now  found,  is  in  the  diagonal  AD^ 
It  will  be  the  same  in  whaterer  point  of  AB  the  describing 
point  A  be  supposed  to  be  found.  The  line  AB  will  be 
on  a  similar  point  of  AC,  and  the  describing  point  will  be 
in  tbe  diagonal  AD. 
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Moreover,  the  motion  in  AD  is  uniform ;  (or  Ae  is 
described  in  the  time  of  describing  AB ;  that  is,  in  half 
the  time  of  describing  AB,  or  in  half  the  time  of  de- 
scribing AD.  In  like  manner,  Af  is  described  in  |ths 
of  the  time  of  describing  AD^  &c.  &c.' 

Lastlj,  the.  velocity  in  the  diagonal  AD  is  to  the  velo- 
city in  either  of  the  sides  as  AD  is  to  that  side.  This  is 
evident,  because  thej  are  iiniformly  described  in  the  same 
time. 

This  is  justlj  called  a  composition  of  the  motions  AB  and 
AC,  as  will  appiear  by  considering  it  in  the  following  man- 
ner :  Let  the  lines  AB  AC  be  conceived  as  two  material 
lines  like  wires.  Let  AB  move  uniformly  from  the  situ- 
ation AB  into  the  situation  CD,  while  AC  moves  uni- 
formly  into  the  situation  BD.  It  is  plain,  that  their  in- 
tersection  will  always  be  found  on  AD.  The  point  c,  for 
/example,  is  a  point  common  to  both  lines.  Considered  as 
a  point  of  £L,  it  is  then  moving  in  the  direction  e  H  or 
AB ;  and,  considered  as  a  point  of  6H,  it  is  moving  in 
the  direction  e  L.  Both  of  these  motions  are  therefore 
blended  in  the  motion  of  the  intersection  along  AD.  We 
can  conceive  a  small  ring  at  f ,  embracing  loosely  both  of 
the  wires.  This  material  ring  will  move  in  the  diagonal, 
and  wUl  really  partake  of  both  motions. 

Thus  we  see  how  the  motion  of  the  ship  is  actually 
blended  with  the  motions  of  the  three  men ;  and  the  cir- 
cumstance of  sameness  which  is  to  be  found  in  the  four 
changes  of  motion  is  this  motion  of  the  ship,  or  of  the 
man  who  was  standing  stilL  By  composition  with  each 
of  the  three  former  motions,  it  produces  each  of  the  three 
new  motions.  Now,  when  each  of  two  primitive  motions 
is  the  same,  and  each  of  the  new  motions  is  the  same,  the 
change  is  surely  the  saine.  If  one  of  the  changes  has  been 
brought  about  by  the  actual  composition  of  motions,  we 
know  precbely  what  that  change  is ;  and  this  informs  us 

VOL.  I.  J> 
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what  the  other  is,  in  whatever  waj  it  was  produced* 
Hence  we  infer,  that 

43.  When  a  motion  is  any  how  changed^  the  changt  is  thdi 
motion  whiehj  when  compounded  with  the  former  motion^  will 
produce  the  new  motion.  Nowj  became  we  assume  the 
change  as  the  measure  and  characteristic  of  the  changing 
force,  we  must  do  so  in  the  present  instance ;  and  w^ 
must  saj, 

44.  That  the  changing  force  is  that  which  will  produce  in 
a  quiescent  body  the  motion  which^  by  composition^  with  th$ 
former  motion  of  a  body^  will  produce  the  new  motion. 

And, '  on  the  other  hand, 

WheH  the  niotion  of  a  bodjf  is  changed  by  the  action  of  any 
force j  the  new  motion  is  that  which  (s  compOuMed  of  the  for^ 
mer'fnbtion^j  and  of  the  motion  whieh  the  force  would  produide 
in  a  quiescent  [body. 

Wh^n  a  force  changes  the  direction  of  a  motion,  we 
seethatits  direction  is  transverse  in  some  angle  BAG; 
because  a  diagoiml  AD  always  suppbses  two  sides.  As 
we  have  distinguished  any  change  of  direction  by  the 
term  dbfibctiow,  we  may  call  the  transverse  force  a  db- 

FLBCTINO  FORCB. 

In  this  way  of  estimating  a  change  of  motion,  all  the 
characters  of  both  motionii  are  preserved,  and  it  expresses 
every  circuntttanc^'  of  th^  change ;  the  mere  change  of 
direction.  Or  the  angle  BAD,  is  not  enough,  because  the 
same  force  will  make'  diflferent  angles  of  deflectidn,  ac- 
cording to  the  velocity  of  the  former  motion,  or  accord- 
ing to  its  direction  :  but  in  this  estimation,  the  full  effect 
of  the  deflecting  forc^  is  seen ;  it  is  seen  as  a  motion;  for 
when  half  of  the  time  is  elapsed,  the  body  is  at  e  instead 
of  E ;  wheA  three-fourths  are  elap^d,  it  is  at  f  instead 
of  F ;  and  at  the  end  of  the  time  it  is  at  D  instead  of  B. 
in  short,  the  body  has  moved  uniformly  away  from'  the 
Jioints  at  which  it  would  haver  arrived  independent  of  the 
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change;  and  ihls  motion  hat  been  in  the  same  directioD^ 
and  at  the  same  rate,  as  if  it  had  moved  from  A  to  C  by 
the  changing  fofce  alMe.  Each  force  has  ptxidnoed  its 
hU  eifed;  fdr  when  the  body  is  at  D,  it  is  as  fiurfrom 
AC  as'if  the  (dfte  AC  had  isot  acted  on  it ;  and  it  is  at 
far  fit>m  AB  aa  &  wtfntd' hiW  been  by  the  actiorf  of  AC 
alone; 

For  aM  these  MMtt^  tbet^fbri^  it  is  evident^  thatff 
we  are  to  ahide  bjr^o^r  metiMt  and  character  of  force  as 
a  mere  ptoiHteit  of  mM^i  w«  hate  sdected  the  proper 
cfaaraeteristiie^ aMi  ffiteMM  of'  a  chaagiftg'  fmt^e;  and  our 
descriptions,  in^cbnlbrmMyto  tUsittlectitfv,  ninst  bcf  agree- 
able to  thif  phenoiiMia  of^  tMvtte:,  and  retain  the  atfcuracy 
of  geometriiisl  prooeduM;  blfcaiiM^'  on  the  other  hand^ 
Hie  resnlis  whkhrwe  dedutie  from  the  suppo^  influence 
of  those  forces  are  fortned  in  the  same  nkmld.  U  is  not 
eren  r^uirfte  thattfae  real  exertions  of  the  natural  forces^ 
sttchas  pressui^s  ofyarioas  kiodtf^  &c.  shall  follow  theise 
rules ;  for  thiefir  deviations  will  be  considered  as  neir  forcei^ 
although  they  are  only  indications  of  the  difih^ences  of 
the  real  forces'  From'  oof  hypotfiesis.  We  have  obtained 
the  precious'^dvantage  of  mathefnatical  investigation,  by 
which  we^an  elamiue  tBe  law  of  'exertion  which  charaiv 
terises  every  force  in  nature. 

On  these  principles  we  establish  the  following  fund»- 
meiital  elementisry  proposition,  of  continual  and  indii- 
pensable  use  In  all  mechakiical  inquiries. 

45.  ffa  body  tr'maierkU  patiicU  be  mhjtettd  at  the  tame  time 
to  thi  (tcltojk  of  two  1noving'/orce$,  each  of  which  would 
Meparately  cause  it  to  describe  the  side  of  a  paralklogram 
uniformfy  in  n  gdieH  time,  the  body  will  describe  the  dia- 
gofUtl'Uuifinkfy  in  the  same  time. 

Var  the  body,  whose  motion  AB  was  changed  into  AD, 
had  gotten  its  motion  by  the  action  of  some  force.  It 
was  moviug  aldng  N AB ;  and,  when  it  reached  the  point 
A,  the  force  AC  acted  on  it*    The  primitive  moticm  is 
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the  same,  or  the  body  b  in  the  same  condition  in  every 
instant  of  the  primitive  motion.  It  may  have  acquired 
this  motion  when  it  was  in  N,  or  when  at  O,  or  any  other 
point  of  N  A.  In  ail  these  cases,  if  AC  act  on  it  when  it 
is  in  A,  it  will  always  describe  AD ;  th^fore  it  will  de- 
scribe AD  when  it  acquires  the  primitive  motion  also,  in 
A ;  that  is,  if  the  two  forces  act  on  it  at  one  and  the  same 
instant.  The  demonstration  may  be  neatly  expressed  thus : 
The  change  induced  by  each  force  on  the  motion  produced 
by  the  other,  is  the  motion  which  it  would  produce  in  the 
body  if  previously  at  rest.  Therefore  the  motion  resulting 
from  their  joint  action  is  the  motion  which  is  compounded 
of  these  two  motions ;  or  it  is  a  motion  in  the  diagonal  of 
the  parallelogram,  of  which  these  motions  are  the  sides; 

This  is  called  the  Composition  of  Forces.  The  forces 
which  produce  the  motions  idong  the  sides  of  the  parttl- 
Jlelogram  are  called  the  Simple  Forces,  or  the  Consti- 
tuent Forces  ;  and  the  force  which  would  alone  produce 
the  motion  along  the  diagonal  is  callckl  the  Compound 
Force,  the  Resulting  Force,  the  Equivalent  Force. 

46.  On  the  other  hand,  the  force  which  produces  a  mo- 
tion along  any  line  whatever,  may  be  conceived  as  result- 
ing from  the  combined  action  of  two  or  more  forces.  Wc 
may  know  or  observe  it  to  be  so ;  as  when  we  see  a  lighter 
dragged  along  a  canal  by  two  horses,  one  on  each  side : 
Each  pulls  the  boat  directly  toward  himself  in  the  direc- 
tion of  the  track-rope ;  the  boat  cannot  go  both  ways  ; 
and  its  real  motion,  whatever  it  is,  results  from  this  com- 
bined action.  This  might  be  produced  by  a  single  force ; 
for  example,  if  the  lighter  be  dragged  along  the  canal  by 
a  rope  from  another  lighter  which  precedes  it,  being  drag- 
ged by  one  horse,  aided  by  the  helm  of  the  foremost  light- 
er. Here  the  real  force  is  not  the  resulting,  or  the  com- 
pound, but  the  equivalent  force. 

Tills  view  of  a  motion,  mechanically  produced,  is  call- 
ed the  Resolution  of  Forces.    The  force  in  the  diagonal 
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is  said  to  be  resolved  into  the  two  forces^  having  the  di- 
rections and  velocities  refniesented  bjr  the  sides.  This 
practice  is  of  the  most  extensive  and  mnltifarious  useiin 
all  mechanical  disquisitions.  It  may  frequently  be  ex- 
ceedingly difficult  to  manage  the  complication  of  the  many 
real  forces  which  concur  in  producing  a  phenomenon  ;  and 
by  substituting  others,  whose  combined  effects  are  equi- 
valent, our  investigation  may  be  much  expedited.  But 
more  of  this  afterwards. 

We  must  carefully  remember,  that  when  the  motion 
AD  is  once  begun,  all  composition  is  at  an  end,  and  the 
motion  is  a  simple  motion.  The  two  determinations,  by 
one  of  which  the  body  would  describe  AB,  and  by  the 
other  of  which  it  would  describe  AC,  no  longer  eo^xut 
in  the  body.  This  was  the  case  only  in  the  instant^  in  the 
very  act  of  changing  the  motion  AB  into  the  motion  BD ; 
yet  is  the  motion  AD  equivalent  to  a  motion  which  is 
produced  by  the  actual  composition  of  two  motions  AB  and 
AC ;  in  which  case  the  two  motions  co-exist  in  every 
point  of  AD. 

47.  Accordingly,  this  is  the  way  in  which  the  composi- 
tion of  forces  is  usually  illustrated,  and  thought  to  be  de- 
monstrated; A  man  is  supposed  (for  instance)  to  walk 
uniformly  from  A  to  C  on  a  sheet  of  ice,  while  the  ice  is 
carried  uniformly  along  AB  by  the  stream.  The  man's 
real  motion  is  undoubtedly  along  AD ;  but  this  is  by  no 
means  a  demonstration  that  the  instantaneous  pr  short- 
lived action  of  two  forces  would  produce  that  motion ; 
the  man  must  continue  to  exert  force  in  ordpr  to  walk, 
and  the  ice  is  dragged  along  by  the  stream.  Some  indeed 
express  this  proof  in  another  way,  saying,  let  a  body  de- 
scribe AB,  while  the  space  in  which  this  motion  is  per- 
formed is  carried  along  AC.  The  ice  may  be  carried 
along,  and  may,  by  friction,  or  otherwise,  drag  the  man 
along  with  it ;  but  a  space  cannot  be  removed  from  one 
fiace  to  another,  nor,  if  it  could^  would  it  take  the  man 
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with  it.  Should  a  fhip  start  iu4denl7  forward  while  a 
man  is  walking  acrofo  the  deck,  he  would  be  left  behind, 
and  fall  toward  the  stem.  We  mi^t  ^yippotea  tiransverse 
force,  and  we  must  ntppo^e  the  oompoMtion. of  this. force 
without  proof.    This  is  no  demonstcatioji. 

Weaptirehend,  that  the  demomtvation  ^gi?i^n  above  of 
this  fundamental  proposition  is  une^(ception|d)le,  wfacn  the 
terms yiircie. and  dejkclian  are  used  iq  the  abstract  sense 
which  we  have  affixed  to  them ;  and  we  hope,  bjT  these 
means,  to  maintain  the  rigour  of  ip<itbematical  discussion 
in'  all  our  future  disquisitions  on  these  subjects.  The  onlj 
4^limstance  In  it  which  can  be  the  subject  of  discussion 
is,  whi^t^  we  have  leletted  the  proper  measure  and  cha- 
racteristic of  a  chaqga  of  motion.-^Wc  never  lOet  with 
any  objection  to  it 

48.  But  some  hair^  still  maintain^,  that  it .  does  not 
evidentlj  appear,  from  these  principles,  that  the  motion 
Which  results  from  the  joint  action  of  two  natural  powers, 
whose  known  and  measurable  intensities  have  the  same 
proportions  with  AB  and  BC,  and  which  also  exert  them- 
selves in  those  directions,  will  produce  a  motion,  having 
the  direction  and  proportion  of  AD.  They  will  not,  if 
the  velocities  produced  by  these  forces  are  not  in  the  pro- 
portion of  those  intensities,  but  in  the  subduplicate  ratio 
of  them.  Nay,  they  say,  that  it  is  not  so.  If  a  body 
he  impelled  along  AC  by  one  spring,  and.  along  AB  by 
two  springs  equally  strong,  it  will  not  describe  the  diago- 
nal of  a  parallelogram,  of  which  the  side  AB  is  double 
the  side  Ap.  Nay,  they  add,  that  an  indefinite  number 
of  examples  can  be  given  where  a  body  does  not  describe 
the  diagonal  of  the  parallelogram  by  the  joint  action  of 
two  forces,  which,  separately,  would  cause  it  to  describe 
the  sides.  And,  lastly,  they  say,  that,  at  any  rate,  it 
does  not  appear  evidefit  to  tbe'mind,  that  two  incitemaUs 
to  motion,  having  the  directions  and  the  same  proportion 
q{  intensity  with  that  of  the  sides  of  a  parallelogram,  ac- 
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tualljr  generate  a  third,  which  is  the  immediate  cause  of 
the  motiqn  in  the  diagonaL  An  equivalent  force  is  not 
the  same  with  a  resulting  force. 

49.  Yet  we  see  numberless  cases  of  the  composition  of  in- 
citements to  motipn, .  and  they  seem  as  determinate,  and 
as  SBapaptible  of  being  combined  by  coniposition,  as  the 
things  ealiad  ii|#?ing  forces,  which  are  measured  by  the 
velocities :  we  sea  tiMn  actually  so  combined  in  a  thousand 
instances,  as  in  the  fiTampIp  already  giren  of  a  lighter 
dragged  by  two  horses  pullrag  in  different  directions. 
Nay,  ^xperin^ent  shews,  that  this  cooipfMition  follows 
precisely  the  same  rule  as  the  composition  of  the  forced 
which  are  measured  by  the  velocities;  for,  if  the  point  A 
(fig..l.)  he  pulled  by  a  thread,  or,  pressed  by  a  spring,  in 
the  directiQn  AB,  and  by  another  in  the  direction  AC, 
and  if  the  pressures  are. proportional  to  AB  and  AC,  then 
it  will  be  withheld  fi?om,mavipg,  if  it  be  pulled  or  pressed 
by  a  third  force,  •  acting  in,  the  direction  Ad,  i^posite  to 
AD«  the  pressure  being  also  proportional  to  AD.  This 
force,  acting  in  the  direction  Ad,  would  certainly  with- 
stand an  equal  force  acting  in  the  direction  AD ;  there- 
fore we  must  conclude,  that  the  two  pressures  AB  and 
AC  really  generate  a  force  AD.  This  uniform  agreement 
shews  that  the  composition  is  deducible  from  fixed  prin- 
jQiples ;  but  it  does  not  appear  that  it  can  be  held  as  de- 
monstrated by  the  arguments  employed  in  the  case  of  mo- 
tions. A  demonstration  of  the  composition  of  pressurjes 
is  still  wanted,  in  order  to  render  mechaoics  a  demonstra- 
rtive  science. 

Accordingly,  philosophers  of  the  first  eminence  have 
ii^med  their  attention  to  this  problem.  It  is  by  no  means 
.easy;  being  so  nearly  allied  to  first  pripciples,  that  it 
must  be  difficult  to  find  axioms  of  greater  simplicity  by 
which  it  may  be  proved. 

Mechanicians;  generally  contented  themselves  with  the 
solution  giv^n  by  Aristotle;  but  this  is  merely  a  composi- 
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tion  of  motions :  indeed  he  does  not  give  it  for  any  thing 
else,  and  calls  it  ^^  wwiunt  rm  ^vm*.^  The  first  writer  who 
appears  to  have  considered  it  as  different  from  the  mere 
composition  of  motions,  was  the  celebrated  Dutch  engi^ 
neer  Steviniis  in  his  work  on  Sluices;  but  his  solution  is 
obscure.  It  was  sufficient,  however,  to  convince  Daniel 
Bernoulli  of  the  necessity  and  the  difficulty  of  the  pro- 
blem. He  has  given  the  first  complete  demonstration  of 
it  in  the  first  volume  of  the  Commentaries  of  the  Impe- 
rial Academy  of  Sciences  at  St  Fetersburgh.  It  is  ex- 
tremely ingenious;  but  it  is  tedious  and  intricate,  re- 
quiring a  series  of  fifteen  propositions  to  demonstrate  that 
two  pressures,  having  the  directions  and  magnitudes  of  the 
sides  of  any  parallelogram,  compose  a  third,  which  has 
the  direction  and  magnitude  of  its  diagonal.  His  first 
proposition  is,  that  two  equal  prefsures^  acting  at  right  an^ 
gits,  compose  a  third,  in  the  direction  of  the  diagonal  of  a 
square,  and  having  to  either  of  the  other  two  the  proportion 
of  the  diagonal  of  a  square  to  its  sides. 

Mr  D'^Alembert  has  greatly  simplified  and  improved 
ibis  demonstration,  by  beginning  with  a  case  that  is  self- 
evident;  namely.  If  three  equal  forces  are  inclined  to  each 
other  in  equal  angles  of  120  degrees,  any  one  of  them  will  bo-- 
lance  the  combined  action  of  the  other  two.  Surely ;  for  nei- 
ther of  them  can  prevail.  Therefore  two  equal  forces,  in- 
clined in  an  angle  of  120  degrees,  produce  a  third,  which 
has  the  direction  and  proportion  of  the  diagonal  of  the 
rhombus ;  for  this  is  equal  and  opposite  to  one  of  the  three 
above  mentioned.  He  then  demonstrates  the  same  thing 
of  two  equal  forces  inclined  in  any  angle ;  and  by  a  series 
of  eight  propositions  more,  demonstrates  the  general  the- 
orem. This  dissertation  is  in  the  Memoirs  of  the  Aca- 
demy at  Paris  for  1769.  He  improves  it  still  farther  in 
a  subsequent  memoir. 

Mr  Biccati  and  Mr  Fonsenex,  in  the  Commentaries  of 
^  Academj  of  T-urin^  have  given  analytical  demonslrifr- 
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tions,  which  are  also  very  ingenious  and  concise^  but  re« 
quire  acquaintance  with  the  higher  mathematics.— -There 
is  lEmotber  Tery  ingenious  demonstration  in  the  Journal  des 
S^avans  for  June  1764,  but  too  obscure  for  an  elementary- 
proposition.  It  is  somewhat  simplified  by  Belidor  in  his 
Ingtnieur  Francois,  Frisius,  in  his  Cosmographia^  has 
given  one,  which  is  perhaps  the  best  of  all  those  that  are 
easily  comprehended  without  an  acquaintance  with  the 
higher  mathematics :  but  we  imagine  that,  although  no  one 
can  doubt  of  the  conclusion,  it-has  not  that  intuitive  evi- 
dence f(ir  every  step  of  the  process  that  seems  necessary. 

50.  We  here  offer  another,  composed' by  blending  toge- 
ther the  methods  of  Bernoulli  and  D^Alembert ;  and  we 
imagine  that  no  objection  can  be  made  to  any  step  of  it. 
We  limit  it  entirely  to  pressures,  and  do  not  at  all  consi-^ 
der  nor  employ  the  motions  which  they  may  be  supposed 
to  produce. 

(A)  If  two  equal  and  opposite  pressures  or  incitements 
to  motion  act  at  once  on  a  material  particle,  it  suffers  no 
change  of  motion ;,  for  if  it  yields  in  either  direction  by 
theur  joint  action,  one  of  the  pressures  prevails,  and  they 
are  not  equal. 

Equal  and  opposite  pressures  are  said  to  balancb  each 
other ;  and  such  as  balance  must  be  esteemed  equal  and 
opposite. 

(B)  If  a  and  b  are  two  magnitudes  of  the  same  kind, 
proportional  to  the  intensities  of  two  pressures  which  act 
in  the  same  idirection,  then  the  magnitude  a  +  b  will  mea- 
sure the  intensity  of  the  pressure,  which  is  equivalent, 
and  may  be  called  equal,  to  the  combined  effort  of  the 
other  two ;  for  when  we  try  to  form  a  notion  of  pressure 
as  a  measurable  magnitude,  distinct  from  motion  or  any 
other  effect  of  it,  we  find  nothing  that  we  can  measure  it 
by  but  another  pressure.  Nor  have  we  any  notion  of  a 
double  or  triple  pressure  different  from  a  pressure  that  is 
equivalent  to  the  joint  effort  of  two  or  three  equal  prea- 
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sores.  A  pressure  a  is  accounted  triple  of  a  pressure  i^ 
if  it  balantes  three  pressures,  each  equal  to  b^  acting  to^ 
getber.  Therefore,  in  all  proportions  which,  can  lie  ex- 
pressed by  Divnbers,  we  mus(  acknowledge  the  kgitimacy 
of  tbis.nieasurement ;  and  it  would  surely  be  affectation 
to  omit  those  which  the  mathematicians  call  i$uammef^ 
$urable. 

In  like  manner,  the  magnitude  a-— 6. must  be  acknow- 
ledged to  measure  that  pressure  which  arises  from  the  joint 
aetion  of  two  pressures  a  and  b  acting  in  opposite  direct 
tions,  of  which  a  is  the  greatest. 

(C)  Let  ABCD  and  Ab  Cd  (fig.  A  bottom  of  Plate  I.) 
be  two  rhombuses,  which  hsTe  the  common  diagonal  AC. 
lict  the  angles  BAfr,  DAif,  be  bisected  by  the  straight 
lines  AE  and  AF. 

If  there  be  drawn  from  the  points  £  and  F  the  lines 
EG,  EH,  F g,  FA,  making  equal  angles  on  each  side  of 
KA.and  FA,,  and  if  Gg*,  HA  be  drawn,  cutting  the  dia- 
gonal AC  in  I  and  L :  then  AI  +  AL  will  be  greater  or 
less  than  AQ,  the  half  of  AC,  according  as  the  angles 
GEH^  gFhf  .are  gveater  or  less  than  GAH,  gAh. 

Draw  GH,  gh,  cutting  AE  AF,  in  O  and  o,  and  draw 
Oo,  cutting  AC  in  K. 

Because  the  angles  AEG  and  EAG  are  respectively 
equal  to  AEH  and  EAH,  and  AE  is  common  to  both  tri- 
angles, the  sides  AG,  G£  are  respectively  equal  to  AH^ 
HEl,  and  GH  is  perpendicular  to  AE,  and  is  bisected  in 
O ;  for  the  same  reason,  gh  is  bisect^  in  o.  Therefore 
the  lines  Gg*,  Oo^  HA,  are  parallel,  and  XL  is  bisected 
in  K.  Therefore  AI  +  AL  is  equal  to  twice  AE.  More- 
over, if  the  angle  GEH  be  greater  than  GAH,  AO  is 
greater  than  EO,  and  AK  is  greater  than  KQ.  There- 
fore AI  +  AL  is  greater,  than  AQ ;  and  if  the  angle 
GEH  be  less  than  GAH,  AI  4-  AL  is  less  than  AQ. 

(D)  Two  equal  pressures,  acting  in  the  directions  AB 
itnd  AC,(fig.  ft.),  at  right  angles  to  each  other>  compose 
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a  pressure  io  the  direction  AD,  ^bich  bisects  the  rigbt 
angle;  aii4  its  iqtensitj  is  to  tbe.  intensity  of  .each  of  the 
constituent  pr^ssuresi  as  the  di^otufil  of  a  square  is  to  one 
of  the  sides.  It  .is  evjdent,  that  tbe  direction,  of  the  pres* 
vare,  jfen&^d  .pj  their  joint,  ^ction^  nrlll  bisect  the  angle 
formed  by  theur  dir^tions ;.  because  po  rea^n  can  be  as- 
signed for  the.  direction  inclining  more  to  one  side  than  to 
the  other. 

In  the  next  place,  since  a  force  .iq  ,the  dire<;ttQn  AD 
does,  in  fact,  arise  from  the  Joipt^fwtipn  of  the  equal  pres- 
sures AB  and  AC,  the.,pressun;.i)^B  mi^  be  cotipeived  as 
arising  from  the  joint  action' of  tifo  equal  forces  siiqilarlj 
inclined  and  proportioned  to  it  ,  Dr^w,  EAF  perp^dUm- 
hir  to  AD.  One  of  these  forces  must  be  directed  along 
ADj  and  the  other  along  AE,  In  like  iiyuiper,  the  pres- 
sure AC  may  arise  from  the  joint  option  of  a  pressure  in 
the  direction  AD,,  and  an  .^ual  pre^ure  \n  the  direction 
AF.  It  is  also  plain,  that  the  pressures  in  the. directions 
AE  and  AF,  and  the  tvro  pressures  in  the  directiop  AD, 
must  be  all  equal.  And  also,  anjr  one  of  them  must  have 
the  same  proportion  to  AB  pr  to  AC,  th^t  AB.or  ACiiaa 
to  the  force  in  the.dir^tion  AP,  prising  from  their  joint 
action. 

Therisfore,  if  it  be  said  that  AD  does  not  masnre  the 
pressure  arising  from  the  joint  action  of  ABapd  AC,  let 
A  d,  greater  than  AD,  be  its  just  measure,  and  make  A  d : 
AB = AB :  Ag  AB  :  A  f .  Then  Ag  and. A  e  haTC  the 
same  inclination  and  proportion  to  .AB  that  AB  and  AC 
have  to  A  d  We  determine,  in  like  ipanner,  two  forces 
A  J  and  A  g  as  constituents  of  AC. 

Now  A  d  is  equivalent  to  AB  and  AC,  and  AB  is  equt« 
.yalent  to  A  e  and  A  g ; . ^d  AC  is  equivalent  to  Af  and 
.  A g.  Therefore  A  d  is  equival^t  to  A  e,  A/,  A  g  and  A  g. 
.But  (a)  As  and  A/  balwce  each  other,  or  annihilate 
each  other^s  effect ;  and  there  remain  only  the  two  forces 
.or  i^-evsMres  Ag^  Ag.    Therefore  (a)  their  measure  is  a 
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magnitude  equal  to  twice  A  g.  But  if  A  d  be  greater  than 
tbe  diagonal  AD  of  the  square,  whose  sides  are  AB 
and  AC;  then  Ag  must  be  less  than  AI,  the  side  of  the 
square  whose  diagonal  is  AB.  But  twice  Ag*  is  less  than 
AD,  and  much  less  than  A  d.  Therefore  the  measure  of 
the  equivalent  of  AB  and  AC  cannot  be  a  line  A  d  greater 
than  AD.  In  like  manner,  it  cannot  be  a  line  A I  that  is 
less  than  AD.  ^Therefore  it  must  be  equal  to  AD,  and  the 
proposition  is  demonstrated. 

(E)  Cor.  Two  equal  forces  AB,  AC,  acting  at  right 
angles,  will  be  balanced  by  a  force  AO,  equal  and  oppo- 
site to  AD,  the  diagonal  of  the  square  whose  sides  are  AB 
and  AC ;  for  AO  would  balance  AD,  which  is  the  equiva- 
lent of  AB  and  AC. 

(F)  Let  AECF  (fig.  3.)  be  a  rhombus,  the  acute  angle 
of  which  EAF  is  half  of  a  right  angle.  Two  equal  pres- 
sures, which  have  the  directions  and  measures  A£,  AF^ 
compose  a  pressure,  having  the  direction  and  measure  AC, 
which  is  the  diagonal  of  the  rhombus. 

It  is  evident,  in  the  first  place,  that  the  compound  force 
has  the  direction  AC,  which  bisects  the  angle  EAF.  If 
AC  be  not  its  just  measure,  let  it  be  AP  less  than  AC. 
Let  ABCD  be  a  square  described  on  the  same  diagonal^ 
and  make  AP :  AQ  =z  AE  :  AO  =  AF  :  A  o.  Draw  KOG, 
Kog  perpendicular  to  AE,  AF ;  draw  GI^,  OH o,  EG, 
EK,  Fg,  PK,  PF,  and  PE. 

The  angles  CAB  and  FAE  are  equal,  each  being  half 
of  a  right  angle.  Also  the  figures  AEPF  and  AGEK  are 
similar,  because  AP  :  AQ  =  AE  :  AO.  Therefore  FA : 
AP  =  KA  :  AE,  and  EA  :  AP  =  GA  :  AE.  There- 
fore,  in  the  same  manner  that  the  forces  AE,  AF  are  af- 
firmed to  compose  AP,  the  forces  AG  and  AE  may  com- 
pose the  force  AE»  and  the  forces  A^  and  AE  may  com- 
pose the  force  AP.  Therefore  (B)  the  force  AP  is  equi- 
▼alent  to  the  four  forces  AG,  AK,  Ag-,  AE.  But  (D) 
AG  and  Ague  theside»  of  a  square^  whose  diagonal  is 
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,equal  to  twice  AI :  and  the  two  forces  AK,  AK  are  equal 
to,  or  are  measured  by,  twice  AE.  Therefore  the  four 
forces  AG,  AK,  Agt  AK,  are  equivalent  to  8  AI  *f-  2 
AK,  =  4  AH, 

But  because  AP  was  supposed  less  than  AC,  the  angle 
FPE  is  greater  than  FAE,  and  GEK  is  greater  than  GAK, 
AO  is  greater  than  OE,  and  AH  is  greater  than  HQ,  and 
2  AH  is  greater  than  AQ ;  and  therefore  4  AH  is  greater 
than  AC,  and  much  greater  than  AP.  Therefore  AP 
is  not  the  Just  measure  of  the  force  composed  of  AE  and 
AF. 

In  like  manner,  it  is  shewn,  that  AE  and  AF  do  not 
compose  a  force  whose  measure  is  greater  than  AC.  It 
is  therefore  equal  to  AC ;  and  the  proposition  is  demon- 
strated. 

(G)  By  the  same  process  it  may  be  demonstrated,  that 
if  BAD  be  half  a  right  angle,  and  EAF  be  the  fourth  of  a 
right  angle,  two  forces  AE,  AF  will  compose  a  force  mea- 
sured by  AC.  AxA  the  process  may  be  repeated  for  a 
rhombus  whose  acute  angle  is  fth,  «xV^>  ^-  ofai*ight 
angle;  that  is,  ^ny  portion  of  a  right  angle  that  is  pro- 
duced by  continual  bisection.  Two  forces,  forming  the 
sides  of  such  a  rhombus,  compose  a  force  measured  by  the 
diagonal. 

(H)  Let  ABCD,  Abed  (fig.  4.)  be  two  rhombuses 
formed  by  two  consecutive  bisections  of  a  right  angle. 
Let  AECF  be  another  rhombus,  whose  sides  AE  and  AF 
bisect  the  angles  BA  b  and  DA  d. 

The  two  forces  AE,  AF,  compose  a  force  AC. 

Bisect  AE  and  AF  in  O  and  o.  Draw  the  perpendicu* 
lars  GOH,  gok,  and  the  lines  Gig*,  OK  o,  HL  A,  and  the 
linesEG,  EH,  Fg*,  FA. 

It  is  evident,  that  AGEH  and  Ag-F  A  are  rhombuses ; 
because  AO  =  OE,  and  A  o  =r  o  F.  It  is  also  plain,  that 
since  bAdis  half  of  BAD,  the  angle  GAH  b  half  of  b  Ad, 
It  is  therefore  formed  by  a  continual  bisection  of  a  right 
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angl6.  Thetefdn^  (G)  the  forces  AG,  AH,  compose  a 
force  AE ;'  and  Ag^  Ah^  comtiose  the  force  AF.  Therie« 
fore  the  fbft:eflAG^  AH,  Ag*,  A£,  acting  together,  are 
equivalent  to  the  forces  AE,  AF  acting  tdgetlier.  But 
AG,'  Ag  compbs^  a  force  r=  2  At;  and  tUe  forces  AH, 
A  h  comjlOse  a  forcA  rr  2  *AL.  Therefore  th^  four  forces 
acting  tbgietiher'ahf  eqtiiv^Ient  t6  2  AI  -f^  2  AL,  or  to  4 
AK*  But  b^cauie  AO  is  ^  AE  and  the  lines  G^,  Oo, 
H  i^  are  evftfently  parallel,  4  AK  is  equal  to  8  AQ,  of  t6 
AC ;  and  tUe  pitoptMition  is  demonstrated. 

(I)  Cor.  Let  us  now  suppose,  that  by  continual  bisec- 
tion of  a  riglii  aiif^  ^^  have  obtained  k  vetf  sidall  angle 
«  of  a  riiMtiust  ahd  let  us  hame  the  iii6mbtis  by  the  mul«* 
tiple  of 'it  iMiicii'  Fonns'  its  acute  angle. 

The  proposition  (G)  is  true  of  a,  2  a,  4  tf,  be.  The 
ptopidslticin  (H)  u  tru^  of  3  a.  In  like  manner,  because 
(O)  is' trtie  of  4  a  and  8  a,  prt>position  (H)  is  true  of  6  a; 
and  biif^iiiise  it  is  true  of  4  a,  6  a,  and  8  a,  it  is  true  of 
5  a  and  7  a.  And '^  so  on  coiitinttally  till  we  have  demon-*  * 
strated'il  of  ev^ry  multipte  of  a  that  is  less  than  a  right 
angle. 

(K)  Let  RAS*  <fig.  5.)  be  perpendicular  to  AC,  and 
ABCD  bi^  ar  rhombiis,  whose  acute  angle  BAD  i^  some 
multiple  of  2  a  that  is  less  than  a  right  angle.  Let  A  i  C  c^ 
be  another  thbmbns,  whose  sides  A  6,  A  d  bisect  the  angles 
RAB,  SAD.  Then  the  forces  A  by  Ad  compose  a  force 
AC. 

Draw  6  R,  cf  S  parallel  to  B A,  DA.  It  is  evident,  that 
AR6B  and' AS  ^D  are  rhombuses,  whose  acute  angles 
are  mtdti^es  of  a,  that  are  each  less  than  a  right  angle. 
Therefore '(I)  the  fbrces  AR  and  AB  compose  the  force 
Ai,  and  AS,  AD  compose  Ad;  but  AR  and  AS  annihi* 
late  eadlf'6t1ier^fl^  effect,  and  there  remains  only  the  forces 
AB,  AD.  Therefore  A  b  and  A  d  are  equivalent  to  AB 
and  AD,  wMdi  compose  the  force  AC ;  and  the  proposi- 
tion in  ddiibhrthkted. 
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(L)  Cifir.  Thus  is  the  cfNronary  of  last  proposition  »:• 
tended  to  every  rliombns,  whose  angle  at  A  is  some  miil«* 
tiple  of  c  less  than  two  right  angles.  And  since  a  may  be 
taken  less  than  any  angle  that  can  be  named,  the  proposi- 
tion 'may  be  considered  as  demonstrated  of  erexy  rhombus : 
and  we  may  say, 

(M)  TW  equal forets^  tncUmtd  to  each  other  in  my  anglti 
compofe  a  force  which  is  measured  by  the  diagonal  of  thi 
rhombus^  whoH  diet  are  the  meaeuree  of  the  coatCcfiMI 
forces. 

(N)  Two  forces  AB,  AC  (fig.  6.),  having  the  direc- 
tion  and  proportion  of  the  sides  of  a  rectangle;  compose  a 
force  AD,  having  the  direction  ahd  proportion  of  the  dia« 
gonal. 

Draw  the  other  diagonal  CB,  and  draw'  EAP  parallel 
to  it ;  draw  BE,*  CF  parallel  to  DA. 

AEB6  is  a  rhombus ;  and  therefbre  tHe  forces  AE  and 
AG  compos  the  force  AB:  AFCG  is  also  a  xbotAhwf^ 
and  th^  force  AC  is  equivalent  to  AF  and  AG.  There^ 
fore  the  force?  AB  and  AC,  acting  together,  are  equiva^ 
lent  to  ther  forces  AE,  AF,  AG,  and  AG  acting  together, 
or  to  AE,  AF,  and  AD  acting  together :  But  AE  and  AF 
annihils^te  each '  other^s  action,  being  opposite  and  equal 
(for  edch  is  equal  to'  the  half  of  BC).  Therefore  AB  and 
AC  acting 'together,  are  equivalent  to  AD,  or  cotnpds^ 
the  forc^  AD. 

(O)  Two  forces,  which  have  the  direction  and  propor- 
tions of'  AB,  AC  (fig.  7.)  the  sides  of  any  parallelogram, 
compose  a  force,  having  the  direction  and  proportion  of 
the  diagoniri  AD 

Draw  AF  perpendicular  to  BD,  and  BG  and  DE  per- 
pendicular to  AC. 

ThehAFBG  is  a  rectartgK  as  is  also  AFDE;  and 
AG  is  eqtial  to  CE.  Therefore  (N)  AB  is  equivalent  to 
AF  and  AG.  Therefore  AB  and  AC  acting  together, 
arc  equivalent  to  AF,  AG,  and  AC  actuig  togethei^; 
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that  acqutred  a  simple  Tdocity  from  a  bow  having  one« 
fourth  of  the  strength.  ^ 

These  di9crepancies  should  excite  the  endeavoufB  of  me* 
chanicians  to  investigate  the  laws  observed  in  the  action 
of  pressures  in  producing  motion.  Had  this  been  done 
with  care  and  with  candour^  we  should  not  have  had  the 
great  difference  of  c^nion,  which  still  divides  phiioso# 
phers,  about  the  measures  of  moving  forces.  But  a  spirit 
of  part  J,  which  had  arisen  from  other  causes,  gave  im« 
portance  to  what  was  at  first  only  a  diffiere&oe  of  expres* 
sioh,  and  made  the  partisans  of  Mr  Leibnitz  avail  tfaenH 
selves  of  the  figurative  language  which  has  done  so  much 
harm  in  all  the  departments  of  philosophy.  Notwith* 
standing  all  our  caution,-  it  is  hardly  possible  to  a^oid  me- 
taphorical CQUC^tions  when  we  employ  the  language  of 
metaphor.  The  abettors  of  the  Leibnitzian  measure  of 
moving  forces,  or  perhaps,  to  speak  more  properly,  the 
abettors  of  the  Leibnitzian  measure  of  that  force  which 
is  supposed  to  preserve  bodies  in  their  condition  of  motion 
-*'-4nsist,  that  the  force  which  is  exerted  in  producing  any 
change  of  motion  is  greater  in  proportion  as  the  motion 
changed  is  greater :  and  they  give  a  very  specious  argu« 
ment  for  their  assertion.  They  appeal  to  the  exertions 
which  we  ourselves  make.  Here  We  are  conscious  of  the 
fact  Then  they  give  similar  examples  of  the  action  of 
bodies.  A  clay  ball,  moving  six  feet  per  second,  will 
make  the  addition  of  one  foot  to  the  velocity  of  an  equal 
clay  ball  that  is  already  moving  four  feet  per  second  in 
the  same  direction.  But  if  this  last  ball  be  already  mov- 
ing ten  feet  per  second,  we  must  follow  it  with  a  velocity 
ef  twelve  feet  in  order  to  increase  its  velocity  one  foot. 
But,  without  insisting  on  the  numberiess  paralogisms  and 
inconsistencies  which  this  way  of  <x)nceiving  the  matter 
would  lead  us  into,  it  suffices  to  observe,  that  the  pbeno« 
mena  give  us  abundant  assurance  that  there  has  been  the 
same  exertion  in  both  these  cases«    This  acceleration  is 
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alf^ys  accompanied  by  a  compression  of  the  balls,  and 
the  compresdon  is  the  aame  in  both.  This  compression 
is  a  Terjr  good  meaaore  of  the  force  employed  to  produce 
it;  aad  in  the  present  dase^  we  need  not  even  trouble  our- 
selves with  may  ndefor  its  measwrei^nt :  for  surely  when 
the  compressioa  is  not  different,  but  the  same,  the  foree 
exerted  k  iJie  same.  This  is  farther  confirmed  by  observ* 
faig,  thaft  il  requires  the  same  force  to  make  the  same  pxt| 
or  to  give  the  same  motion,  to  a  piece  of  c^y  lying  on  the 
table  of  a  shqp^s  cabin,  whether  the  ship  be  sailing  twq 
miles  or  ten  miles  ptr  hour. 

Tbua  we  «ee  that  there  are  strong  reasons  tat  belie vingi 
that  the  exertions  of  pressure  in  producing  motion,-  or  that 
the  pressures  ndtmdly  exerteij  are  proportional  to  the 
ehangeil  of  motion  observed,  and  that  they  coincide  in  this 
Ireapeiit  with  our  afastrax:t  conceptions  of  moving  forces. 

Bat  wte  have  still  better  arguments;    None  of  the  Leibi* 
hitsians  think  of  denying  the  equal  exertions  of  gravity, 
'Or  of  any  of  those  powers  which  they  call  solMtaiimi  or 
oeeekratingfirctMi    They  all  admits  that  gravity^  or  any 
tbnstant  accelerating  fbrce^  produces  equal  increments  d£ 
Veloeity  in  equal  times,  and  that  a  double  gravity  wiU 
^nodiice  a  double  increment  in  an  equal  time,  and  an  equal 
increment  in  half  of  the  time ;  and  that  a  quadruple  gra- 
vity v^iB  produce  a  double  velocity  in  half  tbe  time;    All 
these  things  are  giranted  by  them^  alid  their  writings  aire 
full  of  reasbnirfgs  from  this  principle.    Now  from  the  fact, 
acknowledged  by  the  Leibnitslans^  that  the  quadruple 
force  df  a  bow  gives  a  double  velocity  to  the  arro^,  in 
eveiy  iiastaiit  of  its  action^  it  indisputably  follows,  that  it 
has  acted  on  it  only  fiv  half  the  time  of  the  action  of  the 
four  times  weakar  bow^  which  gives  the  arrow  only  half 
the  velocity ;  and  thus  has  the  discrepancy  between  the 
effects  of  pressures  and  of  our  abstract  moving  forces  en- 
tirely disappeared.    For  this  circumstance  of  the  differ^ 
enee  in  the  time  of  actuig  will  be  found,  an  strict  exanii« 
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nation,  in  all  the  cases  of  the  change  of  motion  bj  pfes*^ 
sures  whidi  we  measure  by  their  effects  on  a  body  at  rest. 
When  this  and  the  appreciable  changes  of  actual  pressure, 
during  the  time  of  producing  the  motion,  are  taken 
into  consideration,  all  difference  vanishes,  and  the  com- 
position of  pressures  is  in  perfect  harmony  with  the  com- 
position of  motions,  or  of  abstract  moving  forces.  Dr- 
NAMics  is  thus  made  a  demonstrative  science,  and  affords 
the  opportunity  of  investigating,  by  observation  and  ex- 
periment, the  nature  of  those  mechanical  powers  which 
reside  in  bodies,  and  which  appear  to  us  under  the  form 
of  pressure,  inducing  us  to  consider  pressure  as  a  cause  of 
motion. 

In  this,  however,  we  are  rather  inaccurate.  Pressure  is 
one  of  the  sensible  effects  of  that  property  which  is  also 
the  cause  of  motion.  It  is  not  the  pressure  of  a  piece  of 
lead,  but  its  heaviness,  which  is  the  reason  that  it  gives  mo- 
tion, to  a  kitchen  jack.  Pressure  is  merely  a  generic  name, 
borrowed  from  a  familiar  instance,  and  given  tp  moving 
forces,  which  have  the  same  nature,  but  different  names 
that  serve  to  mark  their  connection  with  certain  sub- 
stances, in  which  they  may  be  supposed  to  reside.  Natural 
philosophy  is  almost  entirely  employed  in  examining  the 
nature  of  these  various  pressures  or  accelerative  forces; 
and  the  general  doctrines  of  dynamics,  by  ascertaining 
what  is  common  to  them  all,  enable  us  to  mark  with  pre- 
dsion  what  is  characteristic  of  each. 

63.  We  have  now  advanced  very  far  in  this  investiga- 
tion ;  for  we  have  obtained  the  criterion  by  which  we 
learn  the  direction  and  the  magnitude  of  every  changing 
force :  and,  on  the  other  hand,  we  see  how  to  state  what  will 
be  the  effect  of  the  exertion  of  any  force  that  is  known  or 
suspected  to  act.  All  this  we  learn  by  the  composition  of 
forces;  and  the  greatest  part  of  mechanical  disquisition 
consists  in  the  application  of  this  doctrine.  For  such  rei^ 
Bons  it  merits  minute  consideration ;  and  therefore  we  must 
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point  oat  some  general  conclusions  from  the  properties  of 
figure,  which  will  greatly  facilitate  the  use  of  the  paral- 
lelogram of  forces. 

54.  Ut.  The  constituent  and  the  resulting  forces,  or 
the  simple  and  compound  forces,  act  in  the  same  plane ; 
for  the  sides  and  diagonal  of  a  parallelogram  are  iif  one 
plane. 

55.  2d.  The  simple  and  the  compound  forces  are  pro- 
portional to  the  sides  of  any  triangle  which  are  parallel 
to  their  directions.  For  if  any  three  lines,  oft,  M,  ad,  be 
drawn  parallel  to  AB,  AC,  and  AD  (fig  7,  No.  8.),  they 
will  form  a  triangle  similar  to  the  triangle  ABD.  For 
the  same  reasons  they  are  proportional  to  the  sides  of  a 
triangle  afl/dy  which  are  respectirely  perpendicular  to  their 
directions. 

56.  3d.  Therefore  each  is  proportional  to  the  sine  of 
the  opposite  angle  of  this  triangle  ;  for  the  sides  of  any 
triangle  are  proportional  to  the  sines  of  the  opposite  an- 
gles. 

57.  4<A,  Each  is  proportional  to  the  sine  of  the  an- 
gle contained  by  the  directions  of  the  other  two ;  for  AD 
is  to  AB  as  the  sine  of  the  angle  ABD  to  the  sine  of  the 
angle  ADB.  Now  the  sine  of  ABD  is  the  same  with  the 
sine  of  BAG  contained  between  the  directions  AB  and 
AC,  and  the  sine  of  ADB  is  the  same  with  the  sine  of 
CAD ;  also  AB  is  to  AC,  or  BD,  as  the  sine  of  ADB 
(or  CAD)  to  the  sine  of  BAD. 

68.  We  now  proceed  to  the  application  of  this  funda- 
mental proposition.  And  we  observe,  in  the  first  place, 
that  since  AD  may  be  the  diagonal  of  an  indefinite  num- 
ber of  parallelograms,  the  motion  or  the  pressure  AD  may 
result  from  the  joint  action  of  many  pairs  of  forces.  It 
may  be  produced  by  forces  which  would  separately  pro- 
duce the  motions  AF  and  AG.  This  generally  gives  us 
the  means  of  discovering  the  forces  which  concur  in  its 
production.     If  one  of  them,  AB,  is  known  in  direction 
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^d  iiitenritj,  the  direction  AC|  parallel  to  BD,  rad  the 
intensity^  are  discovered.  Sometime?  we  know  the  di- 
rections of  both.  Then,  by  drawing  tjbe  parftUelogram 
or  triangle,  we  learn  their  proportions.  The  fprce  which 
deflects  any  mbtion  AB  into  a.  motion  AX),  is  had  by 
simply  drawing  a  line  from  the  poiht  B  (to  wfafph  the 
body  would  have  moved  from  A  in  (he  time  of  really 
moving  from  A  to  D)  to  the  point  D.  The  deflectiog 
ib^ce  is  such  as  would  havp  caused  the  bpdy  to  move  from 
B  to  D  in  the  sam^  time.  And,  in  the  same  manneri  we 
get  the  compound  motion  ADf  which  aris^  froin  any 
two  simple  motions  AB  and  AC,  by  supposing  both  of 
the  motiops  to  be  accomplished  in  succession.  The  final 
place  of  the  body  is  the  same,  whether  it  moves  along 
AD  or  along  AB  and  BD  in  succession. 

'  59.  This  theorem  is  pot  limited  to  the  composition  of 
two  motions  or  two  forces  only;  for  since •  the  combined 
action  or  two  forces  puts  the  body  into  the  same  state  as 
if  their  equivalent  alone  had  acted  on  it,  we  may  suppose 
this  to  have  been  the  case,  and  then  the  lM*tioi^  of  a  third 
force  will  produce  a  change  on  this  equivalent  motion. 
The  resulting  motion  will  be  the  ^ame  ^  i{  only  this  third 
force  and  the  equivalent  qf  the  other  two  had  acted  on 
the  body.  Thus,,  in  plate  I.  fig.  8«  the  three  forces  AB, 
AC,  A£,  may  act  at  once  on  a  particle  of  matter.  Com- 
plete the  parallelogram  ABDC;  the  diagonal  AD  is 
the  force  which  is  generated  by  AB  and  AC'  Complete 
the  parallelogram  AEFD;  the  diagonal  AF  is  the 
force  resulting  from  the  combined  action  of  the  forces 
AB,  AC,  and  AE.  In  like  manner,  completing  the  pa- 
rallelogram AGHF,  the  diagonal  AH  is  the  force  result- 
ing from  the  combined  action  of  AB,  AC,  AE,  and  AG» 
and  so  on  .of  any  number  of  forces. 

This  resulting  force  and  the  resulting  motion  may  be 
much  more  expeditiously  determined,  in  any  degree  of 
composition,  by  drawing  lines  in  the  proportion  and  di* 
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reetion  of  ibe  forces  in  sucoession,  each  firom  the  end  of 
the  {n-eceding.  Thss,  di»w  AB,  BD»  OF,  FH,  and  join 
AH ;  AH  18  the  resulting  force.  The  demonstration  b 
evUent. 

SO.  It  is  to  be  noticed  herc^  that  in  the  composition  of 
more  than  two  forces,  we  are  not  hmited  to  one  plane. 
The  force  AD  is  in  the  same  plane  with  A3  and  AC ; 
bnt  A£  maj  be  elevated  above  this  plane,  and  AG  maj 
lead  bebw  it  AF  is  in  the  plane  of  AD  and  A£,  and 
AH  is  in  the  plane  of  AF  and  AG. 

Complete  the  paraUelograras  ABLE,  ACKE,  ELFK. 
It  is  evident  that  ABLFKCD  b  a  parallelopiped,  and 
that  AF  is  one  of  its  diagonals.  Hence  we  derive  a  more 
general  theorem  of  great  use. 

Three  forc€$  having  the  proporiion  and  directum  of  the 
three  ndet  of  a  paraUelopiped^  compose  a  force  having 
the  propqrtum  and  direction  of  the  diaganaL 

61.  Any  number  of  forces  acting  together  on  one  par- 
ticle of  matter  are  balanced  by  a  force  that  is  equal  and 
opposite  to  their  resulting  force;  for  this  force  would  ba« 
lance  their  resulting  force  which  is  equivalent  to  them  in 
action.  When  this  is  duly  considered,  we  perceive  that 
eadi  force  b  then  in  equilibrio  with  the  equivalent  of  all 
the  others ;  for  a  force  can  baian^  only  what  is  equal  and 
Of^XMite  to  it.  It  appears  very  readily  by  the  geometri- 
cal construction.  If,  instead  of  the  circuit  A,  B,  D,  F, 
H,  we  take  B,  D,  F,  H,  A,  we  have  BA  for  the  equiva- 
lent of  the  forces  AC,  AE,^  AG ;  but  AB  is  equal  and  op- 
posite to  BA.  Therefore  the  force  AB  is  in  equilibrio 
with  the  equivalent  of  all  the  others. 

6S.  When  any  number  of  forces  act  on  one  particle  of 
Buitter,  and  are  in  equilibrio,  if  they  be  considered  as  act- 
ing in  parcels,  the  equivalents  of  these  parcels  are  in  equi- 
librio ;  for. let  the  forces  AB,  AC,  A£,  AG,  Ah,  be  in 
equilibrio,  and  let  them  be  considered  in  the  two  parcels 
AB»  AC,  and  AE,  AG,  Ah ;  then  AD  is  the  equivalent 
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of  AB,  BD  (or  AC),  and  DA  is  the  equivaleiit  of  DF, 
FH,  HA  (or  AA) :  now  AD  and  DA  balance  eacb  other.  ' 
This  corollary  ena))les  us  to  simplify  many  intricate  com- 
plications of  force ;  it  also  enables  us  to  draw  accurate 
conclusions  from  very  imperfect  observations.  In  most 
of  our  practical  discussions  we  know,  or  at  least  we  at- 
tend to,  a  part  only  of  the  fofces  which  are  acting  on  a 
material  particle ;  and  in  such  cases  we  reason  as  if  we 
^aw  the  whole :  yet  is  our  mathematical  reasoning  good 
with  respect  to  the  equivalent  of  all  the  parcels  which  we 
are  contemplating,  and  the  equivalents  of  the  smaller  par- 
cels of  which  it  consists ;  and  the  neglected  force,  or  parr 
eel  of  forces,  induces  no  error  on  our  conclusions. 

63.  In  the  spontaneous  phenomena  of  nature,  the  in- 
vestigation and  discovery  of  our  ultimate  object  of  search 
is  frequently  very  difficult,  on  account  of  the  multiplicity 
of  directions  and  intensities  of  the  operating  forces  or  mo- 
tions. We  may  gi^nerally  facilitate  the  process,  by  sub- 
stituting equivalent  forces  or  motions  acting  in  convenient 
directions.  It  is  in  this  way  that  the  navigator  computes 
the  ship^s  place  with  very  little  trouble,  by  substituting 
equivalent  motions  in  the  meridional  and  equatorial  di- 
rections for  the  real  oblique  courses  of  the  ship.  Instead 
of  setting  down  ten  miles  on  a  course,  S.  36.  52.  W.  he 
supposes  that  the  ship  has  sailed  eight  miles  due  south, 
and  six  miles  due  west,  which  brings  her  near  to  the 
same  place.  Then,  instead  of  fourteen  miles  south-west,  he 
sets  down  ten  mile^  south  and  ten  miles  west ;  and  he  pro- 
ceeds in  the  same  way  for  every  other  course  and  distance. 
He  does  this  expeditiously  by  means  of  a  traverse  table, 
in  which  iure  ready  calculated  the  meridional  and  equato- 
rial sides  of  right  angled  triangles,  corresponding  to  every 
course  and  dbtance.  Having  done  this  for  the  course  of 
a  whole  day,  he  adds  all  the  southings  into  one  sum,  and 
all  the  westings  into  another :  he  considers  these  as  form- 
ing the  sides  of  a  right  angled  triangle ;  he  looks  for  them. 


BTNAMIC&  73 

piured  together,  in  hir  trayerse  table,  and  then  notices 
what  angle  and  what  distance  corresponds  to  this  pair. 
This  gives  him  the  position  and  magnitude  of  the  straight 
line  joining  the  bq^ning  and  end  of  his  daj^s  work. 

The  miner  proceeds  in  the  same  waj  when  be  takes  the 
plan  of  subterraneons  workings,  measuring*  as  he  goes 
along,  and  noticing  the  bearing  of  each  line  by  the  com- 
pass, and  setting  down,  from  his  traverse  table,  the  north- 
ing or  ^southing,  and  the  easting  or  westing,  for  each 
oblique  line :  but  thare  is  another  circumstance  which  he 
must  attend,  to,  namelj,  the  slope  of  the  various  drifts, 
galleries,  and  other  workings.  This  he  does  by  noting 
the  rise  or  the  dip  of  each  sloping  line.  He  adds  all  these 
into  two  sums,  and  taking  the  risings  from  the  dips,  he 
obtains  the  whole  dip.  Thus  he  learns  how  far  the  work- 
ings proceed  to  the  north,  how  far  to  the  east,  and  how 
far  to  the  dip. 

The  reflecting  reader  will  perceive,  that  the  line  join- 
ing the  two  extremities  of  this  progression  will  form  the 
diagonal  of  a  rectangular  parallelopiped ;  one  of  whose 
sides  lies  north  and  south,  the  other  lies  east  and  west,  and 
the  third  is  right  up  and  down. 

The  mechanician  proceeds  in  the  very  same  way  in  the 
investigation  of  the  very  complicated  phenomena  which 
frequently  engage  hb  attention.  He  considers  every 
motion  as  compounded  of  three  motions  in  some  con« 
venient  directions,  at  right  angles  to  each  othef.  He 
also  considers  every  force  as  resulting  from  the  joint  ac- 
tion of  three  forces,  at  right  angles  to  each  other,  and 
takes  the  sum  or  difference  of  these  in  the  same  or  op- 
posite directions.  From  this  process  he  obtains  the  three 
sides  of  a  parallelopiped,  and  from  these  computes  the  po- 
sition and  magnitude  of  the  diagonal.  This  is  the  mo- 
tion or  force  resulting  from  the  composition  of  all  the  par- 
tial ones. 

This  procedure  is  called  the  Estimation  or  Reouctiov 
of  motions  and  forces. 
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<Mu  A  mbttdii  or  force  AB  (fig.  9.)  is  said  to  be  istimakd 
in  the  direction  £F,  or  to  be  reduced  to  Uus  direeiion 
when  it  is  conceiTed  as  compounded  of  tbe  motions  or 
forces  AC,  AD,  one  of  which  AC  is  parallel  to  £F,  and 
the  other  AD  is  perpendicular  to  it  This  eiqiression  is 
abundantly  significant;  for  it  is  plain  that  the  motion 
AD  neither  promotes  nor  hinders  the  pixigress  ahmg  £F, 
aad  that  AC  expresses  the  whole  progress  in  this  direc* 
tkm. 

65.  In  like  manner,  a  force  AB  (fig.  10.)  is  said  to  be 
titimaied  ta,  or  reduced  to,  a  given  plane  EFGH,  when 
it  is  conceived  as  resulting  from  the  joint  action  of  two 
forces  AC,  AD,  one  of  which  is  parallel  to  a  linea&drawn 
in  that  plane,  and  the  other  AD  is  perpendicular  to  it. 
l]%e  position  of  the  line  a  6  is  determined  by  letting  fall 
B  b  perpendicular  to  the  plane,  and  drawing  6  P  to  the 
point  P,  in  which  BA  meets  the  plane ;  tben  A  a  being 
drawn  parallel  to  B  &,  will  cut  off  &  a,  which  is  the  re- 
duction of  the  motion  AB  to  the  plane.  Drawing  AC 
parallel  toab)  and  completing  the  parallelogram  ACBD, 
it  is  evident  that  the  motion  AB  is  equivalent  to  AD  and 
AC,  which  is  parallel  to  ai,  and  the  three  forces  AB, 
AC,  AD,  are,  as  they  should  be,  in  one  plane  perpendi- 
cular to  the  plane  EG. 

66.  If  three  forces  AB,  AC,  AD,  (fig.  11.),  are  in  equi- 
librio,  and  are  reduced  to  any  one  direction  d  A  /,  or  to 
one  plane  EFGH,  the  reduced  forces  are  also  in  equili* 
brio.- 

Firetf  Let  them  be  reduced  to  one  direction  d/  by 
drawing' the  perpendiculars  B  6,  C  c,  D  d ;  make  AL  equal 
to  AD,  and  join  BL,  CL,  and  draw  the  perpendiculars 
L  ^  C  c ;  then,  because  the  forces  AB,  AC,  AD,  are  in 
equilibrio,  ABLC  must  be  a  parallelogram,  and  AL  is 
the  force  equivalent  to  AB  and  AC  combined ;  then,  be- 
cause the  lines  D  d,  B  ^,  C  c,  L  /,  are  parallel,  d  A  is  equal 
to  A  /,  and  A  6  to  C  o,  or  to  c  / ;  therefore  A  /  is  equal  to 
the  sum  of  A  6  and  A  c^  which  are  the  reductions  of  AB 
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mA  AC ;  Ib&reSonrdA  is^ual  to  the  baiM  sum,  and  in 
equiiibrio  with  them. 

Secmitjf^  Let  them  be  reduced  to  one  plane  EFGH, 
and  let  •#>  •  i^, « I,  be  the  reduced  forees.  The  lines  D), 
AtsBiSyCvyLs  a^ e  all  parallel,  being  perpendiciilar  to 
the  plane ;  therefore  the  planes  AB  /•«  and  CL  As  are  p»» 
rallei,  and  '/^t  »^,  are  parallel.  For  similar  reasons,  /ba, 
•»,  are  parallel ;  therefore  mfihK,  is  a  parallelogram.  Also, 
because  the  lines  D  ),  A  «,  L  x,  are  parallel,  and  DA  it 
equal  to  AL.;  therefore  ^m  is  equal  to  «>.  •  But  because 
«i/8A»  is  a  parallelogram,  the  forces  «/8,  ««,  are  equitalent 
to  «> ;  and  •)  is  equal  and  opposite  to  »x,  and  will  balanee 
it ;  and  therefore  will  "balance  «/S  and  ««,  which  are  the 
reductions  of  AB  and  AC  to  the  plaoie  £FGH,  while  m% 
is  the  reduction  of  AD  %  therefore  the  proposition  is  de» 
monstrated. 

The  most  usual  and  the  most  usefld  mode  of  reduction, 
is  to  estimate  all  forces  in  the  directions  of  thi^  Unas 
drawn  from  one  point,  at  right  angles  to  each  other,  lihe 
the  three  plane  angles  of  a  rectangular  chest,  forming 
the'  length,  the  breadth,  and  the  depth  of  the  chest. 
These  are  commonly  called  the  three  co-ordinates.  The 
resulting  force  will  be  the  diagonal  of  this  parallelopiped. 
This  process  occurs  in  all  disquisitions  in  which  the  mu- 
tual action  of  solids  and  fluids  b  considered,  and  when 
the  oscillation  or  rotation  of  detached  free  bodies  is  the 
subject  of  discussion. 

67.  The  only  other  general  theorem  that  remains  to  be  « 
deduced  from  this  law  of  motion  is,  that  if  a  number  of 
bodies  are  moving  in  any  manner  whatever,  and  an  equal 
force  act  on  every  particle  of  matter  in  the  same  or  parallel 
directions,  their  relative  motions  will  suffer  no  change ; 
for  the  iBOtion  of  any  body  A  (fig.  12.)  relative  to  another 
body  B,  which  is  also  in  motion,  is  compottnded  of  the 
real  motion  of  A,  and  the  opposite  to  the  real  motion  of 
B;  for  let  A  move  uniformly  from  A  to  C,  while  B  4^ 


/ 


W  DYNAMlCf. 

8cribe9  BD  unifornilj,  draw  AB,  also  draw  AE  equal  and 
parallel  to  BD,  join  EC,  DC,  ED.  The  motion  of  A, 
relative  to  B,  consists  in  its  cltange  of  position  and  dis- 
tance. Had  A  described  AE,  while  B  described  BD, 
there  would  have  been  no  change  of' relative  place  or  dis- 
tance;  bat  A  ia  now  at  C,  and  DC  is  its  new  direction 
and  distance.  The  retative  or  apparent  motion  of  A 
therefore  is  EC.  Complete  the  ptunallelogram  ACFE; 
it  is  plain  that  the  motion  EC  is  compounded  of  EF, 
which  is  equal  and  parallel  to  AC,  the  real  motion  of  A, 
and  of  EA,  the  equal  and  opposite  to  BD,  the  real  mo* 
lion  of  B. 

Kow  let  the  motions  of  A  and  B  sustain  the  same 
change ;  let  the  equal  and  parallel  motions  AG,  BH,  be 
compounded  with  the  motions  At!  and  BD ;  or  let  forces 
act  at  once  on  A  and  B,  in  the  parallel  directions  AG, 
BH,  and  with  equal  intensities;  in  either  supposition, 
the  resulting  motions  wiH  be  A  e,  B  d,  the  diagonals  of  the 
pm*allelograms  A  G  c  C,  and  B  H  d  D.  Construct  the  fi- 
gure as  before,  and  we  see  that  the  relative  motion  b  now 
t  c,  and  that  it  is  the  same  with  EC  both  in  respect  of 
magnitude  and  position. 

Here  we  still  see  the  constant  analogy  between  the 
composition  of  motions  and  the  composition  of  forces. 
In  the  first  case,  the  relative  motions  of  things  are  not 
changed,  whatever  common  motion  be  compounded  with 
them  all ;  or,  as  it  is  usually,  but  inaccurately,  express- 
ed, although  the  space  in  which  they  move  be  carried  along 
with  any  motion  whatever.  In  the  second  case,  the  re- 
lative motions  and  actions  are  not  changed  by  any  exter- 
nal force,  however  great,  when  equally  exerted  on  every 
particle  in  parallel  directions. 

Thus  it  is  that  the  evolutions  of  a  fleet  in  a  uniform 
current  are  the  same,  and  produced  by  the  same  means,  as 
in  still  watcX'  Thus  it  is  that  we  walk  about  on  the  sur^ 
faee  of  this  globe  in  the  same  manner  as  if  it  neither  re^ 


v«lved  rouMl'the  son,  nor  turned  round  its  axis.  Thus  it 
is  tliat  tlie  same  strength  of  a  bow  will  communicate  a  cer- 
tain Telocity  to  an  arrow,  whether  it  is  shot  east,  or  west, 
or  north,  or  south.  Thus  it  is  that  the  mutual  actions  of 
sttUunary  bodies  are  the  same,  in  whatever  directions 
thej  are  exerted,  and  uotiritbstandisg  the  very  great 
changes  in  their  velocities  by  reason  of  the  earth^s  rota- 
tion aad  erbital  revolution.  The  real  velocity  of  a  body 
on  the  eartfils  equator  is  about  3000  feet  per  second  greater 
at  midnight  than  at  midday.  For  at  midnight  the  mo« 
tion  of  rotation  nearly  conspires  with  t&e  orbital  motion^ 
and  at  midday  it  nearly  opposes  it.  The  difference  be- 
tween the  velocities  at  the  beginning  of  January  and  the 
beginning  of  July  b  vastly  greater.  And  at  other  times 
of  the  day,  and  other  seasons  of  the  year,  both  motions 
of  the  earth  are  transversely  compounded  with  the  east- 
erly or  westerly  motion  of  an  arrow  or  cannon  bullet. 
Yet  we  can  observe  no  change  in  the  effects  of  the  mutual 
actions  of  bodies. 

68.  This  is  an  important  observatioQ ;  because  it  proves 
that  forces  are  to  be  measured  by  no  other  scale  than  by 
the  motions  which  they  produce.  We  have  had  repeated 
occasions  to  mention  the  very  different  estimation  of  mov-.> 
ing  forces  by  Mr  Leibnitz;  and  have  shewn  how,  by  a 
very  partial  consideration  of  the  action  of  those  natural 
powers  called  prasures^  he  has'  attempted  to  prove,  that 
moving  forces  are  proportional  to  the  squares  of  the  velo- 
cities ;  and  we  shewed  briefly,  in  what  manner  a  right 
consideration  of  what  passes  when  motion  is  produced  by 
measurable  pressures,  proves  that  the  forces  really  exerted 
are  as  the  velocities  produced.  But 'the  most  copious 
proof  b  had  from  the  present  observation,  that,  in  fact, 
the  mutual  actions  of  bodies  depend  on  their  relative  mo- 
tions alone. 

69.  The  Leibnitzian  measure  of  moving  force  is  alto- 
gether incompatible  with  the  universal  fact  now  mention- 
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edy  viz.  that  the  relative  motions  of  bodies,  resulting  from 
their  mutual  actions,  are  not  affected  by  any  common  mo* 
tion,  or  the  action  of  any  equal  and  parallel  force  on  both 
bodies :  for  this  universal  fact  imports,  that  when  two  bo- 
dies are  moving  with  equal  velocities  in  the  same  direc- 
tion, a  force  applied  to  one  of  them,  so  as  to  increase  ita 
velocity,  gives  it  the  same  motion  relative  to  the  other^ 
as  if  both  bodies  had  been  at  rest  Here  it  is  plain,  that 
the  space  described  by  the  body  in  consequence  of  the  pri- 
mitive force,  and  of  the  force  now  added,  is  the  sum  of 
the  spaces  which  each  of  them  would  generate  in  a  body 
at  rest.  Therefore  the  forces  are  proportional  lo  the  velo- 
cities or  changes  of  motion  which  they  produce,  and  not 
to  the  squares  of  those  velocities.  This  measure  of  forces, 
or  the  position  that  a  force  makes  the  same  change  on  any 
velocity  whatever,  and  the  independence  of  the  relative 
motions  on  any  motion  that  is  the  same  on  nil  the  bodies 
t»f  a  system,  are  counterparts  of  each  other.  Since  this 
independence  is  a  jnatter  of  observation  in  all  terrestrial 
bodies^  we  are  entitled  to  say,  that  the  powers  which  the 
Author  of  Nature  has  fmparted  to  natural  bodies  are  no 
way  different  from  what  are  competent  to  matter  once 
called  into  eidstence.  And  it  also  follows  from  this,  that 
we  must  always  remain  ignorant  of  the  absolute  motions 
of  bodies.  The  fact,  that  it  has  required  the  unremitted 
study  of  ages  to  discover  even  the  relative  motions  of  our 
solar  system,  is  an  argument  to  prove  that  the  influence 
of  this  mechanical  principle  extends  far  beyond  the  limits 
of  this  sublunary  world ;  nor  has  any  phenomenon  yet 
been  exhibited  which  should  lead  us  to  imagine  that  it  is 
Bot  universal. 

When  we  have  made  use  of  these  arguments  with  some 
isealous  partisans  of  Mr  Leibnitz'^s  doctrine,  they  have 
answered,  that  if  indeed  this  independence  of  the  relative 
motions  of  terrestrial  bodies  were  observed  to  obtain  ex- 
actly, it  would  be  a  conclusive  argument.     But  the  mo- 
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turn  wi^  which  all  h  carried  along  ii  so  great  in  compa* 
rison  with  the  motions  which  we  can  produce  in  our  expe« 
limeiits,  that  the  small  additions  or  diminutions  that 'we 
can  make  to  the  velocity  of  this  common  motion  must  ob- 
serve very  nearly  the  proportions  of  the  additions  or  dimi- 
nutions of  their  squares.  The  differences  of  the  squarea 
of  2,  S,  and  4^  are  very  unequal ;  but  the  difference!  of 
the  squares  of  9^  10,  11,  u«  much  nearer  to  the  ratio  of 
equality ;  and  the  diffe^ence  of  the  squares  of  1000001^ 
1000008,  1000003,  do  not  sensibly  deviate  from  this  ratio. 
But  it  is  not  fact  that  we  cannot  produce  motions  which 
have  a  very  sensible  proportion  to  the  common  motion. 
The  motion  of  a  cannon  ball,  discharged  with  one-thiid 
of  its  weight  of  powder,  is  nearly  equal  to  that  of  the  ro^ 
tation  of  the  earth^'s  equator.  When,  therefore,  we  dis* 
charge  the  ball  eastward,  we  double  its  motion ;  when  to 
the  westward,  we  destroy  it.  Therefore,  according  to 
Leibnitz,  the  action  in  the  first  case  is  three  times  the 
action  in  the  second.  In  the  first  case  it  changes  the 
square  of  the  velocity  (which  we  may  call  J)  from  1  to  4  ; 
and,  in  the  second,  it  changes  it  from  1  to  0.  But  say 
the  Leibnitsians,  the  velocity  of  rotation  is  but  ^V  ^^  ^^^ 
orbital  velocity  of  the  earth,  and  our  observations  of  the 
velocities  of  cannon  bullets  are  not  sufficiently  exact  to 

ensure  us  against  an  error  of  ^j^*     ^^  ^^^  latter  obser- 

yations  on  the  peculiar  motions  of  the  fixed  stars  concur 
in  shewing,  that  the  sun,  with  his  attending  planets^  are 
parried  along  with  a  very  great  motion,  which,'  in  all  pro- 
bability, has  a  sensible  ratio  to  the  orbital  motion  of  the 
earth.  This  must  make  a  prodigious  change  on  the  eatth^a 
^disolute  motion,  according  as  her  orbital  motion  conspires 
with)  ojqposes,  or  crosses,  this  other  motion :  the  earth  may 
^ven  be  at  absolute  rest  in  some  points  of  its  orbit.  Thus 
will  the  composition  with  the  motions  produced  in  our  ex« 
l^riments  be  so  varied,  that  cases  must  occur  when  the 
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difference  of  the  resHlto  of  the  two  mefltmres  of  force  will 
be  very  sensiUe. 

But,  farther,  thcfy  have  not  attended  to  the  agreement 
of  our  experiments,  when  the  discharges  of  cannon  are 
made  in  a  direction  transverse  to  that  of  the  common  mo^ 
tAon«  Here  the  tmmensitj  of  the  common  motion^  and 
tlie  minute<iess  of  our  experimental  velocities,  can  have*  no 
effect  in  diminishing  the  difTejnence  of  the  results  of  the 
two  doctrines*  This  will  appear  distinctly  to  every  reader 
who  b  ntuch  conversant  in  dtsqiiisitidns  of  this  kind ;  and 
it  is  in  these  more  moderate  motions  that  the  complete 
independence  of  the  relative  motions  Oki  the  common  mo- 
tions most  aeciirately  appears. '  Pendulum  clocks  and 
watches  have  been  often  executed  which  do  not  deviate 
from  perfect  equability  of  motion  one  part  in  86400.  This^ 
could  not  be  obtained  in  all  directions  of  the  oscillations, 
if  the  forces  deviated  frodi  the  ratio  of  the  velocities  one 
part  in  ^6400. 

On  the  whole,  we  may  consider  it  as  estabKs^hed  on  the 
surest  foundation,  that  the  action  of  those  powers  of  natu- 
ral bodies  which  we  call  pressure*^  such  as  the  force  of 
springs,  the  exertions  of  animals,  the  cohesion  of  bodies, 
as  well  as  the  action  of  those  other  incitements  to  motion 
which  we  call  attracitons  and  repuUionsy  such  as  gravitatiouy 
magnetism,  and  electricity — is  proportional  to  the  change 
of  velocity  produced  by  it.  And  we  must  observe  here, 
that  this  is  not  a  mere  mode  of  conception,  the  result  of 
the  laws  of  human  thought,  which  cannot  conceive  a  na- 
tural power  as  the  cause  of  motion  otherwise  than  by  its^ 
producing  motion,  and  which  cannot  conceive  any  degreed 
c^  momng  power  different  from  the  degree  of  the  motion. 
This  is  the  abstract  doctrine,  and  it  i&  true  whether  the 
pjnessures  are  proportional  to  the  velocities  or  to  the  squared 
of  the  velocities.  But  we  see  farther,  that  whatever  is 
the  pressure  of  a  spring  (for  example)  on  a  quiescent  body^ 
yet  the  pressure  actually  exerted  in  producing  a  double 
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velo'citj  is  6nfy  dduBIe,  arid'  not  quadruple,  as  our  first  iin« 
perfect  obs^vatioAs'  mdke  lis  im'agiri^. 

70.  Sir  tsaac  N^wtoW  has  added  anotbef  prdposition  to 
ffie  num'fiier  of  Taws  or  motion ;  nan^ely,  tTiat  every  action 
is  accompanied  hf  an  equal  and  contrary  reaction.  But  iii 
affirming  tliiis  to  l^e  a  Taw  of  nature,  he  only  means  that  it 
is  ah  universal  fact:  And  6e  makes  this  affirmation  oh 
the  autti'ority  of  what  he  conceives  to  be  a  law  of  huhiah 
thouglit;  liamely,  that  those  qualities  which  we  find  in  all 
bodies  oh  whic&  we  can  make  experinlients  and  observa- 
tions, are  to  be  considered  as  universal  qualities  of  body. 
1^'ut'  we  fiave  limited  tbe  term  law  ofmMan  to  those  con- 
sequences that  necessurilj  flow  from  our  notions  of  mo- 
tion, of  tfre  catkses  of  its  production  and  changes.  Now 
this  tbird  Newtonian  proposition  is  not  such  a  result.  A 
magnet  is  said  to  act  on  a  piece  of  iron  when,  and  only 
when,  the  vicinity  of  the  magnet  is  observed  to  be  accom- 
panied' by  certain  motions  of  the  iron.  But  it  by  no 
means  follows  from  this  observation,  that  the  presence  of 
Che  iron  shall  be  accompanied  by  any  motion,  or  any 
change  of  state  whatever  of  the  magnet,  of  any  appear- 
ance thiai  can  suggest  the  notion  that  the  iron  acts  on  the 
magnet.  When  this  was  observed,  it  was  accounted  a 
discovery.  Newton  discovered^  that  the  sun  acts  on  the 
planets,  and  that  tbe  earth  acts  on  the  moon  ;  and  Kepler 
discovered^  that  the  moon  reacts  oh  the  earth.  Newton 
had  obis^rved,  that  the  iron  reacts  on  the  magnet ;  that  the 
actions  of  electrified  bodies  were  mutual ;  and  that  every 
action  of  sublunary  bodies  was,  in  fact,  accompanied  by 
an  equal  and  contrary  reaction.  On  the  authority  of  his 
rule  of  philosophizing,  he  affirmed,  that  the  planets  react 
on  the  sun,  and  that  the  sun  is  not  at  rest,  but  is  continu- 
ally agitated  by  a  smalf  motion  round  the  general  centre  of 
gravitation.  He  pointed  out  several  consequences  of  this 
reaction.  Astronomers  examined  the  celestial  motions 
inore  narrowly,   and  found  that  those  consequences  do 

vot;  I.  p 
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really  obtain,  and  disturb  all  the  planetary  motions.  It  is 
now  found  that  this  reciprocity  of  action  obtains  through- 
out the  solar  system  with  the  utmost  precision,  and  that 
the  third  Newtonian  proposition  is  really  a  law  of  nature, 
although  it  is  not  a  law  of  human  thought  It  is  a  disco- 
very. The  contrary  involves  no  absurdity  or  contradic- 
tion. It  would  indeed  be  contrary^  to  experience ;  but 
things  might  have  been  otherwise.  It  is  conceivable,  and 
possible,  that  a  ball  A  shall  strike  another  equal  ball  B, 
and  carry  it  along  with  it,  without  any  diminution  of  its 
velocity.  The  fact,  that  the  velocity  of  A  is  reduced  to 
one-half,  is  the  indication  of  a  force  residing  in  B,  which 
force  changes  the  motion  of  A  ;  and  the  intensity  of  this 
force  is  learned  from  the  change  which  it  produces.  This 
ia  found  to  be  equal  to  the  change  produced  by  A  on  B, 
and  thus  the  reaction  of  B  is  discovered  to  be  equal  to  the 
action  of  A. 

It  is  highly  probable,  that  this  universality  and  equality 
of  reaction  to  action  is  the  consequence  of  some  general 
principle,  which  we  may  in  time  discover;  meanwhile  we 
are  entitled  to  suppose  it  universal,  and  to  reason  from  this 
topic  in  our  disquisitions  about  the  actions  of  bodies  on 
each  other. 

l^iiESE  propositions  might  have  completed  the  doctrines 
of  dynamics ;  but  it  appears  that,  in, order  to.  the  produc- 
tion of  a  materia]  universe  which  should  accomplish  the 
jmrposes  of  the  Creator,  it  was  necessary  that  there  be 
certain  characteristic  differences  between  the  forces  inhe- 
rent in  the  various  collections  of  matter  which  compose 
this  universe.  The  facts  or  physical  laws  (for  the  above- 
mentioned  laws  are  metaphysical)  of  motion  may  be  dif- 
ferent from  those  which  would  have  been  observed  had 
matter  been  fell  entirely  to  itself.  This  difference  may 
have  introduced  other  laws  of  motion  as  necessarily  re- 
sulting from  the  nature  of  the  forces.    We  have  occasfon- 
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sllj  mentioned  some  instances  where  this  appears  to  ob- 
tain^ but  gave  good  reasons  for  affirming,  that  a  due  exa« 
mination  of  all  circumstances  which  may  be  observed  in 
the  production  or  variation  of  motion  bj  those  forces,  has 
demonstrated,  that  there  are  no  such  deviations  from  the 
two  laws  of  motion  already  determined,  but  that  all  the 
mechanical  powers  of  bodies^  when  considered  merely  as 
causes  of  motion,  act  agreeably  to  the  same  laws.  Care- 
ful examination  was,  however,  said  to  be  necessary. 

This  examination  must  consist  in  distinctly  noticing  the 
circumstances  that  occur  in  the  production  of  motion  by 
any  force  whatever.  It  is  by  no  means  enough  to  state 
simply  the  intensity  of  the  force  and  the  direction  of  its 
exertion.  If  a  force  continue  to  act,  it  continues  to  vary 
the  motion  already  produced.  Should  the  force  change 
its  intensity  or  direction  while  it  is  acting,  these  circum- 
stances must  induce  still  farther  changes  in  the  motion  ; 
and  it  is  not  till  all  action  has  ceased  that  the  motion  is 
brought  to  its  ostensible  state,  in  which  it  is  the  oliject  o( 
our  attention  and  our  future  discussions.  Instances  of  the 
effects  of  such  continued  and  such  varied  actions  are  to  be 
seen  in  most  of  the  phenomena  of  nature  or  art4  The 
communication  of  motion  oy  impulse  is^perhaps  the  only 
instance  (very  frequent  indeed)  that  can  be  produced 
where  this  is  not  necessary :  Nay,  we  shall  perhaps  find 
reason  to  conclude,  that  this  instance  is  not  an  exception, 
and  that  even  the  communication  of  motion  from  one  bil« 
liard  ball  to  another  is  brought  about  by  an  action  conti- 
nued for  some  time,  and  greatly  varied  during  that  time. 
Much  preparation  is  therefore  necessary  before  we  can  ap« 
ply  the  general  laws  of  motion  to  the  solution  of  most  of 
the  questions  which  come  before  us  in  the  course  even  of 
our  elementary  disquisitions.  We  must  lay  down  some 
general  propositions  which  determine  the  results  of  the 
continued,  and  perhaps  varied,  actions  of  moving  forces ; 
and  we  must  mark  the  different  effects  of  the  simple  con- 
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tinuation  of  action,  and  also  tbose  of  the  variations  in  this 
continued  action,  both  m  respect  of  intensity  and  direc- 
tion. The  effect  of  a  mere  continuance  of  action  must  be 
^n  acceleration  of  the  motion  ;  or  a  retardation  of  it,  if 
the  force  continue  to  act  in  the  opposite  direcHon.  The 
effect  of  the  continued  action  of  a  transverse  fbrce  must 
be  a  continual  deflection,  that  is,  a  curvilineal  motion. 
These  must  therefore  now  occupy  our  attention  inr  their 
order. 

OF   ACCELERATED   AND    RErARDBD   MOTIONS. 

71.  All  men  can  perceive,  that  a  stone  dropped  from 
the  hand,  or  sliding  down  an  uniform  slope,  has  its  motion 
>continuaIly  accelerated,  and  that  the  motion  of  an  arrow 
rising  perpendicularly  through  the  air  is  continually  re- 
tarded; and  they  feel  no  difficulty  in  conceiving  these 
changes  of  motion  as  the  effects  of  the<:Ontinual  operation 
6(  their  weight  or  heaviness.  The  falling  stone  is  in  a 
different  condition  in  respect  of  motion  in  the  beginning 
and  itie  end  of  its  fall.  In  what  respect  do  these  states 
of  the  body  differ  ?  Only  in  respect  to  what  we  call  its 
velocity.  This  is  an  affection  of  motion  ;  it  is  an  expres- 
sion of  the  relation  between  the  two  notions  or  ideas  which 
concur  to  form  the  idea  of  motion,  namely,  the  space  and 
the  time.  These  are  all  the  circumstances  that  we  observe 
in  a  motion.  Time  elaps^,  and  during  its  currency  a 
space  is  described.  The  term  velocity  expresses  the  mag- 
Bitude  of  the  space  which  corresponds  to  some  unit  of  time. 
Thus,  the  rate  of  a  ship''s  motion  is  determined,  when  wfe 
say  that  it  is  nine  miles  in  an  hour,  or  nine  miles  per  hour. 
We  sometimes  say  (but  aukwardly)  "  The  motion  is  at 
the  rate,  or  with  the  velocity,  of  a  mile  in  three  days."** 
It  is  most  conveniently  expressed  by  a  number  of  some 
given  units  of  length,  which  completely  make  up  the  line 
described  during  this  unit  of  time.    But  the  mechanicians 
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express  it  in  a  way  more  general  by  a  fraction,  of  which 
the  numerator  is  a  number  of  inches,  feet,  yards,  fathoms, 
or  miles,  and  the  denominator  is  the  number  of  seconds, 
minutes,  or  hours,  employed  in  moving  along  this  line. 
Thb  is  a  very  proper  expression ;  for  when  we  speak  of 
any  velocity,  and  continue  to  reason  from  it,  we  conceive 
ourselves  to  speak  of  something  that  remains  the  same,  in 
the  different  occasions  of  using  the  term.  Now  if  the  ve- 
locity be  constant,  it  is  indifferent  how  long  the  line  may 
be ;  because  the  time  of  its  description  will  be  lengthened 
in  the  same  proportion.  T-hus  if  46  feet  be  described  in 
13  seconds,  36  feet  will  be  described  in  9  seconds,  16  feet 
will  described  in  4  seconds,  &c.  Now  j|,  Y)  ^^^  V»  ^^^ 
fractions  of  equal  value,  being  equal  to  |,  or  4,  that  is,  to 
the  velocity  of  4  feet  per  second.  The  value  of  this  frac- 
tion, or  the  quotient  of  the  number  of  the  units  of  length, 
divided  by  the  number  of  units  of  time,  is  the  number  of 
those  units  of  length  described  uniformly  in  one  unit  of  time. 
But  how  shall  we  determine  the  velocity  in  any  instaot 
or  in  any  point  of  a  motion  that  is  continually  changing? 
Suppose  that  a  body  has  fallen  144  feet,  and  that  we  would 
ascertain  its  velocity  in  that  point  of  its  fall,  or  the  velo- 
city which  it  has  in  passing  through  that  point  ?  In  the 
next  second  the  body  falls  Mfi  feet  farther.  This  cannot 
be  the  measure  of  the  velnRty  at  the  beginning  of  the 
fourth  or  the  end  of  the  third  second.  It  is  too  great. 
The  fall  during  the  preceding  second  was  80  feet.    This  is 

4            11      rru                r.u       *             80-hll2         192 
too  small.     The  mean  of  these  two,  or  — 5 ,  =  -3-, 

:=  96,  is  probably  more  exact.  Due  attention  to  the  na- 
ture of  this  motion  shews  us,  that  96  is  the  proper  measure, 
or  that  the  motion  at  that  instant  is  at  the  rate  of  96  feet 
per  second.  But.it  is  peculiar  to  this /kind  of  motion  that 
the  half  sum  of  the  spaces  described  in  two  succeeding 
equal  moments  is  the  measure  of  the  velocity  in  the  middle 
instant.     Therefore  this  method  wiH  not  generaMy  gi^e 
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an  accurate  measure.  Yet  it  is  indispensably  necessary  to 
obtain  some  accurate  measure ;  for  it  is  in  this  particular 
alone  that  the  state  of  the  body  differs  from  its  similar 
state  in  another  instant.  The  difference  of  place  makes  no 
distinction ;  for  if  a  body  continue  its  motion  unchanged, 
its  condition  in  every  different  instant  of  time,  or  point  of 
space,  is  unchanged  or  the  same.  The  change  of  place  is 
not  a  change  of  motion,  but  is  involved  in  the  very  con- 
ception of  the  continuation  of  the  motion.  The  change 
of  condition  consists,  therefore,  in  the  change  of  velocity : 
Therefore  the  chan^  of  velocity  is  the  only  indication, 
and  the  only  measure  of  the  action  (perhaps  accumulated) 
of  the  changing  force.  It  is  therefore  the  chief  object  of 
our  search ;  and  accurate  measures  of  velocity  ar6  abso* 
lutely  necessary. 

When  the  velocity  changes  continually,  there  can  be  no> 
actual  measure  of  it.  In  what  then  does' the  magnitude  of 
a  velocity  consist,  when  there  is  no  actual  measure  of 
it  ?  It  is  a  certain  undescribable  detbrmination  ;  by  which, 
if  not  changed,  a  certain  space  toould  be  uniformly  described 
in  a  given  unit  of  time.  Thus  we  know,  that  if,  when  a 
stone  has  fallen  IG  feet,  its  motion  be  directed  along  a 
horizontal  plane,  without  diminution,  it  will  move  on  for 
ever  at  the  rat6  of  32  feet|^  second.  The  space  which 
would  be  thus  described  is  not  the  velocity,  but  the  measure 
of  the  velocity.  But  the  proportions  of  those  spaces,  being 
the  proportions  of  those  measures,  are  the  proportions  of 
the  velocities  themselves.  We  n\ay  discover  thes^  propor- 
tions in  the  following  manner : 

72.  Let  ACG  (fig.  13.)  be  a  line  described  by  a  body  with 
a  motion  anyhow  continually,  but  gradually,  varied ;  and 
let  it  be  required  to  determine  the  proportion  of  the  velo- 
city in  any  point  C  to  the  velocity  in  any  other  point  F. 

Axiom. — If  A  be  to  B  in  a  ratio  that  is  greater  than  any 
ratip  less  than  that  of  C  to  D,  but  less  than  any  ratio 
greater  than  that  of  C  to  D,  then  A  is  to  B  as  C  to  D. 
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Take  the  straight  line  a  eg*  to  represent  the  time  of  the 
bod/s  motion  along  ACG,  so  that  the  points,  a,  c,  /,  g^ 
may  represent  the  instants  of  time  in  which  the  bodj  passes 
through  the  points  A,  C,  F,  G ;  and  the  portions  a  c,  cf, 
fgj  of  the  line  a  g,  may  represent  the  times  employed  in 
describing  the  portions  AC,  CF,  FG ;  and  therefore  a  c  is 
to  a  fas  the  time  of  describing  Ap  to  the  time  of  describ- 
ing AF. 

Moreover,  lei  hhnohe  a  line  so  related  to  the  straight 
line  aefgy  by  the  perpendicular  ordinates  a  A,  ck^fn,  go^ 
that  the  areas  ackh^  afn h^  agohy  may  be  prpportional 
to  the  portions  AC,  AF,  AG,  of  the  line  described  by  the 
moving  body ;  and  let  this  relation  be  true  with  respect  to 
every  point  B,  D,  E^  &c.  and. the  corresponding  points 
&,  J,  e,  &c. 

Then  it  is  affirmed,  that  the  velocity  in  the  point  C  it  to 
the  velocity  in  the  point  ¥  as  cV,  ia  to  f  n. 

Let  the  equal  lines  Icj  cd^  ef  fg^  represent  equal  mo- 
ments of  time,  and  let  B,  D,  £>  0,  be  the  points  through 
which  the  body  is  passing  at  the  instants  £,  (/,  e^g.  Then 
the  areas  hikcj  ckld^  em nf  fn  o gj  will  represent,  and 
be  proportional  to,  the  spaces  BC,  CD,  EF,  FG,  which 
are  described  during  the  mom^ts  bc^cdy  effg. 

Draw  tp  parallel  to  a  ^,  so  as  to  make  the  rectangle 
btpc  equal  to  the  trapezium  bike;  and  draw  the  lines 
9  0,  tt  r,  8Xy  in  the  same  manner,  so  that  each  rectangle 
may  be  equal  to  its  corresponding  trapezium. 

If  the  motions  had  been  uniform  during  the  moments 
b  c  and  fgj  that  is,  if  the  spaces  BC  and  FG  had  been 
uniformly  described,  then  the  velocity  in  the  point  C  would 
have  been  to  the  velocity  in  the  point  ¥  as  cp  to  fs:  For 
since  the  rectangles  btpc  and  fa  xg  are  respectively  equal 
to  the  trapeziums  bike  and  fn  o  g ;  and  since  bik  cisio 
fn  og  as  BC  is  to  FG,  the  rectangle  6  ( p  c  is  to  the  rect- 
angle fsxg  as  BC  to  FG.  But  because  those  two  rect- 
angles have  equal  altitudes  be  andf  g^  they  are  to  each 
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otber  In  t^e  (^rgportion  of  their  bases  cp  apd  gx,  or  cp 
9ndfs.  Tberefoje  BlC  is  .to  FGs^s  cp  jtof^.  But  if  BG 
j^i  FG  are  upiforinly  described  i(i  equi^l  tiiQes,  tjbey  are 
proportional  to  the  velocities  of  (hqse  .uQJLfpn^  inQtipna. 
therefore  c  p  is  to  fa  ^s  the  velocity  \yith  which  BC  is 
^uniforjpnl/  d^rihed  to  the  vejocitjr  witl^  wh\cb  F,(Jr  i^ 
VAiformly  ^described  in  an  ^ual  time. 

But  the  motion  expressed  by  the  figure  is  not  unifori;a, 
Jtiec9>U8e  the  jin^  hlo  recedes  from  the  axjis  ag^  pnd  the 
a^reasy  cut  ofTrby  .the  paiuiHel  ordinates,  increase  in  ^  greater 
|;)irQportion  tha^i  the  corresponding  parts  of  the  ^xis;  thaf; 
jiS|  the  spaces  ii)|c;*ea;^e  faster  than  the  times:  for  thp 
moments  6  Cy  c  cf,  cf^fgy  being  ajl  ^qualy  it  is  evident  that 
^e  corresponding  slips  of  th^  area  continually  -augment 
The  motion^  is  swifter  at  the  instant  c  than  at  the  instanjt 
p9  ^nd  the  velocity  at  the  instai:\t  c  is  greqJUr  than  that 
vrith  which  the  space  BiC  woyld  be  uniformly  described  ip 
the  same  time.  Fpr  the  same  reasojo,  the  velocity  ^t  the 
instant/ is  lest  thftn  that  with  which  ithe  space  FG  would 
^  uniformly  described  in  the  same  time.  Therefore  the 
velocity  at  the  instant  c  is  to  the  velocity  at  the  instant  jf 
in  a  greater  ratio  than  that  oi  cp  to  fa.  In  the  very  same 
manner,  it  will  appear,  by  comparing  the  n^otion  during 
the  moment  cd  with  theVhotion  during  the  moment  c/, 
that  the  velocity  at  the  instant  c  is  to  the  velocity  at  the 
instant/ in  a  less  ratio  than  that  cq  to  fr,     * 

Therefore  the  velocity  in  the  point  C  is  to  the  velocity 
ip  the  point  F  in  a  greater  ratio  th^n  that  of  cp  to  fs^ 
but  in  a  less  ratio  than  that  of  c  q  to  fr. 

But  by  continually  diminishing  tjhe  equal  n^oments  b  c^ 
P  ^  ^f^fgy  it  is  evident  that  c p  and.c  q  continually  ap- 
proach to  equality  with  c  k;  and  fr  and  fs  continually 
approach  to  equality  with  /^  that  when  cp  is  less  thai]i 
ck^fsh  greater  than  fn,  and  when  c  9  is  greater  than 
p  A,/r  bless  than  fn. 

Therefore  the  velocity  in  the  point  C  is  to  the  velocity 
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in  ^,e  tffoijOijL  ,F  ifi  jl  r^tip  that  is  ^je.^ter  than  the  ratio  of 
<^^JIip,e  1^  t^i^.c/r  to  on^  line  ^greater  than /n,  bi;t 
whioh  19  jlegs  ,tjimi  the  ratio  ^f  anj  Ijiie  greater  than  ck  to 
a,njr  line  less  tbiin/s.  Tbe^fpre  the  ratio  of  the  velo- 
citj  in  C  to  tlMS  yelgcity  in  P  is  grei^ter  tl\an  any  ratio 
tlint  is  less  thiBB  that  of  ck  tofn;  but.it  is  jess  t^au  any 
r^tio  that  i^  greater  than  that  of  c  k  to  fn.  Tberefoi^ 
the  velocity  jn  the  ppint  C  b  to  thf>  yelpcity  in  the  point 
*F  as  cit  to/ii. 

T()is  ioQMijrtant  tbepi^m  may  be  ezpcessed  in  more  ge- 
neral terms  a^  follows ; 

If  the  abicUsa  a  g  of  a  liiffi  h  }c  jo  represent  the  time  ofat^ 
mfitUnij  and  if  tkf  oreae  bot^nde^d  iq/  pfji^afUl  crdinatea  be  pro.'- 
jfQrtional  /o  the  epqo^e  ^4e»ribed^  tip  prijj^tqt  gre  proportional 
to  the  celooities. 

Remark,  'fhe  prop^^tj  or  aptitude  of  jexpressing  the 
time  by  ihe  portions  of  t^e  axis  a  c  gy  will,  perhaps,  ap- 
near  mojce  clearly  in  the  foUowing  manner. 

Let  a.c  g  bfi  any  ^stjra^ght  Mne,  and  let  h'  kpbe  another 
line,  straight  or  curved.  Let  the  straight  line  aAz^  per- 
pepdtcuiar  to  a  ^,  be  carried  uniformly  dpwn  along  this 
line,  keeping  alfv^ays  perpend  icqiar  to  it,  and  therefore 
always  parallel  to  its  first  position  ahz.  Ln  its  vaiious 
situations  ckz^  em^  Sec.  it  will  cut  oiT  areas  ackhyaemhj 
&c.  bounded  by  the  axis  by  the  ordinates  a  h  and  c  /r, 
or  by  the  ordinates  a/^  and  e  m,  &c.  and  by  the  line  hkg. 
By  this  motion  the  moveable  ordinaite  is  said,  in  the  ian^ 
guage  of  modern  geometry,  to  generate  the  areas  a  ^/r^ 
aemhy  &c.  At  the  sam£  time,  let  a  point  A  move  along  the 
line  ACQ,  setting  out  from  A  at  the  'viant  when  the  line 
a  z  s,ets  out  from  a ;  and  let  the  motion  of  the  point  A  be 
so  regulated,  that  the  spaces  AJB,  AC,  AD,  &c.  generated 
by  this  motion,  may  increase  at  the  same  rate  with  th^ 
areas  a  ^,  t  A,  a  ck  hj  adlhj  &c.  or  such  that  we  shall 
have  AB  to  AC  2ls  abih  to  ackhy  &c.  It  is  plain,  that 
^e  motion  along  AG  is  the  same  with  that  described  in 
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the  enunciation  of  the  proposition :  for  because  the  mo- 
tion of  the  ordinate  a  r,  along  the  axis  ag^  is  supposed  to 
be  uniform^  the  spaces  ab^  ac^  adj  &c.  are  proportional  to 
the  times  in  which  thejr  are  described,  and  may  therefore 
be  taken  to  measure  or  to  represent  those  times. 

73.  Cor.  I.  In  a  moiion  continually  variedj  the  velacittet 
in  the  different  points  of  the  path  are  to  each  tdher  in  the  /t- 
miting  or  ultimate  ratio  of  the  spaces  described  in  equal  times^ 
those  times  being  supposed  to  diminbh  continually :  for 
it  is  evident,  that  if  the  equal  moments  bc^  cd^  ^f^fs> 
are  supposed  to  diminish  continually,  till  the  instants  b 
and  d  coalesce  with  c,  and  the  instants  e  and  g  coalesce 
with/;  then  the  ratio  of  c  k  to  fn  is  the  limit  of  the 
continually  increasing  ratio  of  cp  to  fs^  or  of  the  conti- 
nually diminishing  ratio  of  c  f  to  fr.  Sir  Isaac  Newton 
calls  this  the  ultimate  ratio  of  cp  to/«,  or  of  c  9  to/r. 
Now  the  ratio  of  cp  to  fs  is,  by  construction,  the  same 
with  the  ratio  of  the  rectangle  btpc  to  the  rectangle y*s 
xgy  and  the  ratio  of  c  9  to  fr  is  the  same  with  the  ratio 
of  the  rectangle  cq  v  d  to  the  rectangle  e u rf.  But  the 
ratio  of  the  rectangle  btpc  to  the  rectangle^s xgj  is  the 
same  with  the  ratio  of  the  space  6 1  ilr  c  to  the  space  fn 
og;  that  is  (by  hypothesis),  the  same  with  the  ratio  of 
the  space  BC  to  the  space  FG ;  and  the  ratio  of  the  rect- 
angles cqvd  and  e u rf  is  the  same  with  that  of  the 
spaces  CD  and  £F.  Therefore  the  ratio  of  the  velocity 
at  C  to  the  velocity  at  F  is  the  same  with  the  ultimate 
ratio  of  the  small  increments  BC,  FG,  or  CD,  EF  of  the 
spaces  generated  in  very  small  and  equal  times. 

It  is  also  evident,  that  because  the  ratio  of  c  J!:  to  fn  is 
the  limit  both  of  the  ratio  of  cp  to  fs  and  of  the  ratio 
of  cf  to/r,  these  ultimate  ratios  are  the  same,  and  that 
we  may  say  that  the  velocity  in  C  is  to  the  velocity  in  F 
in  the  ultimate  ratio  of  BC  to  £F,  or  in  the  ultimate 
ratio  of  CD  to  FG. 

We  abo  can  easily  perceive,  that  the  ratio  of  the  area 
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hike  to  the  area  em nf  approaches  more  near  to  the 
ratio  of  c k  to  fn  as  we  take  the  mpmeDta  be  andef 
smaller.  Therefore,  in  many  eases  of  practice,  where  it 
may  be  easy  to  me^ure  the  spaces  descril>ed  \n  the  differ- 
ent small  moments  of  the  motion,  but  difficult  to  ascer- 
tain their  ultimate  ratio,  so  as  to  obtain  accurate  mea- 
sures of  the  proportions  pf  the  velocities,  we  ia#y  r^u^ 
the  errors!  of  measurement  to  something  very  insignificant, 
by  taking  these  moments  extremely  small ;  and  we  s^hidi 
diminish  the  error  still  more,  1^  taking  the  proportion  of 
the  half  sum  of  BC  and  CD  to  the  half  sum  of  £F  and 
FG  for  th^  prqportion  of  the  velocities  in  C  and  F. 

It  often  happens  tWtt  we  have  it  not  in  our  power  to 
compare  the  spaces  described  in  small  moments  which  are 
precisely  equal.  Still  we  can  find  the  exact  proportion 
of  the  velocities,  if  we  can  ascertain  the  ultimate  ratio  of 
the  increments  of  the  spaces,  and  the  ultimate  ratio  of  the 
moments  of  time  in  which  these  increments  are  described ; 
for  it  is  plain,  by  considering  the  gradual  approach  of  the 
points  p  and  r  to  the  points  k  and  ii,  that  the  ratio  of  ek 
to  fn  is  still  the  ultimate  ratio  of  the  bases  of  rectangles 
equal  to  the  mixtilineal  areas,  whether  the  altitudes  (re- 
presenting the  moments)  are  equal  or  not.  Now  the 
bases  of  two  rectangles  are  in  the  proportion  of  the  rect- 
angles directly,  and  of  their  altitudes  inversely.  But  the 
ultimate  ratio  of  the  altitudes  is  the  ultimate  ratio  of  the 
moments,  and  the  ultimate  ratio  of  the  rectangles  is  the 
ultimate  ratio  of  the  spaces  described  in  those  unequal 
moments.     Therefore,  in  such  cases,  we  have, 

74.  Cor.  2.  The  velociHes  are  in  the  raiio  eompounded  of 
the  direct  ukimate  ratio  of  the  momentary  increments  of  the 
spaces,  and  the  inverse  ultimate  ratio  of  the  increments  (or 
moments)  of  the  times  in  which  these  increments  of  the  spaces 
are  made. 

If  ^,  Vy  and  /,  are  taken  to  represent  the  magnitudes  of 
the  spaces,  velocities,  and  times,  and  if  s,  r,  and  t,  are 
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tfkj^eii  »lwfj^  in  the  limitio|(  or  ultUonte  ratio  of  tbeir 
ipomentary  increments,  we  shall  have  v  alwajs  in  the 
proportion  of  a  directly^  and  of  t  inversely.    We  ex- 

press  this  bj  the  proportional  equation  «  = — >    which 

g 

is    equivalent    to    the    analogy    V  :  t?  = —  :  — ,  or 

t       i 

V  :  r  =  S  e :  i  T. 

75.  N.  B.  Here  observe,  that  this  is  not  the  onlj  way 
of  stating  the  relation  of  space  and  time— the  abscissa 
may  be  made  the  time  and  the  ordinate  the  space ;  then 

the  velocity  =4^' 

The  converse  of  this  proposition  may  be  thus  ex* 
.pressed. 

76.  If  the  axis  Kgf^At  line  h  k  o  repreaeni  the  time  of  a 
naricd  laoftofi  along  the  line  AG,  and  if  the  oriinate$  a  b, 
b  i,  c  k,  ^c.  be  0$  the  velodlies  in  the  imtants  a,  b,  c,  or  in  f  Ac 
points  A,  B,  C ;  then  the  areas  a  b  i  h,  a  c  k  h,  a  d  1  h,  ^c. 
are  proportional  to  the  spaces  AB,  AC,  AD,  Sfc. 

This  may  be  demonstrated  in  the  same  way  with  the 
former;  but  the  indirect  demonstration  is  more  brief,  and 
equally  strict. 

If  the  spaces  AC,  AF,  &c.  are  not  proportional  to  the 
areas  ackh^  afn  A,  he,  they  are  proportional  to  some 
other  areas  ackh^afn'  h\  ^c.  which  are  bounded  by  the 
same  ordinates,  and  by  another  line  A'  k  n\  But  because 
the  areas  ack h\  afvl,h'j  &c.  are  always  proportional  to 
the  spaces  AC,  AF,  &c.  described  on  the  line  AG,  the  velo- 
city in  the  point  C  is  to  the  velocity  in  the  point  F  as  the 
ordinate  c/c  is  to  the  ordinate /m'.  But,  by  hypothesis, 
the  velocity  in  C  is  to  the  velocity  in  F  as  c/r  to /it,  and 
fn*  is  equal  iofn ;  which  is  absurd.  Therefore  the  spaces 
AC^  AF,  are  not  proportional  to  any  other  areas,  &c. 
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77.  Cor.  7^  ultimate  ratia  of  the  momeniary  increineniif 
tftht  space*  h  eoiikpouiided  iff  the  ratio  of  the  eelocilie*^  ani 
the  ultimate  ratio  of  the  increments'  of  the  times :  for  wlteif 
the  moments  b  c,  ef  are  etjuai,  it  i»  evident,  that  tlie  ul^ 
timate  ratio  of  the  rectangles  bept^  ^fj^  ^  ^^  same 
with  the  ultimate  ratio  of  the  increments  of  the  spaces. 
B^t  the  nttimate  ratio  of  these  rettangles  is  the  same  with 
that  of  their  bases  cp  and/r;  that  is^  the  ratio  of  c  it  to 
/n,  that  is,  the  ratio  of  the  velocities.  And  when'  the 
moments  are  unequal,  the  ratio  of  the  rectangles  is  com- 
pounded of  the  ratio  of  their  bases  and  the  ratio  of  their 
altitudes ;  that  is,  compounded  of  the  ratio  of  the  veIoci«> 
ties  and  the  ultimate  ratio  of  the  moments  of  time. 

We  have,  therefoli^  S :  i  =  VT  :  r /,  and  s  =:  vt. 

It  most  commonly  happens,  that  we  can  only  observe 
the  accumulated  results  of  varied  motions ;  and  in  tSienf 
we  only  observe  a  space  passed  over,  and  a  tertain  por- 
tion of  time  that  has  elapsed  during  the  motion.  But 
being  able  to  distinguish'  the  portions  of  the  whole  tpnfft 
which  are  described  in  knowii  portions  of  the  whole  time^ 
and  having  made  such  observations  in  several  parts  of  thl$ 
motion,  we  discover  the  general  law  that  the  motion  af-' 
fects,  and  We  affirm  this  law  to  hold  universally,  evetf 
though  we  have  not  observed  it  in  ttery  point.  We  do 
this  with  a  degree  of  probiability  and  confidence  propor- 
tioned to  the  frequency  of  our  observation.  It  is  not  till 
we  have  done  this,  that  we  can  make  use  of  tlie  firs^  of 
Ihese  two  propositions,  which  enables  ufi  to  ascertain  the 
Velocity  of  the  motion  in  its  diiferent  moments.  Thiis  if 
we  observe,  that  a  stone  iii  falling  descends  one  foot  in 
the  quarter  of  a  second,  16  feet  in  a  second,  64  feet  ill 
two  seconds,  aiid  144  feet  iii  three  seconds ;  the  general 
law  immediately  observed  is,  ^^  that  the  spaces  described 
are  as  the  squares  of  the  times  ;***  for  1  id  to  16  as  the  square 
of  i  to  tbe  square  of  1.     Again^  16  is  to  64  as  1*  to  2"  ? 
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and  16  is  to  144  as  1^  to  3^.  Hence  we  infer,  with  great 
probability,  that  the  stone  would  fall  36  feet  in  a  second 
^nd  a  half;  for  16  is  to  36  as  1'  to  1^'  ;  and  we  conclude 
ifl  the  same  way  for  all  other  parts  of  the  motion. 

78.  This  immediate  observation  of  the  analogy  between 
the  spaces  and  the  squares  of  the  times  suggests  an  easy 
determination  of  the  velocity  in  this  particular  kind  of 
motion ;  and  it  merits  particular  notice,  being  very  often 
referred  to.  .  We  ean  take  a^  to  represent  the  time ;  and 
then,  because  the  areas  which  are  to  represent  the  spaces 
described  must  be  proportioned  to  the  squares  of  the  por- 
tions of  a  f*^  we  perceive  that  the  line  which  comes  in 
place  of  A  ibo  must  be  a  straight  line  drawn  from  a.  For 
example,  the  straight  line  a }  y^  ^or  this  is  the  only 
boundary  which  will  give  areas  aft/s,  aci^^ai^^  &c.  pro* 
portional  td  a 6^,  ac!^^  ad^,  &c.  And  we  perceive,  that 
cmy  straight  line  drawn  from  a  will  have  this  property. 

^  Having  thus  got  our  representations  of  the  times  and 
the  spaces,  we  say,  on  the  authority  of  our  theorem,  that 
the  velocity  at  the  instant  b  is  to  the  velocity  at  the  in- 
stant d  as  bfi  to  dly  &c.  •  And  now  we  begin  to  make  in- 
ferences, purely  geometrical,  and  express  our  discovery 
of  the  velocities  in  a  very  general  and  simple  manner. 
We  remark,  that  b fi is U)  d}  &s  a  b  is  to  ad;  and  we  make 
the  same  affirmation  concerning  the  magnitudes  repre- 
sented by  these  lines.  We  say  that  tfie  velocity  at  the 
instant  6  b  to  the  velpcity  at  the  instant  d  as  the  time  a  b 
is  to  the  time  a  d.  We  say,  in  terms  still  more  general, 
that  the  velocities  are  proportional  to  the  tim^s  from  the 
beginning  of  the  motion.  We  moreover  perceive,  that 
the  spaces  are  also  proportional  to  the  squares  of  the  ac- 
quired  velocities ;  or  the  velocities  are  as  the  square  roots 
of  the  spaces. 

We  can  farther  infer,  from  the  properties  of  the  tri- 
angle, that  the  momentary  increments  of  the  spaces  are 
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proportional  to  the  momentary  increments  of  the  squares 
of  the  times,  or  of  the  squares  of  the  velocities. 

We  also  observe,  that  not  only  th?  whole  acquired  ve- 
locities are  proportional  to  the  whole  elapsed  times,  but 
that  the  increments  of  the  velocities  are  proportional  to 
the  times  in  which  they  are  acquired;  for  «r«  is  to  ^ f  as 
&  c  to  if^  &c.  Equal  increments  of  velocity  are  therefore 
acquired  in  equal  times.  Therefore  such  a  motion  may, 
in  great  propriety  of  language,  be  denominated  a  uni- 
formly accelerated  motion;  that  is,  a  motion  in  which 
we  observe  ike  spaces  proportioned  to  the  squares  of  the  timeSf 
is  a  motion  uniformly  accelerated ;  and  spaces  in  the  dupli- 
cate  ratio  of  the  times  form  the  ostensible  characteristic 
of  an  uniformly  accelerated  motion. 

79.  Lastly,  if  we  draw  >  x  parallel  to  the  axis  a  &,  we  per- 
ceive that  the  rectangle  actx  is  double  of  the  triangle 
aeu  Now,  because  a e  represents  the  time  of  the  mo- 
tion, and  et  represents  the  acquired  velocity,  the  >  rec- 
tangle a  f  I X  will  represent  the  space  which  would  be  uni- 
formly described  with  the  velocity  e  t  during  the  time  a  e. 
But  the  triangle  a  e  t  represents  the  space  really  described 
with  the  uniformly  accelerated  motion  during  the  same 
time.  Hence  we  infer,  that  the  space  that  is  described  in 
any  time,  with  a  motion  increasing  uniformly  from 
nothing,  is  one  half  of  the  space  which  would  be  uni- 
formly described  during  the  same  time  with  the  final 
velocity. 

These  are  but  a  part  of  the  inferences  which  we  may 
draw  from  the  geometrical  properties  of  those  representa- 
tions which  we  had  selected  of  the  different  measurable 
affections  of  motion.  We  may  affirm,  with  respect  to 
the  motions  themselves,  all  the  inferepces  which  relate  to 
magnitude  and  proportion,  and  thus  improve  our  know- 
ledge of  the  motions. 

We  took  the  opportunity  of  this  very  simple  and  per- 
spicuous example,  to  give  our  young  readers  a  just  con- 
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tepthti  a(  thte  fkathemutical  vfttfttdt  of  pto^Miihi^  mecha- 
nical knowledge,  an^  to'  mttke  tKeAf  s^Kst6ie  of  the  tin- 
questitMabte  atrChok'ity  foi"  eVery  ih^dreta  di\td\iced  ih  (his 
msmner. 

Ofne  of  the  most  itariportant  i^;  (d  dh^Ye)r  the  accu- 
Itfuhted  r6dult  of  a  motion  of  which  Vire  oYilj  dbserve  the' 
lAomentflry  £ncreml?kitd.  This  ii  t6  be  done  by  findTing 
the  atea,  or  portions  of  the  a^rea,  of  the  mi:i^t!iltfteal  space 
agok;  and  it  is  evidently  anak>g6us  to  the  invert  me- 
thod of  fluxions,  or  th'^  ii^tegraT  calculus. 

In  niost  cases,  we  riiast  avail  ourselves  (ff  the  C6ro1Ia«- 
ry  8  =  V  u  flrtd  we  dbtaim  the  solution  of  oXkt  que^ti'ohf 
dttiy  in  the  (mates'  where  otir  knbwtedge  of  tlie  quanti- 
ties «,  if  and  V  (considered  as  ge6mefrical  maguitudes, 
ihat  is',  as  lii^'es  and  surfaces),  enables  us  io  discover 
sand  t 

OF  ACCBLBRAflNG  AND  RSTAltOING  FORCES. 

80.  Having  thus  discovered  the  proportions  o^  the  ve- 
fociti^s  in  ihotions  varying  in  any  manner  whatever,  we 
can  observe  the  variations  which  happen  in  them.  These 
variations  are  the  eitects,  and  the  only  marks  aiid  mea- 
sures of  the  changing  forces.  They  are  the  characteris- 
tics of  their  kiiids  (considered  merely  as  moving  forces) ; 
that  is,  tlie  indications  of  the  directions  in  which  they 
act ;  for  this  is  the  only  diiference  in  kind  of  which  they 
are  susceptible'  in  this  general  point  of  view.  If  they  in- 
crease the  velocity,  their  direction  must  be  conceived  as 
the  same  with  that  of  the  previous  motion ;  because  the 
result  of  the  action  of  a  force  is  equivalent  to  the  com- 
position of  the  motion  which*  that  force  would  produce  in 
a  quiescent  body  with  the  motioh  already  existing;  and 
an  increase  of  velocity  is  equivalent  to  the  composition  of 
a  motion  in  the  same  direction. 

Having  no  other  mark  of  the  force  but  the  accelerft- 
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tion,  wb  have  no  other  abtne  for  it  in  iiie  abstract  doc- 
trinei  of  djmamics^  and  we  call  it  an*  accblkbatiiio  force. 
Had  it  iretafrded  the  motion,  we  should  have  called  it  a 
RvrARnmo  vbacr. 

In  lite  manner,  we  have  no  measure  of  the  magnitwle 
or  Hdentitf  of  an  accelerating  force,  but  the  acceleration 
which  it  produces..  In  order  therefore  to  investigiAte  the 
powers  which  produce  all  the  changes  of  motion,  we  must 
endeavour  to  obtain  measures  of  the  ncceleratien. 

A  continual  IncreaKe  of  velocity  is  the  effect  of  the  con** 
ttnued  action  of  accelerating  forces.  If  equal  increments 
of  velocity  are  produced  in  every  succeeding  equal  mo* 
inent  of  time,  we  cannot  conceive  that  there  is  liny  change 
in  the  acceleriiting  forte.  Therefore  a  uniformly  accele- 
rated motion  is  the  n&ark  of  the  unvaried  action  of  an  ac- 
celerating foi^ce,  that  is^  of  the  continued  action  of  a  con- 
stant force ;  of  a  force  whose  intensity  is  always  the  same* 
When  therefore  we  observe  a  body  describe  spaces  pro- 
pdvtional  to  the  squares  of  the  times,  we  must  infer  that 
it  is  urged  forwikrd  by  a  force  whose  intensity  does  not 
change  ;  and^  oii  the  other  hand,  a  constant  force  tnust 
produce  a  uniformly  accelerated  motion  by  its  continued 
action.  And  if  any  previous  circumstances  /tssure  us  of 
this  continued  action  of  an  invaried  forces  we  may  make 
all  the  inferences  ^hich  were  mentioned  under  the  article 
of  uniformly  accelerated  motion. 

That  force  must  surely  be  accounted  do'uble  which  pro- 
duces a  double  increment  of  velocity  in  the  same  time  by 
its  uniform  adtion,  we  can  form  no  other  estimation  of  its 
magnitude.  Ani\  in  general^  acctleraiing  forces  must  he 
eccomUed  prcpariumal  to  the  increiintiUs  of  velocity  which  they 
proJMiee^  iy  acting  vM(formty  during  the  same  or  equal  times, 

Supjposing  them  to  act  on  a  body  at  rest  Then  the 
velocity  produced  is  itself  the  increment ;  and  we  must 
say,  that  accelerating  forces  are  proportional  to  the  velg- 
.clties  which  they  generate  in  a  body  in  equal  times.    And 

VOL.  I.  o 
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because  we  found  (No.  79.)  thai  the  space  described  with  a 
uniformly  accelerated'  motion  is  half  tbe  spMce  which  would 
be  uniforml  J  described  in  the  same  time  with  tbe  final  ie* 
locitjr,  which  space  is  the  direct  measure  of  this  vdocitj, 
and  because  halves  have  tbe  same  proportion  with  the 
wholes— we  may  say,  that  &oulai^aimg  finrtu  are  propor- 
iimuU  to  the  9pace$  thrdngk  mhiek  thqf  ifnptl  m  Mg^Jrom  rest 
«a  tqutUUmes  by  their  umform  odiem. 

This  is  an  important  remaric ;  beeanse  it  giVes  ns  an 
easy  measure  d  the  force,  without  the  trouble  of  first 
computing  the  velocities.     It  also  gives  tis  the  only  dis* 
tinct  notion  that  we  have  of  the  measurement  of  forces 
by  the  motions  which  they  produce.    When  speaking  of 
the  composition  of  forces,  we  distinguished  or  denomi- 
nated them  by  the  sides  and  diagonal  of  a  parallelograK. 
These  lines  must  be  conceived  as  propoitional  to  the  spaces 
through  which  the  forces  urgis  the  body  wUfwmly  during 
the  small  and  insensible  time  of  their  action,  which  time 
is  supposed  to  be  the  same  for  bodi  forces;  for  the  sides 
of  the  parallelogTam  are  supposed  to  be  separately  de- 
scribed in  equal  times,  and  therefore  to  be  proportional  to 
the  -velocities  generated  by  the  coraititnent  forces.     If 
indeed  the  forces  do  not  act  uniformly,  nor  similarly,  nor 
during  equal  times,  we  cauuot  say  (without  farther  inves- 
tigation) what  is  the  proportion  of  the  intensity  of  the 
forces,  nor  can  we  infer  the  composition  of  their  action. 
•We  must  at  least  suppose,  that  in  every  instant'  of  this 
very  small  time  of  their  joint  action,  their  direction  re- 
mains unchanged,  and  that  their  intensities  are  in  the 
same  ratio.     We  shall  see  by  and  by,  tliat  with  these 
conditions  the  sides  of  the  parallelogram  are  still  propor^ 
tional  to  the  velocities  generated.     In  the  mean  time,  we 
may  take  the  spaces  through  which  a  body  is  uniformly 
impelled  from  rest  (that  is,  with  a  uniformly  accelerated 
motion)  as  the  measures  of  the  forces ;  yet  these  spaces 
ore  but  the  halves  of  the  measures  of  the  velocities.  Then, 
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if  a  bod^  be  liio?i]|g  with  the  yelocitjr  of  33  feet  per 
cond,  and  an  accelerating  force  acta  on  it  during  a  second^ 
and  if  thit  force  her  tucb  that  it  would  impel  the  body 
(from  a  sUte  of  rest)  ]  6  feet,  it  will  add  to  the  body  a 
Yeloritj  of  8d  ftet  per  second.  Av«>rdingly^  this  it  the 
effect  of  gi*?ity-— ^e  weight  of  a  pound  of  lead  may  be 
eonsidared  as  a  foro^  which  does  not  vary  in  its  intensity. 
We  know  that  it  will  cause  the  lead  to  &1I  16  feet  in  a 
•eoond ;  but  if  the  body  has  already  fallen  1 6  feet,  we 
know  that  it  is  then  moving  with  the  Telocity  of  38  fiMt 
per  second*  And  the  fact  is,  that  it  will  fall  48  feet  far^ 
ther  in  the  next  second,  and  will  have  acquired  the  velo- 
city of  64  feet  per  second.  It  has  therefore  received  an 
augmentation  of  32  feet  of  velocity  by  the  action  of  gra- 
vity during  the  second  second ;  and  gravity  is  in  fact  a 
constant  force,  causing  equal  increments  of  velocity  in 
cljual  times,  however  great  the  velocities  may  be.  It  does 
not  act  like  a  stream  of  fluid,  whose  impulse  or  action 
diminishes  as  the  solid  body  withdraws  from  it  by  yield* 
ing. 

But  supposing  that  we  have  not  compared  the  increments 
of  velocity  uniformly  acquired  during  equal  times,  in  what 
manner  shall  we  measure  the  accelerating  forces  ?  In  such 
a  case,  that  force  must  be  accounted  double  which  gene- 
rates the  same  velocity,  by  acting  uniformly  during  half 
the  time ;  for  when  the  force  is  supposed  invariable,  the 
changer  of  velocity  which  it  produces  are  proportional  to 
the  times  of  its  action ;  therefore  if  it  produces  an  equal 
velocity  in  half  the  time,  it  will  produce  a  double  velocity 
in  an  equal  time,  and  is  therefore  a  double  force.  The 
same  may  be  said  of  every  proportion  of  time  in  which 
an  equal  change  of  velocity  b  produced  by  the  uniform 
action  of  an  accelerating  force.  The  force  must  be  ac- 
counted greater  in  the  same  proportion  that  the  time 
required  for  the  production  of  a  given  velocity  in  a  body 
is  less.    Hence  we  inferj  that  accelerating  forces  grt  in% 
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veridy  proportional  to  the  time  in  which  a  given  change  of 
velocity. is  produced  by  their  mdfinrm  action. 

By  combining  these  two  propositions  we  establish  this 
general  theorem ; 

82.  Accelerating  fyipee  are  propariianal  to  the  changes  of 

velocity  which  lAey  proime  in  a  bo^  by  their  uniform 

action  directly^  and  to  the  times  in  which  these  changes 

are  produced  inversely.  - 

*  If,  therefore,  A  and  a  are  the  forces^  V  and  f/the 

changes  of  velocity,  and  T'  and  f  the  pn^rtions  of  time 

in  which  they  are  uniformly  produced,  we  have 

And  a  ===  -^. 

The  formulae  ===--;-  is  not  restricted  to  any  particiilat' 

magnitude  of  t?'  and  t\    It  is  true,  therefore,  when  the 

portion  of  time  is  diminished  without  end ;  for  since  the 

action  is  supposed  uniform,  th6  increment  of  velocity  is 

lessened  in  the  same  proportion,  and  the  value  of  the  frao- 

\       v'  . 

tion  -p-  remains  the  same.     The  characters  or  symbols  tf 

and  f  are  commonly  used  to  express  finite  portions  of  v 

•         • 

and  t  The  symbols  v  and  t  are  usted  by  Newton  to  ex- 
press the  same  things  taken  in  the  ultimate  or  limit- 
ing ratio.  They  are  usually  considered  as  indefinitely 
email  portions  of  v  and  t*    We  small  abide  by  the  formula 

V 

t 
83^  It  must  always  be  kept  in  mind,  that  v  and  t  are  ab- 
stract numbers ;  and  that  v  refigrs  to  some  unit  of  space, 
such  as  a  foot,  an  inch,  a  yard ;  and  that  t  refers  to  some 
unit  of  time,  such  as  an  hour,  a  minute,  a  second ;  and  es< 
pecially  that  a  is  the  number  of  the  same  units  of  space, 
which  will  be  uniformly  described  in  one  unit  of  the  time 
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witb  the  velocity  generated,  by  the  force  acting  uniformly 
during  that  unit.  It  is  twice  the  space  actually  described  by 
the  body  during  that  unit  when  impelled  from  rest  by  the 
accelerating  force.  It  is  necessary  to  keep  hold  of  these 
clear  ideas  of  the  quantities  ezpres8e4  by  the  symbols. 

On  the  other  hand,  when  the  measure  of  the  accelera- 
ting force  is  previously  known,  we  employ  the  theorem 
a  C  =:  t/ ;  that  is,  the  addition  made  to  the  velocity  during 
the  whole,  or  any 'part,  of  the  time  of  the  action  o^  the 
force,  is  obtained  by  multiplying  the  acceleration  of  one 
unit  of  time  by  the  number  of  such  i^nits  contained  in  f .  * 

These  are  evidently  leading  theorems  in  dynamics.; 
because  all  the  mechanical  powers  of  nature  come  under 
the  predicament  of  accelerating  or  retarding  forces.  It  is 
the  collection  of  these  in  any  subject,  and  the  manner  in 
which  they  accompany,  or  are  inherent  in  it,  which  deter- 
mine the  mechanical  character  of  that  subject  v  and  there- 
fore the  phenomena  by  which  they  are  brought  into  view 
are  (be  characteristic  phenomena.  Nay,  it  may  even  \fe 
questioned,  whether  the  phenomena  bring  any  thing  more 
into  view.  This  force,  of  which  we  speak  so  familiarly^ 
is  no  object  of  distinct  contemplation;   it  is  merely  a 

something  that  is  proportional  to  -7-*     And  when  we  ob- 

t 

V 
serve,  that  the ,  found  in  tlie  motions  that  result  from 

T 
the  vicinity  of  a  body  A,  is  double  of  the  ^^  which  results 

from  the  vicinity  of  another  body  B ;  we  say  that  a  force 
resides,  in  A,  and  that  it  is  double  of  the  force  residing  in 
B.  The  accelerations  are  the  things  immediately  %nd 
truly  expressed  by  these  symbols.  And  the  whole  science 
of  dynamics  may  be  completely  taught  without  once  em- 
ploying the  word  force,  or  the  conception  which  we  imagine 
that  we  form  of  it.     It  is  of  no  use  till  we  come  to  study 
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the  mechanical  histoiy  of  bodies,  Then,  indeed,  we  must 

have*  some  waj  of  expressing  tl|e  fact,  that  an  acceleration 

32  feet 
:= — p; —  is  observed  in  every  thing  on  the  surface  of 

tills  globe ;  and  that  i^  acceleraUon  =  ^.  is  ob- 
served over  all  the  surface  cf  the  sun,  These  facts  are 
diaracteristic  of  this  earth  wd  of  the  sun;  and  we  exj^resa 
them  sbcHtly  bj  saying,  that  sii|ch  and  such  foroes  reside 
in  the  earth  and  in  the  sun.  It  will  preserve  us  from 
many  mistakes  and  pujsling  doilbts,  if  we  teso4utely  ad* 
here  to  this  nde^ning  of  the  term /once  ;  and  this  will  cahy 
mathematical  evidence  thnmgh  the  whole  of  oi^r  inresti* 
gations. 

84.  As  velocitfMs  not  ah  immediate  object  of  oontempla^ 
tion,  and  all  that  we  observe  of  motion  is  a  spiice  and  a  time, 
it  may  be  proper  to  give  an  expression  of  this  measure  of 
accelerating  force  which  invdves  no  other  idea.   Supposing 

the  body  to  have  be^n  previously  at  rest,  w^  have  ^  ==^  y- 
Multiply  both  parts  of  the  fraction  by  I,  which  does  not 
change  its  value,  and  we  have  a  ===  j^.     Bnt  vt^^s;   and 

tl^erefore  a  ==  -5-. 

m 

0 

The  fcMrmula  a  =  -—  is  equivalent  to  the  proportion 

1^  :  1  =«  :  a;  and  a  would  then  be  the  space  through 
which  the  accelerating  force  would  impel  the  body  in  one 
unit  of  the  time  L  But  this  is  only  half  of  the  measiy^e 
of  the  velocity  which  the  accelerating  force  generates 
during  that  unit  of  time.  For  this  reason  we  did  not 
express  the  accelerating  force  by  an  ordinary  equation, 
but  used  the  symbol  =.  In  this  case,  therefore,  of  uni- 
form action,  we  may  express  the  accelerating  force  by 

_  2* 
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The  foUrywing  tbeorem  is  of  still  more  extensive  use  in 
all  dynamical  disquisitions. 

8&  jUeekraiing  foreeM  are  prcpmrtional  to  the  numieniary 

incremerU$  of  the  wquares  of  the  velocities  directly,  and  to 

the  spaces  ahng  which  they  are  umformly  acquired  in- 

versefy. 

Let  A'B,  A'C,  and  AD  (fig.  14.),  be  three  lines,  describe 

ed  in  the  same  or  equal  times  by  the  uniform  action  of  ao» 

cderating  forces ;  the  motions  along  these  lines  will  be 

uniformly  accelerated^  and  the  lines  themselves  frill  be 

proportional  to  the  fbroes,  and  may  be  employed  as  their 

measures.    On  the  greatest  c£  them  AD,  describe  the  le^ 

micircle  ABCD,  and  apply  the  other  two  lines  A'B,  A'G 

as  chords  AB,  AC.     Draw  £B,  FC  perpendicular  to  AIX 

Take  any  ijpall  portions  B6,  Co  of  AB  and  AC,  and  draw 

b  e,  cf  perpendicular  to  AD,  and  £  h  and  F  k  parallel  to 

AB  and  AC. 

Then,  because  the  triangles  DAB  and  BAE  are  similar, 
we  have  AD  :  AE  =  AD'  :  AB'.  And  because  AD  is 
to  AB  as  the  velocity  generated  at  D  is  to  the  velocity 
generated  at  B  (the  times  being  equal),  we  have  AD  to 
AE  as  the  square  of  the  velocity  at  D  to  the  square  of  the 
▼eiocity  at  B ;  which  we  may  express  thus : 
AD  :  AE  =  VS  D  :  V,  B. 
For  the  same  reasons  we  have  also 

AD  :  AF  =  VS  D  :  V,  C.     Therefore 
AE  :  AF  =  V,  B  :  V,  C, 
But  because  in  any  uniformly  accelerated  motion,  the 
afiaces  are  as  the  squares  of  the  acquired  velocities,  we 
have  also 

AE:  Ac  =  VSB:  V«i,  and 
AF:  A/=:VSB:  V«c. 
Therefore  Ee  is  to  Vf  as  the  increment  6f  the  square 
of  the  velocity  acquired  in  the  motion  along  B  6  to  the 
increment  of  the  square  of  the  velocity  acquired  along  C-c. 
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But,  by  simikrity  of  tbe  triangles  ABD  a^^  £  e  i,  we 
have 

AB  :  AD.  =  £  e :  E  A  ;^  and^  in  like  manner, 

AD :  AC  =  V^k :  F/    Therefore 

A  B  :  AC  =  £  e  X  F  i: :  F  jf  X  E  A. 
Now  AB  and  AC  are  proportional  to  the  forces 
which  accelerate  the  body  alpng  the  Kees  A'B  andA'C ; 
£  f  and  F/  are  proportional  to  the  iocrementa  of  the 
squares  of  the  Yelocities  fcqmred  in  the  molions  along  the 
portions  B  6  and  C  c  ;  and  B  il  lUid  F  j^  are  equiU  to  those 
portions  respectively.  Tlie  rataa  of  AB  to  AC  is  comr 
{lounded  of  the  direct  ratb  of  £  c  la  F^;  and  tbe  inverse 
ratio,  of  £  A^  to  F  ir.  Tbe  pnqfKisitioii  is  therefore  demour 
strated. 

The  proportion  may  be  €Jjif<»eJ  thus : 

£  f       F-  f 
AB  :  AC  =  T^-T^  :  -^^9  an^  m^  ^  ^iprcssed  by 

the  proportional  equation  AB«|=  wr  or^  symbolicallyii 

•  •  * 

Remark.  Because  the  motion  along  any  of  ihese  three 
lines  is  uniformly  accelerated,  the  relation  between  spaces^ 
timesy  and  velocities,  may  be  represented  by  means  of  the 
triangle  ABC  (fig.  15.) ;  where  AB  represents  tbe  time, 
BC  the  velocity^  and  ABC  the  space,  if  BC  be  taken 
equal  to  AB,  the  triangle  b  half  of  the  square  ABCF  of 
the  velocity  BC;  and  the  triangle  ADE  is  half  of  the 
square  AD£G  of  the  velocity  D£.  Let  U4  and  Bfr  b^ 
two  moments  of  time,  equal  or  unequal.  Then  Di((£ 
and  B  ftc  C  are  half  the  increments  of  the  squares  of  the 
velocities  DE  and  BC,  acquired  during  the  moments  D  d 
and  B  b.  It  was  demonstrated,  that  the  ri^tio  of  the  area 
D  d  e  £  to  the  area  B  &  c  C  b  compounded  of  the  ratio  of 
D£  to  BC,  and  the  ultimate  ratio  of  D  d  to  B  6.  But  D  d 
and  B  b  are  respectively  equal  to  <  e  and  «  c.     There* 
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• 

fore  DdeE  is  to  B  &e  C,  in  the  ratio  compounded  of  the 
ratio  of  DE  to  BC,  and  the  ultimate  ratio  of « e  to  «  e.  If 
we  represent  DE  and  BC  hy  V  and  Vy  the  re  and  »  c  must 
be  represented  by  \'  and  v'  the  incremeots  of  V  and  v ; 
and  then  the  compound  ratio  will  be  the  ratio  of  VV'  to 
vw^;  and  if  we  take  the  ultimate  ratio  of  the  moments, 
and  consequendj  the  ultinuite  ratio  of  the  increments  of 
the  Telocities,  we  hare  the  ratio  of  VV  to  oo.  If»  there-» 
fore,  V^  and  v^  represent  the  squares  of  the  Telocttiesy 
VV  and  ffv  will  represent,  not  the  increments  of  those 
squares,,  but  half  the  increments  of  them. 

We    may   now   represent    this   proposition  .concem<* 
ing  accelerating  forces  by   the    proportional    equationj 

a  =:  -7  ^  and  we  mij^st  consider  t^is  as  equivalent  with 

8 

V*— »• 
a  =  ^  .^        .- ;  keeping  always  in  mind,  that  a>  V,  and  o, 

relate  to  the  same  units  of  time  and  space,  and  that  a  is 
that  number  of  units  of  the  scale  on  which  S  and  s  are 
measured,  which  is  run  over  in  one  unit  of  time. 

This  will  be  more  clearly  conceived  by  taking  an  ex- 
ample. Let  us  ascertain  the  accelerative  power  of  gra- 
vity, supposing  H  to  act  uniformly  on  a  body.  Let  the 
spaces  be  measured  in  ftet  and  the  time  in  seeonds.  It  is 
a  matter  of  observation,  that  when  a  body  has  fallen  64 
feet,  it  has  acquired  a  velocity  of  64  feet  per  second :  and 
that  when  it  has  fallen  144  feet,  it  has  acquired  the  velo- 
city of  96  feet  per  second.  We  want  to  determine  what 
veiocHy  gravity  communicated  to  it  by  acting  on  it  dur- 
ing one  second.  We  have  V«  =r  9216,  and  «<>  =  4096 ; 
and  therefore  ¥<  —  «''=  6190.  S  =  144,  and  a  =  64, 
and  S  —  s  =r  80,  and   2   (S  —  ^)  =  160.       Now 

fil20 
a  zz  -r^y  =  3?.    Therefore  gravity  has  g;enerated  the 

velocity  32  feet  per  second  by  acting  uniformly  during 
one  second. 
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« 

86.  The  augmeHkUimi  of  the  9fuare  (^  the  vdociiy  is  propar^ 
timuU  to  the  force  and  to  the  ^pace  joitUfy.    For  becauie 

0  2^  ^,  we  ha?e  a  e^zvv. 

s 

Thus  we  learn,  that  a  given  force,  acting  uniformly  on 
a  hoAj  aloiig  a  given*  qpace,  produces  the  same  increment 
of  the  sqaare  of  tlie  velocitj,  whatever  the  previous  teio* 
city  may  have  been.  Also,  in  the  same  manner  as  we 
formerly  found  that  the  augmentation  of  the  velocity  was 
proportioned  to  the  time  during  which  the  force  has  act- 
ed, so  the  augmentation  of  the  square  of  the  velocity  is 
-proportional  to  the  space  along  which  it  has  acted. 

It  is  pretty  plain,  that  all  that  we  have  sai^  of  the  uni- 
form action  of  an  accelerating  force  may  be  affirmed  of  a 
retarding  forcCi  taking  a  diminution  or  decrement  of  velo- 
city in  place  of  an  increment  A  unirormly  retarded  mo- 
lion  is  th^t  in  which  the  decrements  of  velocity  in  equal 
times  are  equal,  and  the  whole  decrements  are  propor- 
tional to  the  whole  times  of  action.  Such  a  motion  is 
the  indication  of  a  constant  or  invariable  force  acting  in 
a  direction  opposite  to  that  of  the  motion.  We  conceive 
^his  to  be  the  case  when  an  arrow  is  shot  perpendicularly 
upwards ;  its  weight  is  conceived  as  a  force  continually 
furessing  it  perpendicularly  downwards. 

In  such  motions,  however  great  the  initial  velocity  may 
be,  the  body  will  come  to  rest :  because  a  certain  deter- 
mined velocity  will  be  taken  from  the  body  in  each  equal 
successive  moment,  and  some  multiple  of  this  will  exceed 
the  initial  velocity.  Therefore  the  velocity  will  be  ex- 
tinguished before  the  end  of  a.timjp  that  is  the  same  mul- 
tiple of  the  time  in  which  the  velocity  was  diminished  by 
the  quantity  above  mentioned.  It  is  no  less  evident,  that 
the  time  in  which  any  velocity  will  be  extinguished  by  an 

^.  .opposing  or  retarding  force  is  equal  to  the  time  in  which 
^the  same  force  would  generate  this  velocity  in  the  body 
/  previously  at  rest.     Therefore, 
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87.  Ut.  Th^  times  in  which  different  initial  Telochiet 
will  be  extingidshed  hj  the  same  opposing  force  are  pro* 
portional  to  the  initial  yelodties. 

68.  2d.  The  distances  to  which  the  bod/  will  go  till 
the  extinction  of  its  ▼eloc)^  are  as  the  squares  of  the  ini* 
tial  y/eloeities. 

3d.  They  are  also  as  the  squares  of  the  times  elapsed. 

89.  4<&.  The  distitnce  to  which  a  bo<^,  projected  witlH' 
any  velocityi  will  go  till  its  motion  be  e^^tinguished  by  the 
uniform  action  of  ^  retarding  foroe^  is  one  half  of  the 
space  which  it  would  describe  uniformly  during  the  same 
time  with  the  initial  velocity^ 

It  very  nu*ety  happens,  that  the  force  which  accelerates 
the  body  acts  uniformly,  or  with  an  unvaried  intensity!. 
The  attraction  of  a  magnet,  for  example,  increases  as  the 
iron  approaches  it.  The  pressure  of  a  spring  diminishes 
as  it  unbends.  The  impulse  of  i(  stream  of  water  or  wind 
diminishes  as  the  impelled  surface  retires  from  it  by  yield- 
ing. Ipherefore  the  effects  of  acceleniting  forces  are  very 
imperfectly  explained,  till  we  have  sheiirn  what  motions 
result  from  any  given  variation  of  force,  and  how  to  dis- 
cover the  variation  of  force  from  the  observed  motion. 
This  last  question  is  perhaps  the  most  important  in  the 
study  of  mechanical  nature.  It  is  only  thus  that  we  lears 
what  is  usually  called  the  nature  of  a  mechanical  force. 
This  chiefly  consists  in  the  relation  subsisting  betweeii' 
the  intensity  of  the  force  and  the  distance  of  the  substance 
in  which  it  resides.  Thus  the  nature  of  that  power  which 
produces  all  the  planetary  motions,  is  considered  as  ascer« 
tained  when  we  have  demonstrated  that  its  pressure  or 
intensity  is  inversely  as  the  square  of  the  dbtance  from 
the  body  in  which  it  is  supposed  to  reside. 

Acceleration  expresses  some  relation  of  the  velocity  and 
time.  This  relation  may  be  geometrically  expressed  in  a 
variety  of  ways.    In  figure  13.  the  uniform  acceleration 


> 
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or  the  universal  relation  between  the  velocity  and  the 
time  is  veiy  aptly  expressed  by  the  constant  ratio  of  the 
ordinates  and  abscisses  of  the  triangle  agy.  The  ratio  of 
d^  to  ad  \s  the  same  with  that  of  €  i  to  a  e,  or  that  of  /  ^ 
to  a^^  &c. ;  or  the  ratio  of  the  increment  of  velocity  «r  » 
to  the  increment  of  the  time  ^v  or  6  c,  or  that  of  t  ^  to 


V 


I  f^  $sc.     This  ratio. «-«:«-  /s  is  equivalent  to  the  symbol  ^y 

But  when  the  spac^  described  ip  a  yaried  motion  arq 
represented  by  the  areas  bounded  by  a  cunre  line  hk  o^ 
we  no  longer  have  that  constant  I'atio  of  the  increments 
of  the  ordinates  and  abscisses. 

.90.  Therefore,  in  order  to  obtain  measures  of  the  ac- 
celeratii^  forces,  or  at  least  of  their  proportiops,  let  the 
abscissa  atg  (fig.  13.)  of  the  line  hk  o  again  represent 
the  time  of  a  motion.  But  let^  the  areas  bounded  by  pa- 
rallel ordinates.  now  irepres.ent  the  velocities,  that  is,  let 
the  whole  area  incre^e  during  the  time  a  g*  at  the  same 
rate  with  the  velocities  of  the  motion  along  the  line  AG. 
In  this  c^se  the  ordinates  h  t,  c  k^d  ly  &c.  will  be  as  the 
accelerations  at  the  instants  6,  c,  d^  &c.  or  in  the  points 
B,  C,  D,  &c. 

This  is  demonstrated  ip  the  same  way  as  the  former 
proposition  (No.  12)  If  the  accelerating  force  be  sup. 
posed  constant  during  any  (wo  equal  moments  b  c  and 
fg^  the  rectangles  b  c  p  t  and  f  g  x  8  would  express  the 
increments  of  velocity  uniformly  acquired  in  equal  times, 
and  their  bases  c  p  and  f  s  would  have  the  ratio  of  the 
accelerations,  or  of  the  accelerating  forces.  But  as  the 
velocities  expressed  by  the  figure  increase  faster  than  the 
times  during  every  moment,  the  force  at  the  instant  c  is 
to  the  force  at  the  instant /in  a  greater  ratio  than  that  of 
^  p  to  fs;  but,  for  similar  reasons,  it  is  in  a  less  ratio 
than  that  of  c  j  to  /  r ;  and  therefore  (as  in  tjie  other 
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proposition)  the  force  at  the  instant  c  is  to  tue  force  at  the 
instant/* as  ekiofn, 

91.  Cmr.  Because  c  p  is  to  y*  s  in  the  ratio  compounded 
of  the  direct  ratio  of  the  rectangle  cp  thio  the  rectangle 
fjt  X  g^  and  the  inverse  ratio  of  the  altitude  b  c  to  the  al- 
titude/*^ ;  and  because  these  rectangles  are  proportional 
to  the  increments  of  velocity,  ^ilnd  the  ultimate  ratio  of 
the  altitudes  is  the  ultimate  ratio  of  the  moments  or  in- 
crements of  the  time— we  must  say,  that  the  acttlerating 
farces  (that  i>,  thtir  intensities  ar  ptessures  producing  aecc" 
lerationj  are  directly  as  the  increments  of  velocity^  and  in* 
versefy  as  the  increments  of  the  times  :  Which  proposition 
maj  be  expressed,  in  regard  to  two  accelerations  A  and  a, 
by  this  analogy : 

t       i 

m 

Or  by  the  proportional  equation  a  ==  £..      Aktf 

•       *  • 

a   t  =v  ,  and  Pa  t^=iv\    And  thus  do  these  theorf^ma 

extend  even  to  the  cases  where  there  cannot  be  observed 
an  immediate  measure,  either  of  velocity  or  of  accelera- 
tion ;  because  neither  the  space  nor  the  velocity  increases 
uniformly. 

The  theorem  a  ===  -r-  is  employed  when  we  would  dis* 

» 
cover  the  variation  in  the  intensity  of  some  natural  power. 

We  observe  the  motion,  and  represent  it  by  a  figure  ana- 
logous to  fig.  13.  where  the  abscissa  represents  the 
times,  and  the  area  is  made  to  increase  at  the  same  rate 
with  the  spaces  described.  Then  the  ordinates  will  re- 
present the  velocities,  or  have  the  proportion  of  the  ve- 
locities.     Then  we  may  draw  a  second  curve  on  the  othef 
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sidf  of  the.  same  abteiHa,  •oeh  that  thtareas  of  ;thi8  last 
curve  shkll  be  proportional^to  the  ordioates  of  the  jBrst. 
The  ordinates  of  this  Usl"  ctinre  are  }iroportionaI  to  the 
accelerating  fcwces.* 

92.  On  the  other  haml,  when  we  know  from  other  cir- 
Cumstaacea  that  a  force,  yaiying  according  to  iome  known 
lawi  acts  on  a  body,  we  can  determine  its  motion.  The 
intensity  of  the  force  in  every  instant  being  known,  we 
can  draw  a  line  so  related  to  another  line  representing 
the  time  that  the  c^rdinates  shall  be  proportional  to  the 
forces :  The  areas  will  be  proportional  to  the  velocities. 
We  can  draw  another  curve  to  the  same  absciss,  such  that 
t^e  ordinates  of  this  shall  be  proportional  to  the  areas  of 
the  ether,  that  is,  to  the  velocities  of  the  motion.  The 
areas  of  this  second  curve  will  be  proportional  to  the 
apace^  described. 

93.  We  must  Udw  observe,  that  all  that  has  been  said 
foncertling  the  ef&cts  of  accelerating  forces  contiauaHj 
varying,  relates  to  changtB  of  motion,  independent  of 
what  the  absolute  motions  may  be«  The  areas  of  the 
line  whose  ordinates  represent  the  velocities  do  not  neces- 
sarily represent  the  spaces  described,  but  the  change  made 
on  the  spaces  described  in  the  same  time ;  not  the  mo- 
tions^ but  the  changes  of  motion.  If,  indeed,  the  body  be 
supposed  to  be  at  rest  when  the  forces  begin  to  act,  these 
'areas  represent  the  very  spaces  that  are  passed  over,  and 
the  ordinates  are  the  very  velocities^  Ip  every  case, 
however,  the  accelerations  are  the  real  increments  of  the 
velocities^ 

This  circumstance  gives  a  great  extension  to  our  theo- 
rems, and  enables  us  to  ascertain  the  disturbances  of  any 
species  of  regular  motion,  apart  from  the  motions  them- 
selves, and  thus  avoid  a  complication  which  would  fre- 


See  Barrow's  Led,  Gcomctr.  passixov 
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quently  be  inextricable  in  anj  other  way.  And  tbis  pro- 
cess, which  is  merely  mathematical)  is  perfectly  confcnm- 
able  to  mechanical  principles.  It  is  in  fact  ai|  appUeatiMi 
4)f  the  doctrine  of  the  composition  of  motion ;  a  doctrine 
rigidly  demonstrated  when  we  measure  a  mechanical  force 
by  the  change  of  motion  which  it  producesu  Acceleration 
is  the  continual  composition  of  a  new  motion  with  the 
motion  already  produced. 

We  may  learn  from  this  investigatioii  of  the  value  of 
an  accelerating  force,  that  no  finite  dhange  of  Telocity  is 
effected  in  an  instant  by  the  action  of  an  accelerating  force. 
When  the  fig.  IS.  is  used  for  the  scale  of  accelerations, 
and  they  are  represented  by  the  ordinates  of  the  line  h  kp, 
the  increment  of  velocity  is  represented  by  an  area,  thai 
i$,  by  a  slip  of  the  whole  area;  which  slip  must  have 
some  altitude,  or  must  occupy  some  portion  of  the  d^ 
iscissa  which  represents  time.  Some  porticm  of  time^ 
however  small  it  may  be^  must  elapse  before  any  measnr* 
able  addition  can  be  made  to  the  velocity.  The  velocity 
must  change  continually.  As  no  motion  can  be  conceived 
as  instantaneous,  because  this  would  be  to  conceive,  that 
ia  one  instant  the  moving  particle  b  in  every  point  of  ilt 
momentary  path ;  so  no  velocity  can  change^  by  a  finite 
4}uantity,  in  one  instant;  because  this  would  be  to  con- 
ceive, that  in  that  instant  the  particle  had  all  the  inter- 
vening velocities.  The  instant  of  diange  is  at  once  the 
last  instant  of  the  preceding  velocity,  and  the  first  of  the 
succeeding,  and  therefore  must  belong  to  both.  This 
cannot  be  conceived,  or  is  absurd.  As  a  body,  in  passing 
from  one  part  of  space  to  another,  must  pass  in  suc- 
cession through  all  tiie  intermediate  places ;  so,  in  pass^ 
ing  from  one  velocity  to  another,  it  must  in  succession 
have  all  the  intermetliate  velocities.  It  must  be  continuaBy 
accelerated ;  we  must  not  say  gradually,  howevei*  9mM 
the  steps. 
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94.  But  to  return  from  thb  digression : 

The  most  frequeiit  cases  which  come  under  examina- 
tion do  not  shew  us  the  delation  between  the  forces  ^nd 
times,  but  the  relation  between  forOe»  and  spaces.  Thus, 
when  a  piece  of  iron  is  in  tbe  neighbourhood  of  a  magnet, 
or  a  pianist  is  eons|deried  in  the  neighbbiirhood  of  the  sun, 
a  force  is  acting  on  it  in  ereiy  point  of  its  path,  and  we 
have  discovered  that  the  intensity  of  this  fdrce  varies  in  a 
Certain  proportion.  Thus,  a  spring  Varies  in  its  pressure 
as  it  unbends ;  gunjpowder  presses  less  violently  as  it  ex- 
pands, be.  &c. 

Our  knowledge  is  generally  tonfinied  td  sotne  such  efTect 
as  this.  .  We  know,  that  while  a  bod j  is  moving  along  a 
line  ADE  (fig.  16.),  it  is  urged  forward  by  a  force,  of 
which  the  intensity  varies  in  the  prdportibn  of  the  ordi- 
oates  BF,  CO^  DH,  EI^  &c.  of  th^  line  F6HI. 

> 

To  investigate  the  motion  6t  change  of  motion  pro- 
duced by  the  action  of  this  force,  let  CD  be  supposed  a 
very  small  portion  of  the  space  s,  which  we  may  express 
by  9\  Draw  GK  perpendicular  to  DH.  Then,  if  we 
suppose  that  the  force  acts  with  the  unvaried  intensity 
CG  tlurough  the  whole  space  CD, .the  rectangle  CDEG 
will  express  half  of  the  increment  of  the  square  of  the  ve* 
locity  (No.  85.)  We  may  suppose  that  the  force  acts  uni- 
formly along  the  adjoining  small  space  Dr  with  the  in- 
tensity DH.  The  rectangle  DH  o  r  will  in  like  manner 
express  another  half  increment  of  the  square  of  the  velo- 
city. And  in  like  manner  we  may  obtain  a  succession  of 
nuch  increments.  The  aggregate  or  sum  of  them  all  will 
be  half  the  difference  between  the  square  of  the  velocity 
at  B  and  the  square  of  the  velocity  at  E. 

If  we  employ  /to  express  the  indetermined  or  variable 
inteiisity  of  the  accelerating  force,  and  v  to  express  the 
variable  velocity,  and  v'  its  increment  unt/brm/y  acquired  ; 
then  the  rectangie  CDKG  will  be  expressed  by/»'.     We 
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have  seen  that  this  it  equal  to  v  v^*  Therefore,  in 
eveiy  case  where  we  can  tell  the  aggregate  of  all  the 
quantities  f  s,  it  is  plain  that  we  will  obtain  half 
the  difference  between  the  squared  of  the  yelocities 
in  B  and  E,  on  -the  supposition  that  the  intensi- 
tj  of  the  force  was  constant  along  each  little  space,  and 
varied  bj  starts.  Then,  by  increasing  the  number,  and 
diminishing  the  magnitude,  of  those  little  portions  of  the 
space  without  end,  it  is  evident  that  we  terminate  in  the 
expression  of  the  real  state  of  the  case,  t.  e.  of  a  force 
varying  continually ;  and  that  in  this  case  the  aggregate 
of  these  rectangles  occupies  the  whole  area  AEtF,  and  ia 

equiTtflent  to  the  fluent  of /«*,  or  to  the  symbol  / /« 

used  by  the  foreign  mathematicians  to  eatpress  this  fluent, 
which  they  indeed  conceive  as  an  aggregate  of  smatt 
rectangles  ft^.  And  w^  see  that  this  area  expresses  half 
of  the  augmentation  of  the  square  of  the  velocityft 
Therefore, 

IfUie  abscissa  AE  (fig.  16.)  rf  a  Im  FOI  it  rAe  foA 
along  wkick  a  body  is  urged  by  any  ucedermting  force^  mH' 
if  the  ordinate$  BF,  CG,  DH,  4*c.  mre  propeHtwml  to  He 
forces  acting  in  the  points  B,  C,  D,  4rc.  the  intercepted  area$ 
BCGF,  BEIF,  iSfc.  are  proportional  to  the  augmentations  of 
the  square  of  the  t>elocity.  ♦ 

Observe  that  the  areas  BCGF  and  DEtH  are  also  pro« 
portion  al  to  the  augmentations  made  on  the  squares  of  the 
velocities  in  B  and  in  D. 

Observe  also,  that  it  is  indifferent  what  may  have  been 
the  original  velocity.  The  action  of  the  forces  represent- 
ed by  the  ordinates  make  always  the  same  addition  to  i%$ 
square;  and  this  addition  is  half  the  square  of  the  veloci- 
ty which  those  forces  would  generate  in  the  body  by  im« 
pelling  it  from  rest  in  the  point  A. 


*  Set  Newton*!  Priscijpiff,  L  39. 
VOL.   I.  H 
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,96.  Lastly^  on  ibis  head,  observe,  that  we  can  state  what 
constant  or  variable  force  will  make  the  same  augmenta- 
tion of  the  square  of  the  velocity  by  impelling  the  body 
uniformly  along  the  same  space  BE ;  or  along  what  space 
a  given  force  must  impel  the  body,  in  order  to  produce 
the  same  increase  of  the  square  of  its  velocity.  In 
the  first  case,  we  have  only  to  make  a  rectangle 
BEN  ^  equal  to  the  area  BEIF,  and  then  B  ^  is  the 
intensity  of  the  constant  force  wanted.  In  the  second 
case,  in  which  the  force  EO  is  given,  we  must  make  the 
rectangle  A  «  OE  equal  to  the  area  BEIF,  and  A£  is  the 
apace  required. 

97.  The  converse  of  this  proposition,  viz.  If  the  areas 
are  as  the  increments  of  the  square  of  the  velocity ^  the  ordinates 
«rf,  as  theforeesy  is  easily  demonstrated  in  the  same  way ; 
for  if  the  elementary  areas  CDKG  and  EIM  e  represent 
increments  of  the  squares  of  the  velocity,'  the  accelerating 
forces  are  in  the  ratio  compounded  of  the  direct  ratio  of 
these  rectangles,  and  the  inverse  ratio  of  their  altitudes, 
because  these  altitudes  are  the  increments  of  the  space 
(No  85.)  Now  the  Jmse  CG  of  the  recUngle  CDKG,  is  to 
the  base  EI  of  the  rectangle  EIM  e  in  the  same  com- 
pounded ratio  ;  therefore  the  force  in  C  is  to  the  force  in 
EasCGtoEI. 

98.  The  line  hko  (fig.  13.)  was  called  by  Dr  Barrow, 
.who  first  introduced  this  extensive  employment  of  motion 
into  geometry),  the  scale  of  velocities ;  and  the  line  FHL 
(fig.  16.)  was  named  by  him  the  scale  if  accelerations.  Her- 
mann,* in  his  Photonomiay  calls  it  the  scale  of  forces.  We 
shall  retain  this  name,  and  we  may  call  hk  oo{  fig.  13.  the 
4ca/e  o/*  accelerations^  when  the  areas  represent  the  velo- 
cities. Newton  added  another  scale  of  very  great  use, 
viz,  a  scale  of  times.     It  is  constructed  as  follow. 

99.  Let  ABE  (fig.  16.)  be  the  line  along  which  a  body 
is  accelerated,  and  let  FHI  be  the  scale'  of  forces,  that  is, 
Jiaving  its  ordinates  FB,  HD,  lE^  &c.  proportional  to  the 
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ibrces  acting  at  B,  D,  £»  F*  &c. ;  let/ A  t  be  another  line 
80  related  to  ABB,  that  C  ^  is  to  £  t  in  the  inverse  sub- 
duplicate  ratio  of  the  area  BF6C  to  the  area  BFIE  ;  or, 
to  express  it  more  generallj,  let  the  squares  of  the  Ordi« 
nates  to  the  linefg  i  be  inversely,  as  the  areas  of  the  line 
FHI  intercepted  between  these  ordinates  and  the  first  or- 
dinate drawn  through  B  ;  then  the  times  of  the  bodies 
moving  from  a  state  of  rest  in  B  are  as  the  intercepted 
areas  of  the  curfefg  i, 

Fot  let  CD  and  E  e  be  two  v^rjr  small  poi^tions  of  the 
space  described  equal  times.  Thejr  will  be  ultimately 
as  the  velocities  in  C  and  E.  The  area  FBCG  i$  to 
the  area  FBEI  as  the  ^uare  of  E  t'  to  the  square  of  C  ^ 
(by  construction) ;  but  the  area  FBCG  is  to  FQEI  as 
the  square  of  the  veliocitj  at  C  to  the  square  of  the  velo* 
citj  at  £  (by  the  proposition ;)  therefore  the  square  of 
the  velocity  at  C  is  to  the  square  of  the  velocity 
at  E  as  the  square  of  £  t  to  the  square  of  C  ^;  there- 
fore  £  t  is  to  C  ^  its  the  velocity  at  C  to  the  velocity  at 
£,  that  is,  as  CD  to  £  e :  but  since  £  t :  C  g.z=  CD :  £  e^ 
we  have  Etx  £ez=C^x  CD^  and  the  elementary 
rectangles  C  g  kD  and  £  t  m  e  i^re  equal,  and  may  repfe*i 
sent  the  equal  moments  of  time  in  which  CD  and  Ee 
were  described.  Thus  the  areas  of  the  Vine  fg  I  will  repre- 
sent or  express  the  times  of  describing  the  corresponding 
■portions  of  the  abscissa. 

We  may  express  the  nature  of  this  scale  more  brieflj 
thus.  Let  B  £  be  the  space  described  with  any  varied 
motion,  and  fg  I  a  curve,  siich  that  its  ordinates  are  in* 
Tersely  as  the  velocities  in  the  different  points  of  the  ab- 
scissa, theu  the  area  will  be  as  the  times  of  'describing  the 
corresponding  portions  of  the  abscissa. 

IOO4  In  all  the  cases  where  our  mathematieal  knoww 
ledge  enables  us  to  assign  the  values  of  the  ordinates  of 
the  figure  16,  we  can  obtain  the  law  of  action  of  the 
forces,  or  the  nature  of  the  force ;  and  where  we  can  as- 
sign the  value  of  the  areas  from  ouc  knowledge  of  the  pro- 
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portioBs  of  the  ordinates  or  forces,  we  can  ascertahi  the 
vdociiies  of  the  motion.     We  shall  '■  give  an  example  or 
two,  which  will  shew  the  wej  in  which  we  avail  ourselves 
of  the  geometrical  properties  of  6gure  in  order  to  ascer* 
tain  the  effects  of  mechanical  forces. 
-  Isf.  Let  the  accelerating  force  which  impels  the  bodj 
along  the  Ime  AB  be  cotistant,  and  let  the  body  be  pre* 
▼ioiiisly  at  rest'  in  B ;  the  line  which  hounds  Uie  ordinates 
that  represent  the  forces  must  be  some  line  f  HN  parallel 
to  AB.     The  area  BDH  f  is  to  the  area  BEN  f  as  the 
square  of  the  velocity  at  D  to  the  square  of  the  velocity 
at  E.    These  areas,  having  equal  bases  DH  and  £N,  are 
as  their  altitudes  BD  and  BE.    That  is,  the  spaces  de- 
scribed are  as  the  squares  of  the  acquired  velocities.     And 
we  see  that  this  characteristic  mark  of  uniformly  accel- 
erated motion  is  included  in  this  general  proposition. 

101.  2d.  Let  us  suppose  that  the  body  is  impelled  from  A 
(fig.  17.)  towards  the  point  C,  by  a  force  proportional  to 
its  distance  from  that  point.  This  force  may  be  repre- 
sented by  the  ordinates  DA,  EB,  t  i,  &c:  to  the  straight 
line  DC.  We  may  take  any  magnitude  of  these  ordi- 
nates ;  that  is,  the  line  DC  may  make  any  angle  with  AC. 
It  will  simplify  the  investigation  if  we  make  'the  first 
force  AD  =  AC.  About  C  describe  the  circle  AH  a,  cut- 
ting the  ordinate  EB  in  F;  let  eft  be  another  ordinate, 
cutting  the  circle  in /very  near  to  P;  draw  CH  perpen- 
dicular to  AC,  and  make  the  arch  HA  =/P,  and  draw  h  c 
parallel  to  HC  ;  join  FC  and  DH,  and  draw  F  g  perpen- 
dicular to  fb.    Let  IMLK  be  another  ordinate. 

The  area  DABE  is  to  the  area  DAKL  as  the  square  of 
the  velocity  at  B  to  the  square  of  the  velocity  at  K. 
But  DABE  is  the  excess  of  the  triangle  ADC  above  the 
triangle  EBC,  or  it  is  half  of  the  excess  of  the  square  of 
CA  or  CF  above  the  square  of  CB,  that  is,  half  the 
square  of  BF.  In  like  manner,  the  area  DAKL  is  equal 
to  half  the  square  of  EM ;  but  halves  have  the  same 
VSilio  as  the  integers ;  therefore  the  square  of  BF  is.  to  the 
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square  of  KM  as  the  squaife  of  the  Tdocitj  at  B  to  the 
square  of  the  veloeitj  at  K ;  therefore  the  Telocity  at  B 
is  to  th6  velocity  at  K  as  BF  is  to  KM.  The  velocitios 
are  proportional  to  the  siaes  of  the  arches  of  the  quad* 
rant  AFH  described  dn  AC. 

Cw.  1.  The  final  Telocity  with^which  the  body  arriTes 
at  C,  is  to  the  Telocity  in  any  other  point  B  as  radius  to 
the  sine  of  the  arch  AF. 

Cot.  S.  The  final  Telocity  is  to  the  Telocity  which  the 
body  would  acquire  by  the  uniform  action  of  the  initial 
force  at  A  as  1  to     1/3;  for  the  rectangle  DACH  6^ 
presses  the  square  of  the  Telocity  acquired  by  the  uniform 
action  of  th^  force  DA ;  and  this  is  double  of  the  triangle 
DAC ;  therefore  the  squares  of  these  Telocities  are  as  1 
and  2^  and  the  Telocities  are  as  t/1  and  Vi^  or  as  1  to  Vi^ 
Cot.  3.  The  time  of  describing  AB  is  to  the  time  of 
V  describingf  AC  as  the  arch  AF  to  the  quadrant  AFH. 
If  "2.  For  when  the  arch  F/  is  diminished  continuaUy, 
it  is  plain  that  the  triangle /tF  is  ultimately  similar  to 
CFB,  by  reason  of  the  equal  angles  C  ih  (or  €FB)  and 
/t'F,  and  the  right  angles  CBFand/Ft;  therefore  the 
triangles /g*  F  and  CBF  are  also  similar.    MoreoTcr,  B^ 
is  equal  to  F  g,  F/  is  equal  to  k  H»  which  is  ultimately 
equal  to  c  C ;  therefore  since  the  triangles /g*  F  and  CFB 
are  similar,  we  haTC  F  g  ;  F/=  FB  :  FC  =  FB  :  HC ; 
therefore  B  6  is  to  c  C  as  FB  to  HC,  that  is,  as  the  Telo- 
city  at  B  to  the  Telocity  at  C  ;  therefore  B  b  and  c  C  are 
described  io  equal  moments  when  indefinitely  small ;  conse- 
quently equal  portions  F/,  A  H,  of  the  quadrant  correspond 
ta  equal  moments  of  the  accelerated  motion  along  the  ra- 
dius AC  ;  and  the  arches  AF,  FM,  MH,  &c.  are  propor- 
tional to  the  times  of  describing  AB,  BK,  KC,  &c. 

Cw.  4.  The  time  of  describing  AC  with  the  unequally 
accelerated  motion,  is  to  the  time  of  describing  it  uni- 
formly with  the  final  Telocity,  as  the  quadrantal  arch  is  to 
the  radius  of  a  circle ;  for  if  a  point  moTc  in  the  quad- 
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ranlal  arch  so  as  to  be  in  F,/,  M,  H,  &e.  when  the  bodj 
is  in  B,  bj  K,  C,  it  will  be  moving  uniformlj,  because  the 
arches  are  proporticmal  to  the  times  of  describing  those 
portions  of  AC ;  and  it  will  be  moving  with  the  velpcitj 
with  which  the  body  arrives  at  C,  because  the  arch  A  H  is 
ultimately  =  C  c.  Now  if  two  bodies  move  uniformly 
with  this  velocity,  o^e  in  the  arch  AFH,^  and  the  other  in 
the  radius  AC,  the  times  will  b^  proportional  to  the 
spaces  uniformly  described;  but  the  time  of  describing 
AFH  is  equal  to  the  time  of  the  a^ekrated  motion  along 
AC ;  therefore  the  proposition  is  manifest. 

103.  Cor.  5.  If  the  body  proceed  in  the  line  C  a,  and  bf. 
retarded  in  the  same  manner  that  it  was  accelerated  along 
AC,  the  time  of  describing  AC  uniformly  with  the  velo- 
city which  it  acquires  in  C  is  to  the  time  of  describing 
AC  a  with  the  varied  motion,  as  the  diameter  of  a  circle 
to  the  circumferenpe ;  for  because  the  momentary  retar- 
dations at  K%  B\  &c  are  equal  to  the  accelerations  at  K 
and  B,  &c.  the  time  of  describing  AC  a  is  the  same  with 
that  of  describing  AH  a  uniformly  with  the  greatest  ve- 
locity ;  that  is,  to  (he  time  of  describing  AC  uniformly 
as  AH  a  to  AC,  or  as  the  circumference  of  a  pircle  to  the 
diameter*  Therefore,*  &c.  N.  B.  In  this  case  of  retard- 
ing forces  it  is  convenient  to  represent  them  by  ordinates. 
KX,  B'E,  a  D',  lying  on  the  other  side  of  the  axis  AC  a ; 
and  to  consider  the  areas  bounded  by  these  ordmates  as 
subtractive  from  the  others.  Thus  the  square  of  the  ve- 
locity at  W  is  expressed  by  the  whole  area  DACKX'C, 
the  part  CK'L',  being  negative  in  respect  of  the  point 
Di^C.     This  observation  is  general. 

Cor.  6.  The  time  of  moving  along  EC,  the  half  of 
AC,  by  the  uniform  action  of  the  force  at  A,  is  to  that  of 
describing  AC  a  by  the  varied  action  of  the  force  directed 
to  C,  and  proportional  to  the  distance  from  it,  as  the  dia-r 
meter  of  a  circle  to  the  circumference ;  for  when  the  body 
is  uniformly  impelled  along  EC  by  the  constant  force  lE^ 
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the  square  of  the  velocitj  acquired  at  C  is  represented 
by  half  the  rectangle  IKCH>  and  therefore  it  is  equal 
to  the  yelocitj  which  the  variable  force  generates  by 
impeUing  it  along  AC  (by  the  way,  an  important  ob* 
serration).  The  body  will  describe  AC  uniformly  with 
this  velocity  in  the  same  time  that  it  is  uniformly  accel- 
erated along  KC.  Therefore  by  Cor.  5.  the  proposition 
is  manifest 

Cor.  7.  If  tv^o  bodies  describe  AC  and  KC  by  the  ac- 
tion  of  forces  which  are  every  where  proportional  to  the 
distances  from  C,  their  final  velocities  will  be  propor* 
tional  to  the  distances  run  over,  and  the  times  will  be 
equaL 

For  the  squareis  of  the  final  velocities  are  proportional 
to  the  triangles  ADC,  I^EC,  that  is,  to  AC%  KC%  and 
therefore  the  velocities  are  as  AC,  KC.  The  times  of 
describing  AC  and  KC  uniformly,  with  *  velocities  pro- 
portional to  AC  and  KC,  must  be  equal ;  and  these  times 
are  in  the  same  ratio  (viz.  that  of  radius  to  ^  of  the  cir- 
cumference) to  the  times  of  describing  AC  and  KC  with 
the  accelerated  motion.     Therefore,  &c. 

Thus  by  availing  ourselves  of  the  properties  of  the 
circle,  we  have  discovered  all  the  properties  or  characters 
of  a  motion  produced  by  a  force  always  directed  to  a  fixed 
point,  and  proportional  to  the  distance  from  it.  Some  of 
these  are  remarkable,  such  as  the  last  corollary ;  and  they 
are  all  important ;  for  there  are  innumerable  cases  where 
this  law  of  action  obtains  in  Nature.  It  is  nearly  the  law 
of  action  of  a  bowstring,  and  of  all  elastic  bodies,  when 
their  change  of  figure  during  their  mutual  action  is  mode- 
rate ;  and  it  has  been  by  the  help  of  this  proposition,  first 
demonstrated  in  a  particular  case  by  Lord  Brouncker  and 
Huyghens,  that  we  have  been  able  to  obtain  precise  mea- 
sures of  time,  and  consequently  of  actual  motions,  and 
consequently  of  any  of  the  mechanical  powers  of  Nature. 
It  is  for  this  reason,  as  well  as  for  the  easy  and  perspi- 
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cuous  employment  of  the  mathematical  method  of  pro- 
ceeding that  we  have  selected  it. 

Instead  of  giving  any  more  particnlar  caaes,  we  may  ob- 
serve in  general^  that  if  the  intensity  of  the  force  be  pro- 
portional to  any  power  whose  index  is  n—  I  of  the  dis- 
tance, and  if  a  be  the  distance  from  the  fixed  point  at 
which  the  body  begins  to  be  accelerated,  and  x  its  dis* 
tance  from  that  point  in  any  part  of  the  motioii,  the  v^o- 

city  will  be  ^  /a"  —  f.  This  is  very  piMn,  because  the 
increment  CGHD  ot  the  area  of  fig.  16.  which  is  also  the 

increment  of  the  square  of  the  vebcity,  is  z^^oT^^Xy  and 

the  area  is  =  or ;  and  the  whole  area,  corresponding  to 
the  distance  a,  is  a*.  Therefore  the  portion  of  the  area 
lying  beyond  the  distance  x  is  tf" — «".  This  is  as  the  square 
of  the  velocity,  and  therefore  the  velocity  b  as  the  square 

root  v^a" — ^ap"  of  this  quantity. 

This  proposition,  y*«  ==  »  t?,  or/==  -t-  >  is  the  39th  of 

the  first  book  of  Newton^s  Prtactpio,  and  is  perhaps  the 
most  important  in  the  whole  doctrine  of  dynamics,  whe- 
ther employed  for  the  investigation  of  forces  or -for  the  ex-^ 
planation  of  motions.  It  furnishes  the  most  immediate 
data  for  both  purposes,  but  more  especially  for  the  lasL 
By  its  help  Newton  was  able  to  point  out  the  numerous 
disturbances  of  the  planetary  motions,  and  to  separate  them 
from  each  other ;  thus  unravelling,  as  it  were,  that  most 
intricate  motion  in  which  all  are  blended  together.  He  has 
given  a  most  wonderful  ^cimen  of  its  application  in  his 
Lunar  Theory. 

We  now  are  able  to  explain  all  the  puzzling  facts  which 
were  adduced  by  Leibnitz  and  his  partisans  in  support 
of  their  measure  of  the  forces  of  bodies  in  motion.  We 
see  why  four  springs,  equally  bent,  communicate  but  a 
double  velocity,  and  nine  springs  but  a  triple  velocity ; 
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why  a  bullet  VkCfnoig  twice  as  fast  will  penetrate  an  earthen 
rampart  to  a  qitadmple  depth,  &c.  &c. 

This  theorem  also  gives  a  most  perspicuous  explanation 
of  the  famous  doctrine  called  emuervatio  virium  vivamm. 
When  perfectly  elastic  bodies  act  on  each  other,  it  ia 
found  that  the  sum  of  the  masses  multiplied  by  the 
squares  of  the  velocities  is  alwajs  the  same.  This  haa 
been  substituted)  with  great  encomiums,  by  the  German 
philosophers  in  place  of  Des  Cartes^s  principle,  that  the 
quantity  of  motion  in  the  universe,  estimated  in  one  di- 
rection, remains  always  the  same.  They  are  obligel^ 
however,  to  acknowledge,  that  in  the  actions  of  perfectly 
hard  bodies,  there  is  always  a  loss  of  ou  vtva^  and  thercr 
fore  have  denied  the  existence  of  such  bodies.  But  there 
is  the  same  loss  in  the  mutual  actions  of  all  soft  or  ductilf 
or  even  imperfectly  elastic  bodies ;  and  they  are  misera- 
bly puzzled  how  to  explain  the  fact :  hut  both  the  coiuer- 
vatio  and  the  amissio  are  necessary  consequences  of  thi^ 
theorem. 

In  the  collision  of  elastic  bodies,  the  whole  change  of 
motion  is  produced  during  the  short  time  that  the  bodies 
are  compressed,  and  while  they  regain  their  figure.  When 
this  is  completed,  the  bodies  are  at  the  same  distance  from 
each  other  as  when  the  mutual  action  began.  Therefor^ 
the  preceding  body  has  been  accelerated,  and  the  followf 
ing  body  has  been  retarded,  along  equal  spaces ;  and  in 
every  point  of  this  space  the  accelerating  and  the  retard- 
ing force  has  been  equal.  Consequently  the  same  area  of 
fig.  17.  expresses  the  change  made  on  the  square  of  the 
velocity  of  both  bodies.  Therefore,  if  V  and  U  are  tho 
velocities  before  collision,  and  v  and  u  the  velocities 
after  collision,  of  the  two  bodies  A  and  B,  we  must  have 

A  X  V«  — v«=  B  X 1?-^^^%  and  therefore  AxV'+Bjc 
U«  K  =  A  X  V*  -|-  B  X  li'. 

But  in  the  other  class  of  bodies,  which  do  not  completely 
regain  their  figure,  but  remain  compressed^  they  are  nearer 
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to  each  other  when  their  mutual  action  is  ended  than  when 
it  began.  The  foremost  body  has  been  accelerated  along 
a  shorter  space  than  that  along  which  the  other  has  been 
retarded.  The  mutual  forces  have,  in  every  instant,  been 
equal  and  opposite.  Therefore  the  area  which  expresses 
the  diminution  of  the  square  of  the  velocity,  must  exceed 
the  area  expressing  the  augmentation  by  a  quantity  that 
is  always  the  same  when  the  permanent  compression  is 
the  same ;  that  is,  when  the  relative  motion  is  the  same. 

A  X  V«  — o*  must  exceed  Bxu*  — U«,  and  A  x  V«  + 
B  X  U«  must  exceed  A  x  o«  +  B  x  «*. 

This  same  theorem  is  of  the  most  extensive  use  in  all 
practical  questions  in  the  mechanical  arts ;  and  without  it 
mechanics  can  go  no  farther  thai^  the  mere  statement  of 
equilibrium. 

Hermann,  professor  of  mathematics  at  Pavia,  one  of  the 
ornaments  of  the  mathematical  class  of  philosophers,  has 
given  a  pretty  demonstration  of  this  valuable  proposition 
in  the  Acta  Eruditorum' Lipsia  for  1709;  and  says,  that 
having  searched  the  writiifgs  of  the  mathematicians  with 
great  care,  he  found  himself  warranted  to  say,  that  New- 
ton was  the  undoubted  author,  and  boasts  of  his  own  as 
the  first  synthetical  demonstration*  The  purpose  of  this 
assertion  was  not  very  apparent  at  the  tin^e ;  but  long  af- 
ter, in  1746,  when  Hermann'^s  papers,  preserved  in  the 
town-house  of  Pavia,  were  examined,  in  order  to  deter- 
mine a  dispute  between  Maupertuis  and  Koeni£[  about  the 
claim  to  the  discovery  of  the  principle  efkast  action^  letters 
of  Leibnitz^s  were  found,  requesting  Hermann  to  search 
for  any  traces  of  this  proposition  in  the  writings  of  the 
mathematicians  of  Europe.  Leibnitz  was  by  this  time  the 
envious  detractor  from  Newton^s  reputation;  and  could 
ipot  but  perceive,  that  all  his  contorted  arguments  for  his 
doctrine  received  a  clear  explanation  by  means  of  this  pro- 
position, in  perfect  conformity  to  the  usual  measure  of 
moving  forpes.    NewtQu  had  discovered  this  theorem  long 


m 
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before  the  pubHcatton  of  tbe  /VMictptb,  and  even  before  the 
discovery  of  tbe  chief  proposition  of  that  book  in  1666: 
for  in  his  Optical  Lectures,  the  materials  of  which  were 
in  bis  possession  in  1664^  he  makes  frequent  use  of  a 
proposition  founded  on  this  (see  No.  48.)  We  maj 
here  remark,  that  Hermann^s  demonstration  is,  in  every 
step,  the  same  with  I>  Barrow^  demonstration  of  it  as 
a  theorem  merely  geometrical,  without  speaking  of  mov- 
ing forces  (see  Leei.  Geometr.  si.  p.  8&  edit  16.),  but 
giving  it  as  an  instance  of  the  transformation  of  curves^ 
which  he  calls  scales  of  velocity,  of  time,  of  acceleration, 
&c. 

The  two  fundamental  theorems/^  =  9,  and  /s  =9o, 
enable  us  to  solve  every  question  of  motion  accelerated  or 
retarded  by  tbe  action  of  the  mechanical  powers  of  na« 
ture.  But  the  employment  of  them  may  be  greatly  ex« 
pedited  and  simplified  by  noticing  two  or  thsee  general 
cases  which  occur  very  fr^uently. 

104.  These  nugf  be  called  similar  instants  of  time^  and  sf- 
viilar  points  of  spruce  which  divide  given  portions  oftimt^  and 
of  space  in  the  same  ratio.  Thus  the  middle  is  a  similar 
instant  of  an  hour  or  of  a  day,  and  is  the  similarly  situ- 
ated point  of  a  foot  or  of  a  yard.  The  beginning  of  the 
21st  minute,  and  of  the  9th  hour,  are  similar  instants  of 
an  hour  and  of  a  day.  The  beginning  of  the  5th  inch, 
and  of  the  2d  foot,  i|re  similar  points  of  a  foot  and  of  a 
yard. 

105.  Forces  may  be  said  to  ad  similarly  when  their  fnten* 
sities  in  similar  instants  oftime^  or  in  similar  points  of  space, 
are  in  a  constant  ratio.  Thus  in  *fig.  17.  when  one  body  is 
impelled  towards  C  from  A>  and  another  from  K,  each 
with  a  force  proportional  to  the  distance  of  every  point 
of  its  motion  from  C,  these  forces  may  be  said  to  act  si- 
milarly along  the  spaces  AC  and  KC,  or  during  the  tiines 
represented  by  the  qnadrantal  arches  AFH,  ENO.  The 
following  propositions  on  similar  actions  will  be  found 
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Mr  J  nttM  ea  man j  oeeoiiQiis ;  but  we  iltiitt  iMmMe  k 
geometrical  lemma, 

106.  If  tb^re  be  two  liim  EFOH  (fi^.  18),  efg h,  so 
related  to  their  abscisMs  AD,  a  if  thtft  the  ordinates  IK, 
•  &,  drawn  from  similiEur  poiilta  I  and  i  of  the  abscisses, 
•re  in  the  constant  ratio  of  A£  to  a  e ;  then  the  area 
ADHE  18  to  the  area  ail  Ae  as  the  rectangle  of  AD  x  AE 
Ip  the  rectangle  ad  xae*.  .. 

For  let  each  abscisaa  be  divided  into  the  same  nwnber 
of  equal  and  very  small  parts,  of  which  let  CD  and  e  d 
be  one  in  each.  Inscribe  the  rectangles  CGID,  eg  id. 
Then  because  the  number  of  parts  in  each  axis  is  the 
same,  the  lengths  of  the  portions  CD  and  c  d  will  be  pro- 
portionals to  the  whole  abscisses  AD  and  ad.  And  be>* 
cause  C  and  c  are  similar  points,  CG  is  to  eg  b^  A£  is  to 
a e.  Therefore  CD  x  CG ici^cg ^ AD  AE  :  addict. 
This  is  true  of  each  pair  oC-correspondiag  rectangles ;  and 
therefore  it  is  true  of  their  sums*  But  when  the  number 
of  these  rectangles  is  increased,  and  their  breadth  dimi- 
nished without  end,  it  is  evident  that  the  ultimate  ratio 
of  the  sum  of  all  the  rectangles,  such  as  CDHG  to  the  sum 
of  all  the  rectangles  e  d  h  g  ib  the  Mine  with  that  of 
the  area  ADHE  to  the  area  adht^  and  the  proposition 
is  manifest. 

107.  If  tw6  particles  of  matter  are  ainuhrfy  impelled  during 
given  times f  the  changes  of  velodig  are  as  tke  times  and  as  the 
forces  jointly , 

Let  the  times  be  represented  bj  the  straight  lines  ABC 
(fig.  19.)  and  abc^  and  the  forces  by  the  ordinates  AD, 
BE,  CF,  and  ad^bc^  cf  Then  if  B  and  h  are  similar 
instants  (suppose  the  middles)  of  the  whole  times,  we  have 
BE  :bez=.  AD  :  a  d.  Therefore,  by  the  lemma,  the  area 
ACFD  is  to  a  cfd  as  AC  x  AD  to  acxad.  But  these  areas 
are  proportional  to  the  velocities  (No.  73.),  and  the  propo- 
sition is  demonstrated.    For  the  same  reason^  the  change 


of  Yelocity  during;  the  time  AB  is  to  the  change  during 
of  MS  AB  X  AD  to  ab  k  ad. 

Cor.  1.  If  the  times  and  forces  are  reciprocallj  propor* 
tionalf  the  changes  of  reloeity  are  equal ;  -  and  if  thtf 
forces  are  isTerselj  as  the  times,  the  changes  of  rdocitj 
are  equal. 

108.  If  two  paftides  he  nrnihtrly  urgedalong  given  8paee$f 
ike  ehanget  made  on  iht  mpioret  of  the  vdoeiiies  are  as  tkt 
farces  and  spaces  Jeiwtfy, 

For  if  AC  (fig.  19i)  and  o  c  are  the  spaces  along  whidi 
the  particles  are  impelled,  and  the  forces  are  as  the  oT- 
dinates  AD  aftd  ad^  the  arelu  ACFD  and  acfd  are  as  the 
changes  on  the  squares  of  the  velocities.  But  these  areas 
are  as  AC  x  AD,  and  ac  x  #d[.    Therefore,  &c 

Cor.  2.  If  the  spaces  are  inversely  as  the  forces,  the 
changes  of  the  squares  of  the  velocities  are  equal ;  and  if 
these  are  equal,  the  spaces  are  inversely  as  the  forces. 

Cor.  3.  If  the  spaces,  along  which  the  particles  have 
heeti  impelled  from  a  previous  state  of  rest,  are  directljr 
•as  the  forces,  the  velocities  are  also  as  the  forces.  Foiv 
-because  the  changes  of  the  squares  of  the  velocities  are  as 
4he  spaces  and  forces  jointly,  they  are  ki  this  case  as  th6 
squares  of  the  forces  or  of  the  spaces ;  but  the  changes 
of  the  squares  of  the  velocities  are  in  this  case  the  whole 
•squares  of  the  velocities ;  therefore  the  squares  of  the  ve* 
Jocities  are  as  the  squares  of  the  forces,  and  the  velocities 
are  as  the  forces.  N.  B,  This  includes  the  motions  re- 
presented in  fig.  17. 

109.  If  ttDo  particles  be  smilarly  impelled  along  gtveik 
spaces,  from  a  state  of  rest,  the  squares  of  the  times  are  pro» 
portional  to  the  spaces  directly,  and  to  the  forces  invernly.  ' 
Let  ABC  (fig.  19.)  a  &  c  be  the  spaces  described,  and 
AD,  ad,  the  accelerating  forces  at  A  and  a.  Let  V,  B 
express  the  velocity  at  B,  and  v,  b  the  velocity  at  b. 

Let  GHK  and  ^  A  ^  be  curves  whose  ordinates  are  in- 
versely as  the  velocities  at  the  corresponding  points  of  tb^ 
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abscissa.  These  ciinres  are  therefor^  ex{>oiients  of  the 
times  (Nb;  99.)  Then,  because  th^  forces  act  similarly, 
we  havei  bj  the  last  theorem,  AC  x  AD :  a  c  x  ad:=z 
VS  BioS  *2=***  2  HB«.  Therefore  HB  :  A  ft  = 
Vacxadi  VACxADj  and  therefore  in  a  constant  ratio. 
C^ali  this  the  ratio  of  m  to  n.  But,  since  the  ordinates  of 
the  lines  GHE,  gkk  ^re  inversely  as  the  velocities,  the 
areas  are  as  the  times  (No.  99.) ;  and  since  these  ordinates 
are  in  the  coilstant  ratio  of  m  to  n,  the  areas  are  in  the 
ratio  of  AC  x  m  to  a  e  x  n.  Therefore  (calling  the  times 
of  the  motions  't  and  t)  wie  hare 

T :  I  z=:m  AC  :  nac;  and  therefore 
T*:e»  =  ja«x  AC*:n«xfl>.    But 
m* :  It*  =  ac  X  ad  :  AC  x  AD.     Therefore 
T* :  t*  =  acxadxAC*;  ACxADxac^^ 
Or  T* :  ^=: ad  xAC  J  AD X ac* 
-.--,..        AC      ac 

AD  aa 
The  attentive  reader  will  observci  tW  these  three  pro- 
Jpositions  give  a  great  extension  to  the  theorems  which 
were  formerly  deduced  from  the  nature  of  uniformly  ac- 
celerated motion,  or  of  uniform  action  of  the  forces^  and 
were  afterwards  demonstrated  to  obtain  in  the  momentary 
action  of  forces  any  how  variable^ 

The  first  of  the  three  propositions,  V  :  t?  =  F  x  T  :fx  t, 

is  the  extension  of  the  theorem  yx  tznv.      The  second, 
V«:  ©'  =  F  X  S  ifxsy  is  the  extension  of  the  theorem 

fxi  =  c V.    And  the  third,  T«  :  t^=  ^  :  i,   b  the  ex- 

tension  of/^Y^v"*  orof/x  (<^-  =  s.  These  theorems 

hold  true  of  all  sinubtr  actions  ;  and  only  for  this  reason, 
are  true  of  unifoitnly  accelerated  motions,  or  uniform  ac- 
tions. 
•    There  remains  one  thing  more  to  be  said  concerning  the 

action  of  agc^erating  forces.    Their  magnitude  is  ascer- 
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tained  by  their  effect.  Therefore  that  is  to  be  considered 
as  a  double  force  which  produces  a  double  quantity  of  mo- 
tion. Consequently  when  a  body  A  -contains  twice  the 
number  of  equal  atoms  of  matter,  and  acquires  the  same  ve- 
locity from  the  action  of  the  force  F  that  another  body 
II,  containing  half  the  number  of  atoms,  acquires  from 
the  action  of  a  force/,  we  conceive  F  to  be  double  o(  f. 
That  this  is  a  legitimate  inference  appears  clearly  from 
this,  that  we  conceive  the  sensible  weight  of  a  body,  or 
that  pressure  which  it  exerts  on  its  supports,  as  the  aggre- 
gate of  the  equal  pressure,  of  every  atom,  accumulated 
perhaps  on  one  point ;  as  whep  the  body  hangn  by  a  thread, 
and,  by  its  intervention,  pulls  at  some  machine.  With-* 
out  inquiring  in  what  manner,  or  by  what  intervention, 
this  accumulation  of  pressure  is  brought  about,  we  see 
clearly  that  it  results  from  the  equal  accelerating  force  of 
gravity  acting  immediately  on  each  atom.  When  this 
weight  is  thus  employed  to  move  another  body  by  the  in- 
tervention of  the  thread,  which  is  attached  to  one  point 
perhaps  of  that  body,  it  puts  the  whole  into  motion,  ge- 
nerating a  certain^  velocity  v  in  every  atom,  by  acting 
uniformly  during  the  time  t.  We  cdnceive  each  atom 
to  have  sustained  the  action  of  an  equal  accelerating  force, 

whose  measure  is  — .    Without  considering  how  this  force 

is  exerted  on  each  atom,  or  by  what  it  is  immediately 
exerted,  or  how  it  is  diffused  through  the  body  from  the 
point  to  which  the  weight  of  the  other  body  is  applied  by 
means  of  the  thread ;  we  still  consider  it  as  the  aggregate 
of  the  action  of  gravity  on  each  atom  of  that  other  body. 
Moreover,  attending  only  to  the  motion  produced  by  it, 
and  perhaps  not  knowing  the  weight  of  the  impelliilg 
body,  we  tneasure  it,  as  a  moving  force^  by  considering 
it  as  the  aggregate  of  the  forces  propagated  to  each  atom 

of  the  impelled  body,  and  measured  by  -.    If  we  know 
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that  the  impelled  bodj  contains  the  nmnber  m  of  atoms, 
theaggregateofforeesbm—    or  . 

But  since  we  measure  f(Ht:es  bjr  the  quantity  of  motion 
which  thej  produce,  we  must  conceive,  that  when  the 
same  force  is  applied  to  a  bodj  which  consists  of  ic  par- 
ticles, and  produces  the  relocitj  u^  bj  acting  uniformly 

during  the  same  time  t^  the  force  n  — is  equal  to  the 

force  m  — • 
t 

110.  Newton  found  it  absolutely  necessary  to  keep  this 
circumstance  of  acceleration  clear  of  all  notions  of  quan^ 
tity  of  matter,  or  other  considerations,  and  to  contemplate 
the  affections  of  motion  only.    He  therefore  considered 

—  as  the  true  original  measure  of  accelerating  force,  and 

m  —  as  an  aggregate.    He  therefore  calls  the  aggregate 

a  via  motrixy  a  moving  force,  measured  by  the  quantity  of 
motion  that  it  generates.     And  he  confines  the  term  acce- 

lerating  force  to  the  quantity  — ,  measured  by  the  accele^ 
ration  or  velocity  only.  It  would  be  conrenient,  therefore, 
also  to  confine  the  symbol/  to  m  ---,  and  to  retain  the  sym- 

( 

bol  a  for  expressing  the  accelerating  force  — . 

This  appellation  of  motive  force  is  perfectly  just  and 
simple;  for  we  may  conceive  it  as  the  same  with  the 
accelerating  force  which  produces  the  velocity  fit  times  v  in 
one  particle,  by  acting  on  it  uniformly  during  the  time  t. 
This  motion  of  one  particle  having  the  velocity  m  9,  is  the 
same  with  that  of  m  particles  having  each  the  velocity  v. 

If  therefore  a  motive  force /act  on  a  body  consisting  of 

m  particles,  the  accelerating  force  aiazzz^—. 
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Therefore  the  three  last  propositions  concerning  the 
similar,  the  uniform,  or  the  momentary  actions  of  m(n)i$ig 
forces,  when  ezfiressed  in  the  most  general  tcrm^  are. 


^^  HI  m 

i    —7- 

01^  OSPLBCtlUG  FORCKS, 

111.  Whbh  #e  obserfe  the  direction  of  a  body  to  change, 
W€  unavoidably  infer  the  agency  of  a  force  which  acts  in 
«  direction  that  does  not  coincide  with  that  of  the  body's 
motion ;  and  we  may  distinguish  this  circumstance  by 
caillipg  it  a  DBPLBCTRfo  vomca.  We  have  already  shewn 
iMyw  to  estimate  and  measure  this  deflecting  force,  by  con- 
aideriog  it  as  competent  to*  the  production  of  that  mottoll 
"which  when  compounded  with  the  former  motion,  wHI 
IMToduce  the  new  motion.  No.  44.  Now,  as  all  changes  of 
ttiotiiim  are  really  compositions  of  motions  or  forces,  it  is 
evident  that  we  shall  explain  th^  action  of  deflecting  forces 
whfai  we  shew  this  composition. 

1Ve  inay  almost  venture  to  say  a  jprton,  that  all  defied* 
tions  must  be  continual,  or  exhibit  curvilineal  motions ; 
for  as  no  finite  velocity,  or  change  of  velocity,  can  be  pro- 
duced in  an  instant  by  the  action  of  an  accelerating  force, 
BO  polygonal  or  angular  deflection  can  be  produced ;  be- 
cause this  is  the  composition  of  a  finite  velocity  produced 
in  an  instant  Deflective  motions  are  all  produced  by  the 
composition  of  the  former  motion,  having  a  finite  velocity, 
with  a  transverse  motion  continually  accelerated  from  a 
state  of  rest*  Of  this  we  can  form  a  very.distinct  notion, 
by  taking  the  simplest  case  of  such  accelerated  motiori, 
namely,  an  uniformly 'accelerated  motion. 

VOIi.  I.  X 
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112.  Let  a  body  be  moving  in  the  direction  AC  (fig.  20.) 
with  any  constant  Telocitj,  and  when  it  comes  to  A,  let 
it  I^  exposed  to  the  action  of  an  accelerating  force,  acting 
uniformly  in  any  other  direction  AE.     This  alone  would 
cause  the  body  to  describe  AE  with  a  uniformly  accele- 
rated motion,  so  .that  the  spaces  AD,  AE  would  be  as  the 
squares  of  the  times  in  which  they  are  described.    There- 
fore, if  AB  be  the  space  which  it  would  have  described 
uniformly  in  the  time  that  it  describes  AD  by  the  acUon 
of  the  accelerating  force,  and  AC  the  space  which  it  would 
have  described  uniformly  while  it  describes  AE  by  the 
action  of  the  accelerating  force— nothing  more  is  wanted 
for  ascertaining  the  real  motion  of  the  body  but  to  com- 
pound the  uniform  motion  in  the  direction  AC  with  the 
uniformly  accelerated  motion  in  the  direction  AE.    AD 
is  to  AE  as  the  square  of  the  time  of  describing  AD  to  the 
square  of  the  time  of  describing  AE ;  that  is,  as  the  square 
of  the  time  of  describing  AB  to  the  square  of  the  time  of 
.describing  AC  ;  that  is,  as  AJB^  to  AC  (by  reason  of  the 
uniform  motion  in  AC).     This  composition  is  performed 
by  taking  the  simultaneous  points  B,  D,  and  the  simulta- 
neous points  C,  E,  and  completing  the  parallelograms 
ABFD,  ACGE.     The  body  will  be  found  in  the  poinU 
F  and  G  in  the  instants  in  which  it  would  have  been  found 
at  B  and  C  by  the  uniform  motion,  or  in  D  and  E  by  the 
accelerated  motion.   In  the  same  manner  may  be  found  as 
many  points  of  the  real  path  as  we  please.    It  is  plain  that 
these  points  will  be  in  a  line  AFG,  so  related  to  AE  that 
AD :  AE  =:  DF'' :  EG* ;  or  so  related  to  the  original  mo- 
tion AC,  that  AB^ :  AC  =:  BF  :  CG,  &c.     This  line  is 
therefore  a  parabola  of  which  AE  is  a  diameter,  DF  and 
EG  are  ordinates,  and  which  touches  AC  in  A. 

■ 

Having  thus  ascertained  the  path  of  the  body,  we  can 
also  ascertain  the  motion  in  that  path  ;  that  is,  the  velo- 
city in  any  point  of  it.  We  know  that  the  velocity  in 
the  point  G  is  to  the  velocity  of  the  uniform  motiou  in 
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Utit  direction  AC  as  the  tangent  TG  is  to  the  ordinate 
EG ;  btomae  thU  is  the  ukiraate  ratio  of  the  roomentarj 
increment  of  the  arch  AFG  to  the  momentary  increment 
of  the  ordinate  EG.  Thus  is  the  velocity  in  every  point 
of  the  curte  determined.  We  haVe  taken  it  fdr  granted^ 
that  the  line  of  projection  touches  ^le  path,  and  that  the 
direction  in  eveiy  point  is  that  of  the  tangent  To  ttti^ 
pose  thbt  the  c^nre,  in  any  portion  of  it,  coincides  with 
the  tangent^  is  to  suj^pose  that  the  body  is  not  deflected ; 
that  ifl^  is  not  acted  on  by  a  transverse  accelerating  force : 
And  to  suppose  that  the  tangent  makes  a  finite  angle  with 
any  part  of  the  path,  is  to  suppose  that  the  deflection  is 
not  continual,  but  by  starts— 4>oth  of  which  are  contrary 
to  the  conditions  of  the  case.  No  straight  line  can  be 
drawn  between  the  direction  of  the  body  and  the  suc- 
ceeding portion  of  the  path,  otherwise  we  must  again 
suppose,  that  the  deflection  is  subsuliory,  and  the  motion 
angular. 

llSi  But  while  the 'investigation  is  so  easy  when  the 
direction  and  intensity  of  the  deflecting  force  in  every 
point  of  the  curve  are  knowh,  the  investigation  of  the  do- 
fleeting  force  from  the  observed  motion  is  by  no  means 
easy.  The  observed  curvilineal  motion  always  arises 
from  a  composition  of  a  uniform  motion  in  the  tangent 
with  some  transverse  motion.  But  the  same  curvilineal 
motion  tnay  be  produced  by  compounding  the  uniform 
motion  in  the  tangent  with  an  infinity  of  transverse  mo- 
tions ;  and  the  law  of  action  will  be  different  in  thesd 
transverse  motions  according  as  their  directions  difier. 
We  must  learn,  not  only  the  intensity  of  the  deflecting 
force,  and  the  law  of  its  variation,  but  also  its  direction 
in  every  point  of  the  curve.  It  is  not  easy  to  find  gene- 
ral rules  for  discovering  the  direction  of  the  transverse 
force;  most  commonly  this  is  indicated  by  extrinsic  cir- 
cumstances. The  deflecting  force  is  frequently  observed 
to  reside  in>  or  to  accompany  some  other,  body.     It  may 
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be  presumed,  therefore,  that  it  acts  in  the  direction  of  the 
line  drawn  to  or  from  that  body ;  yet  even  this  is  uncer- 
tain. The  most  general  rule  for  this  investigation  is  to 
observe  the  place  of  the  body  at  several  intervals  of  time 
before  and  after  its  passing  through  the  point  of  the 
curve,  where  we  are  interested  to  find  its  jM'ecise  direc- 
tion. We  then  draw  lines,  joining  those  places  with  the 
places  of  the  tangent  where  the  body  would  have  been  by 
the  uniform  motion  only.  We  shall  perhaps  observe 
these  lines  of  junction  keep  in  parallel  positions :  we  may 
be  bssured,  that  the  direction  of  the  transverse  force  is 
the  same  with  that  of  any  of  these,  lines.  This  is  the 
case  in  the  example  just  now  given  of  a  parabolic  motion. 
But  when  these  fines  change  position,  they  wiH  change  it 
gradually ;  and  their  position  in  the  point  6f  contact  is 
that  to  which  their  positions  on  both  sides  of  it;  gradually 
approximate. 

But  all  this  is  destitute  of  the  precision  requisite  in 
philosophical  discussion.  We  are  indebted  la  Newton 
for  a  theorem  which  ascertains  the  direction  of  the  trans- 
verse force  with  all  exactness,  in  the  cases  in  which  we 
most  of  all  wish  to  attain  mathematical  accuracy,  and 
which  not  only  opened  the  access  to  those  discoveries 
which  liave  immortalised  his  naiAe,  but  also  pointed  out 
to  him  the  path  he  was  to  follow,  and'  even  marked  his 
first  steps.  It  therefore  merits  a  very  plirtieular  treat- 
ment. 

114.  If  a  body  describes  a  curve  line  ABCDEF  (fig. 
SI.)  lying  in  one  plane,  aiid  if  there  be  a  point  S  so 
situated  in  this  plane  that  the  line  joining  it  with  the 
body  describes  areas  ASB,  ASC,  ASD,  &c.  proportional 
to  the  times  in  which  the  body  describes  the  arches  AB, 
AC,  AD,  &c.  the  force  whiph  deflects  the  body  from 
rectilineal  motion  is  continually  directed  to  the  fixed 
point  S. 

Let  us  first^suppose  that  the  body  describes  the  poly* 
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fon  A9CD£F»  &c.  formed  of  the  chords  AB,  BC,  CD, 
DE,  EF,  Sec.  of  this  cunre :  and  (for  greater  simfilicity 
of  argvment)  let  us  consider  areas  described  in  equal  suc- 
cessive times ;  that  is,  let  us  suppose  that  the  trianglea 
ASB,  BSC,  CSD,  8ec.  are  equal,  i|nd  described  in  equal 
times;   .Mfd^e  B  c  =:  AB,  and  draw  c  S. 

Had  the  motion  AB  suffered  no  change  in  the  point  B, 
the  body  would  have  described  B  c  in  the  equal  moment 
succeeding  the  first :  but  it  describes  BC.  The  bodj  has 
therefore  been  deflected  by  an  external  force ;  and  BC  is 
the  diagonal  of  a  parallelogram  (No.  45»  46.),  of  which 
3  c  is  one  side,  and  c  C  b  another.  The  deflecting  force 
will  be  disooverednM)th  in  respect  of  direction  and  inten* 
sity,  by  completing  the  parallelogram  B  c  C  i.  B  &  is  th? 
space  which  the  deflecting  force  would  have  caused  the 
body  to  describe  in  the  time  that  it  describes  B  c  or  BC. 
Beouise  B  c  is  equal  to  BA,  the  triangles  BS  c,  BSA  are 
^uaL  But  (by  the  nature  of  the  motion)  BSA  is  equal 
to  BSC.  Therefore  the  triangles  BSC  and  BS  c  aire 
equal.  They  are  also  on  the  same  base  BS ;  therefor? 
they  lie  between  the  same  parallels,  and  C  c  is  parallel  to 
3B.  But  c  C  is  parallel  to  B  b.  Therefore  B  b  coincide^ 
with  BS,  and  the  deflecting  force  at  B  is  directed  toward 
S.  By  the  same  argument,  the  deflecting  force  at  the 
angles  D,  E,  F,  &c.  is  directed  to  S. 

Now,  let  the  sides  of  the  polygon  be  diminished,  and 
their  number  increased  without  end.  The  demonstnk 
tion  remains  the  same ;  and  continues,  when  the  polygon 
finally  coalesces  with  the  curve,  and  the  deflection  is  coOi* 
tinual. 

When  areas  are  described  proportional  to  the  titaiea, 
equial  areas  are  described  in  equal  times;  and  therefore 
the  deflection  is  alwi^ys  directed  to  S.    Q.  EL  D. 

The  point  8  may,  with  great  propriety  of  limgufge, 
be  called  the  cemtrs  of  dkplbction,  or  tus  csMTRa  or 
FOBCKs ;  and  forces  which  are  thus  continually  directed 
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to  one  fixed  pomt,  maj  be  distinguished  from  other  ^ 
liecttng  forces  by  the  name  ckNTRAL  forcbs. 

The  line  Joining  the  centre  of  forces  with  the  bodj,  and 
which  may  be  conceived  as  a  stiff  Kne,  carrying  the  body 
round*  is  usually  named  the  eadiub  tsctor, 

115.  The  converse  of*  this  proposition,  vtk.  that  if  the 
deflectii\g  forces  be  always  directed  to  S,  the  motion  is 
performed  in  one  plane,  in  which  S  is  situated,  and  areas 
are  described  proportional  to  the  times— is  easily  demon- 
strated by  reversing  the  steps  of  thn  demonstratioii. 
The  motion  will  be  in  the  plane  of  the  lines  SB  and  B  e ; 
because  the  diagonal  BC  of  the  par^jeiogram  of  forces 
is  in  the  plane  of  the  sides.  Areas  are  described  propor- 
tional to  the  times;  for  C  c  bein^  parallel  to  SB,  the  tri« 
angles  SCB  and  S  c  B'are  equal  \  an4  therefore  SCB  and 
SAB  ar^  equal,  &c.  &o. 

116.  Cor.  1.  When  a  body  describes  areas  round  3 
proportional  to  the  times,  or  when  it  is  continually  de- 
flected toward  S,  or  acted  on  by  a  transverse  force  di- 
rected to  S,  the  velocities  in  the  different  points  A  and 
E  of  the  curve  are  inversely  proportional  to  the  perpen- 
diculars S  r  and  S  t,  drawn  from  the  centre  of  forces  to 
the  tangents  in  those  points ;  that  b,  to  the  perpendicu- 
lars from  the  centre  on  the  momentary  directions  of  the 
motion:  For  since  the  triangles  ASB,  E5F  are  equal*, 
their  bases  AB,  EF  are  inversely  as  their  altitudes  S  r, 
S  U  But  these  bases,  being  described  in  equal  times,  are 
as  the  velocities ;  and  they  ultimately  coincide  with  the 
tangents  at  A  and  E. 

117.  Cor.  2.  If  B  c  and  F  ■  be  drawn  perpendicular  to. 
SA  and  SE,  we  have  SA,  x  B  «  =  SE  x  F  %  and,  SA :  S£ 
=r  F « :  B  «  :  For  SA  x  B «  is  double  of  the  triangle 
BSA,  and  SE  X  F .  is  double  of  the  equal  triangle  SFE.' 

118.  Cor,  3.  The  angular  velocity  round  S,  that  b,  the 
magnitude  of  the  angle  described  in  equal  times  by  the 

^m|diu8  vector,  is  mversely  proportional  to  i\^  square  ^ 
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the  distaoce  from  S.  For  when  the  ardies  AB,  EF  are 
diminished  contiauailj,  the  perpendiculars  B  «  and  F  • 
will  ultimately  coincide  with  arches  described  round  S 
with  the  radii  SB  and  SF.  Now  the .  magnitude  of  an 
angle  is  proportional  to  the  length  of  the  arch  which 
measures  it  directlj,  and  to  the  radius  of  the  arch  in- 
▼erselj.  In  anj  circle,  an  arch  of  two  inches  long  me»* 
sures  twice  as  manj  degrees  as  an  arch  one  inch  long ; 
and  an  arch. an  inch  long  contains  twice  as  many  degrees 
of  a  circle  whose  radius  is  twice  aa  short.  Therefore,, 
ultimately,  the  angle  ASB  is  to  the  angle  ESF  as  B  «  to 
Fs,  and  as  SF  to  SB  jointly;  that  is,  as  B  «  x  SF  to 
F  i  X  SB.  But  B  «  :  F  •  =:  SE :  SA  {Cwr.  2.).  Therefore 
ASB  }  ESF  =  SE  X  SF  ;  SS  X  SAs  =  ultimately 
SE«  :  SB«, 

This  corollary  gives  us  an  ostensible  mark,  in  many 
very  important  cases,  of  the  action  of  a  deflecting  force 
being  always  directed  to  a  fixed  point.  We  are  often 
able  to  measure  the  angular  motion  when  we  cannot  mea- 
sure the  real  velocities.  ^ 

Having  thus  discovered  the  chief  circumstances  vHiich 
enable  us  to  ascertain  the  direction  of  the  deflecting  forces 
we  proceed  to  investigates  the  quantity  of  this  deflectiTe 
determination  in  the  different  points  of  a  curvilineal  mo- 
tion. This  is  a  more  difficult  task.  The  momentary 
effect  of  the  deflecting  force  is  a  small  deviation  from  the 
tangent ;  and  this  deviation  is  made  with  an  accelerated 
motion.  The  law  of  this  acceleration  regulates  the  cur- 
vature of  the  path,  and  is  to  be  determined  by  it.  We 
may  be  allowed  to  observe  by  the  way,  that  it  appears 
clearly  from  the  form  in  which  Newtou  lias  presented  all 
his  dynamical  theorems,  that  we  are  indebted  to  these 
problems  for  the  immense  improvement  which  he  has« 
made  in  geometry  by  his  invention  of  fluxions.  The 
purposes  he  had  in  view  suggested  to  his  penetrating 
mind  the  means  for  attaining  them ;  and  the  connectioa 
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betWeett  dfttamicB  and  gfaaetiy  is  so  intimate^  thai  tbd 
9am^  theonems  are  in  a  manner  commoo  to  both.  This 
fa  iMTtioularlj  the  oaa^  in  M  that  rtlatea  to  cuiiraturek 
We  bare  aeen  how  the  canratilre  of  a  parabola  is  produ* 
ced  bj  a  force  acting  nntfomllj^  The  namnUaty  action 
of  all  finitfeL  forces  inaj  he  i^ansidered  as  nniform;  and 
therefore  the  curratare  will  be  that  of  som^  portion  of 
some  parabola ;  but  it  will  be  difficult  to  determine  the 
precise  degree  without  some  fisirther  help.  We  are  best 
acquainted  with  the  properties  of  the  circle,  and  will 
have  the  (Clearest  notions  of  the  cunrature  of  other  curtes 
bjr  cotnparing  them  With  circles. 

The  curvature  of  a  circular  arch  of  given  length  is  so 
much  greater  as  its  radius  is  shorter ;  for  it  will  contain 
so  many  more  degrees  in  the  same  length ;  and  therefore 
tho  change  of  dutction  of  its  extremities  is  so  much 
greater.    Curvatures  maj  alwaya  be   measured  by  the 
length  of  the  arch  directly  and  the  radios  inversely. 
.    119.  Suppose  a  thread  nuule  fast  at  one  end  of  a  mate^ 
rial  curve  A  BCD  (fig.  22.)  and  aj^plied  to  it  in  its  whole 
leA^.     Taking  hold  of  its  ^remity  D,  unfold  it  gra- 
dually from  the  curve  DCBA;  the  extremity  D  will  de* 
«€tibe  another  curve  D  c  6  a.     This  geometrical  operation 
is  called  the  svoLUTioif  of  curves^  and  D  c  i  a  is  called 
the  BVOLUTB  of  DCBA)  which  is  called  the  involvtb  of 
a  cb  a.    FerhqM  this  denomination  has  been  given  f|*om 
the  genesis  of  the  area  or  surface  contained  by  the  two 
lines,  which  is  folded  up  and  unfolded  somewhat  like  a 
fan.    When  the  describihg  point  is  in  6,  the  thread  6  B 
iS)  undoubtedly,  the  momentary  radius  of  a  circle  e  bf, 
whose  centre  is  B,  the  point  of  the  involute  which  it  is 
just  going  to  quit.    The  momentary  motion  of  i  is  the 
satne,  whether  it  is  describing  an  arch  of  the  evolute  pass- 
ing through  fr,  or  an  arch  of  a  cirde  round  the  centre  B. 
The  same  line  b  f ,  perpendicular  to  the  thread  b  B,  touches 
the  circle  e  bf  and  the  curve  D  i  a  in  the  point  b.    This 
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circle  t  bfjBfkjiat  lid  within  the  curre  D  i  a  on  the  side  of 
b  B  toward  a;  because  on  this  side  the  momentarj  radius 
if  6oiitima|(y  i«erea4it|g.    For  similar  reasons,  the  circle 
e  b  f  lies  withofit  the  ctlme  on  the  other  side  of  b  B* 
Th^efor^  th^  c^de  c  6/  both  touches  land  cuts  the  curre 
D  &  a  in  4he  point  4«    Moreover,  because  every  portion 
of  the  curve  between  ff  and  D:is  described  with  radii  thai 
are  shorter  than  b  B,  it  must  lip  more  incurvi^d  than  any 
portion  of  the  circle  ^  b./* .  For  simUar  reasons,  everjf 
portion  of  the  curve  betif^n  jfr  and  a  must  be  less  incur- 
vated  than  (bi^  cirple ;  tbfonefurci  the  circle  has  that  prer 
cise  degree  of  curvature  that  belougi  to  the. curve  in  the 
pofa^^;  it  is  ther^ore  galled. the  e^vicurvc  ciacLB,  or 
the  c^acfjs  of  curyatcrk,  and  B  is  called  the  centre,  and 
B  b  the  RAuips  o?  cu^vatvrb.    It  is  easj  to  perceive 
that  no  circle  can  be  described  wiiiohsball  touch  the  curve 
in  k^  and  come  between  it  add  the  circle  cbfi  for  its 
centre  must  be  in  some  po\(it  i  of  the  radius  6  B«    V  i  b 
be  lesp  than  3  ^  it  mu#t  faU  withio  the  curViO  on  both 
aides  of  b^  and  if  i  &  is  greater  UuMt  B  b$  the  durde  must 
fall  without  the  curve  on  both  sides  f  of  B  b.    The  isircte 
€bf  lies  closer  to  the  curve,,  has  closer  contact  with  it, 
than  any  other,,  and  has  therefore  got  the  whimsical  name 
of  oscuLATi  nq  ciacjuB  ;  aAd  this  sort  of  contact  was  caiU 

ed  OSCULATION,  K 

This  view  of  the  genesis  of  curve  lines  is  of  particular 

use  in  dynamical  discussions.    It  exhibits  to  the  eye  the 

perfect  sameness  of  the  momentary  motion,  and  therefore 

of  the  momentary  deflection,  in  the  curve  and  in  the  equl- 

curve  circle,  and  leaves  the  mind  without  a  doubt  but 

timl  the  forces  which  produce  the  one  will  produce  die 

other.    A  great  variety  of  curves  may  be  described  in 

this  way*      If  perpendiculars  be  drawn  to  the  cnrvo 

D  6  a  in  every  point,   they  will   intersect  each  other, 

each  its  immediate  neighbour,  in  the  circumference  .pf 

the  curve  PBA :  and  geometry  teaches  us  how  to  find 
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the  curve  DBA  which  ihaU  produce  the  cfunre  Hbahj 
evolution. 

It  is  a  matter  worthy  of  remark,  that  the  path  of  a  body 
that"  is  deflected  from  rectilineal  motion  by  a  Jinite  force, 
varying  according  to  any  law  whatever^  may  always  be 
described  by  evolution.  This  includes  almost  every  case 
of  the  action  of  deflecting  forces ;  none  being  excepted 
but  when,  by  the  opposite  action  of  different  forces,  the 
tK>dy  is  in  equilibrio  in  one  single  point  of  its  path. 

Our  task  is  now  brought  within  a  very  narrow  compass, 
iian(iely,  to  measure  the  deflection  in  the  arch  of  a  circle. 

Had  the  motion  represented  in  fig.  81.  been  polygonal, 
it  is  plain  that  the  deflecting  force  in  the  point  B  is  to 
that  in  the  point  £  as  thediagenal  B  6  of  the  parallelogram 
ABC  b  to  the  diagonal  £  i  of  the  panJIelpgram  DEF  t ; 
therefore  let  ABCZY  be  a  circle  passing  through  the 
points  Ajt  B,  and  C,  and  lei  the  radius  vector  BS  cut  the 
circumference  in  Z ;  draw  AZ,  CZ,  and  the  diagonal  AO, 
which  necessarily  bisects  and  is  bisected  by  the  diagonal 
B  i.  The  triangles  h  BC  and  CBZ  are  similar ;  for  the 
angle  C  &  B  is  equal  to  the  alternate  angle  A  B6  or  ABZ, 
which  is  equal  to  ACZ,  standing  on  the  same  chord 
AZ.  And  the  angle  CB  6,  or  CBZ,  is  equal  to  CAZ, 
standing  on  the  same  chord  CZ  ;  therefore  the  remaining 
angle  b  CB  is  equal  to  the  remainmg  angle  AZC  ; 
therefore   Z A    is    to   AC    as    BC   ta   B  6,    and    B  6 

ACxBC.     Til.  T?  •_    DF'^EF 

In  like  manner  £  t  ^ 


""      AZ  ^        Em 

Now  let  the  points  A  and  C  continually '  approach, 
and  ultimately  coalesce  with  B ;  it  is  evident  that  the 
circle  ABCZY  is  ultimately  the  equicurve  or  coinci- 
ding circle. at  the  point  B,  and  that  AS  ultimately  coa- 
lesces with,  and  is  equal  to,  BS,  and  that  ACxBC 
is  ultimately  2BC' ;  therefore  ultimately 

Tj  ,     „  .       2BC«     2EF«    ^^  _    BC«  .  EF» 
Bft:E.  =  .^_.:  __,  or=    p^:— . 
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Now  BG  and  EF,  heing  described  in  equal  times,  are 
as  th^  velocities .  B  b  and  £  t  are  the  measures  of  the 
TelocHies  which  the  deflective  forces  at  B  and  E  would 
generate  in  the  time  that  the  body  describes  BC  or  EF, 
and  are  therefore  the  measures  of  those  forces,  Tkey  are 
Q9  ike  iquares  of  t^e  velocities  directlyy  amd  inversely  as  those 
chords  of  the  equicurve  circles  whieh  have  the  directions  of  the 
de/kctum. 

Observe,  that  B  &  or  £  t  is  the  third  proportional  W 
half  of  the  chord  and  the  arch  described ;  for   . 

B6:BC  =  BC:  ^. 

It  is  evident,  that  as  the  arches  AB,  BC,  continvaRy 
diminish,  AC  is  ultimatefy  parallel  to  the  tangent  B  ry 
and  BO  is  equal  to  the  actual  deflection  from  the  tan- 
gent.   The  triangles  BOC  and  ADZ  are  similar,  and 

OC'  BC 

BQ  =  TT^,   or  ultimately  =  ^^^.   We  may  measure 
Uiu  BZ 

the  forces  by  the  actual  deflections,  because  they,  are  the 
halves  of  the  measures  of  the  generated  velocities;  and 
we  may  say  that 
120.  The  actual  numentary  dejkction  from  the  tangent  is  a 

third  proportional  to  the  deflective  chord  of  the  ejuicurve 

circle  and  the  arch  described  during  the  moment. 

Either  of  these  measures  may  be  taken,  but  we  must 
take  care  not  to  confound  them.  The  first  is  the  most 
proper,  because  the  change  produced  on  the  body  (which 
is  the  immediate  effect  and  measure  of  the  force)  is  the  de* 
termination,  left  inherent  in  it,  to  move  with  a  certain  vt* 
lodty.  This  is  the  measure  also  which  we  obtain  by 
means  of  the  differential  or  fluxionary  calculus ;  but  the 
other  measure  must  be  obtained  when  our  immediate  ob* 
ject  is  to  mark  the  actual  path  of  the  body. 

Thus  have  we  obtained  a  measure  of  deflecting  force, 
and,  in  the  most  important  cases,  a  method  of  discovering 
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iU  direcUon.  It  only  remains  to  ,poiiit  out  the  rdation 
between  the  intensity  of  the  force,  the  curvature  of  the 
path,  and  the  velocity  of  the  motion.  These  three  cir- 
^imstances  have  a  necessary  connection ;  for  we  see  that 
the  intensity  is  eaqpressed  by  certain  values  of  the  other 

two  in  the  formuk  /  ±q     (;honl^  ^'  /  =     gjg    »  The 

deflective  velocity  B6  is  acquired  in  the  time  that  the 
body  describes  BC ;  therefore  the  deflective  velocity  is  to 
the  velocity  in  the  curve  as  B  &  to  BC.  The  velocity  fi  b 
is  acquired  by  an  accelerated  motion  along  BO ;  for  while, 
by  progressive  motion,  the  body  describes  BC,  it  deflects 
from  the  tangent  through  a  space  eq^ual  to  the  half  of  B  &, 
because  the  momentary  action  of  the  deflecting  force  may 
be  considered  as  uniform.  The  progressive  velocity  BC 
Qiay  be  generated  by  the  same  force,  uniformly  acting 
through  a  space  greater  than  BC ;  call  this  space  x.  Th^ 
spaces  along  which  a  body  must  be  uniformly  impelled  in 
order  to  acquire  difierent  velocities,  are  as  the  squares  of 
those  velocities ;  therefore  B  b*  :  BC  =  B  o  :  x ;  but 
B  i  :  BC  =  BC  :  J.BZ;  therefore  B 6* :  BC*  =  B  6 :  J  BZ, 
and  Bi  :  i  BZ  ==  Bo  :  «,  and  B 6  :  Bo  =:  ^  BZ  :  x;  but 
B  o  is  4  of  B  6;  therefore  «  b  ^  of  BZ ;  that  is, 

121.  The  vdocity  in  am/  point  of  a  curvilineal  palh^  ia  that 
which  the  defiling  forcet  in  that  paint  would  gemrate  in  the 
body  bjf  impelling  it  uniformly  alon^  one  fourth  part  of  the 
deflective  chord  of  the  equicurte  circlL  If  the  velocity  in- 
craase,  the  chord  of  the  equicurve  circle  must  increase ; 
that  is,  the  path  becomes  less  incurvated.  If  the  force  be 
increased,  the  curvature  wiU  also  increase,  for  the  chord 
of  curvature  will  be  less^ 

There  U  another  general  observation  to  be  made  on  the 
velocity  of  a  curvilineal  motion,  which  greatly  assists  us 
in  onr  investtga^ioDs. 


> 
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I32k  If  a  My  de$criBe9  a  curve  by  tke  aetiom  of  a  force^ 
always  directed  to  a  fixed  pointy  emd  vatying  mccmding  io  <ng^ 
froponinn  wkaiever  of  the  diitanecB  frum  that  point j  and  if 
anoiker  iody^  acted  mlytke  iome  eeniripetal  forccj  move  iom> 
ward  the  centre  in  a  straight  line^  and  if  in  any  one  ease  of 
iqwd  distancee  from  the  centre  iff  f&rce  the  two  bodin  have 
cjmt  velocitiee^  they  will  haoe  equal  oelodtiee  in  every  other 
ceke  of  equal  duiamee  from  the  centre. 

Let  one  bddy  be  impelled  from  A  (fig.  23.)  toward  O 
dong  the  straiglit  line  A VDEC,  and  let  another  be  de^ 
fleeted  along  tlie  curve  line  VIKA:.  About  the  centre 
C  describe  concentric  archee  ID,  KE,  very  near  to  each 
other,  and  cutting  the  curve  in  I  and  K,  and  the  line  AC 
ill  D  and  E ;  draw  IC,  icntting  KE  in  N,  and  draw  NT 
perpendicular  to  the  arch  IK'of  the  curve,  and  oomi^ett 
Ae  paralleiogram  ITNO.  Let  the  bodies  be  supposed  to 
kave  equal  velocities  at  T  and  at  D. 

Then,  because  the  centripetal  forces  are  supposed  to  bt 
tlie^me  for  both  bodies  when  thejr  are  at  equal  dis^ 
tances,  the  accelerating  forces  at  D  and  I  maj  be  repre* 
aented  bj  the  equal  lines  DB  and  IN ;  but  the  force  IN. 
is  not  whoHj  employed  in  accelerating  the  bodj  along  the 
ffich  IK,  but,  acting  transversely,  it  is  paKlj  employed  in 
incurvating  the  path.  It  is  equivalent  to  the  two  forces 
10  and  IT  of  which  only  IT  accelerates  the  body.  No«r 
IKN  is  a  right-angled  triangle,  as  is  also  the  triangle  INT ; 
and  they  are  similar;  therefore  IN  :  IT  :=  IK  :  IN,  or 
BE :  IT=IK :  DE;  that  is,  the  force  which  accelerates  the 
body  along  PE  i^  to  the  force  which  accelerates  thebody 
along  IK  as  the  space  IK  is  to  the  space  DE ;  therefore 
(No.  8€.)  the  increment  of  the  square  of  the  velocity  ac- 
quired along  DE  is  equal  to  the  increment  of  the  square  <rf 
the  velocity  acquired  along  IK.  But  the  velocities  at  B 
and  I  were  equal,  and  consequently  their  squares  were 
equal ;  and  these  having  received  equal  increments,  there- 
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fore  the  squares  of  the  velocities  at  E  and  K  are  equal,  and 
llie  Teloctties  themselTes  are  equal.  And  since  this  is  the 
case  in  all  the  corresponding  points  (tf  the  line  AC  and  the 
ourve  VIE[«  the  velocities  at  all  equal  distances  from  C  will 
be  equal. 

'  It  b  evident  that  the  conclusion  will  be  the  same,  if 
the  bodies,  instead  of  being  accelerated  by  approaching 
the  centre  in  the  straight  line  AC,  and  in  the  curve  VIK, 
are  moving  in  Uie  opposite  directions  from  £  to  A,  or 
fiom  I  to  V^  and  are  therefore  retarded  by  the  centripetal 

forces 

123.  Cinn  Hence  it  follows^  that  if  a  body  be  projected 
frdm  afiy  poimtf  such  as  V,  of  the  curve,  in  a  line  tending 
atraight  from  the  centre^  with  thf  velocity  which  it  had  in 
that  point  of  the  curve^  it  would  go  to  a  distance  VA,  such, 
that  if  it  were  impelled  along  AV  by  the  centripetal  force^ 
it  would  acquire  its  former  velocity  in  the  point  V ;  also 
in  any  point  between  V  and  A  it  will  have  the  same  velo- 
city in  ita  recess  from  the  centre  that  it  has  there  in  its 
ajqproach  to  the  centre^ 

The  line  BLFG,  whose  ordinates  are  as  the  intensities 
of  the  centripetal  force  in  A,  V,  D,  £,  or  in  A,  V,  I,  E, 
may  be  called  the  scale  or  expombnt  of  force;  the  areas 
bounded  by  the  ordinates  ABj  VL,  DF,  EG,  &c.  drawn 
from  any  twor  points  of  the  axis,  are  as  the  squares,  of  the 
velocity  acquired  by  acceleration  along  the  intercepted 
•part  of  the  axis,  or  in  any  curvilineal  path,  while  the  liody 
approaches  the  centre,  or  which  are  lost  while  the  body 
retires  from  it.  When  we  can  compute  these  are^  we 
■obtain  the  velocities  (see  No.  102.) 

We  are  now  in  a  condition  to  solve  the  chief  problem 
in  the  science  of  dynamics,  to  which  the  whole  of  it  is,  in 
a  great  measure,  subservient     The  problem  is  this. 

Let  a  body  be  projected  with  a  known  velocity  from  a 
given  point  and  in  a  given  direction,  and  let  it  be  under 
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the  influence  of  a  mechanical  force,  Whose  direction,  in- 
tensitj,  and  variation,  are  all  known :  it  is  required  to  de« 
termine  its  path,  and  its  motion  in  this  path,  for  any  given 
time? 

124.  This  problem  is  susceptible  of  three  distinct  classes 
of  conditions,  vrhich  require  a  different  investigation. 

1.  The  force  may  act  in  one  constant  direction ;  that 
is,  in  parallel  lines. 

2.  The  force  may  be  always  directed  to  a  fijced  point 
S.  It  may  be  directed  to  a  point  which  is  continually 

changing  its  place. 

.  Isf,  When  the  force  acts  in  parallel  lines,  the  problem  is 
aolved  by  compounding  the  rectilineal  accelerated  motion 
which  the  force  would  produce  in  its  own  direction  with 
the  uniform  motion  which  the  projection  alone  would 
liave  produced.  The  motion  must  be  curvilineal,  when 
the  accelerating  force  is  transverse,  in  any  degree  what- 
ever, to  the  projectile  motion ;  and  the  curvilineal  path 
'must  be  concave  on  that  side  to  which  the  deflecting  force 
tends  ;  for  the  force  is  supposed  to  act  incessantly.  The 
place  of  the  body  will  be  had  for  any  time,  by  finding 
where  the  body  would  have  been  at  the  end  of  that  time 
by  each  force  acting  alone,  and  by  completing  the  paral- 
lelogram. Thus,  suppose  a  body  projected  along  AB 
(fig.  20.)  while  it  is  continually  acted  on  by  a  force  whose 
direction  is  AD.  Let  D  and  B  be  the  places  where  the 
body  would  be  at  the  end  of  a  given  time.  Then  the 
body  will,  at  the  end  of  that  time,  l>e  in  F,  the  oppo- 
site angle  of  the  parallelogram  ABFD.  But  it  has  not 
described  the  diagonal  AF,  because  its  motion  has  been 
curvilineal,  as  we  shall  find  by  determining  its  place  at 
other  instants  of  this  time. 

The  velocity  in  any  point  F  is  found  by  first  determin- 
ing the  velocity  at  D,  and  making  DT  to'  DF  as  the  ve- 
locity at  D  to  the  velocity  at  B  (that  is,  the  velocity  of 
projection^  because  the  motion  along  AB  is  uniform.^ 
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TiiendrawTF.  Then  AB 10  to  TF  as  tke  eoDfteat  ▼«» 
lodtj  of  projection  to  the  velodtj  at  F.  Wo  kare 
already  (No«  112—11 9.)  that  Tt^ik  a  tangntto  the 
in  F.  Hence  we  may  determine  the  Teloeitj  at  F  in  aft* 
atlier  waj.  HaTiog  detehnmed  the  fbrm  of  the  path  in 
the  wajr  already  deterihed,  by  finding  its  diflaroU:  points, 
Araw  the  tangent  F  i^  cutting  the  liae  DA  in  dL  Then 
the  velociiy  at  A  is  to  that  at  F  as  AB  to  d  F.  Henee 
also  we  see,  that  therdocities  in  erery  point  of  the  cure 
are  proportional  to  the  portion  of  the  tangents  at  those 
points  which  are  intercepted  between  any  two  lioas  paraU 
leltoAD* 

Either  of  these  methods  for  ascertaiidng  the  Telocity, 
in  this  CMS  of  parallel  deflections,  will  in  genend  be 
easier  than  the  general  method  in  No.  181.  by  the  eqoi- 
cnnre  cirde* 

It  was  thus  that  Galileo  diseoTerrd  the  peraboiic  mo- 
tion of  heavy  bodies. 

2i.  We  idust  consider  the  motions  of  bodies  afibcted 
by  centripetal  or  centrifugal  forces,  always  tending  to 
one  fixed  point  This  is  the  celebrated  taaerse  prAkm  f>f 
centripetal  forces  J  and  is  the  42d  proposition  of  the  first 
4iook  of  Newton^s  Frindpia,  We  shall  gire  the  solution 
after  the  manner  of  its  iilustrions  author ;  because  it  is 
demeiftary,  in  the  purest  sense  of  the  word,  keeping  in 
view  the  two  leading  ctrcamstances,  and  these  only,  name- 
ly, the  motion  of  approach  and  recess  from  the  centre, 
and  the  motion  of  revolutioii.  By  this  judicious  process, 
it  becmnes  a  pattern  by  which  more  refined,  and,  in 
some  respects,  better  solutions  should  be  modelled.  At 
the  same  time  we  shall  supply  scmie  steps  of  the  in- 
vestigation which  his  elegant  -condseness  has  made  him 
omit. 

185.  Let  a  body,  which  tends  to  C  (fig.  24)  with  a 
force  proportioaal  to  the  ordinates  of  the  exponent  BLFG, 
having  the  axis  CA,  be  projected  firom  V  in  the  directicfi 
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VQt  witih  40  velocity  wbicb  t)ie  ^^ntripet^l  (Sgirce  wqvM 
g^nefgt^  19  it  by  ai^kruUpg  H  along  ^V.  It  is  r^quir^ 
to  determine  the  path  or  orbit  VtJ^  of  the  }^dji  ^od  it9 
f\ac9  )  ijB  tbU  orbit,  9^  the  eivd  (Jif  th^  ^gl^  tip^?  T  ? 

$im^pQ««  il)^  thipg  dcMif ,  und  th^t  t  if  tha  |4^|p^  of  (bt 
body,  Abp^t  th^  cefitrp  C,  with  f^e  di^t^mi^  CV  i^p4 
CI,  d«wril¥5  l^e  circ|e3  W  nqd  ID.  ©rw  CIX  tq  tb€ 
circumference,  and  draw  the  ordinate  DF  of  (l^tt  ^p(M|iW| 
of  forc^  producing  it  tpward  Xj  and  produce  the  Pidi- 
nate  VL  tov^ard  a.  Let  V  f  be  the  distance  to  which  the 
.body  wQuld  gp  ^loiig  the  t9Qgent  VQ  in  the  tiai9  T,  an^ 
join  t  C.  liet  this  be  supposed  done  for  every  poial  of 
th^  curve.  Let  a  ik  aad  a»^  he  two  curves  sp  related 
to  the. curve  VIK,  that  the  ordinate  DF  cuts  off  an  9rea 
\aiD  equal  to  the  orbital  sector  VCI,  and  an  area  V  a xD 
equal  to  the  circular  sector  VCX. 

Then,  biecause  the  velocity  of  projection  is  given,  the 
distance  V  t  is  known,  and  the  afea  of  the  triangle  YQ  f. 
But  this  is  equal  to  the  area  VCI,  by  tb^  Uws  of  (:entr|U 
forces  (No.  115,)  Therefore  tl^e  ^re^  Vat  I)  i#  giv^. 
Also)  because  the  ai*ea  VCI  inpreases  in  th<p  proportion  of 
the  tim^y  the  area  V  a  t  I)  increase  at  thf  sorne  r^itfL 
Therefore,  having  these  subsidiary  curves  (it /:,  axy^  th^ 
problem  is  solved  ^s  follows : 

Draw  an  ordinate  D  t,  Cutting  off  an  area  V  a  i  D  prQ» 
portional  to  the  time,  and  describe  a  circle  DIR.  Theyi 
draw  a  line  CX,  cutting  pfT  a  sector  VCX,  equal  to  the 
area  Vax  D  ctit  off  by  the  ordinate  Hix.  This  line  will 
cut  the  circle  DR  in  the  point  I»  whicl)  is  the  point  of 
the  orbit  that  was  demanded. 

But  the  chief  difficulty  of  the  problem  consists  in  the 
description  of  the  two  subsidiary  curves  a t&  and  axy^ 
into  which  the  lines  V|K  and  VXY  ai#  tr^msformed. 
We  attain  this  construction  by  resolving  the  motion  in  the 
arch  of  the  orbit  into  two  motions^  on^  of  which  is  ii\ 

VOL.  I.  K 
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the  direction  of  the^ansverse  force,  or  of  the  fadios  vec- 
tor, and  the  other  is  in  the  direction  of  revolution,  or 
perpendicular  to  the  radius. 

Let  V  k  and  IK  be  two  very  small  arches  described  in 
equal  moments,  and  therefore  ultimately  in  the  ratio  of 
the  velocities  in  V  and  I  (No.  73.)  Describe  the  circle 
KE,  cutting  IC  in  N.  Draw  EC  and  k  C,  -and  k  n  per- 
pendicular to  VC. 

The  element  ICK  of  the  orbit  is  =: 5 ,  or  to 

^  IC  X  KN.     This  is  equal  to  the  element  D  t  X:  E  of  the 

area  V  a  t  D,  or  to  D  t  x  DE,  or  to  D  t  x  IN.     There- 

fore  IN  :  KN  =  i  IC  :  D  t,  or  2  IN  ;  KN  =:  IC  :  D  i*, 

.^  .      IC  -.KN 

and  D  t  :=: . 

2  IN 

Now  let  A  Ifg  be  the  exponent  of  the  relodties,  that  is 

(N»  86,),  let  V  f  be  to  D/«  as  ABLY  to  ABFD,  or 

Vl:I)f^  /ABLV  :  /ABFD.  Make  V »  and  1 1  in 
the  tangents  respectively  equal  to  V  /  and  D^  Draw  v  u 
and  to  perpendicular  to  VC  and  IC,  and  v  m  perpendicular 
to  LV  produced.  Let  mrz  be  an  equilateral  hyperbola, 
having  VC,  ZC,  for  its  asymptotes,  and  cutting  FD  pro- 
duced in  r.  Then  the  ordinates  V  m,  D  r,  are  inversely 
proportional  to  CV,  CD,  or  V  m  :  D  r  =  CD  :  CV,  = 
CI  :  CV.  But  because  the  momentary  sectors  VC  k  and 
ICK  are  equal,  in  :  KN  =  CI :  CV,     Therefore, 

Vm:  Dr  =  A-n:  KN 
but  Vt?:V»i=:V/r:^ii 

and  1 1  (or  D/)  :  V  c  =  IK  :  V  *: 

therefore      It:Dr  =  lK:KN 
but  I  t  :  t  0  =   IK  :  KN,  by  similar  triangles. 

Therefore  D  r  =  1  o,  and  t  0  :  V  m  =  VC  :  CI, 
Also,  by  *nilarity  of  triangles,  I  0  :  1 0  z=  IN  :  KN, 
and  2  lo:  10  =  2  IN:  KN. 

Now  it  was  shewn,  that  in  order  that  the  space  DikH 
may  be  equal  to  the  space  ICK,  we  must  have 
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2IN:KN=:IC:Dt 
or  2  I  o:  t*o=  IC  :  Di 

but  to:V»i  =  VC:IC 

'  thertfbre  2  I  o  :  V  m  =  VC !  D  t 

*ts-       VCxVm 
and  D  t  z=  — ^-^ • 

Having  obtained  Dt,  wb  easily  get  H  x;  for  the  ulti-»^ 
mate  ratio  of  tCK  to  XC  Y  is  that  of  IC*  to  \C\  There- 
fore make 

ICM  VC«=:Di:Dx. 

Thus  are  the  points  of  the  two  subsidiarj  curves  a  i  k, 
axy^  determined. 

'  The  rectangle  VCxV  m  is  a  constant  magnitude ;  and  is 
given  because  VC  is  given,  and  V  m  is  the  given  velocity 
V  ly  diminished  in  the  ratio  of  radius  to  the  sine  of  the 
given  angle  CVQ. 

But  the  line  2  I  o  is  of  variable  magnitude,  but  it  is  also 
given,  by  means  of  known  quantities.   I  o*  is  =  1 1*  —  to-, 

—  Tip  —  D  r%  and  I  o  =  /D/«  —  D  r\  Moreover, 
D/*  =  ABFD,  and  D  r"  =  I^'^J^.       Therefore 

Zlo  ^=2    I  ABFD  ••— Yp^ ,  expressed  in  known 

quantities,  because  ABFD  is  known  from  the  nature  of 
the  centripetal  force. 

Let  the  indeterminate  distance  CI  or  CD  be  =:  x,  and 
let  the  ordinate  DF,  expressing  the  force,  be  ,y.  Let  VC 
be  a,  and  V  m  be  c,  and  let  a  i  be  a  rectangle  equal  to  the 
whole  area  of  the  exponent  of  forces  lying  between  the  or* 

dinate  AB  and  the  ordinate  CZ,  so  that  a  b  — fy  x  may 
represent  the  indeterminate  area  ABFD. 

We  have  D  t  = 


2jab^fyx ~_ 


and  D  jr  = 


a'  c 


"     ^^'^ai-/^' 


a"  c" 

x' 
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Remark.  We  have  hitherto  ^supposed  that  the  velocity 
of  projection  is  acquired  bjr  acceleration  along  AV.  But 
this  was  merely  for  greater  simplicitj  of  argument,  and 
that  the  final  values  of  D  t  and  D  x  might  be  easier  oon« 
ceived.  In  whatever  waj  the  velocity  ia  acquired,  it  will 
still  be  true,  that  when  in  any  point  V  we  m^e  V  2  to  V  m 
as  the  momentary  increment  Wk  of  the  arch  is  to  the 
{Perpendicular  k  n  on  the  radius  vector,  ,we  shall  have  in 
every  other  point,  such  as  I,  the  line  D/  to  the  line  D  r 
as  the  increment  IK  of  the  arch  to  KN.  And  in  the  final 

equation  D/will  still  be  expressed  by  ^ ab  —  /vi. 

196.  Cor.  1.  The  angle  which  the  path  of  the  projectile 

make»  with  the  radius  vector  is  determined  by  this  solu- 

tioD ;  for  1 1  u  to  to  13  radios  to  the  siae  of  this  angle; 

ac 
which  sine  is  therefore  =  ^  y-r — ^  ^     '  • 

187.  Cor.  2.  When  the  magnitude  — -  is  ^qual  to 
|/a6  —  fyi  the  path  is  peipendicHlar  to  the  radius  vec- 
tor, and  the  body  is  a  tone  of  the  apsides  of  its  orbit,  and 
begins  to  recede  from  the  centre  after  having  approached 
to  it,  or  begins  to  approach  after  having  receded. 

128.  Cor.  3.  The  curvature  of  the  orbit  VIE  is  also 
determined  in  every  point ;  for  the  curvature  of  any  line 
is  inversely  as  the  radius  of  the  equicurve  circle,  and  this 
is  to  the  chord  which  passes  throngh  C  aa  radius  to  the 
sine  of  the  angle  CI  t.    Because  the  velocity  in  any  point 

I  is  =  VABFD,  and  is  equal  to  what  the  centripetal  force 
at  I  would  produce,  by  impeliing  the  body  alottg  |th  of  the 
deflective  chord  of  the  equicurve  circle,  we  have  this  chord 

ABPD 
=:  4  — j^p — .     Or  we  obtain  ^t  by  taking  a  third  propor- 
tional to  the  momentary  deflection  and  the  momentary 
arch  of  the  curve,  or  by  other  processes  of  the  higher 
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geometrjy  all  proceeding  on  the  quantttiet  fumished  in 
this  investigation. 

129.  Such  is  the  solution  of  this  celebrated  problem 
given  Jij  Newton,  who  may  justlj  be  called  the  inventor 
of  the  science  of  which  it  is  the  chief  result,  as  well  as  of 
the  geometry,  by  help  of  which  it  is  prosecuted.  We 
cannot  give  this  glory  to  Galileo ;  for  his  simple  problem 
of  the  motion  of  bodies  affected  by  uniform  and  parallel 
gravity^  however  just  and  elegant  his  solution  may  be^. 
was  peculiar ;  and  the  same  must  be  said  of  Huyghens^t 
doctrine  of  centrifugal  forces.  Besides,  these  theorems 
bad  been  investigated  by  Newton  several  years  before,  as 
corollaries  which  he  could  not  pass  unnoticed,  from  his 
general  method.  This  is  proved  by  letters  from  Huyghens. 

130.  Whether  we  consider  this  problem  as  a  piece  of 
mere  mathematical  speculation,  or  attend  to  its  conse- 
quences,  which  include  the  whole  of  the  celestial  motions 
in  all  their  extent  and  complication,  we  must  allow  it  to 
be  highly  interesting,  and  likely  to  engage  much  attention 
in  the  period  of  ardent  inquiry  which  closed  the  last  cen- 
tury. Accordingly,  it  was  no  sooner  known,  by  the  publi- 
cation of  the  Mathematical  Principks  of  Natural  PkUotapkgf 
in  1686,  than  it  occupied  the  talents  of  the  most  eminent 
mathematicians ;  and  many  solutions  were  published,  some 
of  which  differ  considerably  from  Newton^s;  some  are 
more  expeditious,  and  better  fitted  for  computation.  Of 
these,  the  most  remarkable  for  originality  and  ingenuity 

-are  those  of  de  Moivre,  Hermann,  Eeill,  and  Stewart. 
The  last  differs  most  from  the  methods  pursued  by  others. 
M^Laurin'^s  propositions  on  this  subject,  and  in  that  part 
of  his  fluxions  which  treats  of  curvature,  are  highly  va^ 
luable,  classing  the  chief  affections  of  curvilineal  motions 
geometrically,  as  they  are  suggested  by  the  fluxionary 
method ;  and  then  shewing,  in  a  very  instructive  manner, 
the  connection  between  these  mathematical  affections  of 
motion  and  the  powers  of  nature  which  produce  them^ 
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This  part  of  hfs  excellent  work  is  a  fine  example  of  (be 
real  nature  of  all  inquiries  in  dynamics ;  shewing  that  it 
differs  from  geometry  little  more  than  in  the  language,  in 
which  the  word  Jvtce  is  substituted  for  wxeltrationy  rttar^ 
datum^  or  dtfiedion.  We  recommend  the  careful  perusal 
of  these  propositions  to  all  who  wish  to  have  clear  cour 
ceptioDs  of  the  subject.  Dr  John  Keill  and  Dr  Horsley 
(bishop  of  Bochester)  have  given  particular  treatises  on  the 
motions  of  bodies  deflected  by  centripetal  ibrces  inversely 
proportional  to  the  cubes  of  the  distances ;  induced  by  the 
singular  motions,  which  result  from  this  law  of  action,  and 
the  multitude  of  beautiful  propositions  which  they  suggestto 
the  mathematician.  Newton,  indeed,  first  perceived  both 
of  Uiese  peculiarities,  and  has  begun  this  branch  of  the 
genera]  problem.  He  first  demonstrated  the  description 
of  the  logarithmic  and  hyperbolic  spirals,  and  indicated  n 
variety  of  curious  recurring  elliptical  spirals,  whigh  would 
be  described  by  means  of  this  force,  and  shewing  that 
they  «re  all  susceptible  of  accurate  quadrature.  Several 
of  those  authors  affect  to  consider  their  solutions  as  more 
perfect  than  Newton'^s,  and  as  more  immediately  indicating 
the  remarkable  properties  of  such  motions ;  and  also  af- 
fect to  have  deduced  them  from  different  and.  original 
principles.  But  we  cannot  help  saying,  that  their  claims 
to  superiority  are  very  ill  founded ;  there  is  not  a  prin- 
ciple made  use  of  in  their  solutions  which  was  not  poiuted 
out  by  Newton,  and  employed  by  him^  The  appearance 
of  originality  arises  from  their  having  taken  a  niore  parti- 
cular concern  in  some  general  property  of  curvilineal  mo- 
tions ;  such  as  the  curvature,  the  centrifuj^al  force,  &c. 
and  the  making  that  the  leading  >step  of  their  process. 
But  Newton^s  is  still  the  best ;  because  it  is  strictly  ele- 
mentary, aiming  at  the  two  leading  circumstances,  the 
motion  to  or  from  the  centre,  and  the  motion  of  revolu- 
tion round  that  centre.  To  these  two  purposes  he  adapit^. 
.  cd  his  two  subsidiary  curves. 
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131.  Is  it  not  surprising,  that  25  years  after  the  publica- 
tion of  Nevirton's  Principia^  a  mathematician  on  the 
continent  should  publish  a  solution  in  the  Memoirs  of 
the  French  Academy,  and  boast  that  he  had  given  the 
first  demonstration  of  it  ?  Yet  John  Bernoulli  did  this 
in  1710.  Is  it  not  more  remarkable  that  this  should 
be  pirecisely  the  solution  given  by  Newton,  beginning 
from  the  same  theorem,  the  40th.  I.  Prin.  following  New- 
ton in  every  step,  and  using  the  same  subsidiary  lines? 
Yet  so  it  is.    Bernoulli  actually  reduces  the  whole  to 

.ac  * 

two  functions ;  namely,    /  ab^^Jp  x  —  —^  and 


or  c 


J 


a  b  X* —  rp  x*x — d'c'x^ 


which  last  is ,  plainly   the 


Q  X  CX« 
same, with  Newton s  ^W  ABDk'  —  Z^'  because  New- 

ton's^  is  the  same  with —  and  Newton's  A  VABFD— Z« 

A  X 

is  the  same  with  x^I  a  b  -^f^  ^ — Q^  c*,  which  Bemoul- 

II  has  changed  into    I  abx^  — jp  jc*  x  —  a^  c"  x*. 

Bernoulli's  chief  boast  in  this  dissertation  is,  that  now 
philosophers  may  be  assured  that  the  planets  will  always 
describe  conic  sections  ;  a  truth  of  which  they  had  not  as 

• 

yet  received  any  proof;  because,  says  he,  Newton's  argu- 
ment for  it  in  the  corollary  of  the  13th  proposition  is  in- 
conclusive, and  because  he  had  not  been  able  to  accommo- 
date his  demonstration  of  the  41st  and  42d  proposition  to 
the  particular  case  of  the  planetary  gravitation.  New- 
ton's demonstration  in  the  corollary  of  the  13th  proposi- 
jtion  is  just,  founded  on  the  principle  on  which  the  very  de- 
monstration of  the  42d,  adopted  by  Bernoulli,  proceeds. 
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and  without  which  that  ddtinnMtration  iiof  do  force;  liAtne- 
ly,  that  a  body^  in  given  teircumstances  of  situation)  veio- 
ciiy^  direction^  tad  centripetal  force,  cifn  de«rrii>e  no  otiier 
figtire  than  what  it  really  describes.  Newton  did  not  ac» 
coiklniodate  the  dennmstratian  t>f  the  4Sd  pfoparition  to 
l}ie  planetailry  motions,  because  he  had  Alcfadj  demon- 
strafed  the  natfire  df  their  orbits ;  but  mentions  the  case 
of  a  force  proporti^al  to  the  r^iprocal  of  the  xMieA  of 
the  distance ;  not  as  a  deductbn  from  the  42d»  but  be* 
ciiusfe  it  ira»  ifot  n,  deduction  from  ii,  affd  admitted  t>f  a  v^ 
singular  and  beautiful  investigation  by  methods  totally  and 
essentially  different 

1^2.  it  cannot  be  expected  that  we  clin  prdiceed  fd 
consider  the  various  departments  of  this  celebrated  pro- 
titem.  W^  are  only  giving  th^  outlines  of  the  general 
doctrines  of  dynamics ;  and  we  haye  bestow^  more  time 
on  those  which  are  pilr^ly  elementary  than  some  readers; 
may  ttAnfk  they  deserve.  We  were  anlcious  to  give  just 
conceptions  of  the  fundamental  jirinciples  of  dynamics ; 
because  we  know  that  nothing  elie  can  entitle  it  to  thfe 
name  of  a  demonstrative  science,  and  because  we  see 
much  indistinctness  and  uncertainty,  and  a  general  vague- 
ness or  want  of  precision^  in  several  elementary  works 
which  are  put  into  the  hands  of  persons  entering  on  the 
stydy*  This  leads  to  errors  of  more  consequence  than 
a  person  is  apt  to  think ;  because  they  aflF^t  our  lead- 
ing thoughts  of  mechanism  itself,  and  our  notions  of  the 
intimate  nature  of  the  visible  universe. 

133.  Many  very  general  doctrines  of  dynamics  remain 
untouched ;  all,  nkm^ly,  that  relate  to  the  rotative  mo- 
tion of  rigid  bodies,  and  all  that  relate  to  the  mutual 
action  6f  bodies  on  each  other  in  the  way  of  impulse. 
These  subjects  will  be  resumed  in  another  part  of  this 
w'oi'k. 

Notwithstanding  these  omissions,  we  must  observe 
thtt  no  new  principle  remains  to  be  considered.    We 
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have  gtren  all  that  are  necessary ;  and  there  is  no  ques* 
tion  that  <Hxim  ifei  the  tasea  omitted,  which  cannot  be 
complelrij  answer^  by  means  of  the  propoaitions  al- 
ready estabUihcd.  We  have  taught  how  to  diseover  the 
existence  and  agendy  of  k  mechanical  fofce,  to  measii|« 
and  characterise  it,  and  then  to  slate  what  will  be  its 
▼arioQB  effects,  according  to  the  circumstances  of  thd 
case. 

134.  Proceeding  by  these  principles,  men  bate  discovered 
an  universal  fact,  that  every  jicrkon  of  one  body  on  another 
is  accompanied  by  ap  equal  RftActioit  of  that  Other  ott 
the  first,  in  the  opposite  direction ;  that  is,  to  espreis  it 
in  the  language  of  dynamics,  **  ail  the  phenomena  which 
^  make  us  infer  that  the  body  A  possesses  a  force  by 
**  which  it  changes  the  motion  of  the  body  B,  shew,  at 
'<  the  same  time,  that  B  possesses  a  force  by-  which  it 
**  makes  an  equal  and  opposite  alteration  in  the  motion 
<<  of  A.^     This,  however,  is  not  a  doctrine  of  abstract 
dynamics :  it  de^  not  flow  from  our  idea  of  force ;  there^ 
fore  it  was  not  included  in  our  Ibt  of  the  laws  or  mo<- 
TiON.    It  is  a  part  of  the  mechanical  history  of  nature, 
just  as  the  law  of  universal  gravitation  is ;  and  tl  might  be  . 
called  the  law  of  uaiviksAL  reaction.    Newton  has,  in  oiilp 
apprehension,  deviated  from  his  accustomed  logical  aocu« 
racy,  when  he  admits,  as  a  third  axiom  or  law  of  motion, 
that  resvtion  is  always  equal  and  contrary  to  action.     It 
is  a  physical  law,  in  as  far  as  it  is  ifb§€roed  to  obtain 
through  the  whole  extent  of  the  solar  system.    But  New- 
ton himself  did  not,  in  the  subsequent  part  of  his  work, 
treat  it  as  a  logical  axiom ;  that  is,  as  a  law  of  human 
thought  with  respect  to  mc^ion :  for  he  labours  to  prove, 
hyfaict  and  obMrvalion^  that  it  really  obtains  through  the 
whole  extent  of  the  solar  system ;  and  it  is  in  this  disco- 
very that  his  chief  claim  to  unequalled  penetration  and 
discernment  appears. 

135.  Availing  ourselves  of  this  fact,  we,  with  v^ry  little 
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trouble,  sUte  all  the  lavs  of  impulsion.  Tlie  bod^r  A, 
for  exsmple,  moviog  to  the  westward  at  the- rate  or  eight 
feet  per  jninute,  overtake*  the  double  body  B,  moving  at 
the  rate  of  four  feet  per  minute.  What  must  be  the  con- 
■equeuce  of  their  mutual  impenetrability,  and  of  the  equa- 
lity and  contrariety  of  acUon  and  reaction  ?  Their  mo- 
tions ^ust  be  such  that  both  sustain  equd  and  opposite 
changes.  They  must  give,  in  some  way  or  other,  this 
indication  of  possessing  equal  and  opposite  forces.  This 
will  be  the  case  if,  when  the  changes  are  completed,  A 
and  B  more  on  in  contact  at  the  rate  of  four  feet  per 
minute :  for  here  A  has  produced  in  each  half  of  B  a 
change  of  motion  two ;  and  therefore  a  totality  of  change 
equal  to  (our.  This  is  the  effect,  the  mark,  the  measure, 
of  the  iviptUtitt  force  of  A  ;  for  it  is  the  whole  iuipuIHon. 
B  has  produced  in  A  a  change  of  motion  four,  equal  to 
the  former,  and  in  the  opposite  direction.  This  is  the 
efTect*  mark,  and  measure,  of  the  rejmUive  force  of  A ; 
.for  it  is  the  whole  reptUnon.  And  this  is  all  that  we  ob- 
serve in  the  collision  of  two  lumps  of  clay ;  and  the  ob- 
servation is  one  of  the  facts  on  which  the  reality  of  the 
physical  law  of  equal  action  and  reaction  is  founded  ;  and 
we  con  make  no  farther  inference  from  thia  fact. 

But  the  event  might  have  been  very  difTcrent.  A  and 
fi  may  be  two  magnets  floating  on  corks  upon  water,  wilii 
their  ^orlh  poles  fronting  each  other.  We  know,  by 
other  means,  that  they  really  possess  forces  by  whicli  they 
equally  repel  each  other.  The  dynamical  principles  al- 
ready establialied  tell  us  also  what  must  h^pen  in  tliis 
case-  That  both  conditions  of  equal  reaction  and  sensi- 
ble repulsion  may  be  fulfilled,  A  must  come  to  rest,  and 
B  must  move  fbnvard  at  the  rate  of  four  feet  per  minute. 
The  same  thing  must  happen  in  the  meeting  of  perfectly 
utlc  bodiei,  such  as  billiard  b^lls.  If  elastics  are  known 
k  be  iu>pi'i  IVct  in  any  degree,  our  dynamical  principles 
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will  still  state  the  effect  of  their  collision,  in  conformity. 
to  the  law  of  equal  reaction. 

136.  In  like  manner,  all  the  moticHis  of  rotation  are 
explained  or  predicted  by  means  of  the  same  principles  of 
dynamics  applied  to  the  force  of  cohesion.  This  is  con- 
sidered as  a  moving  force,  because,  when  the  attraction 
of  a  magnet  acts  on  a  bit  of  iron  attached  to  one  end  of 
a  long  lath  floating  op  water,  the  whole  lath  is  moved,  al- 
though the  magnet  does  not  act  on  it  at  all :  some  other 
force  acts  on  it ;  it  is  its  cohesion ;  which  is  therefore  a 
moving  force,  and  the  subject  of  dynamical  discussion. 

137.  And  thus  it  appears  that  these  subjects  do  not 
come  necessarily,  nor,  perhaps,  with  scientific  propriety^ 
under  the  category  of  dynamics,  but  are  parts  of  the  me- 
chanical history  of  nature.  Yet,  did  a  work  like  ours 
give  room  in  this  place,  the  study  of  mechanical  nature 
might  be  considerably  improved,  by  giving  a  system  of 
Buch  general  doctrines  as  involve  no  other  notions  but  those 
of  force  and  its  measures,  and  the  hyfiothesis  of  equal  re- 
action. Some  very  general,  nay  universal,  consequences 
of  this  combination  might  b^  estatilished,  wliich  would 
greatly  assist  the  mechanician  in  the  solution  of  difficult 
and  complicated  problems.  Such  is  the  proposition,  that 
the  mutual  actions  of  bodies  depend  on  their  relative  maliont 
otih/,  and  require  no  knowledge  of  their  real  motions.  This 
principle  simplifies  in  a  wonderful  manner  the  most  difiW 
cult  and  the  most  frequent  cases  of  action  which  nature 
presents  to  our  view ;  but  at  the  same  time  gives  a  severe 
blow  to  human  vanity,  by  forcing  us  to  acknowledge  that 
we  know  nothing  of  the  real  motion  of  any  thing  in  tlie 
universe,  and  never  shall  know  any  thing  of  it,  till  our 
intellectual  constitution,  or  our  opportunities  of  observa- 
tion, are  completely  changed. 

138.  M.  D'Alembert  has  made  this  principle  still  more 
serviceable  for  extricating  ourselves  from  the  immense 
complication  of  actions  that  occurs  in  all  the  spoutaneous 
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piienomenii  of  nature,  bj  presenting  it  to  iti  in  a  differ* 
ent  form,  which  more  distinctly  expresses  what  may  be 
Called  the  elements  of  the  actions  of  bodies  on  each  other* 
'  jflis  proposition  is  as  follows  (see  hi$  Djffiamifue^  p.  73.)  : 

*<  In  whatever  manner  a  number  of  bodies  change  their 
inotions,  if  we  suppose  that  the  motion  which  each  body 
would  have  in  the  folbwing  moment^  if  it  were  perfectly 
free,  is  decomposed  into  two  others,  one  of  which  is  the 
motion  which  it  really  takes  in  consequence  of  their  mtt« 
tual  actions,  the  other  will  be  such,  that  if  each  body 
were  impressed  by  this  force  alone  (that  is,  by  the  force 
trhich  would  produce  this  motion)  the  whole  system  of 
bodies  would  be  in  equilihrio.^ 

Thiff  is  almost  ^elf  evident :  for  if  these  second  consti- 
tuent forces  be  not  suck  as  would  put  the  system  in  equi- 
librio,  the  other  constituent  motions  could  not  be  those 
which  the  bodies  really  take  by  the  mutual  action,  but 
vould  be  changed  by  the  first. 

For  example,  let  there  be  three  bodies  P,  Q,  R,  and 
let  the  forces  A,  B,  C,  act  on  them,  such  as  would  give 
them  the  velocities  p,  q^  r,  in  any  directions  what- 
ever, producing  the  momenta,  or  quantities  of  motion, 
P  xp,  Q  X  9,  R  X  r,  which  we  may  call  A,  B,  C,  because 
they  are  the  proper  measures  of  the  moving  force.  1/jt 
us  moreover  suppose,  that,  by  striking  each  other,  or  ^  y 
being  any  how  connected  with  each  other,  they  ciitii^ut 
take  these  motions  A,  B,  and  C,  but  really  take  tb-j  ..vo- 
tions  a,  6,  and  c.  It  is  plain  that  we  may  conceive  the 
motion  A  impressed  on  the  body  P,  to  be  composed  of 
the  motion  a,  which  it  really  takes,  and  of  another  mo- 
tion «.  In  like  manner,  B  may  be  resolved  into  &,  which 
it  takes,  and  another  ^ ;  and  C  into  c  and  ».  The  mo- 
tions will  be  the  same,  whether  we  act  on  P  with  the 
force  A,  or  with  the  two  forces  a  and  « ;  whether  we  act 
on  Q  with  the  force  B,  or  with  b  and  fi ;  and  on  R  with 
the  force  C,  or  with  c  and  ».    Now  by  the  supposition^ 
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the  bodies  actually  take  the  motions  a,  b^  and  c ;  therefora 
the  moUons  m.  f^  and  •  must  be  such  as  will  not  derange 
the  motions  a,  &,  and  c ;  that  is  to  say,  that  if  the  bodies 
had  only  the  motions  «,  /s,  and  •  impressed  on  them,  they 
would  destroy  each  other,  and  the  system  would  remain 
at  rest 

Mr  D^Akmbert  has  a{qpKed  this  prc^sition  with  great 
address  and  success  to  the  very  difficult  questions  that  oc;^ 
Cur  in  the  motions  and  actions  of  fluids,  and  many  other 
most  difficult  problems,  such  as  the  precession  of  the  equi- 
noxes, &c.  The  cause  of  its  utility  is,  that  in  most  cases 
it  is  not  difficult  to  find  what  forces  will  put  a  system  in 
equiliiirio ;  and  combining  these  with  the  known  extrane* 
ois  forces  whose  eflfects  we  are  interested  to  discover,  we 
obtain  the  motions  which  really  follow  the  mutual  action 
of  the  bodies. 

This  is  not,  properly  speaking,  a  principle:  it  is  a 
form  in  which  a  general  fact  may  be  conceived.  In  the 
same  way  the  celebrated  mathematician  De  la  Grange 
observed,  that  a  system  of  bodies,  acting  on  each  other 
in  any  way,  is  in  equilibrio,  if  there  be  impressed  on  its 
parts  forces  in  the  inverse  proportion  of  the  velocities 
which  each  body  takes  in  consequence  of  their  action  or 
connection ;  and  he  expresses  this  universal  fact  by  a 
very  simple  Formula ;  and,  calling  this  also  a  principle, 
he  solves  every  question  with  ease  and  neatness,  by  re- 
ducing it  to  the  investigation  of  those  velocities.  In  this 
way  he  has  written  a  complete  system  of  dynamics,  to 
which  he  gives  the  title  of  Mechanique  Analytiqufy  full  of 
the  most  ingenious  and  elegant  solutions  of  very  interest- 
ing and  difficult  problems ;  and  all  this  without  drawing 
a  line  or  figure^  but  accomplishing  the  whole  by  algebraic 
operations^ 

139.  But  this  is  not  teaching  mechanical  philosophy  ;  it 
is  merely  employing  the  reader  in  algebraic  operations^  each 
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of  which  he  perfectly  understands  in  its  quality  of  an  al 
gebraic  or  arithmetical  operation,  and  where  he  may  have 
the  fullest  conviction  of  the  justness  of  his  procedure. 
But  all  this  may  be  (and,  in  the  hands  of  an  expert  alge 
braist,  it  generally  is,)  without  any  notions,  distinct  or 
indistinct,  of  the  things,  or  the  processes  of  reasoning 
that  are  represented  by  the  symbols  made  use  of 
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MOTION   OF   SUBLUNARY   BODIBS  -IN   FREE   8PACE# 


140.  In  the  process  of  our  examination  of  the  motions  in 
the  solar  system,  it  appears  that  terrestrial  gravitj,  or  the 
heaviness  of  common  sublunary  bodies^  is  only  a  particular 
'case  of  the  mutual  tendency  of  all  tnatter  towards  all 
matter.  It  further  appears,  that  a  body  on  the  surface  of 
our  globe  gravitates  in  a  line  that  is  directed  very  nearly 
to  the  centre  of  the  earth ;  and  that  the  intensity  of  this 
gravitation  is  inversely  proportional  to  the  square  of  its 
distance  from  this  centre. 

Bodies  let  fall,  or  projected  in  any  direction  on  the  sur- 
face of  this  earth,  move  under  the  influence  of  this  force, 
and  their  motions  may  be  computed  from  the  general 
doctrines  of  dynamics  in  the  same  manner  as  we  computed 
the  motions  of  the  planets.  They  will  either  fall  in  the 
direction  of  gravity,  or  will  rise  in  the  opposite  direction^ 
or  will  describe  a  curve  line  concave  to^rard  the.  earthy 
which  will  be  an  ellipsis,  parabolic,  hyperbolic,  or  a  circle, 
according  as  the  velocity  and  direction  of  the  projectioa 
may  have  been  combined. 
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But}  in  the  greatest  projections  that  we  can  make,  the 
force  of  gravity  is  so  nearly  the  same  in  every  point  of 
the  path,  that  we  may  suppose  it  to  be  accurately  so, 
without  any  sensible  errpr,  wer^  it  ten  times  greater  than 
H  is.  Therefore  in  all  disquisitions  about  projectiles,  it 
would  be  useless  affectation  to  embarrass  ourselves  with 
the  variations.  None  of  our  projectiles  rise  a  mile  in  the 
air,  which  is  about  i^^',^,;  of  the  mean  radius  of  the  earth, 
and  will  occasion  a  diminution  of  gravity  nearly  equal  to 
199  9 9  ^  quantity  altogether  insignificant 

For  the  same  reasons,  although  the  directions  of  gravity 
in  the  different  points  of  the  projectile^s  flight,  are  lines 
converging  nearly  to  the  centre  of  the  earth,  we  may  con- 
sider them  as  all  parallel,  because  none  of  our  projectiles 
fly  four  mites^  which  produces  a  convergency  of  nearly  four 
minutes,  a  deviation  from  parallelism  which  needs  not  be 
regarded. 

In  gen^nJi  tti^reforei  we  may  copf  ider  all  such  proj^- 
til^s  as  uoder  the  influeiice  of  ^yal  gravity  acting  in  lines 
parailel  to  the  vertical  or  plumb-line  4r&wii  through  tlie 
place  of  projection.  Thl»  reduc^p  the  thepry  of  projectiles 
ip  a  great  degree  of  simplicity. 

Aocordirigiy,  tbi^  is  the  first  dfpc^rtment  pf  niechanical 
phHosophy  which  first  received  iipprovein^nt  by  the  appli- 
eation  of  mi^tbe^iaticfil  knowledge.  We  are  indebted  for 
this  fortunate  introduction  of  mathen^atics  into  the  doc- 
trinlBs  of  motion,  tqr  the  celebrated  Florentine  Galileo 
Qalilei.  This  excellept  philosopher  read  hip  discourses  op 
local  motion,  about  the  beginning  of  the  1 7th  century. 
I'bose  lectures  contain  the  whole  of  this  doctrine,  pearly 
in  the  state  in  which  it  continued  till  about  the  middle  of 
last  century.  There  is  no  brapch  of  natural  philosophy 
that  has  met  yvify  sp  much  assistance  apd  encouragement, 
it  having  been  considered  in  all  nations  as  the  foundation 
of  the  art  of  gunnery ;  an  art  unfortunately  too  much 
connected  with  the  security  of  evf ry  nation.    It  has  there- 
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fore  feftil  patroait^  by  princes  and  mligistrate^-^moit 
costly  ssCablUhttienU  hare  been  made  for  its  cultifatiofi ; 
the  matfaamatictans  hafe  occupied  theiBusclves  with  its 
probleaM»  and  more  •  numerous  and  expedsite  volaans 
liave  btan  piiUiihcd  on^  this  than  oa  any  other  part  of 
mechanical  philosophy.  Yet  there  is  none  us  which  so 
littla  improvement  has  been  made*  Oaliltd^  les8f»s  colu 
tain  every  thing  that  has  been  done  in  a  actentific  way» 
till  M.  Robiiis  in  1746  gave  it  a  form  altogether  new. 

HI.  We  shall  first  consider  the  perpendicular  aso^ts 
and  deacents  of  heavy  bodies ;  and  in  the  next  pkee  their 
curviliiieal  motion  when  proj^ted  in  directions  deviating 
fnwi  the  vertical; 

148.  The  motion  of  a  falling  lK»dy  Is  aniformly  aecelc*' 
rated»  and  that  of  a  liody  thrown  straight  upward,  is  uni* 
fbrmly  retarded. 

For  the  accelerating  or  retarding  force  is  constant,  and 
therefore  the  motions  are  such  as  were  ooasidered  In 
articles  80,  be. 

143.  All  the  chaiBcterislic  phenomena  of  these  motions 
Juviiig  already  been  sufficiently  considered,  all  that  is 
wanted  for  the  application  to  this  dass  of  mechanical  phe^ 
nomena  is  merely  one  experimental  deterihination  of  tlie 
accelerative  power  of  gravity,  that  is,  the  velocity)  or 
increment  of  velocity  which  gravity  will  generate  in  a 
bady  by  acting  on  it  uniformly  during  some  given  time. 
GaUleo^  who  fii'st  demonstrated  that  an  invariable  gravity 
tnu^  produce  a  uniformly  accelerated  motion,  was  also 
among  the  first  who  appealed  to  experiment  in  all  in^- 
quuriesk  We  now  think  Jightly  of  this,  and  wonder  that  a 
tnan  sbaU  think  of  another  argument  who  has  this  in  his 
power.  But  when  Galiliso  began  to  communicate!  his 
knowledge  to  the  world.  Ibis  was  the  last  support  that  a 
philosopher  would  think  of.  They  had  received  a  parcel  of 
topics  from  their  master,  which  had  been  handed  down  in 
At,  schools  during  muxf  ages ;  and  from  these  waa  every 
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thing  accounted  for  or  explained.  Aristotle,  or  his  imme* 
diate  pupils,  had  said  that  the  velocities  of  falling  bodies  in* 
creased  with  their  weights ;  Galileo^s  doctrine  was  iticom- 
patible  with  this,  and  he  thought  himself  obliged  to  use 
arguments  in  his  support  He  said  that  if  Aristotle's 
doctrine  be  true,  two  crown  pieces  must  fall  faster  when 
sticking  together  than  when  unconnected,  which,  said  he, 
is  contrary  to  common  experience^  Not  doubting  that  he 
had.  convinced  his  audience,  he  described  the  experimenti 
which  he  was  to  exhibit  next  day^  shewing  that  in  a  double 
time,  a  body  would  fall  four  times  as  far,  &c  The  expe« 
riments  were  performed  in  the  dome  of  the  great  churchy 
before  a  vast  concourse  of  people,  and  succeeded  most  per- 
fectly*  Yet  so  little  were  the  philosophers  moved  by  this 
kind  of  argument,  that  they  represented  Galileo  as  a  dan* 
gerous  perso^  unfriendly  to  the  state,  and  he  was  obliged 
to  leave  his  native^city  in  a  few  days,  and  take  shelter  in 
Padua.  It  is  very  remarkable  that  Baliani,  one  of  th6 
first  geometers  and  mathematicians  of  that  age,  and  who 
perfectly  understood  Galileo^s  speculations  on  this  subject, 
should  teach  another  doctrine^  reviving,  or  supporting  an 
old  scholastic  assertion  that  the  velocity  of  a  falling  body 
might  be  as  the  space  fallen  through,  calling  this  motion 
also  a  uniformly  accelerated  motion. 

144.  Galileo  found  more  difficulty  than  one  should  ex« 
pect  in'  his  endeavours  to  obtain  an  eUflt  measure  of  the 
power  of  gravity,  and  indeed  could  not' obtain  one  that 
was  satisfactory^  But  the  difficulty  of  the  task,  and  hi^ 
struggle  to  accomplish  it,  were  big  with  advantages  to 
science.  A  body  faUs  so  fast,  thft  a  considerable  error  in 
thetx>nclasion  arises  from  a  very  small  errpr  in  estimat- 
ing the  time ;  and  the  great  difficulty  was  how  to  esti- 
mate the  time.  It  was  in  this  casting  about  for  a  mea« 
aiire  of  a  small  portion  of  time  that  Galileo  first  thought 
of  the  pendulum.  His  penetrating  and  sagacious  mind 
tnaUed  him  to  see  that  there  must  be  a  fixed  proportion 
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betlrieeii  the  time  of  a  Yibration  aiid  that  of  falling 
through  its  leligth,  although  his  mathematical  knowledge 
did  not  yet  etiable  him  to  find  it  out;  he  saw  an  imm6* 
diate  consequence  of  thift  if  trtie;  naitoelyy  that  the  vibra* 
tions  of  two  pendulums  should  be  in  the  subduplicate  ra* 
tio  of  thfe  lengths,  because  this  miist  \^  the  proportions 
of  the  tiine«  of  falling  through  those  lengths  (55.)  This 
he  wotild  try ;  and  he  found  that  it  was  so.  Delighted 
with  this  Success,  he  immediately  compared  the  time  of 
falling  fh)m  the  top  of  this  great  dome  with  that  of  a 
pendulous  vibration,  by  tnakiiig  a  pendulum  of  such  li 
length  that  it  peformed  precisely  Onle  vibration  in  the  time 
of  the  fall. '  In  this  titne,  the  body,  moving  with  the  final 
▼elocityj  wduld  descHb^  a  space  doubla  of  that  falleil 
through.  He  then  icbunted  with  patience  the  number  of 
▼ibratioiis  made  by  his  pendulum  in  an  interval  of  time, 
measured  by  the  transit  of  two  stars.  Thus  he  obtained 
the  time,  Md  the  velocity  generated  in  that  time  by  the 
uniform  action  of  gravity.  *  Galileo  made  this  to  be  about 
SI  feet  of  oiir  measure  in  a  second,  and  said  that  it  was 
certainly  somewhat  more;  because  his  experiments  on 
falling  bodies  convinced  him  that  their  motion  is  retarded 
by  the  air. 

These  efforts  and  resources  6f  an  ingenious  mind  are 
worthy  of  record^  and  are  instructive  to  others.  But 
Galileo  did  not  attain  the  accuracy  in  thjs  measure  that 
we  now  possess.  The  honour  of  the  accurate  statement 
of  the  time  of  a  pendulous  oscillation,  and  that  of  tte 
fall  throiigh  its  length,  was  reserved  for  Mr  Huyghens. 
This  proportion  was  determined  by  him  by  a  most  in* 
genious  ahd  elegant  physico*mathematical  process.  He 
also  gave  us  the  pendulum  clock,  by  which  time  can  be 
measured  with  as  much  accuracy  as  a  line  can  be  di- 
vided. 

•  Aided  by  these  inventions,  we  have  now  obtained  the 
most  precise  measure  of  the  acceleratiiig  powers  of  gr%» 


vity ;  ai^d  we  c^n  nqw  9ay  th^  it^  iqtei^ity  is  sucli  in 
|be  l^itude  of  Iiondon,  tMaX  by  cM^tiftg  uoiformly  on  n 
l)p4y  for  on^  aeopod  pf  twe,  it  gfpeTAtof  IP  it  the  velo* 
city  of  32  f^t  two  ipcIiQs  per  qpconds  wd  l^  liQavy  body 
^Is  16  feet  Que  wb  in  tb^(  timo. 

Tbese  ^e  it^dard  numbeiiy  pf  cpntinvnl  iw  in  all 
mechaiiical  discumoii^  HOd  should  bq  ^afi^fuUy  k0pt  in 
f^piembrancis.  Not  0Q)y  sq»  but  we  should  ncquire  di^ 
tinct  notipns  pf  them  in  tbisreipeet^  yvi»  9»  sUmdtrd 
pumbers.  Gravity  is  kQPwn  tp  us  in  two  wi^s;  puir 
fsttit  familifir  apquiMntou<:e  with  it  is  ^  H  pressure,  wbieb 
vre  feel  when  we  ciuny  a  heavy  body*  With  this  we  eaji 
compare  the  preisure  of  a  springt  lhe  exertion  of  an  ani* 
mal>  the  pressure  of  a  streani  pf  water  or  wind*  the  in* 
tensity  of  ^n  attraction^  Stc,  by  setting  them  in  opposition 
lind  equilibrium*  The  phiiosophers  and  especially  the 
physical  astronomer^  and  cultivator  pf  the  Newtonian 
philosophy,  is  well  acquainted  with  gravity  as  au  accele^ 
rating  and  a  mpving  Ibrcet  capable  of  accelerating,  rei» 
larding,  or  deflecting  the  body  in  which  it  inheres,  or  on 
whose  intimate  particles  it  acts  without  intermedium. 
He  can  compare  the  gravity  of  a  stone  with  that  of  the 
moon,  or  of  Jupiter,  or  with  the  force  that  produces  the 
precession  of  the  equinoxes.  The  general  mechanician, 
observing  that  all  other  preasurea,  such  as  that  of  a 
apringj  of  an  animal,  &c  are  also  moving  forces,  by  com- 
Uning  those  two  aspects  of  gravity,  makes  a  most  im- 
portant use  of  it  by  comparing  other  forces  with  weights, 
•and  thence  inferring  the  motions  which  those  forces  will 
produce.  Thusj  knowing  that  an  arrow  J  osi,  weight,  by 
falling  18  inches  acquires  the  velocity  of  10^  feet  per  se- 
cond, he  infers,  that  wben  drawn  to  the  head  by  a  bow 
of  62  pounds,  it  will  be  discharged  with  the  velocity  of 

^S33  feet  per  second. 

We  shall  therefore,  in  future,  compare  every  force  with 

'  gravity,  and  e^^resa  the  aocelerative  power  of  thi^i  stan« 
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ShtA  hf  Sif  iMfltiilig  that  by  acting  oti  eVevf  pattible  of 
a  body  for  a  second,  it  will  generate  the  velocity  of  SB 
fe^t  pifr  MCoitd,  aftd  eause  the  body  to  descril^  16  feet 
with  a  motion  uniforitily  accelerated.  We  may  find  H 
convenient,  on  some  occasions,  to  use  the  numbers  386, 
and  193,  which  ate  the  inches  iti  ^2^^  and  16^^  feet. 

145.  The  questions  that  intertet  us  at  present  are  those 
concerning  the  relations  between  the  time,  t,  of  any  fall, 
fh«  htigbt,  A,  of  that  Ml,  atid  the  relotity,  d,  that  is  lilii- 
formly  acquired  in  falling;  so  that  when  an^  one  of  ihMt 
ihiAp  is  giv^,  th6  otheti  may  be  fouiid  otit. 

I.  Since  the  variations  of  velocity  ate  pr0porti6tlil  tO 
the  timed  iti  which  tfaey  are  produced,  we  Kave 

Vi  f't=S2:  SStr 
pmdt)'  =  32r 

and  r  =  -^. 

N.  B.  The  time  t  is  always  supposed  to  be  a  number 
of  seconds,  and  the  height  A  a  fiumb^r  of  feet,  and  the 
ftHodty  V  a  fitiMbef  of  feet  udilbtirily  mored  over  in  6ne 
tecond. 

A  falling  body  therefore  acquires  an  incfemetit  <yf  9t 
feet  per  second  in  every  second  of  its  fall,  and  an  ascend- 
ing body  has  its  velodty  lessened  as  much  during  every 
Second  of  its  rise.  A  body  Jailing  during  four  sefeonds 
acquires  the  velocity  of  128  feet  per  Second. 

Bot  if  the  body  has  been  projected  downward,  with  the 
velocity  of  100  feet  per  sec^Ond,  theri,  Hi  the  end  of  4'',  it 
Id  moving  at  the  rate  of  2^  feet  per  second. 

A  body  projected  straight  upWardi  with  the  velocity  of 
1 60  feet  per  second^  will  at  the  end  of  the  first  secorfd  of* 
Its  rise,  have  the  tdbeity  128.  At  the  end  of  V  it  will 
be  moving  at  the  rate  of  96  feet  per  second.  Its  velocity 
at  the  end  of  tKe  third  second  will  be  64.  At  the  end  of 
the  fourth  second  it  will  be  33,  and  at  the  end  of  ftrb 
seconds  it  Will  «I0|1»,  Aiid  begin  t6  fall. 
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The  times  of  the  rise  and  the  subseqKent  fall  are 
equal. 

146.  II.  Since  the  heights  are  as  the  squares  of 
the  times  of  the  fifill  ^  ascent,  we  have 

r:  I«=^16  :  16  l« 

and&  =  le^"*  and  y^  =  4i 

also  t^  =  yg,  and  t  =  -j-. 

A  heavj  bpdj,  falling  dcfring  four  seconds,  falls  256, 
feet 

A  bodj  rising  straigl^t  upwar^  144  feet  ^plpys  3. 
secqnds  in  its  ascent. 

147.  III.  Because  the  heights  fallen  through  are  alsq 
proportional  to  the  squares  of  the  velocities  acquired  at 
the  end  of  the  fall,  we  have 

32«  :  D«  =  16 :  4 

and  i  :;=  ^  v\  and  »/»  =  ^  ©,  =  -g- 

.   and,  conversely,  o  =:  8  VA,  and  os  =  64  ^ 

148.  All  questions  concerning  th^perpendicul^  ascent^ 
and  descents  of  heavy  bodies  may  be  solved  by  means  of 
the  two  equations 

k=:l6fi,  =  igt2. 

All  easy  mode  of  extempore  computatiops  is  had,  by 
remarking  that  since  a  heavy  body  fi^lb  16  fe^t  in  a 
second,  and  acquirfis  the  velocity  32,^  it  falls  1  foot  in  ^th 
-of  a  second,  a^d  acquirer  th^  velocity  It 

In  every  second  of  the  fall,  the  velocity  is  increased  by 
S2«*-<and  in  every  foot  of  ^be  fall,  th^  square  of  the  veloci- 
ty is' increased  by  64. 

In  many  questions^  particularly  in  hydraulics,  it  is  con- 
venient to  have  the  measures  in  inches. 

■      •  »  *     •       » 

149.  ^ow,  y/l93l  V^T=  386 :  27,785.  Therefore  a 
beavy  body  b/  falling  one  inch  acquires  the  velocity 
S7,785  inches,  or  nearly  27J  inches  per  secondl. 
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150.  Did  gravity  impel  a  body  uniformly  along  a  space 
equal  to  the  radius  of  the  earth,  it  would  generate  the  re- 
locity,  which  would  enable  the  body  to  describe  a  para- 
bola, having  the  centre  pf  the  earth  for  its  focus.  If  pro- 
jected straight  upwards  with  this  velocity,  it  would  never 
return. 

161,  flow  /T6T  •  EarthTrad.  =  33  :  36,680  feet 
This  is  the  velocity  now  spoken  of.  Suppose  the  earth 
uniformly  dense,  and  a  pit  to  the  centre.  A  heavy  body 
would  acquire,  by  failing  down  this  pit  the  velocity 
25,866.  Greater  velocities  than  either  of  these  can  be 
produced  by  forces  which  we  know,  Aurum  fulndmmB, 
expands  with  the  velocity  of  at  least  48  miles  per  second. 

It  does  not  seem  necessary  to  insist  further  on  the  rec- 
tilineal ascents  and  desfcents  of  heavy  bodies,  and  there- 
fore we  proceed  to  consider  their  curvilineal  motions, 
when  projected  in  any  direction  that  deviates  from  the 
perpendicular.  These  are  the  motions  which  are  under- 
stood to  form  what  is  called  projectii^bs. 

152.  These  motions  are  not  only  interesting  to  the 
philosophical  mechanist,  as  examples  of  a  constant  de- 
flecting force,  and  a  uniform  deflection  in  parallel  lines, 
but  also  to  the  artillerist ;  because  the  motion  of  shot  and 
shells  are  cases  of  (his  question,  which  comprehend  the 
whole  of  his  art  It  has  therefore  been  very  much  culti- 
vated; and  there  is  qo  branch  of  mechanical  philosophy 
on  which  so  much  h^  been  written,  or  so  many  experi^ 
ments  made  for  its  improvement.  The  experimental  qui* 
tivation  of  this  branch  could  scarcely  be  prosecuted  by 
private  persons ;  but,  in  all  the  states  of  Europe,  there 
are  public  establishments  for  this  purpose,  and  no  expence 
has  been  spared  for  bringing  to  perfection  an  art  in  which 
the  fate  of  nations  has  unfortunately  much  dependence^ 

But,  notwithstanding  this  liberal  encouragement,  and 
the  numberless  volumes  which  have  been  published  on  the 
subject,  it  cannot  be  said  to  have  improved  mucK  ai  a 


science  since  it  came  out  of  tbe  hands  of  its  iayetitor,  and 
his  iinniediate  pupil  Tartaglia ;  and  we  shall  be  greatij 
disappointed  if  we  look  fbr  that  nice  agreement  between 
the  results  of  the  most  approved  theorf  and  what  we  oi>- 
serre  in  the  flight  of  great  shot  and  shells.    The  theor^r, 
however,  is  unexceptionable;  and  the  enormous  devia- 
tions that  we  see  in  the  actual  perTormanee  of  artillery, 
is  owing  to  the  resbtanee  of  the  air.    This  was  long  con- 
sidered as  insignificant,  even  after  Newton  had  given  us 
sufficient  information  to  the  contrary.    But  the  gentlemen 
of  the  profession  made  little  account  of  the  speculations 
of  a  private  philosopher,  and  continued  to  regulate  their 
theories  bj  notions  of  their  own.    They  have  been  at 
last  convinced  of  their  mistake  by  the  curious  experiments 
and  discoveries  of  Mr  Robins,  and  are  improving  their 
practice  in  some  measurew    But  we  now  find^  that  the 
theory  of  the  motion  of  heavy  bodies  throngh  a  resisting 
fluid,  is  one  of  the  roost  abstruse  and  difficult  tasks  tbaf 
the  mechanician  can  take  in  hand. 

At  present,  we  are  about  to  consider  this  subject  merer 
ly  as  a  particular  case  of  motions  regulated  by  gravita* 
tton,  reserving  the  particular  consideration  of  the  modi- 
fications of  these  motions  by  the  resistance  of  the  air,  till 
we  shall  have  made  ourselves  acquainted  with  the  general 
laws  of  such  resistance. 

Ids.  Let  a  body  (Plate  II.  fig.  1.)  be  projected  in  any  di- 
rection AB,  which  deviates  from  the  vertical  AW.  Then  it 
WQuld  move  op  in  this  direction,  and  in  equal  succeeding 
moments  would  describe  the  equal  spaces  AB,  BH,  HI, 
IK,  K  L,  &c.  But  suppose^  that  when  the  body  is  at  B  it 
receives  an  instantaneous  impulse  in  the  direction  of  the 
vertical  BB^,  such  that  by  this  impulse  it  would  describe 
the  line  B  b  uniformly  in  the  same  time  that  it  would  have 
eontinued  its  motion  aloi^g  BH.  Or,  to  speak  more  ac- 
curately, let  the  motion  or  velocity  B  ft  be  compounded 
wMi.  the  motion  SH.    The  body  must  describe  the  dia- 


gonal  BC  of  a  parallelogram  B  h  CH,  and,  at  tbe  end  of 
this  seeoikl  ftobinent,  it  must  be  in  C,  in  the  Teriical  linO 
HCC,  and  iMTfaig  with  the  yebcitj  EC.  Therefofe,  in 
the  third  moment  it  would  deseribe  CN,' equal  to  BC. 
But  let  another  impulse  in  the  direction  of  the  rertieal 
C(y  generate  the  teloeitj  C  e,  equal  to  B  A.  By  the  com«^ 
position  of  this  with  the  motion  CN,  the  bodj  will  de» 
seribe  the  diagonal  CD  of  the  parallelogram  C  e  DN,  and 
at  the  end  of  the  third  moment  ftiusi  be  in  D,  nnmng  to 
the  direeUoB  and  with  the  Telocity  CD.  It  woald  desctibO' 
pO  equal  to  CD  in  the  fonrth  moment.  Another  inlpulae 
of  grarity  D  if,  in  the  rertical,  and  equal  to  either  of  tbe 
former  knpulses^  will  make  the  body  deseribe  DE ;  ami 
an  equal  impulse  E  t  will  deflect  tbe  body  into  EF ;  and 
another  impulse  F/  will  deflect  it  into  FO,  he. 

Thus  it  is  plain  that  the  body,  by  the  composition  of 
these  equal  and  parallel  impulse),  will  describe  the  poly- 
gonal figure  ABCDEFG,  all  in  one  rertical  plane,  and 
in  erery  instant  or  point,  sueh  as  £,  will  be  foond  in 
the  vertical  line  KE,  dr^n  from  the  point  at  which  H 
would  hare  arrived  in  that  i|istant  by  the  pimitiro  pro^ 
jeetfon. 

Now,  let  the  interval  betwef  n  these  impulses  be  dimi^ 
nished,  and  their  number  be  increased^  without  end.  It 
is  evident  that  this  polygonal  motion  will  ultimately  eo^ 
incMe  with  the  motion  in  a  path  of  contifftted  eurvation^ 
by  the  continual  and  unvaried  action  of  gravity. 

Tbe  line  described  by  the  body  lias  avidently  tb^  fek 
lowing  propeftiea. 

154.  Isi.  If  a  number  of  equidistant  vertical  lines  BB^i 
HCC,  IDD,  KEE',  &c.  be  drawn,  cutting  the  curva 
i*  B,  C,  D,  E,  Stc. ;  and  if  the  chords  AB,  BC,  CD,  DE; 
Sre.  drawn  through  the  points  of  intersection,  be  prpdw^ 
ed  trK  they  cut  the  verticals  in  H,  N,  O,  P,  &c.  the  eol 
tercepted  portions  HC,  ND,  OE^  FF,  &c.  are  atl  equal. 

Ift5.  2d.  The  curve  is  a  parabola,  in  which  the  vertieah 
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BB',  CC»  &c.  are  diameteiv.  The  propertj  mentioned 
in  the  last  paragraph  belongs  exdusiFely  to  the  parabola. 
As  the  circle  is  the  curve  of  uniform  deflection  in  the  di- 
rection of  the  radius,  so  the  parabola  is  the  curve  of  uni- 
form deflection  in  the  direction  of  the  diameter.  That 
the  curve  in  whiph  the  chords  drawn  through  the  inter- 
section pf  equidistant  yerticals  cut  off*  equal  portions  of 
these  verticals  is  a  parabola,  is  easily  proved  in  a  variety  of 
iprays.  Since  Bi,  C c,  D 4,  Ee,  are  all  equal,  and  the  ver- 
ticals are  equidistant,  B  c  d  E  must  be  a  straight  line.  So 
must  C  d  e  F ;  BE  must  be  parallel  to  CP,  and  CF  to 
PE.  Therefore  PF  and  CE  are  parallel,  and  are  bisected 
in  n»  and  9  by  the  vertical  DD\  AIm,  if  pC  be  produced 
till  it  meet  the  next  vertical  in  t,  i  B  is  equal  to  Di?^  All 
this  is  very  plain.    Hence 

f  B,  or  Dffi :  dm  =  BF :  m  F,  =  m  F :  oE ; 
.    but        dm:Do=  niFioE; 

therefore  Dm :  Do  =  mF^:o£«; 

and  D,  E,  F,  are  in  §  parabola,  of  which  D  m  is  a  dia- 
meter,  and  0  !p,  m  F  are  ^emiordinates.  We  should  prove, 
in  the  same  manner,  (hat  BG  is  parallel  to  CF,  and  AG 
to  BF,  and  Dm:  DI)'  ==  m  F^  :  D'Gs,  and  the  points 
P,  F,  G,  in  the  same  parabola. 

156.  Thus  we  have  demonstrated,  that  the  equal  and 
parallel  impulse  of  gravity  produces  a  motion  in  a  para- 
bola whose  diameters  are  perpendicular  to  the  horizon. 
This  was.  the  great  discovery  of  Galileo,  and  the  finest 
example  of  his  genius.  His  discoveries  in  the  heavens 
have  indeed  attracted  more  notice,  and  he  is  oftener  spo« 
^cen  of  as  the  first  person  who  shewed  the  mountains  in 
the  moon,  the  phases  of  Venus,  the  satellites  of  Jupiter, 
&c.  But  in  all  these  he  Was  obliged  to  his  telescope ;  and 
anot|ier  person  who  had  conunon  curiosity  would  have 
seen  the  same  things.  But,  in  the  present  discovery, 
efety  step  was  an  effort  of  judgment  and  reasoning,  and 
whole  investigation  was  altogether  novel.  No  attempt 
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lutd  been  made,  *  imce  the  first  dawn  of  mechanical  sA* 
ence,  to  explain  a  isurvilineal  motion  of  any  kind ;  ancl 
even  the  law  of  the  compof  ition  of  motion,  though  faintly 
seen-bjr  the  ancients,  had  never  been  applied  to  any  use 
(except  by  Stevinus)  till  thb  sagacious  philosopher  s^yw 
it&  immense  iniportance,  and  turougbt  \t  into  coqstant, 
service. 

157.  The  processemployedby  Galilisointbisinvestigatioiit, 
and  which  has  been  copied  by  almost  ail  th^  writers  on 
the  «u|>ject,  IS  considerably  different  finom  the  one  now. 
gone  through.  Galileo  supposes  the  heavy  bodj  %p  tail  ii| 
the  vertical  "Bfi'  with  a  uniformly  apcderated  motiqn,  dcr 
scribing  spaces  as  the  squares  of  the  times.  He  supposes 
thi9  motion  to  be  cqmppunded  with  the  uniform  motioii 
in  the  directiop  of  the  tangent  BB.  Then,  supposin^^ 
that  B  t  and  BT  are  fallen  through  while  B  r  apd  BR  are 
described  by  the  mqtion  of  projefrtion,  it  follows,  that  be* 
caus^  B r  is  tp  BR  as  the  time  of  describing  Br  to  th^ 
tune  of  describing  BR,  we  shall  haye  B< :  BT=:B  r* ;  BB^. 
Therefore,  completing  (he  parallelograms  B  (  C  r,  B,TSR^ 
we  have  B  < :  BT  =  I C  :  TS,  and  the  point9  B,  C,  S, 
are  in  a  pa^rabola,  wh<^  diameter  is  JpIT,  and  has  BR  ^ 
tangent  in  B* 

I^Q  doubt,  the  result  of  these  suppositions  figrees  per- 
feqtiy  with  the  phenomena,  and  gives  a  very  easy  and 
eleganf  solution  of  the  question.  But,  in  the  first  place, 
it  19  mpre  difficult,  or  takes  more  discourse,  to  prove  this 
continued  composition  of  motion  (almost  peculiar  to  the 
case)  than  to  demonstrate  the  parabolic  figure :  anid,  ser 
condly,  it  is  not  a  just  narration  of  the  fact  of  the  proce- 
dure of  nature.  There  is  no  composition  of  such  motions 
as  are.  here  supposed.  When  the  body  is  at  C,  there  i^ 
not  a  motion  in  the  direction  parallel  to  B  r,  compound- 
ing itself  with  a  motion  in  (he  vertical,  having  the  velo^ 
city  which  the  falling  body  would  have  as  it  passes 
through  the  point  L    The  body  is  really  moving  in  the 


direction  CS  of  tli«  tkngent  to  the  parabbla,  and  it  tliert 
itceives  the  same  infinitesitni^I  impulse  of  gravity  tliat  it 
received  at  B.  Its  deflectbn,  therefore,  fn)m  the  line  of 
its  motion,  does  not  make  any  finite  angle  M\h  that  mo- 
tion. I'herefore,  although  Oalileo^s  demonstration  does 
very  well  for  a  mere  mathematical  process,  like  the  navi- 
gators  calculation  of  the  ship^s  place  by  tables  of  differ- 
ence of  latitude  and  departure,  it  by  no  means  answers 
the  purpose  of  the  phildsophical  inrestigation  of  a  natural 
phenomenon,  The  method  we  harefollbwed  is  a  bare 
narration  of  the  faets—considering  the  motion  of  the 
body  in  etety  instant  as  it  really  is,  ttnd  stating  the  force 
then  really  afTeeting  its  mbtion. 

We  have  not  scrupled  to  make  use  of  the  method  jem- 
ployed  by  f^ewton  in  the  demonstration  of  his  funda- 
mental proposition  on  curviHneal  motions,  first  conceiv- 
ing the  action  of  gravity  to  be  subsultory,  and  the  motion 
to  be  polygonal,  and  then  inferring  a  similar  result  from 
the  uninterrupted  action  of  gravity.  But  if  any  person 
is  so  fastidious  as  to  object  to  this,  (as  John  Bernoulli 
has  done  to  NcWton^s  method,)  he  may  remark,  that  th^ 
motion  B  b  which'^  we  compared  with  BH,  in  order  to 
produce  the  motion  BC,  is  just  double  of  the  space  B  ^ 
through  whfch  the  body  falls  during  the  motion  along 
BH.  Therefore  the  figure  will  be  such  that  the  curvi- 
lineal  deflection  will  be  One  half  of  B  b\  or  of  HC,  and 
the  tangent  to  the  curve,  whatever  it  is,  will  bisect  HC. 
Then,  during  the  nett  moment,  since  the  deflective  ac- 
tion of  gravity  is  supposed  the  same,  the  body  will  be  afi 
much  deflected  from  its  path  in  C,  that  is,  from  the  new 
tangent  CS,  whatever  direction  that  tangent  may  have» 
as  it  was  In  the  preceding  moment.  This  gives  us  «  D 
equal  to  r  C,  and  this  obtains  throughout.  Without 
entering  on  any  discussion  on  the  progress  of  the  deflec- 
tion in  the  different  points  of  the  arch  BC  or  CD,  it  is 
enough  for  our  purpose  to  shew  that  the  curve  described 


is  9u^  iM  whan  equid»Unt  verticals  are  dcawQ,  and 
tangfiits  draim  tbrovgh  their  interaectiooy  with  the  curve, 
the  portiQiis  of  the  verticals  cut  off  by  the  taqgenta  are 
^evjvbere  equal*  Thia  aho  ii  a  property  of  the  par«- 
lipla  e^wivc4y^  That  9CD  i^  a  parabola,  gf  which  BT 
li  a  diameteTf  and  BR  a  taugent,  i«  aaaily  aeen.  Fori 
Arawieg  D  u  iwralM  to  BB|  it  U  plain  that  o  N  =  2  r  Ct 
•ud  ND=:8  #X)^  =  e  rC.  Therefore  d I)  =  4  r  C,  and 
Bf«x=4B(,^andB(:Bic  =  eC«:|cX)«.  And  we ihoold 
prove,  in  the  same  manner,  that^  £  =  9  r  C,  &c. 

Having  thus  ascertained  the  general  nature  of  the  path 
of  a  projectiles  we  must  now  examine  its  motion  in  thif 
path*  determining  its  velocity  in  the  different  points^  and 
the  time  employed  in  the  description  of  the  arches.  For 
this  purpose  we  must  first  ascertain  the  precise  parabola 
^tkcribed  under  the  conditions  of  the  projection^  that  ist 
depending  on  its  direction  and  velo<pty.  To  do  this  in  a 
iray  naturally  eonnectfi^d  with  the  acting  forces^  we  shall 
eonaidef  the  velocity  of  prcyeetion  as  havlivg  beep  geufr 
fated  by  falling  through  some  determinate  height. 

168.  Let  us  therefore  suppose  that  the  body  is  pro* 
jeeted  from  B,  in  the  direction  BR,  with  the  velocity  ao- 
^uired  by  falling  through  the  vertical  VB.  Make  BT 
equal  to  VB,  and  BR  equal  to  VT  or  2  VB,  and,  lastly» 
draw  TS  parallel  to  BR,  meeting  the  parabola  in  S. 

It  is  plain  that  BR  is  the  space  which  would  be  uni^ 
lormly  described  with  the  velocity  of  prq|ection  in  the 
time .  of  falling  through  VB.  Also  B  r  ii  the  spaoe 
that  would  be  uniformly  deaoribed,  with  the  same  vek>*. 
city,  in  the  time  of  falling  through  B  t  Therefore  BB 
4s  to  Br  as  the  time  of  falling  through  VB  to  that  of  faU- 
ing  through  9 1  -  But,  ainoe  BT  is'  equal  to  VB»  B  r  is 
to  BB  as  the  tioiie  of  faUing  through  B  t  to  .the  tifue  of 
fiOling  through  BT.  Therefore  BR  is  to  B  r  as  the  tme 
of  faUing  through  VB  to  that  of  falling  through  Bl. 
But,  since  BT  it  equal  ta  VB,  Br.  is  to  BR  as  the  tiuio 
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of  falling  througk  B  f  to  the  time  of  falling  tbrotegh  BT. 
Therefore  we  hare  B  I  •  BT  =  B  r«  :  BR"^:  Bot«  in 
fheparabola,  we  hareBt:  BT  =  eC« :  TS«,  =r  Br«  :  TS«. 
Therefore  TS  h  eqUdl  i6  BR  or  to  twice  VB  or  BT. 
Therefore  TS«  =  4  BT«j  =  4  BT  x  BV^srBT  x4BV. 
But^  in  a  parabola,  the  square  of  any  ordinate  TS  is  equal 
to  the  rectangle  of  the  absciss  BT  and  the  parameter  of 
that  diiimeter.  Therefore  4  VB  is  the  (iarameter  of  the 
diameter  BT^  and  VB  is  the  fourth  part  of  that  para- 
meter. 

If,  therefor^,  the  horiMntel  line  VZ  be  drawn,  it  is 
the  dir^trix  of  the  parabola  described  bj  a  body  pro- 
jected from  B  in  any  direction^  with  the  Velocity  acquired 
by  falling  from  V. 

159.  Cdr.  1.  Ad  thii  is  trtili  fdr  any  other  pointy  C,  D; 
&c.  it  followl  that  the  velocity  in  any  point  of  the  path  is 
that  whii^H  d  heavy  body  wdtild  acquire  by  falling  from 
th^  directrix  to  that  pdmt— JNT.  B.  This  agrees  with  the 
determination  given  in  Art  ISl.  in  the  most  gene- 
ral term^  for  curvilineal  motions'  of  every  kind.  For 
it  i^  w^U  known  that  the  equicurte  circle  passing  through 
the  vertex  of  any  diameter  of  a  p^bola;  cuts  off  a  chord 
equal  to  its  parameter.  Noi^  this  is  evidently  the  de- 
flective <:hord  in  the  present  case,  bfeciluM  the  diameters 
are  all  vertical  lines,  in  the  direction  of  gravity.  It  agrees 
equally  with  die  determination  given  in  Art.  122; 

160.  Cor.  2.  Hence  also  we  learn  that  the  velocities  in 
any  two  points,  such  ad  B  and  D,  are  proportional  to  the 
portions  vy  and  D I  of  the  tangents  through  those  points 
which  are  intercepted  by  th^  same  diameterd.  .  Thus,  vy 
is  a  portion  of  the  tangent  B^,  intercepted  by  the  diame^ 
tefs  Diy  and  ££',  which  also  intercept  &  portion  of  the 
tangent  D  t  For  these  portions  of  tangents  are  in  the 
subduplicate  ratio  of  the  lines  VB  and  ZD.  Now  th& 
velocities  acquired  by  falling  through  VB  and  ZD  are 
in  this  subduplicate  ratio  of.  the  spaces  fallen   through. 
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161.  Such  ii  the  Galilean  Theory  of  the  parabolic 
motion  of  projectiles,  a  doctrine  valuable  for  its  intrinsic 
excellence,  and  which  will  always  be  t^Hpectable  amdng 
fdiilosophen,  as  the  first  example  of  a  problem  in  the 
higher  department  of  Mechanical  Philosophy. 
*  We  are  now  to  consider  it  as  the  foundation  of  the  art 
of  gunnery.  But  it  may  be  affirmed,  at  setting  out^  that 
the  theory  b  of  very  little  use  for  directing  the  practice 
of  cannonading.  Here  it  is  necessary  to  approach  as  near 
as  possible  to  the  object,  and  the  hurry  of  service  allowi 
tio  time  for  geometrical  methods  of  pointing  the  piece 
after  each  discharge.  When  the  gun  is  within  300  yards 
of  the  object,  the  gunner  points  it  straight  on  it,  or  ra- 
ther a  little  above,  to  compensate  for. the  small  deflection 
which  obtains,  even  at  this  small  distance.  Sometimies 
the. piece  is  elevated  at  a  small  angle,  and  the  shot,  dis^ 
charged  with  a  very  moderate  velocity,  drops  on  the 
ground*,  and  bounds  along,  destroying  the  enemy^s  troops. 
But,  in  all  these  cases,  the  gunner  is  directed  entirely  by 
jHractice,  and  it  cannot  be  said  that  the  parabolic  theory 
is  of  any  service  to  him. 

Its  principal  use  is  for  directing  the  bombardier  in  the 
throwing  of  shells.  With  these  it  is  proposed  to  destroy 
buildings,  to  break  through^  the  roofs  of  magazines,  to 
destroy  troops,  by  bursting  among  them,  &c.  Such  ob- 
jects^ being  generally  under  cover  of  the  works  of  a  place» 
catmot  be  hit  by  a  direct  shot^  and  therefore  the  shells  are 
thrown  with  such  elevated  directions  that  they  get  over 
the  works,  and  produce  their  eiTect^  These  shells  are  of 
great  weight,  sometimes  exceeding  SOO  lb.  The  mortal 
from  which  they  are  discharged  must  be  exceedingly  strongs 
that  it  may  resist  the  explosion  of  the  powder  able  to  im* 
pel  this  vast  mass  to  a  ^at  distance.  They  are  there^ 
fore  inost  unwieldy,  and  it  b  found  most  convenient  to 
have  them  almost  solid,  and  unchangeable  in  their  posi* 
tion.    The  shell  is  thrown  to  the  intended  distance  by  em* 
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ploying  a  proper  quantitj  of  powder.  This  is  found  in- 
comparably easier  than  to  vary  the  elevation  of  the  mor- 
tar. We  shall  also  find>  that  when  a  proper  elevation  has 
been  selected,  a  small  deviation  frofn  it|  unavoidable  in 
such  service,  is  mach  less  detrimental  than  if  another 
elevation  had  been  chosen.  Mortars,  therefore,  are  fre- 
quently cast  in  one  piece  with  their  bed  or  carriage,  hav- 
ii^  an  elevation  that  is  not  far  from  being  the  best  on  all 
ordinary  occasions,  and  the  rest  is  done  by  repeated 
trials  with  different  charges  of  powder. 

Still,  however,  in  this  practice,  the  parabolic  motion 
tPttst  be  understood,  that  the  bombardier  may  avail  hinv- 
self  of  any  occasional  circumstance  that  may  be  of  ad- 
vantage to  him.  We  shall  therefore  consider  the  chief 
problems  that  the  artillerist  has  to  resolve,  but  with  the 
utmost  brevity;  and  the  reader  will  soon  see,  that  more 
Oinute  discussion  would  be  of  very  little  service. 

168.  The  velocity  of  projection  is  measured  by*the  fall 
that  is  necessary  for  acquiring  it  It  has  generally  been 
called  the  force^  or  imfetus;  we  shall  distinguish  it  by 
the  symbol/  Thus,  in  Plate  II.  fig.  2,  3^  4,  FA  is  the  height 
through  whidd  the  body  is  supposed  to  fall,  in  order  to 
acquire  tlie  velocity  with  which  it  is  projected  from  A. 

The  distance  AB  between  the  piece  of  ordnance  and  the 
object^  is  called  the  amputudb,  and  also  the  range  =  r. 

Let  the  angle  EAB  contained  between  the  vertical 
amd  the  direction  of  the  object  be  called  the  avqlb  of  po- 

And  let  the  angle  DAB  contained  between  that  direo- 
UoB  and  the  axis  of  the  piece,  be  called  the  direction  of  the 
mortar  zrd,  and  let  m  express  the  zenith  distance  or  angle 
^AX}^  contained  betwefn  the  axis  of  the  mortar  and  the 
tertical  line  AE. 

*    The  leading  problem^  from  which  almost  all  the  others 
>aay  be  derived,  is  the  following* 
-   163.  Let  a  shell  ha  throwa  from  A  (fig.  3,  4),  with  the 
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Telocity  required  bj  fitUing  through  ^the  vertical  FA  so 
as  to  bit  an  object  B.  Requii^  Ihb  direction  AD  of^tlit 
projection.  '    ' 

-  Let  AH  be  a  horizontal  line,  and  AB  the  line  of  posi^ 
tion  bf  ibe  dbj^d:^  foTthe  voiicat  AF^Cakd  AE  =ff4  AI^ 
and  on  EA  desbibe  an^arch  of ^a  £ut;le  EDvd  A,'  which  shaU 
toQe&  the  line  of'))Osition'AB.  Dra^'throdgh  the  ^pl^t 
lh«  veitlcal^iine  BBv'buttln^  thexircle  in  D  and  d, 'and 
join  AB'aad'Ad/  1  ^LJ  that  AD  or  Ad  are  th^  direct 
tibnsVeq laired;  '  Join  ED  aiid  Ed.'  •  '  • 
'  *For,  because  ABtonche^'tlie^ciih^Le  in  A,  the  angle  ADE 
is  equal  to  the  exterioratigfe  £A  a,-  or  DBA,  and  the  alteiL 
nate  angles  EAD,  ADB^nre'  equal.  '  The  triangles  ADB 
tfiid  BAD  ai^  therefare  similar^  and  DB :  DA  sDA :  AE, 
and  DA^  :=  DB  x  £  A;  ^faere^e  B  is  in  a  parabola^ 
of'fvliicli  the'vertidbl  AI'*  is  a' diameter,  AD^  a  tan^ 
gent  in  AV  and  A£  -  the  pftraineter  ^of'  that  diamdcr. 
iti  therefore^  the  bddy  be  projected'  froaa  A  in  the  direo- 
tion  AD,  frith  the'' ir^lbcitj* acquired  by  blUng  through 
FA,  the  fouitfa  p^  of  this  pMtimeter,'  it  wiii  describe  a 
parabola  AVB  which  passes  through  B.  -  '  -  .  «  ' 
'  By  the  same  reasoning,  it  is  demonstrated  that  the 
\yody  tviO  hit  the*  mdrk  3^  if  prc^^ed  in  the  dibKrtion 
A  d  with  the' same  telotiity,  descriUng  the  parabola  Ao'Bk 

From  this  very  simple  construction,  we  may  draw  se- 
veral very  instructive  coroUariesi 

164/  Cfff'.  1.  When  the  vertical  liile  passing  through  B 
cut^.the  circle  EDA,  it' always  cuts  it  in  twapbinta  D  and 
d,  giving  two  directions  AI>  and  A  d,  either  of  wJiich  wiU 
solve  the  problem.  -    ' 

'  Cor,  2.  But  if  the  vertical  through  b  only  touch  the 
circle,  as  it  touches  it  in  one  point  odiy,  it  gives  ibut  one 
direction,'  albhg  which  the  body  must  be  projected  to  idX 
the  mark  ft.    This  dilution  is' AG. 

]65.  Cor.  3.  The  ^firection  AG  evidently  bisecta  the 
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angle  £AB,  and  the  directions  AD  and  A  d  are  equidist^t 
from  the  middle  direction  AG. 

166.  Cor.  4.  If  the  vertical  passing  through  B  do  not 
meet  the  circle  described  on  AE,  according  to  the  condi- 
tions specified,  the  object  is  too  remote  to  be  struck  by 
a  body  projected  from  A  with  the  velocity  acquired  by 
falling  from  F.  There  is  no  direction  that  will  enable  it 
to  go  so  far  on  the  line  AB.  The  distance  A  6  is  the 
greatest  possible  with  thb-  velocity,  and  it  is  attained  by 
taking  the  elevation  AG  which  bisects  the  angle  EAB. 
We  may  therefore  call  Ab  the  nuucmum  range  on  the 
line  AB,  and  AG  the  middle  direction. 

167.  Cor,  5.  The  distances  on  a  given  line  of  position 
to  which  a  body  will  be  projected  in  a  given  direction  AD, 
are  proportional  to  the  squares  of  the  velocities  of  projec- 
tion. For  the  figure  being  similar,  the  range  AB  has  the 
aame  proportion  to  AF,  the  fall  necessary  for  acquiring  the 
Telocity.  Now  the  faUs  are  in  the  duplicate  ratio  of  the 
velocities  required  by  falling.    Therefore,  &c. 

The  converse  of  this  problem  is  solved  with  the  same 
facility  of  construction. 

168.  Let  a  body  be  projected  in  the  direction  AD, 
with  the  velocity  acquired  by  falling  through  FA,  it  is  re- 
quired to  find  to  what  distance  it  will  reach  on  the  line 
AB. 

Describe,  as  before,  on  AE,  =  4  AF,  the  circle  EDA, 
touching  AB,  and  cutting  AD  in  D.  Through  D  draw 
the  vertical  DB,  cutting  AB  in  B.  Then  B  is  the  point 
to  which  the  projectile  will  reach.  The  proof  is  too  evi- 
dent to  need  discussion. 

Lastly,  suppose  the  object  B  to  be  given,  and  also  the 
line  of  direction  AD  (which  is  a  very  common  case,  see- 
ing that  our  mortars  are  often  so  fixed  in  their  beds  that 
their  elevation  can  be  very  little  altered)  it  is  required  to 
determine  the  velocity  that  must  be  given  to  the  projec- 
tile. 
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Draw  through  the  object  the  vertical  BD,  meeting  the 
direction  in  D.  Draw  the  vertical  A£,  and  make  it  a 
third  proportional  to  DB  and  DA,  that  is,  make  A£  = 

54^,  and  take  FA  =^.     Then  FA  is  the  fall  which 

will  generate  the  velocity  required  for  the  projection* 
The  demonstration  of  this  is  also  very  evident. 

169.  Notwithstanding  the  great  simplicity  of  the  con- 
struction of  these  problems,  we  cannot  obtain  numerical 
solutions  for  practice  with  equal  simplicity,  except  when 
the  line  of  position  is  horizontal,  as  in  fig.  3.  This  in- 
deed  is  the  most  general  case,  and  there  are  few  situations  so 
abrupt  as  to  deviate  very  far  from  this  case,  the  ^eatest 
height  of  a  fortress  commonly  bearing  but  a  small  propor- 
tion to  the  distance  of  the  mortar. 

When  AB  is  a  horizontal  plane,  as  in  fig.  2.  the  arch 
EDA  is  a  semicircle. 

In  this  case  the  maximum  range  A  6  is  equal  to  AG> 
the  radius  of  the  circle,  and  equal  to  twice  the  height  FA. 
necessary  for  acquiring  the  velocity  of  the  projection. 

This  greatest  range  iis  obtained  by  elevating  the  mortar 
45  degrees  from  the  horizon. 

170.  The  ranges,  with  different  directions,  are  propor- 
tional to  the  sines  of  twice  the  angles  of  elevation.  For^ 
drawing  (4C,  DL,  d/,  perpendicular  to  £A,  and  drawing 
the  radii  CD  and  C  d,  we  have  C6  equal  to  the  range  A  b 
and  /  d,  equal  to  the  range  AB.  Now  CG  is  the  sine  of 
the  angle  ACG,  which  is  double  of  GAB,  and  Id  is  the 
sine  of  AC  d,  which  is  double  of  A£  d,.  which  b  equal  to 
the  elevation  d  AB ;  and  the  same  is  true  of  all  other  ele-. 
vations.  We  may  always  employ  this  analogy  as  radius 
to  the  sine  of  twice  the  angle  of  elevation,  so  is  twice  the 
height  necessary  for  acquiring  the  velocity  to  the  fange 
of  the  projection  on  a  horizontal  plane. 

171.  The  height  to  which  the  projectile  rises  above  thf 
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tidrimntal  plsocie'  is  its  the  ^nare  of  the  sinef  of  eleration. 
:^or  OV  Ae  dUs  of  iW  jpiurkioU  is  ^th  of  DB  or  LA  ;-^ 
md  I^A,  the  height  to  which  the  pirojectile  would  rise 
straight  upward,  is  ^th  of  EA.  Now  EA  :  LA  =  EA''  : 
AD*  =  rad. «  :  sin.*  AED,  =  rad.* :  sin. «  elevation.  There- 
fbre  tA  :  VO  =  fad.*  :  sin.^  elenftio6»-^als6  VO :  o  O  = 
sin.'  DAB  :  sin.*,  flAB,  kc 

172.  I'he  tfm^  of  the  flights  iure  as  the  sines  of  the  ele- 
T&tibn.  tor  the  velocities  in  the  Ahrectidns  AD,  A  J,  be- 
ing the  same,  tile  times  at  dMeriUing  AD  and  Ad  uni- 
fornfly  ^ill  be  as  AD  and  A d.  Now  AD  and  Ad  are  as 
ilie  iiiiA  of  the  ahglds  A^D  aiid  AE  d,  which  are  equal 
to  tb'e  ahgle^  DAB  knd  d  Ati.  N6w  the  titn^  Of  describhig 
AD  ahd  Ad  uifiPormry  i^ith  th6  Velocity  6f  projection 
are  the  same  with  the  tifnils  bf  ileScSriblng  the  parabolas 
AVBMdAok 

173.  When  the  object  to  be  struck  is  on  ah  ibditied 
plane  A  b,  Aicbhding,  as  in  iig.  3.  the  arch  EDA  is  less 
uifin  a  sethiclrcle ;  and  wh^  it  is  on  a  descending  plane, 
as  in  ffg.  4.  EDA  is  greater  than  a  semicircle.  This  con- 
siderably enikbarfasses  the  process  for  obtaining  the  direc- 
tion, when  the  impetus  and  the  object  ate  given,  or  con- 
versely. It  has  been  much  canvassed  by  the  many  au- 
thors who  deliver  theories  of  gunnery,  and  the  parabola 
jiflbrds  many  very  pretty  methods  of  solving  the  problem. 
Dr  Halley^s,  ihthe  Philosophical  Transactions,  No.  179.  is 
peculiarly  eFegdnt.  Mr  Thomas  Simpson^'s  also,  in  No.  48G. 
is  ex'trethely  ingentous  and  comprehensive,  and  has  been  re- 
duced'to 'a  very  elegant  simplicity  by  Frisius  in  his  Cos- 
mographia.  Biit  neither  of  these  methods  shew  so  dis- 
tinctly the  connection  between  the  different  circumstances 
bf  the  motions,  or  keep  the  general  principle  so  much  in 
view,  as  the  one  here  given ;  iand  all  the  aritlmietical  ope- 
rations which  finally  result  from  tiiem,  ate  precisely  simi- 
tar to  those  deduced  from  our  construction. 
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IT*.  The,follom?ig  ipett^,  .suggested  hy  ^e  sirnple 
construction  now  giren^  is  p^oll^ably  fLsji^j  ^tide^pe^- 
tious  as  any. 

Dr^w  tbe  hoii»^tal  lin^  H  A  a,  %.3.  8d44^  c;^ttipg  the  y^ 
tjcal  drawn  ttlM^pugh.^  in,  )i,  let  C  ^Uie  centre  of  )th.^  diyni^ 
Jar  arch  £D^.  Join  ylC,  apd  .di:aw  6C,  cutting,  the  ver- 
ticals through  A  and  B  in  the  pointajf  and^.  Also  drnw 
CD  and  C  d.  Let  p  re[»'esent  the  angle  of  position  EAB^ 
jmd  d  the  angle  of  direction  PAB»  which  the  axis  of  the 
piece  makes  with  the  line  of  position  AB.  Also  let «  be 
the  angle  HAH  which  the '  axis  makes  with  -the  vertiodL 
Let  r  express  the  range  AB,  and/* the  fall  FA  necessaij 
for  communicating  the  velocity  of  projection.  -Then  Ab 
parameter  of  the.  parabola  at  the  ^poipt^  pf  prqjec^ioQ  iis 
r4/,  =:AE»  and  using  S  to  e;^pr«ssthejiii9e. 

We  have  AB:UB  =  S,EAD:  S,  DAB,^8»;r:  S,  A 
DB  :  DA  =  S.  DAB :  S,  DBA,  =  S,  d :  S,  p. 
DA  :  AE  =S,:mA:,S,  EJiA^^S,,d;,S,p. 
iTherefiareAtB:  AEjcs  S,;:^  x  B,id:,8\p. 
t  That  <  is  .r:.4/=S,axS,  d;:S%p. 
.lAnd  .rH'SV|>=;?4/xS,J5rxS,  rf. 

Hence  are  derived  formulf^  ^hkh  sqlye,  All^fb^^qjiestipys 
.contained  in  the  ptdAem. 

TJi^^an^wen^  to,tHjq.^eqt|pPfli  <t|:pr^s9fdl,ilij.jjie  tfjD;  $p^^ 
cases  are  obtained  by  a  single  operation,  Jjp  (be^first^fjasej 
the  maximum,  va)ur  of  r,  which  corresponds  with  the  ele« 
vation  AG,  is  a  third  proportional  to  AE  and  AD,  and 
will  be  had  by  the  analogy  ^in-*  P  :.?in.*  tl  p  .-s  4/:  r. 

We  also  may  remark' that  the  ranges  mdde  with  the 
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same  velocity,  and  on  the  same  declivity,  are  as  the  pro- 
ducts of  the  sines  of  d  and  of  jr. 

1 78.  But  these  formula  do  not  afford  so  ready  an  answer, 

when  d  is  the  thing  wanted,  as  one  would  expect  from 

'their  simplicity.    When  d  is  unknown,  z  is  also  unknown. 

In  this  case  we  must  remark,  that  S,  ^r  x  S,  d  is  equal  to 

COS.  z^d — cos.  z  +  d       J  .1   ^      .J 

r- 3 : — ,  and  that  z  +  dz^p. 

This  changes   our  formula  into  r  x  sin.t  p^  \  f  x 


£os.  z^d-^ cos.  2  +  d 


i  =  2/x  COS.  z  to  d — COS.  /?,  =1 2/x 


cos.  z  o»  d — 8/x  COS.  p.    Therefore  we  have 

rxsin.^p-f:  2/xcos./>  =  2/xcos.  z^d. 

Having  obtained  the  arch  z  ^  dj  and  having  0  +  d  zzp, 

we  easily  obtain  d,  it  being  =  ^  '*'  ^  *° — .    The  process 

is  much  expedited  by  the  help»of  a  table  of  natural  sines. 
We  must  remember  that  when  the  projection  is  made  on 
an  ascending  plane,  the  quantity  2  f  x  cos.  p,  is  to  be 
added  to  r  x  sin.^  p ;  but  that  it  is  to  be  subtracted  from 
it  if  the  projection  is  made  on  a  declivity. 

179.  But  a  plainer  method  may  be  taken,  although  not 
so  obviously  deduced  from  the  general  principle.  The 
position  of  the  object  B  being  known,  its  horizontal  dis- 
tance AE  is  known.  Call  this  A.  The  middle  direction 
AG  is  also  known.  The  line  f  A  1%  also  known,  being 
=  2/  Now  /  C  =z  2/x  tan.  /AC,  =^  2/x  coUn.  p. 
Call  this  b.  Then  Cgb=:A  +  &,  or  =  A  —  6,  according 
as  the  projection  is  made  on  an  ascending  or  a  descending 
plane.     Now  we  have 

• 

/A  :  C  g"  =  cos.  p :  cos.  d — z  or 


2  /  :  A  +  6  ==  COS.  p  :  cos.  d  —  z. 
Then  to  i  p  (=  i  d+  2)  add  ^  d  —  f,  and  we  obtam  d. 
This  b|  in  fact,  the  process  to  which  we  are  ultimately 


i 


pROJBcnus.  183 

led  by  erery  metbod  thai  is  taken  for  the  solution  of  this 
case  of  the  problem. 

The  construction  suggests  another  process,  which 
inay  be  more  acceptable  to  some  readers.  The  angle 
/AG  is  i  EAB.  Therefore  /G  =  2/x  tan.  i  p, 
and  2/x  tan.  ^  p  —  AK  :=  g*  G,  =  the  versed  sine  of 

t  ••  d,  CA,  or  i  /   bein?  radius. 
^  Bin.  p        ^ 

There  are  two  questions  more  that  must  be  solved  be^ 
fore  the  artillerist  can  have  all  the  information  herequiresL 
In  the  throwing  of  shells,  it  is  of  peculiar  importance 
that  the  fuse  of  the  shell  bum  during  the  whole  time  of 
the  flight,  but  no  longer ;  and  it  would  be  best  of  all  were 
it  ended  when  the  shell  is  about  six  feet  from  the  ground. 
This  requires  an  exact  kpowledge  of  the  time  of  the 
flight. 

180.  The  time  of  the  flight  is  the  same  with  that  of  falU 
ing  through  DB.    We  must  therefore  calculate  DB  in  feet. 

Then  (146)  t  =  *^;  *•  =  ^B,  =  L^i  From 

4  16  16  sm.  z 

.the  sum  of  the  logarithms  of  the  range  (measured  in 
feet)  and  the^sine  of  the  direction,  take  the  sum  of  the 
logarithm  of  16  and  the  sine  of  the  zenith  distance,  and 
half  the  remainder  is  the  time  of  the  flight,  measured  in 
seconds. 

If  the  best  or  middle  direction  had  been  chosen,  which 
is  generally  not  far  from  being  the  case,  DB  is  equal  to 

BA  or  r.    Therefore  in  this  case  we  have  <  m— ^ — . 

»  4 

Lastly,  with  respect  to  the  velocity 'and  momentum 
with  which  the  projectile  maizes  its  stroke,  this  is  easily 
deduced  from  the  property  of  the  parabolic  motion.  We 
know  the  velocity  of  projection,  or  the  velocity  at  A, 
namely,  that  which  is  acquired  by  falling  through  FA. 
In  like  manner,  the  velocity  at  B  is  that  acquired  by  faU« 
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iiig  throngh  F  «,  (B  •  lieing  drawn  (iarallel  to  the  hdri- 
zon.)    Therefore,  y¥K :  vFT  :=  Telocity  at  A  :  velo- 

*    181.  Such  are  thb  (nraeti^I  problems  with  their  more 
taseful  «eoro}larie8  which  hare  bc^  deduced  tnttn  the  iGa- 
lilean  theory  of  projeoti)ea»  and  it  only  reknains  to  com- 
pare the  results  of  this  theory  with  observation.    As  this 
b  the  simplest  case  of  the  cunrilineal  motion  of  bodies  in 
free  space,  and  we  have  seen  *  such  *  exquisite  coincidence 
m  the  celestial'  motions,  in  which  the  complication  is  in- 
comparably greater^  we  are  led  to  expect  an  equal  coin- 
cidence in  the  case  of  terrestrial  pnyjectiles.    But  it  is  not 
easy  to'institute  the  comparison.     The  planets  describing 
orbits  which  return  through  the  same  points  from  which 
they  set  out,  their  revolutions  are  repeated,  and  we  can 
easily  state  the  moment  of  their  beii^  in  any  given  point  of 
their  orbits.  But  in  our  projections  the  whole  flight  is  over 
in  a  very  short  time,  and  every  time  we  see  them  they 
are  new  motions,  independent  on,  and  unconnected  with 
any  prior  or  posterior  projection.    There  is,  however, 
one  case,  in  which  the  comparison  seems  even  preferable 
to  any  we  can  make  in  the  case  of  the  planetary  motions, 
namely,  the  motion  of  a  jet  of  water  or  other  fluid  issu- 
ing through  A  small  orifice,»-here,  as  every  drop  follows  the 
same  path,  we  have  the  whole  path  exhibited  to  us  at  once. 
We  see,  in  one  moment,  a  particle  in  every  point  of  the 
path.     We  can  measure  this  path,  and  state  its  accurate 
form.     The  only  other  example  that  affords  an  oppor- 
tunity for  examination  is  the  flight  of  a  bomb-shell  in  the 
Aight  time.     We  see  this  by  the  light  of  its  fuse  ;  but  the 
appearance  is  too  transitory  to  give  us  any  accurate  in- 
formation. 

When  the  jet  of  water  is  very  nioderate,  as  when  it 
issues  with  a  velocity  not  exceeeding  30  or  30  feet  per  se- 
cond, the  curve  formed  by  the  jet  is  found  to  coincide 
with  a  parabola.    And  when  experiments  are  made  with 
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jets  so'Iimit^d,  especially  if  the  iiin  of  water  is  not  too 
small,  the  coitespondence  with  the  theory  is  as  exact  as 
we  can  wish.  Hhe  furthest  jet  is  tbade  on  a  horizontal 
'  plane  with  the  elevation  of  ^^ — and  the  elevations  which 
give  the  smaller  ranges  are  observed  to  lave  the  due 
proportion,  viz.  that  of  the  sines  of  twice  the  angled  of 
elevation. 

But  when  tlie  velocity  of  efflux  is  no  great  that  the 
water  is  seen  to  spread  as  it  issues,  and  soon  divided  into 
spray;  we  then  observe  a  great  deviation.  When  the  jet 
is  very  oblicjue,  rising  ih  an  angle  of  45^  for  example, 
we  can  plainly  see  that  the  curve  deviates  greatly  from  a 
parabola  with  its  axis  perpendicular  to  the  horiizon.  The 
remote  branch  of  the  curve  is  s^n  'to  be  much  less  sTop- 
ing  than  the  rising  branch,^-and  in  the  very  great  jiets 
which  are  to  be  seen  in  some  great  water-works,  the  fall« 
ing  branch  is  almost  perpendicular  at  its  remote  extre^ 
mity ;  and  the  hi£;hest  point  of  the  curve  is  ftir  from  be- 
ing in  the  inidHle  between  the  spdut  and  the*  place  where 
the  water  falls.  This  unequal  division  of  tl^e  curve  by 
its  highest  point  may  also  be  observed  in  the  fli^t  of  a 
bomb-shell,  and  of  an  arrow. 

The  time  of  rising  to  the  top  of  the  curve  should  be 
equal  to  the  time  of  its  descent  on.  the  other  side.  But 
it  is  sensibly  greater  when  the  elevations  are  small,  and 
sensibly  less  when  the  projection  is  made  with  a  great 
elevation. 

The. greatest  horizontal  range  should  be  made  when 
the  elevation  is  45®;  and  this  is  generally 'Understood  to 
be  the  case.  But  in  every  experiment  that  has  been 
made  with  considerable  velocities,  the  elevation  which 
gives  the  greatest  range  is  considerably  below  that  of  45 
degrees.  A  strong  bow  will  sehd  the*  arrow  itluch  far« 
ther  witli  an  elevation  of  36^'or  38^  Aiail  ^ith  45**;  and 
^  piece  of  ordnance  does  thelsame. 

182.  The  horizontal  ranges  should  be  equal' that  ^ 
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jnade  with  elevations  equidistant  from  45*.  The  follow- 
ing experiments  were  made  at  La  Fere  bj  the  Chevalier 
Borda,  with  a  24.pounder  brass  cannon,  with  the  teme 
charge  of  powder  in  each  experiment  Three  discharges 
were  made  with  each  elevation^  and  the  medium  range  is 
here  set  down: 

Elevation,  Range. 

15*»  .  .  1960  . 


SO 
45 
60 

76 


2236 

2108 

1700 

950 


Here  it  appears  that  the  range  at  76%  which  should 
have  been  the  same  with  that  at  15%  wanted  26  of  being 
one  half  of  it  The  range  at  60*  is  but  f  ths  of  the 
.range  at  30*.  And  the  range  at  46*  falls  considerably 
short  of  that  at  30*. 

The  same  gentleman  made  a  similar  experiment  with  a 
brass  field  six-pounder,  with  two  pounds  of  powder.  It 
ranged  1690  yards  when  elevated  46*>  and  1700  when  ele- 
vated 30*. 

A  12-pounder  ranged  at  19*  672 

10  496 

It  should  have  ranged*  362 


Another  piece  at  8  690 

at  4  600 

It  should  have  ranged  350 

The  range  with  an  elevation  of  45*  should  be  twice 
the  height  through  which  a  body  must  fail  in  order  to  ac- 
quire the  velocity  of  the  projection. 

This  comparison,  which  is  of  main  importance,  can  be 
pretty  well  made  with  jets  of  water,  because  the  velocity 
of  efOtix  can  be  deduced  from  the  quantity  which  issues 
in  a  given  time.  In  these  experiments  a  defalcation  may 
be  observed^  even  when  the  velocity  b  very  moderate ; 
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and  wben  it  is  considerable,  the  defalcation  is  veiy  great 
indeeicf,; 

i83.  It  is  not  easy  to  institute  such  a  comparison  in 
the  case  of  the  prodigious  velocities  of  military  projectiles, 
and  we  were  long  ignorant  in  this  matter  and  had  notions 
so  erroneous,  that  our  conclusions  misled  us  still  farther 
from  the  truth.  *  At  last,  however,  a  method  was  disco- 
vered of  measuring  these  great  velocities.  Notwithstand- 
ing the  magnificent  establishments  for  the  improvement 
of  the  art  in  all  the  governments  of  Europe,  and  the  num- 
berless experiments  which  have  been  made,  no  improve- 
ment has  been  made  till  very  lately.  The  experiments 
are  of  a  kind  that  professional  men  alone,  aided  by  the 
establishment,  can  undertake— and  they  have  not  been 
spared — but  have  been  so  injudicious  that  they  did  more 
'harm  than  good.  Yet  they  appear  unexceptionable.  Thus, 
from  a  medium  of  18  discharges  with  the  same  quantity  of 
powder,  and  only  three  degrees  of  elevation,  that  the  flight 
-might  be  almost  a  straight  line ;  it  was  found  that  510 
yards  were  described  in  2^  seconds,  from  which  it  was  in- 
ferred that  the  velocity  was  204  yards  per  secopd  or  618 
feet.  Calculations  being  made  for  longer  flights  from  this  ^ 
standard  were  found  so  discordant,  and  led  to  such  incon- 
sistencies, that  it  was  plain  that  the  first  principle  was 
erroneous. 

184.  At  last,  Mr  Benjamin  Robins,  a  private  person,  but 
eminent  for  mathematical  and  philosophical  knowledge, 
accomplished  this  difficult  task,  in  a  maniler  that  gives 
complete  satisfaction.  The  third  law  of  motion  teaches 
us  that  when  a  body  A  makes  any  change  in  the  motion 
of  another  body  B,  it  sustains  an  equal  change  in  the  op- 
posite direction.  If,  by  striking  B,  it  gives  it  a  quantity 
of  motion  1,  then  it  loses  the  same  quantity  of  its  owa 
motion.  If  therefore  A,  moving  with  the  velocity  604 
feet  per  second,  strike  on  a  body  B  a  hundred  times  bigger 
4faap  itself,  it  will  give  it  about  the  liK)th  part  of  this  v^a* 
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rity^  nearly  6  fM  fir  second,  which  is  verjr  BMdente. 
Mr  Robins  therefore  discharged  musket  balls  against  « 
block  of  wood  haii]g[ing  Jike'  a  peBduImn,  and  so  constmct- 
ed  that  he  could  tell,  with  glvat  esaCtnesf,  what  vdocitj 
it  had  acquired  fironi  the*  Mow.  We  shall  see  in  due  time 
how  thismaj  be  inferred,  with  great  accuracy,  from  the 
yibrution  which  it  will  cause  this  -suspended  block  of  tim- 
ber to  make. 

Proceeding  in  this  way,  Mr  Robins  found  that  a  musket 
ball,  discharged  with  the  ordinary  serrice  allotment  of 
powder,  issues  from  the  mussle  of  the  |Hece  with  «  velo- 
city i)et  ween  1600  ilnd  1700  feet  in' a  second.  A 'body 
falling  4  feet  acquires  a  veioeity  of  16  *feet  pier  second ; 
'therefore,  to  give  it  the  velocity  of  1600  fuel  requires  a 
iall  of  40^000  feet,  or  13,333  yards,  =  T/^  nules. 

Such  a  musket,  therefore^  devated*  45%' should  send  the 
'bflU  Jillmost  16  mile»>*-4>ut,  when  the  trial  b  made,  it  b 
rarely  fdUnd'much  to  estoeed  ^  a  mile,  deviating  from  the 
'theory  31  parts  out  of -38.  A  84  pound  ahot,  when  dis- 
charged with  the  usual 'service  of 'powder,  has  nearly  the 
'same  velocity.  Yet  such  a  ball  will  very  seldom  go  three 
miles,  which  is  but  |th  of  what  the  theory  requires. 

This  is  an  enormous  deviation  firem  llie  theory.— It  is 
not  so  great  in  more  moderate  velocities.  Thus  Mr 
Robins  found  that  a  musket  ball  with  the  velocity  400, 
TBiigtd  only  450  yards  when  elevated'80^.  *  We  shall  find 
that  this  velocity  with  this  elevation,  should  have  given  a 
range  of  1050  yards.  -  The  experiment  gave  but  fths  of  this. 
Another,  havmg  the  velocity  700  elevated  8®,  rungcd 
690  instead  of  1400,  which  it  should  fasve  raoged. 

185.  Thus  it  appears^  that  :the  actual  motionsofi  those  pro- 
jectiles differ  so  monstrously  from  the  theory,  ttfaat  it  be- 
comes of  na  use  for  directing  the  practice,  except  iperbaps 
ill  bombardment,  where  thcvdocities  are  vastly  mare  sio- 
dtmate,  and  the'  i^bserved  devktioiis  from  theory  are  much 
imtiler,  and  so  regular  that  Man  equation  can  be  adapted 
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to  them,  wkereas  the  deviations  oF  cannon  shot  and  of  small 
arms  seem  unsusceptible  oF  anj  such  reduction.  I  may 
afanost  venture  to  say,  that  the  numerous  and  splendid 
▼olomet  which  have  been  written  on  the  parabolic  tiieory 
of  projectite8,are  little  more  than  ingenious  amusements  for 
mathematicians,  but  deserve  little  attention  from  the  gun- 
ner or  bGim1>ardier.  All  that  can  be  done  for  his  instruc- 
tion, is  to  make  a  collection  oF  experiments,  with  every  ; 
variety  oF  gun,  elevation,  quantity  of  powder,  and  manner 
oF  disposing  it  in  the  piece.  In  this  collection^  no  con- 
clusion should  be  drawn  except  by  a  medium  of  several 
discharges  in  similar  circumstances.  By  far  the  greatest 
part  of  the  experiments  already  published  have  little  value, 
being  injudiciously  made — and  they  differ  more  from 
one  another  than  from  any  theory— ranges  with  small 
elevations  are  of  no  use  for  establishing  the  theory,  because 
the  smallest  deviation  from  the  direction  in  the  vertical 
produces  a  great  difference  in  the  range,  insomuch  that 
the  mnges  with  4*  of  elevation  are  frequently  observed  to 
exceed  those  made  with  the  same  powder  and  6^  of  eleva- 
tion. Such  deviations  are  unavoidable  when  the  ball  has 
much  room  in  the  piece. 

186.  Such  being  the  state  of  this  article  of  mechanical 
philosophy,  it  is  our  business  to  inquire  into  the  cause  of  the 
deviation  from  results  so  simple,  and  which  seem  so  firm- 
ly established  on  the  first  principles  of  mechanics.  The 
cause  is  by  no  means  abstruse  to  any  person  that  re- 
collects that  this  globe  is  surrounded  by  a  material  atmos- 
phere. A  body  cannot  move  through  this  atmosphere  with- 
out pushing  the  air  out  of  its  place,  that  is,  without  giving 
motion  to  aquantity  of  matter.  It  is  a  fact,  without  ex- 
ception, that  when  a  body  in  motion  disjilaces  another, 
the  moving  body  loses  as  much  motion  as  the  other  body 
acquires.  Although  we  are  far  from  knowing  with  preci- 
sion what -motion  is  thus  communicated  to  the  air,  we 
can  draw  several  conclusions  from  the  general  fact  of  its 


19ft  PROJECTILES; 

being  put  in  motion,  which  must  be.  verj  nearly  true.  A 
ball  displaces  the  air  nearly  in  the  same  manner  with 
whatever  velocity  it  moves^  Therefore,  the  quantity  of 
aerial  motion  which  it  generates,  will  be  nearly  propor- 
tioned to  the  quantity  of  matter  thus  put  in  motion,  and 
the  motion  thus  induced  on  each  particle,  that  is,  the  ve- 
locity wiih  which  it  is  pushed  aside*  The  product  of  the 
quantity  of  air  displaced,  multiplied  by  the  velocity  of  the 
removal,  will  express  the  quantity  of  motion  generated  in 
the  air,  and  extinguished  in  the  ball.  The  quantity  dis-^ 
placed  in  a  second  must  be  proportional  to  the  space 
passed  over  by  the  moving  ball.  And  the  motion  given 
to  the  same  parcel  of  air  must  also  be  proportional  to  the 
velocity  of  the  ball.  The  product  is  proportional  to  the 
iquare  of  the  velocity  of  the  bali. 

Therefore,  the  motion  lost  by  the  ball|  or  its  momen- 
tary diminution  of  velocity,  must  be  in  this  proportion. 

Suppose  another  ball,  of  the  same  weight,  but  having 
twice  the  diameter,  moving  with  the  same  velocity.  It 
must  displace  a  greater  quantity  of  air,  and  this  in  pro^ 
portion  as  its  surface  is  greater,  that  is  in  proportion  a» 
the  square  of  its  diameter  is  greater.  The  momentary 
loss  of  motion,  therefore,  will  be  as  the  square  of  the  ve- 
locity, and  as  the  square  of  the  diameter  jointly. 

Suppose  a  ball  of  equal  diameter  with  the  first,  but  of  a 
greater  density.  If  moving  with  the  same  velocity,  it  ge-^ 
nerates  and  loses  the  same  quantity  of  motion ;  therefore 
its  momentary  diminution  of  velocity  must  be  so  much 
the  less,  as  its  quantity  of  matter  is  greater.  Thus  should 
a  ball  of  10  pounds,  and  one  of  20,  having  the  same  dia- 
meter, move  with  the  same  velocity  3,  the  quantities  of 
motion  are  30  and  60.  Now  should  the  first  lose  in  any 
time  the  velocity  1,  it  loses  the  quantity  of  motion  10.  The 
other  loses  the  quantity  of  motion  10,  and  its  remaining 
quantity  of  motion  is  50.  Therefore  its  velocity  is  2^,  and 
it  has  lost  the  velocity  ^.     Thus  it  is  that  we  see  a  soap 
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bubble  descend  very  slowly,  while  a  cork  ball  of  the  same 
size  falls  mach  faster,  and  a  leaden  ball  still  faster. 

These  things  will  be  more  particularly  considered  after* 
wards,  and  are  only  mentioned  just  now,  to  help  us  to 
form  a  notion,  of  the  more  remarkable  circumstances  of 
this  retardation.  We  see,  in  general,  that  a  denser  body 
sustains  a  smaller  diminution  of  its  velocity  when  it  sua* 
tains  the  same  diminution  of  its  momentum,  and  that^ 
with  respect  to  bodies  of  the  80ie  density,  the  smaller  will 
be  most  retarded,  because  their  momenta  are  in  a  smaU 
ler  proportion  to  the  momenta  of  the  larger  bodies  than 
their  surfaces  are,  to  which  the  retardations  are  {(uUeria 
|Mzrti6ttf)  proportionaL     In  general,  the  momentary  dimi- . 

nution  of  velocity  is  proportional  to  ~^j->  that  is  to--^ 

where  v  is  the  velocity,  and  d  the  diameter.  ^ 

187.  Philosophers  have  allowed  themselves  to  be  mis* 
led  by  the  great  disproportion  between  the  density  of  the 
air  and  that  of  an  iron  or  leaden  ball,  which  is  from 
9^000  to  11,000  times  heavier,  and  have  therefore  thought 
that  the  retardation  occasioned  by  so  rare  a  fluid  must  be 
insignificant  They  fiave  been  confirmed  in  this  by  the 
result  of  chamber  experiments,  with  a  jet  of  water  or 
mercury,  in  which  there  is  a  sufiicient  coincidence  with 
experiment  Yet  a  little  reflection  might  have  convinced 
them,  that  what  impels  our  ships,  and  overturns  build- 
ings, breaks  down  trees,  and  produces  other  ravages,  can* 
not  be  insignificant  in  such  rapid  motions.  • 

It  is  really  surprising  that  so  little  has  been  learned  in 
a  busy  period,  and  on  an  interesting  subject,  especially 
when  we  think  on  the  immense  establishments  in  most 
nations  for  the  cultivation  of  this  art.  Or,  while  mere 
military  men  prosecuted  this  subject  in  their  own^way, 
with  their  moderate  stock  of  mathematical  knowledge,  it 
is  very  surprising  that  men  of  science  have  not  improved 
the  art,  especially  since  the  elements  have  been  so  plainly  - 
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and  diBiinctly  laid  down  a  century  ago  hy  Sir  Isaac  New- 
ton. 

Newton  was  the  first  who  considered  the  mechanical 

*     .  ■    •  * 

action  of  fluids  in  motion,  and  be  has  given  us  the  ele- 
ments of  all  the  science  we  jet  posses  on  this  subject. 
Bis  theory  of  what  is  how  called  the  resistance  of  fluids 
proceeds  on  the  acknowledged  principles  of  mechanics, 
and  bas  nothing  in  it  that  is  not  strictty  demonstrated, 
elcept  the  assumption  of  Ve  particular  constitution  of  k 
fluid.  This  be  announces  aa  a  hyptHheais.  He  gives  two 
forms  of  this  hypothesis,  one  of  which  corresponds  to  the 
only  distinct  notions  we  can  form  of  the  mechanical  af- 
fections  of  common  air.  He  shortly  deinonstrates,  that 
the  diniipution  of  motion  produced  by  it  is  the  same  with 
what  would  be  produced  by  the  weight  of  a  column  of 
this  fluid,  having  the  resisted  surface  for  its  base,  and 
having  for  its  height  the  height  necessary  for  acquiring 
the  velocity  of  the  motion.  Thus,  a  square  in  its  mov- 
ing in  water  fiZ  feet  per  second,  sustains  a  resistance 
equal  to  the  weight  of  a  prism  of  water  16  feet  long^ — 
this  will  be  about  seven  pounds.  Air  being  840  times 
lighter,  the  resistance  is  but  the  840th  of  this,  or  1| 
ounces.  If  the  surface  move  50  times  faster  than  this,  or 
1600  feet  in  a  second,  the  resistance  will  be  50  x  50  x  1  j 
Ounces,  nearly  21  pounds  on  every  square  inch.  The  re- 
sistance to  a  musket  ball  should  be  72  times  its  weight,  by 
Newton's  principles. 

The  inattention  of  artillerists  to  all  this  is  still  the  more 
surprising,  as  Newton  supported  his  theory  by  the  most 
unexceptionable  experiments,  made  by  him  with  the  ut- 
most care.  One  chief  reason  seems  to  have  been  the  na- 
ture of  the  experiments.  Newton^s  measures  of  the  ac- 
tual resistance  of  the  air  were  inferred  from  obser>'ing  the 
diminution  which  it  caused  in  the  vibrations  of  pendulums. 
These  inferences  required  such  a  load  of  calculation,  that 
scarcely  any  person  but  Newton  bad  patience  to  submit 
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to  it.    And,  as  his  observed  resistances  were  very  small, 
titejr  were  disregarded. 

Artillerists  were  also.^eatly  mistaken  in  their  notions 
of  the  initial  velocities  of  cannon  shot.  Thej  had  infer- 
rlsd  these  measures  from  the  time  ti  canndn  ball  flew  a 
certain  number  of  yards ;  not  suspecting;  that  in  a  second 
cf  time  the  velocity  is  reduced  to  little  mbr^  than  one 
half.  A  r^ma^kable  eiEperiment  wiks  made  at  Leith  in 
1783,  which  is  very  instructive  in  this  respect.  A  ball  of 
103  pounds  was  discharged  by  eleven  pounds  of  powder, 
at  an  elevation  of  15^  A  24  pouhd  bail  was  discharged 
with  eight  pounds  of  powder,  with  the  same  elevation. 
They  were  discharged  almost  at  the  ^me  instant.  They 
alighted  within  otie-fourth  of  a  second  of  eabh  other,  and 
not  above  sixty  yards  asunder.  From  such  an  Experiment, 
a  person  might  be  led  to  think,  that  the  two  balls  moved 
v^ith  nearly  the  saniiel  velbcity  t  yet  the  smallest  reflection 
mtist  convince  us,  that  this  cannot  be  nearly  the  case. 
By  the  best  judgment  that  can  be  formed  df  the  action  of 
gunpowder,  and  by  comparing  these  discharges  with  such 
a^  have  been  measured,  it  appears  that  the  initial  velocity 
of  the  great  ball  was  nearly  800  feet  per  second,  and  that 
of  the  24  pound  ball  was  1450.  In  two  seconds  the  24 
pound  ball  was  reduced  to  the  velocity  807.  In  5|  se- 
conds both  were  reduced  to  520 ;  the  smaller  ball  having 
gone  4300  feet^  and  the  large  one  3500.  In  22  seconds 
the  great  ball  had  just  passed  the  other,  having  gone  9500 
flset,  and  still  retaining  the  velocity  270.  The  24  poun- 
der had  the  velocity  210.  It  was  necessary  to  calculate 
these  motions  for  every  tenth  part  of  a  second. 

We  see,  froni  this  experiment^  how  difficult  it  is  to 
learn  the  velocities.  We  are  therefore  under  great  obli- 
gations to  Mr  Robins  for  his  discovery  of  an  unexcep- 
tionable method  of  acquiring  this  knowledge.  He  begins 
his  examination  of  this  question  by  first  finding  the  re- 
sistance to  slow  rootioQs«-this  he  did  in  a  way  that  was 

VOL.  I.  N 
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equally  accurate  and  original.  The  surface,  of  which  he 
examined  the  resistance,  was  made  to  move  round  an  axis 
at  the  distance  of  six  or  eight  feet,  at  a  c^tain  determin- 
ed rate,  and  the  force  requisite  for  this  purpose  was  mea- 
sured by  weights.  In  this  manner,  he  found  that  a  ball 
44  inches  diameter  (which  is  the  sise  of  a  12  pound  shot) 
moving  25  feet  per  second,  sustained  a  resistance  of  0,72 
ounce  avoirdupoise ;  therefore,  if  moving*89^  feet  per  se- 
c(>nd,  it  sustains  a  resistance  of  one  ounce,  for  he  found  the 
r^Lstances  accurately  proportional  to  the  square  of  the  ve- 
locity. Now,  suppose  this  ball  to  move  with  the  velocity 
with  which  it  is  discharged  with  four  pounds  of  powder, 
that  is,  1600  feet  per  second.  The  resistance  would  be 
64  X  64  times  as  much,  or  about  184  pounds,  or  15^ 
times  the  weight  of  the  balL  Now,  the  weight  of  the 
ball  would  diminish  its  velocity  32  feet  in  the  first  second, 
i$ai  is,  while  It  flies  the  1600  feet.  The  resistance  would 
diminish  it  15^^  times  as  much,  or  488  feet,  reducing  its 
velocity  to  1172  feet,  before  it  has  gone  500  yards. 

.  188.  80  inattentive  have  we  been  to  the  truths  furnish- 
ed us  by  Newton.  But  Robins  did  not  rest  satisfied  with 
this  deduction  from  the  resistances  observed  in  slow  mo- 
•  tions.  He  contrived  a  still  more  beautiful  and  original 
method  of  determining  directly  the  initial  velocities  of 
military  prcyectiles.  This  completed  the  discovery,  and 
gave  a  new  form  to  the  science  of  artillery ;— I  should 
rather  say,  that  he  made  it  altogether  a  new  science. 

Mr  Robins  discharged  the  bullet  against  a  block  of 
timber  hanging  like  a  pendulum,  and  the  stroke  set  it  in- 
to vibration.  We  shall  learn  in  due  time  how  the  veloci- 
ty, communicated  to  the  pendulum,  may  be  inferred  with 
great  accuracy  from  the  extent  of  the  vibration.  As  the 
bullet  stuck  fast  in  the  wood,  its  velocity  was  reduced  to 
the  velocity  of  the  pendulum ;  and,  as  the  quantity  of 
motion  remains  unchanged,  as  much  as  the  block  of  tim- 
ber exceeds  the  ball  in  weight,  so  much  did  the  velocity 
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of  the  liall  exceed  that  of  the  pendulum.  Thus,  by 
making  the  pendulum  sufficiently  heavy,  the  velocity  may 
be  made  as  moderate  as  we  please. 

With  this  apparatus,  Robins  discovered  that  a  musket 
ball  weighing  ^^^th  of  a  pound,  whien  fired  from  a  barrel 
45  in<!hes  long  with  half  its  weight  of  powder,  issues 
With  the  velocity  of  between  1600  and  1700  feet  in  a  $e- 
cond. 

This  was  &  mosi  precious  invention ;  for  it  not  only  en- 
abled Mr  Robins  to  determine  the  present  important 
question,  but  also  to  examine  the  whole  practice  of  ar- 
tillery, shewing  what  proportion  of  powder,  and  whAt 
form  of  chamber,  and  what  disposition  of  the  loading, 
produced  the  best  effect,  and  what  is  the  effect  of  vary- 
fng  any  one  of  all  those  circumstances.  All  the  received 
nostrums  in  artillery  adopted  by  men  ignorant  of  princi- 
ple, and  sanctioned  by  long  authority,  were  now  open  to 
8  fair^  easy,  and  accurate  trial ;  and  it  was  now  put  in 
our  power  to  establish  fixed  principles  and  maxims  of 
practice. 

Mr  Robins  also  suggested  another  method  of  determin-» 
ing  the  velocities  by  means  of  the  recoil  of  the  piece^ 
whidh  he  also  suspended  like  a  pendulum,  and  observed 
the  extent  of  its  vibration.  He  found,  that  the  part  of 
the  recoil  that  was  produced  by  the  powder  only  was  the 
same,  whether  the  piece  was  discharged  with  or  without 
a  ball.  This  method  is  much  easier  than  the  other,  espe- 
cially with  great  guns. 

189.  These  inventions  of  Mr  Robins  have  been  pro- 
secuted with  great  zeal  and  success  by  Sir  R.  Thomson^ 
afterwards  Count  Rumford,  with  small  arms,  and  Professor 
Hutton  at  Woolwich  has  extended  the  experiments  to 
balls  of  3  pounds.  It  would  be  of  great  service  to  hiave 
two  or  three  trials  with  great  ordnance ;  for  as  we  find 
that  a  considerable  modification  Vas  necessary  for  coa- 
necting  the  trials  in  small  arnds  with  those  on  shot  of  3 
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pounds,  we  may  certainly  conclude  that  as  great  a  modi- 
fication will  be  necessary  for  connecting  any  of  the  ex- 
periments yet  made  with  the  performanee  of  apiece  of  great 
ordnance.  The  ingenious  discoverer  would  certainly  have 
prosecuted  hb  invention  with  superior  address,  being  a 
person  of  uncommon  sagacity  and  acuteness,  and  a  most 
excellent  mathematician.  But  soon  after  he  was  appoint- 
ed chief  engineer  to  the  East  India  Company,  in  which 
station  he  would  have  had  the  finest  opportunities.  This 
excellent  philosopher  died  of  a  fever, ^  and  the  world  was 
deprived  of  all  the  knowledge  which  his  experience  would 
have  enabled  him  to  communicate. 

His  dis^rtations  on  this  subject  were  published  by  his 
friend  Mr  Wilson,  in  2  vols.  They  have  been  comment- 
ed on  by  Euler,  Borda,  and  other  mathematicians  of  the 
first  eminence.  The  experiments  recorded  in  them,  and 
those  by  Count  Rumford,  and.  still  more  those  by  Profes- 
sor Hutton,  form  a  most  excellent  collection  of  facts, 
^rom  which  almost  every  thing  that  is  imporiaht  in  the 
art  may  be  deduced. 

The  fertile  genius  of  Mr  Robins  did  not  stop  at  the 
discovery  of  the  initial  velocities  of  bullets.  His  inven- 
tion furnished  him  with  a  method  of  determining  by  di« 
rect  experiments  the  assistance  sustained  by  musket  balls. 
By  the  medium  of  mahy  shots  fired  against  his  pendulum 
at  the  distance  of  25  feet,  he  obtained  the  medium  velo- 
City  with  which  the  ball  struck  the  pendulum*  He  then 
removed  it  50  feet  further  off*,  and  repeated  the  experi- 
ment. The  medium  velocity  was  smaller.  This  di- 
minUtion  was  produced  by  the  resistance  of  this  additional 
50  feet  of  air.  And  thus  its  measure,  or  rather  its  effect, 
is  given  in  the  most  unexceptionable  manner.  This  is 
perhaps  one  of  the  most  ingenious  inventions  of  the  last 
century,  for  scarcely  any  thing  seems  more  removed 
from  all  means  of  determination.  It  is  therefore  worth 
Irhile  io  record  some  of  Mr  Robins^s  experiments,  which 
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will  give  us  standard  numbers,  to  which  we  can  have  re* 
course  on  all  occasions.  • 

190.  The  pendulum  apparatus  was  set  up  at  25  feet 
distance  flrom  the  muzzle  of  the  musket,  which  was 
firmly  fixed  to  an  immoTcable  mass.  After  firing  several 
shots  into  it,  it  was  removed  50  feet  further  off,  and  the 
experiment  was  repeated.  It  was  then  placed  50  feet  still 
further  off,  and  a  third  trial  was  made.  The  results  were 
as  follow,  a  mean  being  taken  of  each  set. 

8  Shot  at  S5  feet  struck  with  the  velocity  1670 

50  interval        .  Diff.     123 

8  75  ...  1547 

50  interval        .  Diff.     122 

8  125  ..        .  1426 

Here  we  see  that  a  musket  ball,  moving  at  the  rate  of 
1670  feet  per  second  lost  123  feet  of  velocity  per  second, 
in  passing  through  fifty  feet  of  air,  and  that,  when  mov- 
ing at  thexate  of  1547  feet  per  second,  it  lost  122  feet  of 
its  velocity  in  passing  through  the  next  50  feet.  Now, 
as  the  ball  began  the  passage  through  the  first  50  vtriih 
the  velocity  1670,  and  ended  with  the  velocity  1547,  we 
may  take  1608  for  the  medium  velocity  of  this  passage. 
It  therefore  passed  through  these  50  feet  of  air  in  ,^g  part 
of  a  second,  and  it  was  during  this  small  moment  of  time 
that  the  aiFs  resistance  retarded  its  motion.  This  enables 
us  to  form  a  very  clear  and  distinct  notion  of  this  resis- 
tance, by  comparing  its  retarding  effect  with  the  retarda- 
tion that  the  weight  of  the  ball  would  have  produced  in 
the  same  time.  Now  we  know  that  in  ,'g  part  of  a  se- 
cond, the  weight  of  the  ball  would  have  diminished  its 
velocity  exactly  one  foot.  The  air's  resistance  has  dimi- 
nished it  123.  It  is  therefore  so  much  greater  than  the 
weight  of  the  ball,  or  it  is  equivalent  to  a  contrary  pres- 
sure of  about  10  pounds  and  a  quarter.  The  ball  is  re- 
tarded in  the  same  manner  that  it  would  have  been  had 
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it  been  $red  straight  upi  and  had  a  weight  of  10  pouoads 
dragged  after  it  by  a  wire. 

This  is  surely  a  very  remarl^able  phenomenon,  and 
what  no  person  would  have  thought  possible,  that  a  fluid 
so  rare,  and  so  yielding  as  air,  shoi^ld  oppose  such  a  re- 
aistance*  Yet  had  the  military  gentlemeii  who  hml  the 
icieiice  or  the  art  committed  to  their  hands  for  improve- 
ment, condescended  to  study  the  propositions  published 
by  Newton  more  than  SO  yeaivs  befbra,  they  would  have 
sieen  that  this  resistance  could  not  be  leas  than  5  pounds. 
For  this  magnitude  results  from  Newton^s  theorems  by  the 
most  simple  calculations.  But,,  as  has  been  already  ob- 
served, they  iid  not  imagine  that  the  velocity  of  It  musket 
ball  was  nearly  so  great  as  Mr  Robins  CiMind  it. 

In  another  experiment  Mr  Robina  found 
at  25  feet  distance  the  velocity  1690 

175  1300 

difference      390 
This  retardation,  when  considered  in.  the  same  oianaer, 
shews  a  resistance  equal  to  11^  pounds.  Of  138  times  the 
weight  of  the  ball. 

In  another  experiment,  in  which  the  velocity  was  1100 
feet  per  second,  Mr  Robins  found  the  ^sistance  only 
33^  times  the  weight  of  the  balL 

Here  is  a  new  field  of  experiment  evened  to  those  who 
wish  to  improve  this  art,  or  the  science  of  the  resistance 
of  elastic  fluids.  |t  ia  surprising  that  it  has  net  been  oc- 
cupied by  any  philosopher  or  artillerist,  and  that  they 
have  been  contented  with  the  experiments  of  the ,  inge- 
nious discoverer.  Mr  Robins  has  indeed  made  at  great 
number-*— but  few  of  them  have  been  published.  i&  own 
curiosity  waa  greatly  excited  by  the  curiosity  of  the  dis- 
coveries that  he  had  already  made,  and  their  importance 
for  establishing  some  general  laws  on  this  subject.  His 
death  has  therefore  been  an  irreparable  Ipss. 
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Bj  comparing  A  great  Tariety  of  experiments  made  as 
now  described,  Mr  ftobins  found  that  when  he  compared 
the  resistance  to  slow  motions  with  those  having  the  ve- 
locity of  1600  or  1700  feet  per  second,  on  the  supposition 
fbat'thej  increased  in  the  duplicate  ratio  of  the  velocity, 
the  resistance  to  those  rapid  motions  deviated  from  this 
proportion  in  the  ratio  of  3  to  1  nearly,  or  were  nearty 
thrice  as  great  as  on  this  supposition.  ' 

When  the  velocity  was  only  1 100  feet  per  second,  the 
deviation  from  the  duplicate  ratio  of  the  velocity  was  in 
the  proportion  of  1 1  to  7,  still-  very  great,  but  far  from 
the  former. 

In  all  cases  Mr  Bobins  found  the  resistances  to  exceed 
those  of  the  Newtonian  theory  pretty  considerably,  eveii 
in  the  slowest  motions,  and  that  they  deviated  more  and 
more  from  the  duplicate  ratio  of  the  velocity  as  the  velo- 
cities increased.  It  is  surprising  that  this  assertion  of  Mr 
Hobins  has  not  excited  some  of  the  eminent  mathemati- 
cians to  a  repetition  of  the  experiments.  Some  of  them 
have  published  most  elaborate  dissertations  on  the  theory^ 
of  resistance  in  elastic  fluids.  These  theories  seem  in- 
compatible with  this  fact,  unless  some  elements  be  takeh 
in  of  which  they  make  no  mention.  At  any  rate,  a  col- 
lection of  experiments  miade  in  the  manner  we  have  d^ 
scribed,  on  all  velocities  from  100  feet  per  second  up  to 
8000,  would  be  of  more  service  both  to  mechanical  science 
and  to  the  art  of  artillery  than  any  thing  that  has  yet 
been  done,  and  till  we  get  such  a  collection,  all  our 
theories  must  be  very  inlperfect,  and  probably  very  erro- 
neous. 

191.  Mr  Robins,  in  the  course  of  those  experiments  on 
the  resistance  of  the  air  made  a  curious  observation.  In 
very  moderate  velocities  the  retardations  were  nearly  as 
their  squares.  As  the  velocities  were  increased  the  resis- 
tances increased  at  a  somewhat  greater  rate,  but  with  a 
certain  observable  regularity,  till  the  velocity  exceeded 
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1100  feet  per.  s^pnd.  But  when  the  velo^Hy  is  ia^ate^^sed 
from  1100  to  1200»  the  increase  qf  resistance  is  prodi- 
giops.  Afler  this  the  resistance  goes  on  increasing  yearly 
with  its  forinqr  r^guiaritj. 

This  i9  a  singular  fact,  thftt  there  should  be  such  a 
jump  in  the  variation  of  the  resistances.  Mr  Robins 
guesses  at  ^e  cause  of  this?  with  great  probability  of  be- 
ing right.  As  the  ball  rushes  through  the  air^  the  ^\r 
ialls  in  behin(^  it,  being  pressed  ^n  by  th^  weight  of  the 
surrounding  air.  Tl^e  ball  ix\ay  move  so  rfipidly,  that  th^ 
air  canno^  fill  up  the  place  (eft  by  the  ball.  In  this  case, 
the  ball  is  retarded,  not  only  by  the  resistance  of  the  air 
vhich  it  displaces,  but  also  by  the  statical  pressure  of  the 
atmosphere.  This  last  is  nearly  equal  to  th^  pi^ssure  of 
12  pounds. — NoF  we  ^an  t^ll  the  velocity  with  whic^h  the 
air  can  fall  in  behind  the  ball.  This  nmst  be  the  same 
with  which  it  can  rush  into  a  void.  This,  liiy  calculatioiv, 
is  about  nop  or  1^00  fee(  p^r  second. 

It  is  remarkable  that  this  U  also  n^iy  the  velocity  of 
sound,  a^d  there  is  an  ot^servatio^n  of  this. kind  which 
seems  to  have  spme.  connection  with  th^  mechanical  fact 
observed  by  Mr  Robins.  If  a  person  stan4  in  such  di- 
rection from  a  cannon  when  it  is  discharged  that  the  b^ll 
may  pass  him  at  no  great  distance,  he  will  hear  the  noise 
made  by  the  ball  rushing  through  the  air  all  the  time  of 
*  its  (light,  and  as  the  ball  approaches  him,  the  noise  should 
become  more  audible.  But  he  wiU  hear  the  noise  loudest 
^t  the  very  first,  immediately  following  the  report  of  the 
gun ;  and  after  about  two  seconds  he  may  observe  the 
sound  change  all  at  once,  and  not  only  become  more  faint, 
but  even  change  its  kind,  after  which  the  sound  increases 
as  the  ball  comes  nearer.  It  seems  highly  probable  th^t 
this  abrupt  alteration  in  the  sound  takes  place  just  at  tlie 
time  that  the  resistance  undergoes  such  a  ch/mge ;  and  that 
it  is  owing  to  the  difference  in  the  nature  of  the  undulations 
?^hc^  there  is  a  void  behind  the  ball,  and  when  there  is 
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not.  That  (her^  is  such  a  difference  in  the  primitire 
agitation  of  the  air,  is  confirmed  by  observing  the  way  in 
which  water  falls  in  behind  a  stick  drawn  through  it. 
When  the  motion  of  the  stick  is  rapid,  a. void  is  left  be- 
hind it,  to  a  considerable  depth,  and  the  agitation  of  tht 
wat^r  is  extremc^ly  different  from  what  may  be  phserved 
in  ^Ipw  motions. 

193.  From  the  preceding  observations,  Mr  Robins  in^ 
fers  that  great  charges  of  powder  are  absolutely  useless 
in  the  service  of  artillery,  especially  when  the  distance  of 
the  object  is  considerable.     If  we  would  increase  the  ve- 
locity from  1600  to  8000,  we  must  employ  half  as  much 
more  powder,  with  a  hazardous  strain  to  the  gun,  and 
the  velocity  will  be  reduced  to  1300  before  the  ball  has 
proceeded  500  yards.     Had  it  been  discharged  with  the 
velocity  1600,  it  would  have  retained  1292  at  that  dis« 
tance,  le^s  than  the  other  by  8  feet  only.     The  velocity 
1000  requires  only  one-third  of  the  powder,  and  at  the 
same  distance  the  remaining  velocity  is  very  nearly  900. 
We  may  certainly  say  that  a  velocity  exceeding  1100 
should  not  be  aimed  at,  because  it  is  so  rapidly  reduced 
by  the  gr^at  resistance.     But  this  silbject  will  come  bet- 
ter beforq  us  when  we  are  considering  the  action  of  ex- 
panding fluids,  and  we  shall  then  take  occasion  to  distin- 
guish those  cases  of  service  which  render  the  increase  of 
velocity  useful,  as  in  the  battering  in  breach,  in  oi^der  to 
cut  through  the  revetement  of  a  fortification  at  the  bot- 
tom.    Here  a  deep  penetration  is  necessary,  which  de^ 
pends  on  a  great  velocity,  although  the  shot  be  not  so 
lieavy.     Whereas,  in  the  subsequent  battering  down,  a 
great  momentum  with  a  heavy  ball,  though  moving  more 
slowly,  is  found  more  effective  in  shaking  down  the  un- 
dermined mass. 

193.  Mr  Robins  made  another  curious  and  original  ob- 
servation in  the  course  of  his  experiments.  He  found 
that  shot  not  only  deflected  downward  by  the  continual 
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•ctibn  of  gravity,  but  wtnt  frequenf I7  to  the  right  or  to 
tike  left  of  the  Tertkal  plane  paMing  through  the  axis  of 
like  gun«  He  discovered  that  this  was  owing  to  the 
knocking  of  the  ball  on  the  side  of  the  chace  or  barrel  as 
k  went  along,  so  that  at  leaving  the  mussle  of  the  gun, 
it  had  generally  a  very  rapid  rotation  round  an  axis. 
This  rotation  was  altogether  uncertain,  both  as  to  its  di- 
reetioti  aud  its  velocity.  The  effect,  however,  was  very 
manifest ;;  one  side  of  the  ball  was  moving  in  the  direc- 
tion of  the  projection,  and  tbe  other  side  was  moving  in 
the  opposite  direction.  From  this  must  result  a  force 
that  coDtinuaiiy  deflects  the  ball  toward  that  side  that  is 
moving  backwards.  Mr  Robins  proved  this  by  discharges 
firom  a  crooked  barrel,  winch  caused  the  ball  always  to 
whirl  in  one  way,  and  he  found  the  defleetion  to  be  al- 
ways toward  that  side  from  which  the  barrel  bent  away, 
that  is,  toward  that  side  on  which  the  line  of  the  barrel 
is  convex. 

Great  care  should  therefore  be  taken  to  prevent  this 
whirling  motion  of  shot.  No  more  windage  should  be 
allowed  than  what  is  sufficient  for  passing  the  drawing  ladle 
round  the  shot  to  bring  it  Out  When  the  exact  aim  is 
matter  of  peculiar  consequence,  it  woMid  be  advisable  to 
use  oval  bullets,  which  cannot  turn  in  the  barrel  of  the 
piece,  or  to  case  them  in  canvas,  or  otherwise,  so  that  they 
shall  need  to  be  rammed  down. 

The  surer  aim  that  may  be  taken  with  a  rifled  piece, 
depends  on  the  rotation  of  the  ball  being  secured.  It  must 
be  round  the  line  of  its  motion;  for  the  effect  of  the  rifles 
in  the  barrel  is  to  make  the  ball  make  half  a  turn  or  a 
whole  turn  round  the  axis  of  the  barrel  as  it  goes  along 
it,  and  it  continues  this  motion  very  nearly  in  the  direc- 
tion of  its  flight.  This  steadying  effect  of  a  rotation  round 
the  line  of  motion,  is  plainly  seen  in  a  common  shuttle- 
cock, which  flies  quite  wild  unless  it  twist  briskly  round 
its  axis.  In  like  manner,  there  is  a  great  nicety  in  putting 
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on  tbe  feathers  of  an  arrow.    Tb^  shonid  be  to  placed^ 
that  in  looking  idoag  anj  of  the  feathers^  ibe  point  of  ibe 
arrow  sboidd  appear  about  half  an  ineh  to  tbe  left  band 
of  the  direction  of  Uie  feather.    Siieh  an  arrow,  let  fiiH 
with  Uf  point  down,  will  •enaii:Jij  tarn  tovnd  its  mia.  If  it 
t^m  briskly,  tbe  feathers  are  too  oblique,  and  will  greallj 
iji^iede  its  progressive  motion.    But  it  wiD  flj  more  tmo. 
Small  pieces  of  ordnance  have  been  inade  with  rifled 
barrels,  and  th^  balls  cast  with^protsberanoes  to  fit  ibem. 
Their  motion  bas  bees  entrenie^  steady,  bat  their  force 
is  so  tnndk  diminished  by  this  gt^at  increase  of  reftatanc^ 
that  tbe  eoatriYance  baa  been  gifea  op  as  nascrvieeaUeu  : 
194.  It  has  been  thought  iadiapensabty  necessarj  to 
make  the  axis  of  tbe  tmnniona  of  a  caaaon  eonaidtraiilj 
below  the  axis  of  the  cbace.    It  is  tbawght  thai  if  made 
otherwise,  the  tnmniona  have  not  sufficient  cfumeetiosi 
with  the  metal  of  the  gun.   Bat  tbe  effect  of  this  is.  hurt, 
fttl  to  the  certainty  of  the  aijM,  and  has  other  inconreni- 
ences.    For  the  axis  of  t^  bacrd  besag  ahore  thesBiaof 
the  gua^s  motion,  tbe  pressure  of  the  powder  on  the  hreeth 
caiises  the  breech  to  press  stf  ongly,  and  with  a  jerk  ow  tbe 
bed  or  qucHAs  wbiek  support  i^  by  wfaiah  the  mazkk  is 
made  to  spring  i|p  in  the  instaiit  thai  Ibe  baU  is  ipoiog 
along  the  barrel,  tnd  it  is  thus  deranged  ffom  the  aim 
given  it  by  the  gunner,     It  is  also  this  violent  thpoip 
given  by  the  breech  of  the  gun  to  the  carriage  that  causes 
the  gun  to  spring  up  again.     This  is  extremely  trouble* 
some.    It  is  most  remarkable  in  guns  upon  field  carriages, 
owing  to  the  greater  elasticity  of  the  long  sides  of  the 
carriage.    But  it  is  very  troublesome  also  on  garrison  and 
ships  carriages,  particularly  in  the  latter^  causing  the  gun 
to  strain  or  disorder  the  breeching,  and  even  sometimes  to 
strike  the  deck  above.  « 

195.  All  this  would  be  avoided  by  placing  the  axis  of 
the  trunnions  on  the  line  crossing  the  axis  of  the  barrel  at 
right  angles.    This  was  done  with  complete  effect  in  a 
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set  of  guns  made  in  1759,  for  a  fine  privateer  frigate, 
built  bj  the  late  admiral  Sir "^  Charles  Knowles.  These 
guns,  having  the  breech  supported  (for  the  experiment) 
bj  a  thin  chip  band-box  were  repeatedly  discharged  with- 
out making  any  impression  on  it.  A  nine-pounder  of 
the  ordinary  form  was  tried  along  with  them,  its  breech 
being  supported  by  a  little  oaken  box  almost  an  inch  thick. 
The  first  discharge  crushed  it  to  pieces. 

1S6.  The  same  effect  is  observed  in  small  arms.  The 
line  of  the  barrel,  produced  backward,  passes  considerably 
above  that  part  of  the  but  end  which  is  applied  to  the 
shoulder,  and  when  the  piece  is  discharged,  it  never  fails 
to  rise  above  the  direction  intended  for  the  shot.  It  is 
still  worse  in  pistols.  These  are  made  almost  in  the  most 
unservicefible  form,  the  line  of  the  barrel  passing  so  far 
above  that  part  of  the  but  end  which  is  grasped  in  the 
band,  that  the  pistol  starts  wide  of  the  direction  in  which 
we  think  to  discharge  it,  and  it  is  only  by  practice  that 
we  can  learn  to  take  a.  tolerably  good  aim  with  a  pistol. 
They  would  be  greatly  improved  by  making  their  but  end 
exactly  in  the  form  of  a  joiner^s  smallest  saw,  which  I 
think  is  called  a  tenon  saw.  If  thus  shaped,  with  the 
barrel  pointing  backward  to  the  convexity  which  fills  the 
grasp  of  the  hand,  they  would  be  perfectly  steady  in  the 
ftring. 
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IN  GENERAL. 


197.  Ws  have  explained  in  sufficient  detail,  the  chirf 
phenomena  which  result  from  the  heaviness  of  bodies  in 
motion.  The  exquisite  agreement  between  the  legitimate 
deduction  from  the  premised  principles  of  dynamics  with 
these  phenomena,  has  had  the  double  effect  of  giving  us 
the  grounds  of  a  complete  confidence  in  the  truth  of  those 
principles,  and  in  their  competency  to  the  explanation  of 
the  appearances  of  nature. 

The  eiTects  of  the  heaviness  or  gravity  of  bodies  will  be 
found  to  mix  with  those  of  every  other  property,  which 
observation  shall  shew  us  to  be  found  in  all  matter,  and 
therefore  we  must  carefully  separate  the  effects  of  gravity 
from  the  other  circumstances  of  the  complicated  phenome> 
non,  before  we  presume  to  make  any  inference  in  support 
of  the  existence  and  the  nature  of  any  other  property  which 
we  may  suppose  the  subject  to  possess. 

Proceeding  according  to  the  method  proposed,  we  must 
now  consider  the  phenomena  which  indicate  a  mechanical 
property  of  existing  matter,  that  seems  next,  in  respect 
of  its  generality  or  extent,  to  gravity. 
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198.  Motion  is  continued  or  preserved  in  bodies  by  the 
persererance  or  inertia  of  matter.  It  is  necessarily  com- 
municated to  other  bodies  by  this  sensible  impenetrability. 
It  is  modified  by  the  action  of  gravity,  so  as  to  produce 
all  the  variety  of  mechanical  changes  that  we  observe. 
But  this  conservation,  communication,  and  modification 
of  motion^  are  susceptible  of  infinite  varieties  by  circum- 
stances which  seem  to  characterise  different  classes  of 
bodies,  and  make  them  appear  of  very  different  natures. 
A  piece  of  glass  lies  still  on  a  table,  or  slides  down  an  in- 
clined plane.  .It  sinks,  if  laid  on  the  surface  of  water — it 
rises  to  the  surface^  if  plunged  into  quicksilver — it  makes 
a  pit)  if  it  fall  on  clay,  but  rebounds  if  it  fall  oh  glass, 
and  is  sometimes  shivered  into  pieces— ^the  ball  which  hits 
another,  drives  it  before  it)  if  it  be  elastic— but  only  carries 
it  along,  if  unelastic,  or  goes  through  it  if  soft.  A  vessel 
filled  with  grain  will  allow  it  to  heap  above  the  brim. 
Water  will  not  heap  in  this  manner.  If  the  vessel  have  a 
leak,  a  little  of  the  grain  will  Jhll  out,  with-  the  velocity 
with  which  any  heavy  body  begins  to  fall,  and  the  greatest 
part  will  remain  behind.  If  it  be  filled  with  water,  the 
Water  begins  to  flow  out,  with  a  much  greater  velocity, 
and  it  runs  all  out.  If  one  part  of  a  piece  of  wood  be 
gently  struck^  the  whole  is  moved  together.  If  one  part 
df  a  parcel  of  sand  be  struck  ever  so  gently^  it  is  moved 
alone,  and  the  rest  remain  stilL  If  the  air  be  comprised 
in  a  vessel,  and  an  opening  be  made^  it  rushes  out  with 
violence  and  will  drive  a  ball  before  it,  as  we  see  in  the 
air  gun.  But  should  we  compress  water  in  it  with  triple 
or  quadruple  force,  no  such  violent  efflux  is  observed.  A 
bit  of  silver  will  lie  for  ever  at  the  bottom  of  a  glass  of 
water.  It  will  soon  rise,  and  be  uniformly  disseminated 
through  the  whole  of  a  glass  of  aquafortis.  It  will  re* 
main  in  this  diffused  state,  if  we  add  a  little  brandy — it 
will  all  fall  to  the  bottom,  if  we  add  a  little  spirit  of  harts- 
horn. 
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It  appears^  tberefore,  that  our  knowledge,  even  of  the 
s^taihk  changei  of  motioii,  is  incomplete,  till  we  know  its 
modifications  in  consequence  of  the  hardness,  softness, 
fluidity,  or  aerial  foroLof  bodies ;  and  that  our  knowledge 
of  those  internal  motions   which  jiroduce  the  sensible 
changes  of  form  in  the  phenomena  of  chemistry  and  pbj* 
siologj,  is  really  nothing  till  we  understand  the  circum<» 
stances  on  which  thoee  changes  depend.     We  might  in- 
deed consider  hardness,  softness,  elasticity,  and  fluidity 
as  phenomena,  describing  exactly  those  forms  of  aggr^ 
gation,  and  then  proceed  to  consider  the  mechanical  con* 
sequences  deducible  from  those  forms.    But  it  will  be 
more  suitable  to  the  nature  of  philosophical  research,  and 
more  satisfactory  to  the  curious  mind,  if  we  can  discorer 
some  principle  of  connection,  or  some  circumstance  of 
resemblance,   among  those   forms,   the    modification  6t 
which  produces  those  distinguishing  appearances,    and 
which  immediately  operates,  even  in  the  mechanical  phe* 
nomena  that  we  obsenre,  and  which  it  is  oitr  peculiar  pr^ 
vince  to  study.    Should  we  be  so  fortunate  as  at  the  fame 
time  to  acquire  such  a  knowledge  of  this  connecting  prin- 
ciple  as  will  tend  to  explain  those  differences  of  form,  an4 
regulate  the  effects  of  the  different  modifications  of  tan- 
gible matter,  it  i^  plain  that  we  gain 'a  considerable  ex- 
tension of  our  knowledge,  and  that  we  •  have  a  better 
chance  of  being  able  to  comprehend  the  nature  of  those 
qierations  of  natural  causes  which  are  the  subjects  of 
chemical  and  physiological  science. 

199.  I  shall  therefore  think  our  attention  very  pn^- 
perly  bestowed  on  a  few  pages,  in  which  I  shall  endea- 
vour to  explain,  or  at  least  to  describe,  the  chief  appear«> 
ances  of  that  property  of  matter  by  which  many  par- 
ticles are  united  in  one  mass,  having  different  degrees  of 
connection,  from  the  greatest  hardness  to  the  most  peiw 
feet  fluidity.  It  is  usually  called  the  Power  of  Coflssieir» 
the  power  by  which  the  particles  of  tangible  jnattef  CO- 
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here.     This  name  is  perhaps  as  proper  as  any,  and,  like 
the  term  Gravity,  is  merely  the  expression  of  what  we 
conceire  to  be  its  effect.    It  may  indeed  be  objected  to 
this  denomination,  that  it  does  not  s^m  to  include  that 
mode  of  aggregation  that  we  call  aerial  or  gaseous,  in 
which  the  particles,  instead  of  cohering;  or  manifesting 
afay  tendency  to  unite  in  one  mass,  shew,  on  the  contrary, 
a  tendency  to  separate  farther  from  one  another.     For 
ail  siich  expansive  fluids  seem  to  require  external  com- 
pression  to  prevent  this  separation.     The  objection  is  not 
improper^  and  were  it  possible  to  find  a  word  in  our  lan- 
guage which  would,  in  its  common  use,  include  this  rela- 
tion^ manifested  in  maiiy  cases  between  the  particles  of 
mattery  it  should  be  preferred.     But,  unless  we  multiply 
the  denominations  of  tlie  properties  of  existing  matter, 
,  almost  wtthdut  end^  we  shall  not  find  words  sufficiently 
jirecise:    It  is  too  precipitant  to  ascribe  the  phenomenon 
to  a  diffet'ent  power  of  nature,  unless  our  knowledge  of 
the  other  is  so  distinct  and  clear  that  we  are  certain  that 
this  phenomenon  cannot  be  explained  by  any  of  them. 
Besides,  the  most  Coherent  bodies  are  perhaps  simitar  in 
this  respect  to  the  expansive  fluids.     That  externa)  pres- 
sure forces  them  into  smaller  room  we  are  certain,  by 
experience.     It  is  reasonable,  therefore,  to  believe,  that 
when  the  pressure  of  the  atmosphere  is  removed,  they 
occupy  larger  dimensions,  although  the  difference  is  too 
small  for  our  perception.    And,  on  the  other  hand,  there 
,  is,  in  all  protilbility,  a  certain  distance  beti^een-the  par- 
ticles of  air,  at  which  their  evasive  or  repulsive  tendency 
ceases.     This  must  be  the  case  at  the  top  of  the  atmo- 
sphere, for  there  gravity  has  no  tendency  to  compress 
the  superficial  particles. 

200.  It  will,  on  the  whole^  be  better  to  consider  thi^ 
property  which  modifies  and  regulated  the  sensible  forms 
i^nd  mechanical  relations  of  tangible  matter  more  gene- 
rally.    And,  as  its  distinctive  effects  are  immediately  re- 
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lative  to  the  insensible  particles,  and  more  remotely  to 
the  masses  composed  of  them,  we  may  call  it  the  corpus- 
cular FORCE,  and  the  corpuscular  action  of  matter. 

SOI.  I  have  called  it  a  force,  mieaning  by  this  iefm 
whatever  is  the  immediate  cause  of  a  change  of  motloil. 
That  property  by  which  the  particles  of  matter  coher^^ 
has  undoubtedly  a  title  to  this  denomination.    Our  very 
first  conceptibns  of  it  state  it'  in  opposition  to  mechanical 
force,  and  ds  balancing,  to  a  certaih  degree,  that  force; 
for  the  most  obviobs  appearance  of  it  is  the  resistance 
made  to  our  attempts  to  separate  the  cohering  partidetl* 
We  know  that  the  particles  of  wood  cohere  with  fofc^, 
because  it  requires  force  to  separate  them  ;  and  we  give 
to  cohesion  different  degrees  of  force,  measured  by  the 
forces  which  are  just  not  able  to  separate  the  parts  of  the 
coherent  body.     Cohesion  presents  itself  to  us  as  a  force 
in  the  most  familiar  and  palpable  conception  of  the  term, 
an  obstacle  that  resists  otir  stiraiii  exerted  to  separate  th^ 
parts  of  the  body,  in  the  very  same  way,  and  exciting  the 
same  feeling,  ,as  if  a  man  were  pulling  against  U9.     But 
cohesion  has  also  everjr  pliiloiophical  title  to  the  appella- 
tion of  Force — it  is  a  moving  force ; — for  when  I  push  or 
pull  one  part  of  a  firm  body,  the  remote  parts  of  this 
body  are  pdt  in  motion^  although  I  have  not  exerted  liny 
of  my  force  on  them.     How  is  this  effected  ?    Solely  by 
what  I  have  called  corpuscular  action.     We  cannot  cOn-* 
ceive  an  atom  of  matter  as  moved  from  its  place  unless 
a  moving  force  acts  on  it.      There   must   therefore  b6  . 
something  in  the  parts  to  which  I  apply  my  force,  which 
occasions  a  moving  force  to  be  excited  in,  or  exerted  on', 
every  particle  that  is  moved.     Did  I  apply  the  same  ex- 
ertion to  part  of  a  parcel  bf  sand,  I  should  move  what  I 
acted  on,  but  no  more ;  and  I  should  infer  that  the  par- 
ticles of  sand  do  not  cohere.     The  cohesion  is  invariably 
inferred  fronf  the  motion,  and  cohesion  is  conceived  as  A 
moving  force.    In  strict  Janguage  the  word  Cohesion/ like 
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Gnivitfitipii,  is  only  a  term  for  the  &ct,  that  the  parttf 
eobei^ ;  but  we  have  iised  it  also  to  express  that  power, 
that  force,  which  produce^  the  cohesion. 

We  see  pkijnij  that  the  force  of  cohesion  u  susceptible 
of  de^[rees,  and  that  thesp  arc  measurable,  whether  it  be 
considered  fis  a  9iere  strain,  or  as  a  moving  force.  The 
cohesion  of  ^  string  may  not  only  balance  a  strdn  equal 
to  two  pounds,  while  it  yields  to  a  strain  of  three  pounds, 
|»ut  we  find  also  that  it  b  suflSdent  to  twitch  suddenly  a 
pound  ball  into  a  moiderate  motion,  but  will  be  broken 
if  we  attempt,  by  a  mem  violent  twitch,  to  force  the  ball 
into  a  more  rapid  motion,  or  to  force  a  larger  ball  into  an 
eaual  motion.  In  these  last  instances  we  consider  cohe* 
juqn  as  a  moving  force. 

The  consideration  which  now  excites  the  curiosity  of  tlie 
{philosopher  is  the  manner,  or  the  means  by  which  a  force 
applted  to  one  part  of  an  assemblage  of  particles  mutually 
^related  by  this  corpuscular  force,  affects  all  the  rest  of  the 
assemblage.  An  ordinary  observe^  finds  no  difficulty  in 
the  matter;  the  parts,  says  he,  cohere,  and  therefore  the 
distant  parts  are  moved.  But,  in  like  manner,  he  would 
jj6nd  no  difficulty  in  accounting  for  an  jsgg^s  being  crushed 
by  a  nian  standing  on  it ;  the  man,  he  says,  is  heavy,  and 
therefore  his  weight  must  crush  the  egg.  We  have  seen, 
Jiowever,  that  this  question  has  greatly  agitated  the  phi- 
losophers, and  that  they  are  not  yet  agreed  about  the 
cause  of  this  pressure  of  gravity.  They  cannot  explain 
it  any  other  way  than  by  calling  it  a  property  of  matter ; 
and  thb  is  acknowledged  to  be  no  explanation  at  all.  So 
has  the  question  concerning  the  cohesion  of  matter ;  and 
many  and  various  opinions  have  been  entertained  about 
the  nature  of  the  force  of  cohesion  and  all  its  modifica- 
tions.  But  it  is  most  probable  that  our  attempts  to  ex- 
|dain  it,  that  is,  to  deduce  it  from  more  simple  or  origi- 
Bal  principles,  so  as  to  be  able  to  state  cohesion  as  an  ef- 
fecty  will  be  as  fruitless  as  they  have  b^n  in  the  case  of 
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gravity,  and  tbat  it  will  be  more  prudent  in  us  to  abstaip 
from  the  research,  and  content  ourselves  with  cqllecting 
the  laws  by  ;Fluch  the  operations  of  this  foiice,  whatever 
it  iS)  are  regulated.  &y  this  procedures  becoming  the 
modesty  of  limited  ji^teHects,  Newton  hfis  enriched  science 
with  an  immense  body  of  ciirious  and  useful  knawledgc^ 
of  which  a  brief  account  has  been  given  already. 

I  shall  not  therefore  employ  any  time  in  atating  ap^ 
refuting  many  different  hypotheses  whic^  hav«  been  pi:^^ 
posed  for  explaining  cohesion.  They  may  be  aeen  in  m^ 
veral  performances  o^  the  17th  century,  particiidarly  w 
l^uschehbroek^s  posthumotis  System  of  Natural  Philo- 
3ophy. 

Our  search  after  ihe  laws  oT  cohesion  will  not  indeed 
^ead  us  into  such  magnificent  scenes  of  contemplation  as 
filled  the  admiring  mind  of  Newton.  But  we  shall  find 
it  full  of  very  interesting  and  unexpected  ob)ects,  objects 
in  which  the  beautiful  symmetry  of  nature,  and  the  tran* 
scendent  n^isdpm  of  its  author,  are  written  in  the  most 
legible  characters.  Exainples  of  manifest  stibservienqy 
to  the  most  useful  purposes  will  be  seen  in  maay  quarters 
tt  this  varied  scene. 

20i.  The  phenomena^  which  result  from  the  operation 
of  those  natural  powers  which  produce  the  cohesion  of 
tangible  matter,  arie  so  yarious  and  even  dissimilar,  that  ^t 
is  not  easy  to  form  a  plan  by  which  our  inquiries  may 
proceed.  I  think  that  it  will  greatly  assist  us  in  this  reqiect^ 
if  we  set  out  with  an  ob^ervatidri,  or  rather  a  conjecture 
b{  Sir  Isaac  Newton;  which  he  formed  very  early  in  life^ 
and  seems  to  have  been  more  and  more  thoroughly^  ^cao- 
firmed  in  as  his  observations  of  nature  were  mtMU 
plied  and  extended.  Sir  Isaac  Newton  says,  in  the  firpt 
^dition  of  his  Principles  of  Natural  Philosophy,  that 
as  the  distant  bodi^  of  th^  visible  universe  are  o^- 
nected  by  gravitation^  so  the  particles  of  which  those 
bodies  consist  are  coiiiiectgd  by  piechanica)  tmogB,  which 
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are  exerted  only  at  those  small  and  imperceptible  dis* 
tanceiB  which  determine  their  peculiar  densities ;  and,  as 
the  regular  motions  of  the  planets  are  dilstinctlj  explain* 
ed  by  considering  them  as  instances  of  mutual  deflection^ 
towards  one  another,  by  the  action  of  a  force  inversely 
proportional  to  the  square  of  their  distances,  so,   says 
he,  all  the  changes  which  are  observed  in  common  tan- 
gible  matter  may   be   explained   by  shewing  them  to 
be  examples  of  mutual  inflections  or  tendencies  to  in- 
flection, by  the  action  of  a  force  varying  according  to 
-  some  law  of  the  distances,  which  we  may  perhaps  be 
able  to  determine  by  means  of  the   phenomena.     He 
says  that  he  has  actually  observjed  that  some  bodies  act 
on  others  without  coming  into  mathematical  contact,  in 
a  way  similar  to  the  action  of  magnetical  and  electrical 
bodies,  that  is,  they  somehow  cause  those  other  bodies  to 
approach  them,  or  to  recede  from  them,  which  phenomena 
we  commonly  call  Attraction  *  and  Repulsion.   He  has  ob-» 
served,  that  when  the  distance  between  them  is  less  than 
a  certain  very  minute  quantity  (about  the  800)  of  an 
inch,  the  bodies  are  uniformly  attracted, — at  a  distance 
a  little  greater  they  are  repelled,  and  at  a  distance  still 
greater,  but  within  certain  limits,  they  are  again  attracted. 
He  has  observed  several  alternations  of  this  kind  in  the 
motion  of  light,  as  it  passes  near  to  any  solid  body,  such 


*  Should  I,  In  imitation  of  Newton,  call  this  force  attraction,  I  do  not 
mean  to  erplain  the  phenomena  by  attraction  as  a  physical  cause,  but 
merely  employ  a  word,  perhaps  not  very  well  chosen,  as  a  general  term 
for  a  v6ry  general  phenomenon.  The  endeavour  or  effort  to  approach,  and 
the  resistance  to  separation,  arc  phenomena  as  much  alike  as  the  accelera- 
tion of  a  felling,  and  the  retardation  of  a  rising  body.  They  are  so  inse- 
parably Connected  that  we  cannot  but  cbnsidfer  them  as  phenomena  of  the 
same  kind,  indicating  the  same  cause  or  power.  These  tendencies  are  of 
the  same  nature,  whether  the  distances  of  the  parts  so  related  be  great  or 
small.  If  attractk)n  be  a  suitable  denomination  for  the  mutual  approach  of 
distant  bodies,  it  is  no  less  suitable  to  the  resistance  which  the  touching 
particles  of  a  body  manifest  to  se|)aration.  \  do  not  mean  to  decide  as  to 
^  cau«e  of  either,  aod  merely  consider  them  as  similar  phenomena. 
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as  a  pin,  or  the  edge  of  a  ruler  or  the  like.  All  the  at« 
tempts  of  philosophers  to  explain  the  motions  of  the 
planets,  or  of  magnetical  and  electrical  bodies,  by  the 
mechanical  impulsion  of  eethers,  magnetical  and  electric 
fluids,  failed  of  this  purpose  when  examined  by  the  severe 
laws  of  mechanism,  and  nothing  seemed  to  remain  but  to 
acknowledge  the  agency  of  centripetal  forces,  whether 
intrinsic  in  the  central  or  in  the  attracted  body,  or  in 
both.  Sir  Isaac,  many  years  after  this  first  intimation  of  his 
conjecture,  when  his  experiments  in  every  branch  of  na- 
tural knowledge  had  given  him  much  more  information,  * 
shewing  him  this  corpuscular  action  in  a  vast  variety  of 
forms,  says,  in  his  Optics,  published  in  1706,  that  he  is 
much  disposed  to  think  that  the  phenomena  of  cohesion, 
and  all  the  hidden  motions  in  chemical  changes,  are  pro- 
duced  in  the  same  way,  that  is,  by  attracting  and  re- 
pelling forces,  which  are  exerted  only  at  those  small  and 
insensible  distances  that  intervene  between  the  particles  of 
tangible  matter. 

303,  That  tliis  was  not  a  transient  conjecture,  but 
that  it  had  the  full  assent  of  his  understanding,  is 
evident  from  the  extensive  application  that  he  makes 
of  it  to  the  explanatiqn  of  the  most  remarkable  phe- 
nomena of  chemistry,  such  as  solution,  precipitation, 
crystallisation,  fermentation,  &c.  occupying  many  quarto 
pages,  and  the  frequent  allusion  to  those  reflections  in 
other  parts  of  his  writings ;  and,  i(i  define  more  pre- 
cisely what  he  meant  by  all  this,  the  last  phenomenon 
which  he  attempts  to  explain  by  it  is  the  reflection  and 
refraction  of  light.  Now  this  had  been  explained  in  his 
Principia,  on  principles  precisely  similar  to  those  employed 
in  explaining  the  phenomena  of  the  solar  system,  viz.  by 
the  action  of  deflecting  forces. 

Since  Newton  considers  the  cohesion  of  tangible  mat- 
ter as  effected  in  the  same  way,  it  is  plain  that  he  con- 
ceived all  such  masses  as  consisting  of  a  numbj^r  of  ifyh  ' 
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erete  particle  or  atoms,  which  are  held  in  their  places  by 
the  balanced  acdon  of  those  co^uscular  forces.  In  this 
respect,  therefore,  New^  may  be  said  to  hare  revived 
the  atocient  atomistical  doctrine,  but  with  this  capital  dis- 
tinction, that  the  atomf  are  npt  contiguous,  but  separated 
from  one  another. 

I  do  not  see  how  this  notion  of  the  intimate  constitution 
of  tangible  matter  can  be  entertained,  without,  at  the  same 
time,  conceiving  the  forces  which  connect  them  as  inhe- 
rent in  them,  or  somehow  belohging  (o  them,  like  the 
^mmmrtt  of  the  aucicut  philosophers,  by  which  one  kind  of 
substance  was  distinguished  from  another. 

I  do  hot  speak  of  what  a  philosopher  thinks  himself 
Warranted  or  obliged  to  do,  ^(ler  a  scrupulous  considera- 
ti(Mi  of  the  subject,  but  of  what  he  actually  does,  in  the 
lamiliar  and  unguarded  conceptiokis  which  he  rapidly  forms 
of  things.  I  ^an  only  say,  that  I  think  that  such  coher- 
ing powers  belong  to  matter,  in  the  same  manner,  as  I 
conceive  weight  or  heaviness  to  belong  to  it 

This  is,  unquestionably,  a  curious  subject,  and  of  great 
importance.  Besides  the  chemical  phenomena  to  which  it 
has  a  most  immediate  relation,  it  is  very  interesting  to  the 
mechanicaf  philosopher.  The  strength  of  solids,  the  com- 
munication of  motion  by  impulsion,  the  nature  of  fluid 
and  aerial  union,  and  the  modifications  of  mechanical  ac- 
tion by  this  union,  are  elementary  articles  of  his  science ; 
and  it  would  be  a  most  pleasing  acquisition  to  be  able  to 
deduce  all  these  from  the  acknowledged  laws  of  mecha- 
nism, including  in  this  term  the  action  of  central  forces. 

204.  That  the  particles  or  ultimate  atoms  of  bodies  are 
actnated  by  forces  e  distantly  is  rendered  probable  by 
many  well  known  facts.  All  bodies  are  susceptible  of 
compression  and  dilatation.  This  seems  incompatible 
with  the  absolute  contact  of  the  ultimate  atoms ;  nearer 
than  contact  is  inconceivable.  This  compression  or  di- 
latation requires  force  to  produce  it,  and  to  continue  it. 
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If  tbis  force  is  removed,  the  parts  resume  their  fdrmer 
distances,  and  the  mass  its  former  bidk.  This  <teiidl  be 
^plained  by  the  fibroih  and  contorted  stnicture  of  bodies^ 
allowing  compression  by  the  bending  of  the  fibres,  ais  mi 
observe  in  a  piece  of  sponge.  For,  in  411  tach'  casei,  we 
come  to  an  ultimate  fibre :  if  this  be  bent,  the  atolns  ot 
which  it  consists  are  brought  nearer  to  one  aiioth^i^  oh  th(f 
concare  side  of  the  bend,  and  are  remored  fii^di^  ttolAL 
one  another  on  the  convex  side,  tfaian  when  the  fibfce  Uh 
gains  its  natural  shape. 

All  bodies  expand  by  heat,  an dt  contract  by  <k>ld ;  and 
this  change  takes  place  in  all'  thdif  dimension^  of  ItiigChy 
breadth,  and  thickness. 

205.  Fluidity  under  a  great  degree  of  sensible  conipres*^ 
sion  seems  mechanically  impossible,  if  the  particles  of  ihi 
uncompressed  fluids  are  supposed  to  have  been  ii^  abso* 
hite  contact  Air  may  easily  be  r^uced  into  onte  haTf  of 
its  ordinary  bft^  If  this  be  supposed  to  be  enedted  by 
the  compression  of  its  elastic  paHi<ile8,  which  o^ay  be  siipi^ 
posed  spherical,  and  to  touch  One  another  only  in  iingl^ 
points,  we  must  then  suppose  that  these  spheres  are  comt 
pressed  on  each  other  into  perfect  cubes,  (becaUse  a  ^eri 
is  nearly  one  half  of  a  cube  of  the;'  aanie  height).  Noi^ 
such  a  mass  could  no  more  have  fluidity  than  a  box  of 
blown  bladders  when  equally  compressed,  The  pdirticlei 
must  now  be  in  contact,  not  in  single  points,  but  eaca  with 
the  whole  of  its  six  square  sides— yet  is  air  perfectly  fluid 
in  this  state— so  ii  water,  in  any  degree  of  cocnjpt^ionf. 
Its  particles  have  n^ver  indeed  been'  compressifd  iiitb'  cubes^ 
touching  one  another  all  over ;  because  water  has  n^ver 
been  compressed  into  one  half  of  its  naturat  bulk.  But 
they  must  be  mutually  dimpled^  and  the  toiiching  stiifdcdi 
exactly  fitting  each  otheir  like  so'  infthy  joggles.  9nch  ad 
assemblage  could  not  be  flufd*. 

|hit  ire  hnve  much  more  distinct  proofs  of 
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connectiDg  tbe  partides  of  tangible  matter,  and  acting  oir 
partjclet  at  a  distanoe^ 

206.  Fluids,  in  falling,  gather  into  qriierical  drops — ^rain 
drops  are  most  accurate  spheres,  as  maj  be  demonstrated 
by  the  phenomena  of  the  rainbow.  The  angle  which  it 
makes  with  the  line  from  the  sod  to  the  spectator,  shews 
that  tbe  light  is  reflected  from  an  exact  sphere.  Oil  rises 
through  water  in  spherical  drops,  and  spreads  on  the  sur- 
face in  an  exact  circular  disk.  All  figures  would  be  in- 
diflTerent  for  these  collections  o(  particles  if  mere  con- 
tact were  sufficient ;  but  tbe  prominent  particles  are 
drawn  aside,  or  drawn  down,  just  a^  the  top  of  a 
wa?e  is  drawn  aside  on  the  surface  of  the  ocean  by 
the  action  of  gravity.  We  need  not,  bowerer,  sup- 
pose that  the  attraction  between  the  particles  of  a  drop 
extends  to  tbe  distance  of  the  radius  of  the  drop — ^but 
Mome  distance  is  necessary  for  producing  this  change  of 
form,  and  avy^  the  most  minute,  will  suffic^  If  we  take  a 
glass  tube  of  tbe  shape  of  Plate.II.  fig  5.  of  j'^th  of  an  inch  in 
diameter,  and  fill  it  with  water,  it  will  retain  it,  when  held 
horizontal  But  if  we  touch  the  surface  of  standing  water 
irith  the  orifice  A,  tbe  whole,  pr  very  nearly  the  whole, 
ivill  run  out.  Mere  (idhenion  will  not  dq  this.  If,  after 
touching  the  water  with  the  end  A,  we  gently  drew  away 
the  tube,  mere  adhesion  \vould  account  for  the  water  quit- 
ting the  tube ;  but  the  effect  now  mentioned  indicates  a 
force  exerted  by  the  particles  of  the  water  in  the  vessel, 
vhich  draws  off  laterally  the  water  in  the  tube. 

The  mutual  adhesion  of  solid  and  fluid  bodies  exhibits 
many  appearances  in  confirmation  of  this  assertion. 

207.  If  we  take  a  f lender  glass  pipe  of  a  tapering  form, 
^  in  fig.  6.,  and  after  thoroughly  wetting  the  inside,  by 
causing  the  water  to  run  through  it,  we  shake  all  the  wa- 
ter out  of  it,  and  then  put  in  a  drop  or  two,  holding  th^ 
ivide  end  downwards,  the  drop  of  water  will  remain  at  the 
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lawer  or  wide  end.  If  we  pow  bol^  the  tube  horizontal,, 
the  water  will  giadually  mpve  Orom  the  wide  to  the  nar- 
row end  of  the  tube.  This  can  never  ariae  from  mere  ad- 
hesion. There  is  some  force,  acting  from  a  distance, 
however  small  that  distance  may  be— rand  (he  force  is  at- 
tractive. It  may  be  understood  in  this  way.  Suppose 
that  glass  and  water  mutually  attract  each  other,  and  that 
this  actiop  extends  to  the  small  distance  ab  (fig.  6.) 
The  glass  of  the  ring,  whose  breadth  is  a  by  acts  on  the 
V^ater,  urging  it  in  the  direction  ab.  Qut  the  ring  d^ 
at  the  other  end  of  the  drop  of  water  urges  it  in  the  oppo* 
sit^  direction  d  e.  The  force  at  the  end  a  is  to  that  at  the 
end  d  as  the  circumference  of  the  ring  a  i  to  the  circum- 
ference of  the  ring  de.  Now  it  is  demonstrated  in  hy- 
di^aulics,  that  in  order  that  two  opposite  forces  may  be  \a 
^quilibrio  when  acting  on  the  two  ends  of  such  a  column 
of  fluid,  they  must  be  proportional  to  the  surfaces  to 
which  they  are  applied.  Byt  this  is  not  the  case  here. 
The  forces  are  as  the  acting  circumferences,  whereas  the 
surfaces  are  as  the  squares  of  those  circumferences.  The 
force  at  the  end  d  is  not  enough  for  balancing  the  force  at 
^,  and  the  latter  must  prevail — therefore  the  water  will 
move  in  the  direction  d  a.  We  see,  by  the  way,  the  force 
is  attractive — had  it  been  repulsive,  the  water  would  have 
moved  in  the  direction  a  d. 

If  we  consider  this  fact  carefully,  we  shall  see,  that  by 
going  towards  tUe  smaller  end  of  the  tube,  the  length  of 
the  little  column  of  fluid  b  increased.  The  surface  of 
glass  in  contact  with  the  water  is  also  increased.  For  if 
it  is  in  a  part  where  the  dianleter  is  one  half  of  itsi  former 
magnitude,  the  length  of  the  column  must  be  quadrupled^ 
and  the  touching  surface  doubled. 

208.  We  observe  water  a,nd  other  liquids  rise  up  all 
round  the  circumference  of  the  vessel,  forming  a  concave 
curve.  If  a  glass  plate  AB  (fig.  7.)  be  wetted  and 
dipped  into  still  water^  we  observe  it  to  heap  up  on  both 
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rides  of  the  plate,  A>rming  a  curve  ab  f,  of  a  very  sev^ 
sible  height  We  are  not  to  imagine  that  the  attraction' 
df  glass  for  water  extends  to  so  great  adistance  as  a  c»  or 
even  as  the  perpendicular  height  a  e  of  the  curve.  We 
shall  soon  be  convinced  that  the  extent  of  this  action  is 
too  small  to  be  measured  by  us.  It  is  probable  that  only 
ti  very  small  portion,  perhaps  the  portion  if  a,  is  the  sole 
ilgent.  As  the  water  climbs  up  the  side  of  the  plate,  it 
comes  within  the  sphere  of  action  of  a  portion  still  higher, 
and  is  drawn  up  by  it,  and  the  water  thus  raised  drags 
more  after  it,  by  the  mutual  adhesion  of  the  particles  of 
water,  till  the  weight  of  the  whole  is  just  a  balance  for 
the  attraction  of  the  acting  portion  if  a  of  glass  still  above 
]l.  We  shall  see,  however,  by  and  by,  that  a  d  is  not  the 
acting  portion  of  the  glass. 

If  the  plate  extends  horizontally  to  any  distance,  the 
ikrater  rises  along  the  whole  intersection  of  the  plate  with 
the  surface  of  the  still  water.  Thus  it  rises  all  rountl  in 
a  tea-cup.  The  quantity  raised  will  therefore  be  propor* 
tional  to  the  horizontal  extent  of  the  intersection. 

Should  we  bring  another  plate  CD,  so  near  the  plate 
AB,  that  the  curve /g  A,  caused  by  A6,  interferes  with 
the  curve  t  k  /,  caused  by  the  plate  CD,  the  water  will 
jise  still  higher  between  the  plates.  It  will  rise  till  the 
whole  weight  of  water  raised  just  balances  the  doubled 
action  of  the  glass. 

Unless  we  knoW  the  law  by  which  the  attraction  is  di-« 
mtiiished  by  an  increase  of  distance,  we  cannot  say  what 
proportion  of  height  will  result  from  different  distances 
between  the  plates.  As  far  as  experiment  can  he  made 
with  precbion,  it  would  seem  that  the  height  of  water 
between  the  plates  is  inversely  proportional  to  their  dis- 
tance. This  shews  that  the  greatest  distance  at  which 
the  mutual  attraction  is  exerted  is  very  small,  and  in- 
tomparable  with  any  measurable  distance  between  the 
VoT,  were  it  otherwise^  the  water  would  rise 
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higher,  becauM  there  would  (hen  l>e  some  of  the  watd^ 
acted  oik  hj  6bth  plates,  and  its  teeigtt  doubly  diminisfiM]. 
Were  the  heights  of  the  watei^  a^cturately  proportional  to 
the  distance  between  the  plates  inversely,  we  mu9t  infer 
that  there  is  no  sensible  portion  of  the  W^hole  water  im- 
mediately acted  on  by  both  plates.  Or,  in  other  i<rord% 
the  distance  between  the  plates  i^  incomparably  gfeaier 
than  the  distance  at  which  water  and  glass  at^act  eacli 
other. 

^.  l)r  Brook  Tayldr  describes,  in  No.  33ft  of 
the  Philosophical  Transactions,  a  rery  beautiful  eir 
periment,  which  gives  us  a  more  accurate  mean  of  judg- 
ing in  this  matter,  and  is  indeed  the  source  of  all  our  pre- 
cise ideas  of  this  subject. 

A  pair  of  mirror  plates  A^D,  (fig.  8.)  are  set  in 
water.  They  join  in  the  vertical  line  AB,  and  ar0  se* 
parated  a  very  small  matter  at  the  other  end  CD,  thuA 
/brming  two  vertical  planes  idcliqed  to  one  another  in  a 
very  small  angle.  The  water  rises  between  thto,  and  itil 
upper  surface  forms  a  very  exact  fyperbola  k  am^tiS  wUch 
AB  and  BC  are  the  two  assymptotes.  Let  c  d  and  g  h 
be  equal  small  portions  of  BC,  and  then  abed  and  e  g  hf 
will  be  two  columns  of  water  supported  by  the  attrac- 
tion. Let  the  angle  formed  by  the  plates  be  represented 
by  the  plan  KBC.  The  sections » c cf  ^ and  yghx of  tbi 
supported  columns,  are  evidently  proporti6nal  to  theif 
distances  from  B.  By  the  nature  of  a  hyperbola  tht 
heights  a  c  and  eg  are  in  the  inverse  proportion  ot  Bi 
and  B  g.  Therefore  the  quantities  of  water  in  the  two 
columns  are  equal,  and  their  weights  are  equal 

This  is  a  valuable  experiment,  biecause  it  states  with  so 
much  accuracy  the  relation  between  the  heights  of  the 
columns  and  the  distances  of  the  plates.  We  also  learn  fitem 
it,  that  the  whole  touching  siirfac^a  c  dS^  and  eghfssri 
not  acting  in  the  elevation  of  the  ^ter.  For  the  Weight 
raised  is  the  true  measure  of  the  force  in  action,  beoaust 
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If,  precisely  balances  it «  Naw  the  Weight  is  the  same  in 
these  two  columns^  while  the  surfaces  in  contact  with  the 
water  are  unec}ual  in  any  degree.  We  must  grant  that, 
over  the  whole  touching  surface,  there  is  the  simple  adhc" 
nbif,  and  this  may  be  proportional  to  the  surface.  But 
we  se^  that  this  is  not  the  proportion  of  the  action ;  for 
tiie  actions  are  equal,  since  the  balancing  forces,  the 
weights  of  the  columns,  are  equal 

210.  There  seems  to  be  but  one  way  of  accounting  for 
this,  (f  we  suppose  that  only  a  very  minute  portion  of 
the  surfaces  q  c  db  and  e  g  hfaci  on  the  water,  either  a 
small  parallelogram  adjoining  to  c  d  and  g  A,  or  adjoining 
to  a  &  and  ef^  then  those  being  equal,  their  actions  will 
be  equal,  and  will  balance  equal  weights  of  water,  as  is 
actually  the  case.  We  certainly  cannot  take  this  acting 
portion  in  any  intermediate  part  of  the  cohesion,  because 
there  b  no  part  distinguishable  from  another  by  any  cir- 
cumstance of  its  situation,  except  the  extremities  of  the 
column.  Dr  Jurin,  for  re^tsons  that  will  soon  be  men- 
tioned, supposes  that  the  acting  portions  are  adjoining  to 
a  b  and  e/,  (see  his  Dissertations  in  the  Philosophical 
Transactions,  No.  355,  &c.)  And  he  has  been  folio  *ved 
by  the  greatest  part  of  those  who  have  cohsidered  this 
subject  But  we  shall  find  it  much  more  probable  that 
it  is  at  the  very  bottom  of  the  column  that  the  acting  por- 
tions of  the  plates  are  situated.  Indeed  the  greater  pro- 
bability of  this  may  be  inferred  from  the  great  obliquity 
of  the  hyperbola  in  the  vicinity  of  the  assymptote  AB. 
The  line  a  6  is  not  nearly  equal  to  f  y,  a  circumstance 
which  seems  necessary,  if  the  acting  portion  were  imme- 
diately adjoining  to  the  surface  of  the  water.  But  we 
shall  presently  see  much  more  cogent  reasons. 

If  we  make  the  breadth  g  h  of  the  section  of  a  co- 
lumn equal  to  g  y,  the  distance  between  the  plates  at  that 
place,  the  section  >g*^^may  be  considered  as  a  square. 
Suppose  this  to  be  the  section  of  a  square  pipe  of  glass. 
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If  it  be  true  that  it  is  only  a  minute  portion  of  the 
torching  glass  which  supports  the  water,  and  if  this  be 
incomparably  less  than  the  distance  between  the  plates^ 
then,  whether  this  be  at  the  top  or  bottom  of  the  sup- 
ported column,  we  should  eicpect  the  water  to  stand  twice 
as  high  in  the  square  pipe  as  between  the  plates  where 
the  section  is  the  same.  For,  in  case  of  the  plates,  the  acting 
surfaces  are  otily  the  two  sides  y  x  and^  h ;  but  in  the  pipe,* 
we  have  the  vyhole  periphery  yg  A  a;  in  action.     This  be- 
ing double,  should  support  a  double  weight  of  water,  and 
therefore    a    double  height.      This    experiment   cannot 
easily  be  made,  as  such  a  pipe  can  scarcely  be  had.     But 
a  cylindrical  pipe  will  do  quite  as  well.     For  if  the  dia- 
tneter  of   the  round  pipe  be  equal  to  the  side  of  the 
'square  one,  the  proportion  of  the  two  peripheries  is  pre«, 
cisely  the  same  with  that  of  the  two  sections. 

I  have  made  this  experiment  with  the  greatest  care, 
and  I  find  that  this  expectation  is  completely  answered. 
The  water  is  supported  twice  as  high.  This  is  a  mo- 
mentous experiment.  It  has  been  long  observed,  that 
water  is  raised  in  slender  pipes  to  heights  whicli  are  in- 
versely as  the  diameters,  so  far  agreeing  with  the  plates. 
This  experiment  completes  the  agreement. 

21 L  Here  then,  in  slender  pipes,  we  have  another  means 
of  measuring  the  natural  force  employed  in  supporting  the 
liquid.  The  heights  of  the  liquid  are  inversely  as  the 
diameter  of  the  pipes.  The  sections  of  the  pipes  are  di- 
rectly as  the  squares  of  the  diameters.  Therefore  the 
quantity  of  water,  or  the  weights  supported,  are  directly 
as  the  diameters.  The  surfaces  in  contact  with  the  water, 
and  therefore  the  simple  adhesion,  are  equal  in  them  all. 
Here,  therefore,  we  have  another  incontestible  proof  thai 
the  whole  surfaces  are  not  acting  in  supporting  the  water^ 
In  the  plates,  the  weights  supported  were  equal  in  all  the 
columns,  and  the  surfaces  trere  unequal  in  any  degree. 
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Id  the  pipes,  the  adbeiii^  silrffuije^  fte  equal  in  them  allj 
but  the  weights  supported  ane  unequa}  in  an^  degree. 

AH  will  be  reconciled,  if  w,e  auppo^e  t^at  it  is  only  a 
small  portion  of  the  touphi^g  sur^ces  thajt  b  effectual  in 
tupporting  the  water-Hft  narrow  parallelogram  adjoining 
to  a  &  or  c  d^  perhaps  not  t^e  IQOth  pf  an  iAch  in  breadth. 
This  being  equal  to  gh^  e^iial  weights  are  supported. 
This  in  the  pipes,  being  a  narrow  ring  ^t  the  top  or  bot« 
torn,  is  proportional  to  the  diameter ;  and  wei|^t9  of  wa- 
^r  in  this  very  proportion  are  supported* 

I  boped  to  find  some  comparability  between  the  distance 
at  which  this  attraction  is  exerted  and  the  distance  be- 
tween the  plates,  by  the  form  of  the  curve  kam.  I  found 
it  to  be  a  very  accurate  hyperbola  as  far  as  the  distance 
between  the  plates  exceeded  ^^oth  of  an  inch.  This  wa^ 
inferred  from  the  distance  from  yiB  where  the  curve  bcr 
gah  to  deviate  from  the  hyperbola,  and  the  distance  of 
the  plates  at  the  other  end  DC.  I  ascribed  the  deviatioQ 
from  the  hypierbola  in  smaller  dbtances  to  the  action  pf 
the  attractive  force  of  the  two  plates  interfering  and  being 
exerted  on  the  same  particles  of  water.  But  I  was  mis- 
taken. The  deviations  in  these  small  intervals  were  quite 
anomalous,  and  were  greatly  changed  by  the  most  trifling 
changes  of  distance  at  DC,  and  w6re  uniformly  greater 
in  some  places  than  in  others.  I  found  at  last,  that  the 
^ause  of  deviation  from  the  hyperbolic  curve  was  the  want 
of  perfect  flatness  of  the  plates— the  inequalities  of  their 
surfaces  bore  a  sensible!  proportion  to  the  1900th  part  of  an 
iQch^  Employing  two  plates  made  by  Dollond,  and 
finished  in  the  most  perfect  manner,  I  found  the  hyperbola 
strictly  preserved,  as  far  as  I  could  perceive  the  coloured 
liquor  that  was  between  the  plates.  In  these  very  small 
intervals,  it  is  perceived  with  difHculty. 

It  deserves  remark,  that  in  making  this  experiment, 
the  plates  seem  to  attract  one  another  with  considerable 
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Force.  Wlien  the  thin  wedge  which  separates  the  edges 
DC  is  drawn  out,  we  find  that  it  is  strongly  pressed  by 
them,  apd  thejr  close  with  each  other  as  it  is  drawn  out, 
and  it  is  difficult  to  get  another  wedge  introduced*  This 
u  undoubtedly  owing  to  the  mutual  attraction  of  the  glass 
and  the  fluid. 

212.  This  phenomenon  of  the  rise  of  water,  or  other 
liquids,  in  slender  pipes,  has  long  engaged  the  attentioQi 
of  philosophers  ^nder  the  denomination  of  capillary  at- 
traction ;  being  so  named^  because  it  is  sensible  only  ii^ 
pipes  whose  bore  is  extremely  si^ftll,  little  exceeding  th^ 
diameter  of  a  hair.  It  has  been  much  studied,  both  bcr 
jcause  it  is  curious,  and  because  it  has  a  very  extensife 
And  multifarious  influence  on  many  important  operations 
;of  nature  in  our  sublunary  world.  To  this  it  is  owing, 
that  the  rains  which  fall  in  the  high  grounds  do  not  in^ 
mediately  run  down  to  the  sea  with  continually  increasing 
YfBlocity,  but  are  retained  by  the  soil,  and,  slowly  filter- 
ing down  through  it,  are  delivered  in  the  springs  an^ 
fountains  at  the  foot  of  the  hills,  so  as  to  afford  a  constant 
and  nearly  uniform  supply  of  moisture^  By  capillary 
attraction  does  the  oil  or  melted  tallow  rise  slowly  thrqugii 
the  wick  of  a  lamp,  where  it  is  converted  into  steam  by 
the  heat  of  the  surrounding  flame,  and,  blowing  out  in 
all  directions  from  the  wick,  is  set  on  fire  when  it  reaches 
the  surrounding  air.  There  only  is  it  inflamed,  although 
we  generally  suppose  the  whole  space  luminous.  But  it 
is  only  a  luminous  film.  By  capillary  attraction  the  juices 
of  the  soil  are  taken  up  by  plants  and  carried  to  the  re- 
motest leaf,  where  th^y  are  partly  evaporated,  as  the  qU 
is  dissipated  from  the  wick  of  the  lamp.  By  capillary- 
attraction  is  the  lymph  and  other  fluids  taken  up  apd 
transported  to  all  pftrtq  of  the  animal  body.  No  douht 
tlie  organical  structure,  both  of  plants  and  animals,  is 
also  concerned  in  the  motion  of  the  sap  and  the  anim^i 
juices;  but  we  are  certfun,  by  nuiperous  observationff 
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that  much  of  this  is  efT^ted  bj  mere  capillary  dttractton: 
It  is  solely  by  this  that  a  piece  of  dry  wood  absorbs  a 
great  deal  of  moisture,  and  swells,  with  almost  irresisti* 
ble  force. 

213.  Sdch  influence  In  the  operations  6f  nature  justify 
the  attempts  of  the  philosophers  to  acquire  a  more  pre- 
cise and  confident  knowledge  of  this  op^ratidn.  I  have 
already  observed,  that  Dr  Jurin ,  was  the  first  iv^ho  gave 
any  information  on  which  an  opinion  can  be  formed.  The 
ingenious  Dr  Hooke,  indeed,  had,  before  this  time,  spe- 
culated on  the  subject,  %hd  attempted  to  explain  the  phe- 
nomena by  a  principle  which  he  called  congtuitj/.  But 
men  were  not  very  familiar  then  trith  the  accurate  logic 
that  is  required  in  all  philosophical  disquisition,  and  Dr 
flooke  had  little  success  in  his  endeavours.  Dr  Jurin 
reasohed  more  consequentially,  from  the  beautiful  experi- 
ment of  Dr  Brook  Taylor,  and  its  correspondence  with 
the  rise  of  water  in  capillary  tubes.  (See  Phil.  Trans. 
vdl.  ±xx.) 

Suppose  two  tub6s  AB,  AB  (fig.  9.  No.  1.  &  2.)  which 
support  the  water  at  heights  inversely  as  their  diameters. 
Dr  Jurin  maintains,  that  the  water  is  supported  entirely  by 
the  action  of  the  ring  B  c  immediately  above  the  surface  of 
the  water,  B  c  being  supposed  the  greatest  dfetance  at  which 
the  mutual  attraction  is  exerted.  For,  savs  he,  this  is  the 
only  part  df  the  tube  from  which  the  water  must  recede 
tipon  its  subsiding,  and  therefore  the  only  one  which,  by 
the  force  of  its  cohesion  or  attraction,  opposes  the  de- 
scent of  the  water.  T6  make  this  more  manifest,  he  bids 
tis  suppose  the  tube  to  be  divided^  into  squares  B  (/,  de^ 
efy  &c.  equal  to  B  c.  The  glass  in  B  c  attracts  the  water 
in  B  cZ  upwards.  It  is  attracted  downwards  by  the  water 
in  de.  This  being  inferior  to  the  action  of  the  glass 
above  it^  the  water  is  supported.  In  every  other  part  of 
the  tube,  such  as  ef,  the  water  is  equally  attracted  both 
upwards  and  downwards,  ^nd  is  not  sensibly  affected  by 
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those  actions*  The  whole  weight  is  therefore  carried  by 
the  ring  B  o,  aided  by  the  mutual  adhesion  of  the  parti* 
cies  of  the  water.  It  will  therefore  be  supported  at  any 
height,  provided  that  thb  mutual  adhesion  be  equal  to  the 
weight  of  the  column. 

In  support  of  this  reasoning,  he  observes,  that  the 
height  at  which  the  water  will  be  supported  depends 
entirely  on  the  diameter  of  the  upper  orifice,  whatever  may 
be  the  width  of  the  tube  below.  Thus,  in  fig.  9.  No.  3* 
the  water  is  supported  at  the  same  height  as  in  No.  I.  al« 
though  the  lower  part  of  the  tube  is  smaller.  In  No.  4. 
the  water  is  svpporied  at  the  same  height  as  in  No.  2.  al* 
though  it  would  have  been  raised  only  to  h  by  the  lower 
part  of  the  tube.  It  is  remarkable,  that  in  a  tube  formed 
like  No.  4.  the  water  stands  at  the  same  height,  although 
the  lower  part  of  the  tube  be  of  any  width,  even  several 
inches,  provided  that  the  upper  orifice  at  B  is  of  the  pro- 
per diameter ;  and  this  obtains,  even  though  the  appara- 
tus is  placed  under  the  receiver  of  an  air  pump.  The 
water,  therefore,  b  not  supported*  as  was  asserted  by 
some,  by  the  pressure  of  the  air.  Others  maintained  that 
the  water  was  supported  in  the  wide  part  of  the  tube,  by 
its  adhesion  to  the  arch  immediately  below  the  slender 
tube.  But  a  cunbiM  experiment  of- Dr  Jurin^s  seems  to 
overturn  this  account.  If  the  wide  part  of  the  apparatus 
No*  5.  be  filled  with  water  up  to  D,  very  near  the  arch^ 
and  kept  there  by  shutting  the  tube  at  the  bottom.  Then 
let  a  siiigle  drop  of  water  enter  at  the  top,  and  set  the  ap«r 
paratus  into  the  water  in  the  cistern,  and  open  the  tube 
below.  The  drcp  let  into  the  upper  orifice  will  occupy 
the  whole  of  the  sknder  tube,  and  the  water  will  remain 
at  the  height  to  which  it  was  filled,  though  it  do  not  come 
in  contact  with  the  arch.  The  whole  seems  still  to  be 
supported  by  the  action  of  the  upper  orifice. 

Such  is  the  reasoning  by  which  Dr  Jurin^s  theory  is 
supported.     It  is  undoubtedly  very  specious,  and  it  ob» 

VOL.  I*  » 
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tinned*  the  readjacquiesceoce  of  all  the  naturalists.  M# 
Hawksbee  has  varied  the  experiments  in  manj  ways,  and 
a  multitude  of  others  have  been  tidded  bj  Bulfinger  in 
tiro  long  dissertations,  in  the  Petersburgh  Commentariesi 
Mr  Achard  also,  of  the  Berlin  Academy,  has  added  m«iy 
more,  and  philosophers  were  satisfied. 
•  214.  Yet  the  theory  is  certainly  erroneous  in  its  first 
principles^  Granting  that  the  particles  of  water  in  the 
uppermost  ring  d  B  are  attracted  upward  by  the  glass  in 
the  ring  B  c  above  them^  it  must  be  as  much  attracted 
downward  by  the  glass  in  the  ring  d  e.  The  attraction  of 
this  ring  cannot  be  supposed  to  cease  when  the  water  has 
passed  it.  If  the  whole  tubes  from  end  to  end  be  divid- 
kd  into  portions  equal  to  B  c,  the  water  is  in  equilibrio  (in 
respect  of  this  attraction  by  the  glass)  in  every  part  of  the 
tube,  except  the  lowest  portion  m  n.  For  every  other 
-portion  has  an  equal  ring  of  glass  above  and  below  it. 
'Therefore,  if  there  be  any  truth  in  this  mutual  action  of 
glass  and  water,  this  theory  of  capillary  attraction  is  in 
tonsistence  with  it.  Let  us  consider  the  consequences  of 
this  action  a  little  more  particularly. 
^  215.  Let  C  F  (fig.  10.)  be  a  glass  tube,  lying  horizon- 
tally^  and  containing  water,  or  any  liquid  that  it  attracts, 
between  A  and  B,  and  let  us  suppose  that  the  mutual  at<^ 
tractions  of  glass  and  water  extend  to  the  distance  AC  or 
BD.  The  water  in  this  tube  will  continue  at  rest,  being 
as  much  attracted  in  the  direction  BA  by  the  glass  in  AC, 
•OS  it  is  attracted  in  the  direction  AB  by  the  glass  in 

Suppose  now  that  the  tube  is  cut  through  at  A  as  in 
No.  2.,  by  this  the  equilibrium  of  the  water  is  destrojted, 
there  being  no  force  now  to  balance  the  attraction  of  BD. 
•The  water  will  therefore  be  carried  in  that  direction, 
and  will  be  agaih  in  equilibrio,  when  it  gets  into  the  si- 
tuation ED.  It  will  then  be  equally  acted  on  by  AE 
•and  DF«     In  this  manner  the  water  may  be  made  to  t^ 
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move,  in  the  direction  AB,  as  far  as  we  pleas'e  by  eoa* 
tinually  cutting  oiF  the  attracting  ring  at  one  end. 

This  attraction  has  a  limited  force,  and  may  be  balanced 
bj  any  opposite  force.  It  may  be  balanced  by  the  force  o£ 
gravity,  by  holding  the  pipe  upright,  as  in  No.  3.  or  better^ 
as  iff  No.  5.  by  making  the  tube  bend  upward.  The  tube, 
being  cut  off  at  A,  and  the  water  having  retreated  into 
the  space  ED,  we  may  suppose  water  added  by  the  other  end. 
This  will  make  no  change  in  £A  till  the  level  part  of  the 
tube  be  filled,-*— then  the  addition  will  begin  to  push  thd 
water  tcom  £  toward  A,  and  will  reach  A  when  the  weight 
of  the  column ,  GH  is  equal  to  the  attraction.  In  this 
condition  of  the  apparatus,  the  whole  is  supported  (agree- 
ably taDr  Jtirin^s  opinion)  by  the  attraction  of  HI,  unba^ 
lanced  by  any  attraction  at  A.  If  the  weight  of  the 
water  in  AB,  No.  3.  is  just  equal  to  the  attraction  of  AC 
er  BD,  then,  when  the  tube  is  held  upright  the  water 
will  descend,  till  it  arrives  at  the  mouth  of  the  pipe,  oc^ 
eupying  the  space  C  d.  The  weight  of  the  water  is  then 
in  equilibrio  with  the  attraction  of  the  glass  in  B  d.  But 
it  is  not  the  attraction  of  Bd  that  supports  itf  for  Bi 
acts  only  on  the  water  in  d  e ;  for  the  water  in  de  ia  as 
much  attracted  downward  by  the  glass  in  B  d.  And  if 
we  examine  every  portion  of  the  tube,  we  find  the  water 
in  the  same  state  of  equilibrium,  excepting  the  lowest  por<- 
tion  AC.  This  is  attracted  upward  by  the  glass  in  AE^ 
without  any  opposite  attraction  to  balance  it.  It  is  ba- 
lanced, only  by  the  weight  of  the  water  between  c  and  d. 
•  This  weight  is  supported  by  the  attraction  of  the  glass  in 
£A  for  the  water  in  AC.  We  may  suppose  this  Jittle 
-portion  of  water  in  AC  to  become  ice,  without  adhering 
to  the  tube#  and  without  any  change  in  the  attracting 
forces.  It  will  then  perform  the  office  of  a  moveable 
plug,  loaded  with  the  water  in  A  c/,  and  supported  by  the 
attraction  of  the  glass  in  A£. 
^    When  things  hove  been  thus  adjusted^  bring  the  lovtr 
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orifice  of  the  pipe  into  contact  with  the  surface  GH  of 
standing  water,  as  i^  No.  4>.  The  water  below  it,  which 
was  formerlj  in  hydrostatic  equilihrio,  and  at  rest,  ia  now 
attracted  upwards  by  the  glass  in  CA,aa  much  as  the  water 
in  CA  is  attracted  by  the  glass  in  AE.  Thus  there  are 
now  two  portiomi  of  water,  yix.  ACC^A',  and  CIKC, 
which  are  attracted  upwards  hj  the  glass  in  CA  and  AE. 
Let  g  represent  the  attraction  of  glass  for  water.  There 
is  now  a  force  2  g^  acting  upwards,  in  the  place  of  the 
force  g  which  operated  before.  This  should  support 
twice  as  much  weight,  and  the  water  should  now  stand 
twice  as  high  as  before. 

But  there  is  now  brought  into  action  another  force* 
which  did  not  exist  before.  The  water  in  the  portion  AC 
of  the  tube  b  attracted  downwards  by  the  water  CIKC 
in  the  cistern.  Let  w  express  the  force  with  which  the 
water  in  AC  is  attracted  by  the  water  CIKC  in  the  cis- 
tern. The  whole  force  which  now  acts  on  the  water  in 
the  tube  is  the  force  2  g^  acting  upwards,  and  the  force 
w  acting  downwards.  Therefore  the  height  to  which  the 
water  will  be  raised  will  he  such  t|iat  its  weight  is 
=:ig  —  te. 

216.  Hence  it  plainly  follows,  that  if  the  mutual  at- 
traction of  water  fpr  water.be  any  thing  less  than  twice  the 
uUriLctian  of  icater  for  glasSf  it  will  stand  higher  within 
the  tube  than  without  it  If  to  be  merely  equal  to  2g;, 
the  water  will  be  on  the  same  level  both  within  and  witli- 
put  the  tube.  We  learn  here,  that  we  must  not  infer, 
from  the  rise  of  fluids  in  slender  pipes,  that  their  particles 
attract  each  other  more  feebly  than  they  attract  the  par- 
ticles of  the  pipe,  which  is  the  general  opinion.  We  are 
entitled  only  to  infer,  that  the  attraction  of  the  particles 
of  the  fluid  is  not  twice  as  great  as  their  attraction  for 
those  of  the  pipe. 

Such  are  the  genuine  consequences  of  a  mutual  attrac- 
tion between  the  particles  of  a  liquid  and  ^hose  of  a  solid. 
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This  attraction  is  unquestionable,  and  therefore  this  theory 
of  the  rise  of  water  in  capillary  tubes  must  be  admitted^ 
in  preference  to  Dr  Jurin'^s,  which  is  incompatible  with 
the  very  principle  by  which  the  author  thought  it  estab« 
lished; 

817.  This  eipUnation  of  capillary  attraction  was  first 
proposed  by  the  celebrated  Mr  Clairaut,  in  his  disserta- 
tion on  the  Figure  of  the  Earth,  published  in  the  year 
1743.  But  it  lay  there  unnoticed  by  naturalists  not  much 
conversant  in  mathematical  disquisitions.  Indeed,  it 
comes  in  so  incidentally,  and  is  so  slightly  mentioned^ 
that  it  does  not  seem  to  have  arrested  the  notice  even  of 
mathematicians.  Lalande  Qrst  took  particular  notice  of 
it,  and  published  it  in  a  small  duodecimo  pamphlet  in 
1770.  It  does  not  seem,  even  yet^  to  be  very  generally 
known. 

818.  Both  Mr  Clairaut  and  Mr  Lalande  consider  capiU 
lary  attraction  as  a  case  of  universal  gravitation  ;  but  this 
is  certainly  a  mistake.  Were  it  gravitation,  a  fluid  would 
stahd  above  the  level  of  the  cistern  only  when  it  is  less 
dense  than  the  pipe.  Now,  we  know  that  water  will 
stand  higher  in  a  small  quill  than  the  water  in  the  cistern. 
Were  it  gravitation,  a  glass  pipe  would  support  difierent 
fluids  at  heights  inversely  proportional  to  their  density. 
This  is  far  from  being  the  case.  A  very  slender  pipe  sup- 
ported the  different  fluids  as  follows :  * 

Inch. 

Oil  of  turpentine 1,35 

Spirits  of  wine 8,5 

Water 6,6 

Caustic  vol.  alkali 6,86 

Solution  of  sal  ammoniac 8,07 

This  attraction  must  therefore  be  considered  as  a  ^ttU 


*  See  KoM  L  at  the  end  o/  the  volumer 
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Jic  metAamcal  aGniij  analogous  to  cJiemical  affinities  or 
elective  attractions ; — It  is  different  in  different  substances 
for  the  same  kind  of  glass,  and  in  different  kinds  of  glass 
for  the  same  fluid. 

219.  If  a  glass  pipe  be  plunged  into  mercury,  the  fluid 
is  lower  within  the  pipe  than  without  it.  Thb  shews  that 
the  attraction  of  the  particles  of  mercury  for  each  other 
is  more  than  twice  as  great  as  their  attraction  for  the 
glass.  When  two  glass  plates  are  set  in  mercury,  it  forms 
a  curve  convex  upwards,  lower  than  the  surface  of  the 
Aiercury  in  the  cistern. 

*  820.  It  will  naturally  be  asked  here,  >how  it  happens, 
'as  in  Df  Jurin'^s  experiments,  that  the  height  at  which  the 
iwater  is  supported  depends  so  expressly  on  the  size  of  the 
fipper  orifice,  and  not  at  all  on  that  of  the  lower  orifice  ? 

It  has  been  already  explained  how  this  attraction  causes 
A'  drop  of  water  to  move  from  the  wide  to  the  narrow  end 
lof  a  tapering  tube.  Now,  it  is  a  matter  of  observation,  that 
if  we  take  a  glass  syphon  ABC  (fig.  1 1 .)  having  the  legs 
of  different  calibres,  but  both  capillary,  and  put  water 
into  it,  the  water  will  stand  so  in  the  two  legs,  that  the 
elevation  of  the  surface  C  in  the  smaller  le^  abovjj  the 
surface  A  in  the  larger,  is  precisely  equal  to  the  difference 
.between  tlie  heights  at  which  each  of  the  legs  would  have 
.supported  the  water  above  the  level  of  the  cistern.     Sup- 
pose that  the  smaller  leg  would   have  raised  water  to  a 
height  m,  and  the  larger  to  the  height  n,  then  the  eleva- 
tion. C  a  will  be  m. —  w..    Thl*?  experiment,  which  has 
been  often  .repeated,  may  be  received  as  a  sufficient  proof, 
that  a  contraction  of  the  diameter  in  any  part  of  the  ca- 
pillary canal  is  always  accompanied  by  an  excess  of  at- 
traction directed  to  the  narrow  part  of  the  canal.     Here 
we  have  a  measure  of  that  excess,  and  it  corresponds 
precisely  with  the  measure  that  was  deduced  from  the 
principles  of  hydraulics.     To  apply  this  to  the  present 
question,  suppose  two  capillary  tubes  a  and  b  (fig.  12.) 
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and  that  a  supports  water  ^o  the  height  AM,  which  we* 
^all  call  m,  while  the  wider  tube  b  supports  it  only  to  the 
height  AN,  which  we  shall  call  n.  Let  the  tube  C  have 
its  lower  part  AB  of  the  same  bore  with  the  tube  b,  aud- 
its upper  part  SM  of  the  same  bore  with  the  tube  a^ 
Let  ^e  fourth  tube  d  have  its  lower  calibre  equal  to  thali 
of  a,  and  its  upper  have  the  calibre  b. 

At  the  lower  orifice  of  the  tube  c  there  is  a  force  n  actf 
ing  upwards^  At  B  there  is  a  force  m^ —  n  also  acting  up« 
wards.  Add  these  two  together,  and  their  s^m  is  thQ 
compound ,  force,  and  measures  the  height  to  which  tb^ 
water  will  be  raised.  Now  the  sum  of  n  and  m  — -  n  is  nif 
and  therefore  the  water  will  b6  raised  to  the  same  heighl 
by  c  and  by  a.*  . 

At  the  lower  orifice  of  the  tube  d  there  is  a  force  m 
acting  upwards.  At  the  point  B  there  is  a  force  m  — -  «i 
.acting  downwards.  The  difference  of  those  two  forces  ii 
the  measure  of  the  compound  force,  and  of  the  height  if 
which  the  water  will  be  raised.  Now  the  difference  of  m 
and  m  —  n  is  n,  and  the  water  will  be  raised  to  the  sam^ 
height  in  the  tubes  d  and  b.  ^ 

221.  Thus  it  is  manifest  that  the  phenomena  which 
gave  such  authority  to  the  theory  of  Dr  Jurin  are  perfect- 
ly consistent  with  Mr  Clairaufs  theory.  Dr  Jurin  wa3 
also  mistaken,  I  think,  in  saying  that  the  water  was  not 
sustained  in  the  wide  vessel  terminating  above  in  a  capil- 
lary tube  by  the  adhesion  to  the  arch  of  the  wide  part. 
It  is  very  true  that  his  experiments  succeeds,  as  be  say^, 
where  a  small  part  just  adjoining  to  the  arch- is  left 
empty.     But  this  happens  only  under  the  pressure  of  the 


*  Here  it  must  be  noted  that  in  order  to  raise  the  water  by  this  tub*  So 
the  height  of  AM,  it  is  necessary  that  AB  do  not  exceed  AN  of  the  tube  b. 
Wherever  the  contraction  B  is,  the  water  will  be  supported  at  the  height 
AM,  provided  that  the  tubp  be  previoiisly  filled  .with^  watec  .  It  .will  «ii|k 
till  the  height  of  the  remaining  column  be  AM.  But  the  empty  tube  will 
raise  it  no  higher  thaa  AN  uf  the  tut)e  b. 


*8ft  CAPILLARY  ATTBACTIOK. 

air.  If  the  apparatus  be  in,  an  exhausted  receiver,  th^ 
water  will  descend  in  the  wide  part,  which  it  will  not  do 
if  the  apparatus  be  full  6f  liquor,  so  as  to  be  in  cohta<;t 
with  the  whole  of  the  arch.  It  will  not,  indeed,  ev^n 
then,  remain  long  suspended.  For,  tn  imicko,  a  quantity 
of  air,  which  had  been  chemicallj  united  with  the  water 
is  detached  from  it,  and  gets  to  the  top.  As  soon  as  a 
bubble  gets  to  the  lower  orifice  of  the  capillary  tube,  the 
water  in  the  wide  part  of  the  apparatus  descends.  The 
adhesion  of  the  top  of  a  lateral  column  of  water  to  the 
arch  is  abundantly  able  to  carry  its  weight,  for  it  is  al- 
most immensely  greater  than  the  attraction  of  the  in- 
finitesimal ring  of  the  capillary  tube  in  the  middle,  which, 
aoc^Qrding  to  Dr  Jurin,  supports  the  whole.  If  air  wer6 
not  disengaged  in  the  manner  now  meUtibned,  I  have  no 
doubt  but  that  the  water  would  be  supported  tn  vacuo  tO 
the  height  of  many  feet.  We  see  mercury  supported  to 
the  height  of  70  inches. 

2S2.  This  subject  seemed  to  merit  a  particular  discus- 
sion on  account  of  its  manifold  influence  on  natural  ope- 
rations, as  well  as  because  it  is  a  very  good  example  of 
the  corpuscular  forces,  susceptible  of  measure,  and  of 
mathematical  consideration.  It  rectifies  our  judgments 
concerning  the  intensity  or  magnitude  of  the  attractive 
force  of  the  particles  of  water  and  other  liquids.  We 
are  disposed  to  consider  this  as  extremely  small,  because 
we  find  it  so  easy  to  separate  one  parcel  of  water  from 
another.  But  this  separation  does  not  give  us  the  smallest 
information  on  this  point,  and  the  mutual  cohesion  of 
two  particles  of  water  may  be  as  great  as  that  of  two 
particles  of  steel,  for  any  thing  that  we  know  to  the  con- 
trary. The  phenomena  of  capillary  attraction  shew  it  to 
be  very  considerable. 

A  pipe  of  one-tenth  of  an  inch  in  diameter  supports  a 
column  of  nearly  half  an   inch  in  height.     This  weighs 
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one  grain^.  This  is  supported  bj  the  actioh  of  a  ring  of 
glass,  whose  breadth  cannot  exceed  the  2000th  part  of  aA 
inch,  (naj  it  b  probable  that  it  is  almost  incomparably 
less)  and  which  is  one-eighth  of  an  inch  in  circumference 
nearlj.  The  surface  of  it  is  therefore  nearly  19959  jyth  of 
an  inch,  and  the  adhesion  of  water  to  a  square  ipcU 
would  be  1,333,333  grains,  or  190  pounds  avoirdupois. 
But  this  b  far  from  being  the  just  measure  of  the  mutual 
attraction  of  the  parts  of  water.  It  is  only  the  differemce 
between  tkU  atirociion  and  twice  the  attraction  of  water  for 
glacM.  It  may  be  but  a  very  minute  portion  of  the  mux 
tUal  attraction  of  the  parts  of  water,  and  I  am  mudi  dis* 
posed  to  think  that  this  b  the  case.  When  the  almost 
absolute  incoikipressibility  of  water  is  compared  with  the 
other  phenomena  of  cohering  matter,  and  the  whole  con* 
sidered  in  the  manner  that  will  be  unfolded  by  degrees^ 
I  apprehend  that  we  are  well  warranted,  nay  obliged,  to 
draw  thb  conclusion. 

823.  The  parts  of  water  are  easily  separated,  because 
they  are  easily  made  to  slide  over  each  other,  as  will  be 
particularly  explained,  when  w^  come  to  consider  the  me* 
chanlsm  of  liquid  aggregation.  Thb  mutual  attraction 
extends  to  a  very  minute  distance,  and,  when  the  par- 
ticles are  so  far  separated,  they  attract  no  more.  Sup- 
pose gravity  to  extend  only  a  foot  from  the  surface  of  the 
earth,  and  suppose  that  it  is  covered  with  balls  of  a  foot 
diameter,  which  attract  each  other  with  oi^  enomumc 
force.  If  we  take  one  of  these  balls  in  our  hand  and 
raise  it,  another  will  stick  to  it  and  follow  it,  a  third  wiil 
adhere  to  that,  and  a  fourth  to  the  third,  and  thus  we 
shall  lift  all  the  balls  from  the  earthy  and  will  feel  only 


*  A  cylinder  of  water  one-tenth  of  an  inch  in  diameter,  and  twelve  incbe^ 
high,  weight  23.862  grains,  or  very  nearl/  124  grains ;  therefore  very 
nearly  1  grain  when  half  an  inch  in  height.  A  cylinder  one  inch  diMoeter, 
therefore,  weighs  2386,  very  nearly  2400,  or  5  ounces  troy.  This  is  a  oon- 
f  enient  number  to  kecjp  in  mind,  s  5  ps.  -h  tiiO  gr.  avoirdupois. 
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the  weight  of  one,  because  as  soon  as  a  ball  is  a  foo6 
from  the  ground,  it  is  no  longer  heavj.  It  is  in  this  way 
that  we  maj  separate  the  particles  of  water  from  the 
mass. 

834.  The  measures  whiqh  we  hare  acquired  of  capil- 
larj  attraction  lead  to  several  useful  inferences.  It  wad 
already  observed,  that  it  is  owing  to  this  that  water  is 
retained  by  the  soil :  not  only  so,  but  it  will  be  raised  by 
it.  If  we  fill  a  hollow  tube  with  dry  .sand,  and  set  it  in 
jrater,  we  shall  observe  that  the  water  will  soak  the  sand 
to  a  considerable  height,— 40  much  greater  as  the  sand  i^ 
finer ;  in  fine  impalpable  clay,  the  water  wilt  rise  to  aU 
most  any  height. 

•  It  is  in  this  way  that  oil  rises  in  the  wick  of  a  lamp; 
-The  wick  is  a  bundle  of  fibres,  with  interstices  betweeA 
'  them.  The  fluid  rises  in  those  interstices,  and  will  rise 
«Iniost  twelve  times  higher  in  the  interstices  of  cylindri- 
cal fibres  than  through  pipes  of  the  same  diameter,  as 
'Will  easily  appear  by  calculating  the  area  of  the  interstice, 
vud  its  acting  periphery. 

I  already  took  notice  of  the  swelling  of  wood  by  mois- 
ture. The  force  exerted  in  this  way  is  sometimes  very 
great.  In  raising  grindstones  from  the  quarry,  it  is  a 
-iisual  practice  to  hew  a  long  cylinder,  of  the  diameter  re- 
squired,  and  then  grooves  are  cut  round  it,  at  the  distance 
required  for  the  thickness  of  a  grindstone.  The  grooves 
are  filled  with  wedges  of  dry  wood.  Water  is  thrown  on 
them,  and  in  an  hour  or  two  the  whole  column  is  found 
neatly  separated  into  grindstones.  It  is  in  the  same  way 
that  sponge  swells  with  water. 

..  .  225.  These  are  not  cases  of  mere  absorption.  The  wa- 
t^  is  drawn  into  the  cavities  by  an  active  force,  acting  at 
some  small  distance,  otherwise  the  effect  of  mere  adhesion 
;  would  be  completed  when  the  cavities  are  merely  filled. 
"But  more  is  still  attracted,  and  this  causes  the  flexible  ca- 
Mttes  to  enlarge.  It  would  require  a  pretty  lopg  discus- 
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9ion  to  explain  how  this  effect  is  produced.  But  a  ver^ 
simple  instance  of  the  fact  will  conduce  to  a  better  com- 
prehension of  the  mechanism  in  more  complicated  cases. 
Scatter  a  few  drops  of  mercury  on  a  plate  of  mirror  glass 
lying  on  a  table,  and  let  the  drops  be  as  nearly  as  possible 
of  a  size.  Lay  on  the  plate  so  sprinkled  another  very. 
light  plate  of  mirror  glass.  If  the  drops  of  mercury  are 
numerous,  and  pretty  uniformly  distributed,  the  upper 
plate  will  not  greatly  flatten  them.  Now  lay  weights  on 
the  upper  plate.  The  drops  of  mercury  will  be  more  and 
more  flattened  as  the  weights  are  increased.  Now  let  the 
weights  be  gradually  and  equably  lifted  off.  The  flatten** 
ed  drops,  which  are  now  spread  out  to  a  considerable 
4)readth,  will  gradually  contract,  and  will  regain  the 
breadths  which  they  acquired  by  the  first  laying  on  of  the 
plate. 

The  inference  from  these  phenomena  b  incontroverti* 
ble.     The  particles  in  each  drop  of  mercury  are  not  in 
corpuscular  equilibrium  except  when  in  a  spherical  formi 
4tnd  an  external  force  is  necessary  for  giving  them  any 
other  shape.     Their  own  gravity  flattens  the  drops  a  lit- 
tle, even  without  the  upper  plate.     The  weight  of  the 
plate  flattens  them  still  more.     But,  as  it  lessened,  the 
drops  become  more  and  more  spherical.     This  cannot  he, 
unless  the  upper  plate  remove  farther  from  the  lower  one 
•—this  it 'naturally  does.     In  like  manner,  in  the  foiling 
of  looking-glasses,  it  is  necessary  to  lay  on  a  very  great 
weight  to  squeeze  out  all  the  mercury  that  is  not  abso- 
lutely necessary  for  saturating  the  tin  foil,  and  if  theae 
are  taken  off,  a  great  quantity  of  mercury  is  again  sucked 
in.     I  found  that  a  plate  of  18  inches  by  14  sucked  in  5J 
ounces,  which  must  have  raised  the  plate  about  ^^^th  of  an  ^ 
inch.     Therefore,  in  these  facts  it  appears,  that  the  drops 
tend  to  a  spherical  form  with  force^  for  they  lift  up  the 
.  plate,  even  when  loaded  With  weights. 

226.  It  is  evident,  from  the.  different  heights  to  which 
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tbfe  saihe  glass  will  raise  diiferent  liquors,  and  diflferent 
kinds  of  glass  raise  the  same  liquor,  tBat  it  is  a  specific 
attraction,  depending  on  the  constitution  of  the  particles, 
both  of  the  solid  and  the  fluid.  Sir  Isaac  Newton  ob- 
aenred  a  phenomenon  of  the  same  kind  with  respect  to  the 
action  of  bodies  on  the  rays  of  light.  He  observed,  that 
when  a  beam  of  the  snn'^s  light  passed  bj  the  edge  of  a 
khife,  or  any  other  solid  body,  the  rays  of  one  colour 
vr^ere  more  deflected  than  those  of  another  which  passed  by 
at  the  very  same  distance.  Also,  a  blue  ray  was  as  much 
deflected  when  it  passed  at  the  distance  of  ^J^th  of  an 
inch  as  a  red  ray  which  passed  iat  the  distance  of  ^l  jth  of 
an  inch.  In  short,  he  observed^  in  those  delicate  experi« 
ihents,  that  the  forces  exerted  between  the  light  and  the 
solid  body  varied  by  a  variation  of  distance,  just  as  gra- 
vity does,  (though  not  in  the  same  proportion),  and  was 
tlifferent  in  relation  to  the  differently  coloured  rays,  there- 
fore specific  Having  also  demonstrated  that  reflection 
And  refraction  are  performed  by  means  of  the  same  forces 
which  produce  the  inflections  and  deflections  now  men- 
tioned, Newtoh  justly  inferred,  from  the  different  refract- 
ing qualities  of  different  bodies,  that  those  forces  are  also 
apeciflc  in  respect  of  different  substances,  and  that,  in  par- 
ticular, the  particles  of  inflammable  bodies  exert  stronger 
forces  than  others.  From  this,  his  sagacious  mind  con- 
jectured that  diamond  is  an  inflammable  body^  a  conjec- 
ture which  has  been  completely  verified  within  these  few 
years.  Mr  Tennant^s  experiments  prove  it  to  be  the 
poorest  specimen  of  carbon. 

S27.  When  we  reflect  on  this  specific  nature  of  the 
forces  which  produce  the  phenomena  of  capillary  attrac- 
tion, and  the  share  which  these  phenomena  have  in  many 
natural  operations,  several  considerations  are  suggested 
which  seem  deserving  of  notice.  I  am  persuaded  that 
much  of  the  operation  of  the  absorbent  system  in  animals 
iuid  vegetables  depends  upon  mere  capillary  attraction,  or. 
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at  leaat,  upon  mere  mechanical  corpuscular  fprce.  I  ima- 
gine that  it  is  chiefly  in  this  wajr  that  the  nutritious  and 
otherwise  useful  parts  of  our  food  are  taken  up  bj  the 
lacteals  from  the  intestinal  canal,  and  conveyed  to  other 
parts  of  the  body.  If  so,  much  of  the  operation  depends 
on  the  orifice  by  which  a  lacteal  communicates  with  the 
intestine  The  operation  will  be- affected  by  a  change  of 
mere  aperturerr-it  will  be  affected  by  every  change  in  the 
constitution  of  that  orifice,  as  also  of  the  fluid  taken  up. 
By  the  difSerence  of  its  substance,  a  vessel  6f  the  same  dia- 
meter with  another,  and  opening  into  the  same  canal,  may 
abstract  very  different  juices,  and  in  this  way  various  se- 
cretions may  arise— r«  change  of  composition,  whether  iu 
the  fluid  or  the  vessel,  may  accelerate  or  obstruct  the  ope- 
ration *.  Capillary  attraction,  therefore,  seems  to  deserve 
the  attention  of  medical  men.  The  poor  inhabitants  of 
the  island  of  Ormus,  who  cannot  afford  to  bring  fresh 
water  from  the  Continent,  are  said  to  quench  their  thirst 
by  lying  down  in  cisterns  of  sea  water.  I  saw  an  experi- 
ment of  the  same  kind,  made  in  1761,  at  the  Royal  Aca- 
demy- at  Portsmouth.  A  man  who  had  abstained  from 
drinking  till  his  mouth  was  parched,  went  into  a  tub  of 
sea  water,  and  in  a  quarter  of  an  hour  his  thirst  was  al- 
most gone,  and  he  could  spit  freely.  His  skin  had  ab» 
sqrbed  a  very  considerable  quantity  of  fresh  water. 

228.  We  know  that  in  like  manner,  a  plant  that  lan- 
guishes for  want  of  water  will  be  completely  refreshed  by 
immersion,  although  none  gets  at  the  roots.  At  the  same 
time  it  is  probable  that,  both  in  the  animal  and  vegetable 


*  Some  experiments^  by  a  verj  intelligent  and  ingenious  gentleman,  on 
the  rise  of  the  oil  and  tallow  in  the  wick  of  a  lamp,  shew  remarkable  dUfbr* 
ences  in  this  .respect.  The  publication  of  these  experiments  might  produca 
great  improvement  in  the  manufacture  of  candles,  and  the  preparation  af 
inflammable  matter.  I  hope  that  the  ingsnious  author  will  not  withhold 
them  from  public  senrice. 
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economj,  organical  structure  and  mechanidm  ur'e  cbn^ 
^med  in  these  operations.  Although  tlie  greatest  part 
of  the  juices  rise  through  the  plant  by  mere  capillary  at* 
traction,  it  is  very  likely  that  there  are  also  contrivances 
in  the  roots  which  may  b^  said  to  force  or  pump  it  upy 
and  valves  to  prevent  its  improper  return. 

Having  employed  so  much  time  in  describing  the  phe- 
nomena of  corpuscular  action  between  the  particles  of 
solids  and  fluids,  I  shall  be  more  brief  in  my  account  of 
such  as  appear  in  the  action  of  solids  on  solids.  A  small 
number  will  suffice. 

229.  When  naturalists  intimated  their  acquiescence  in 
the  conjecture  of  Newton,  that  cohesion  was  effected  by 
means  of  mutual  forces  acting  beyond  the  particles,  it 
was  said  that  were  this  the  case,  nothing  more  is  wanted 
for  reuniting  two  pieces  of  broken  glass  but  putting  them 
together  again.  But  this  is  altogether  contrary,  say  they, 
Jto  eicperience.  But  we  should  not  expect  this,  as  the  law 
of  corpuscular  action  is  unknown  (at  least  as  yet)  we  can- 
not tell  but  that  at  a  distance  somewhat  greater  than  tlie 
distance  of  cohesion,  the  particles  may  repel  each  other. 
This  is  not  absurd,  but  it  is  not  even  improbable.  We 
see  that  magnets  having  their  similar  poles  fronting  each 
•other,  repel  at  all  considerable  distances,  but  when 
brought  very  near,  they  generally,  though  not  always, 
•attract  each  other.  What  should  hinder  particles  from 
having  a  similar  relation.  It  may  require  a  great  force 
to  bring  the  parts  of  a  broken  body  near  enough  for  giv- 
ing occasion  for  the  exertion  of  attracting  forces.  Be- 
sides, when  we  press  together  the  surfaces  of  the  fracture, 
it  is  perhaps  only  in  a  few  points  that  they  are  near 
enough  for  attraction.  Accordingly,  it  is  known  that  if 
itwo  pieces  of  metal  are  scraped  very  clean,  a  severe  blow 
Ivill  make  them  cohere  so  as  to  be  inseparable.  It  is  thus 
that  flowers  of  gold  and  silver  are  fixed  on  steel  and  other 
'metals.    The  steel  is  first  scraped  clean^  and  a  thin  bit 
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•r  gold  or  ailver  is  laid  on  it,  alid  then  the  die  is  a^liedl 
hj  a  siroiig  blow  with  a  hammer.  It  is  remarkable  that 
thej  will  not  adhere  with  such  fimttess,  if  thej  adhere 
at  all,  when  the  surfaces  hare  been  polished  in  the  usual 
waj,  with  fine  powders,  &€.  This  is  always  done  with 
the  help  of  greasy  matters.  Some  of  this  probably  re- 
mains, and  prevents  that  tptciJU  action  that  is  necessary. 
I  am  dispoaedl  to  think  that  the  scraping  the  surfaces  also 
operates  in  mother  way,  riz.  by  filling  the  surface  with 
scratches,  that  is,  ridges  and  furrows.  These  allow  the 
air  to  escape  as  the  pieces  come  together  by  the  blow* 
if  the  mere  blow  were  sufficient,  a  coin  would  adhere 
fast  ta  the  die.  But,  in  coining,  the  flat  face  of  the  di^ 
first  closes  with  the  pieee  of  metal,  and  effectually  con- 
fines the  air  which  fills  the  boUow  that  is  to  form  the 
relief  of  the  coin.  This  air  must  be  compressed  to  a 
prodigious  degree,  and,  in  this  $tate,  it  is  still*  between 
the  die  and  the  coin.  We  may  say  that  the  impression 
on  the  coin  is  really  formed  by  this  included  air ;  for  the 
metal,  in  this  part  of  the  coin,  is  never  in  contact  with 
the  die.  I  know  of  two  cases  which  greatly  confirm  this 
conjecture.  The  dies  chanced  to  crack  in  the  highest 
part  of  the  relief,  and  after  this,  were  thrown  aside,  (at- 
ihough  in  one,  for  a  common  coin,  the  crack  wa«  quite 
insignificant),  because  the  coin  could  seldom  be  parted 
-from  them. 

230.  Air  seems  to  adhere  to  most  bodies.  When  cold 
distilled  water  is  poured  into  a  glass  which  has  been  pre- 
viously cleared  from  all  dampness,  numerous  air-bubbles 
are  observed  to  form  all  over  the  glass ;  and,  by  tapping 
it  with  any  thing  hard,  they  are  disengaged,  and  others 
are  formed  in  their  places.  The  air  seems  to  be  disen- 
gaged by  the  superior  affinity  of  the  water.  Now,  this 
air  may  be  an  obstacle  to  the  approximation  of  the  bodies 
-that  is  required  for  bringing  the  attractive  force  of  cohe- 
mn  into  actidn^  Ia  ductile  bodies^  whose  constitution  ap- 
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proaches  to  softness,  the  due  approximation  may  be  easily 
effected.  Thus,  two  pieces  of  lead  (and,  I  am  well  in- 
formed, of  pure  gold)  maj  be  forced  into  perfect  cohesion 
hj  a  strong  pressure,  combined  with  a  sliding  motion, 
when  they  are  made  very  clean.  Two  pieces  of  the  gum 
caoutchouc,  fresh  cut  with  a  clean  knife,  when  pressed  mo- 
derately together,  adhere  as  strongly  as  any  other  part. 
I  q)prehend,  however,  that  it  is  a  very  diflBcult  thing  to 
bring  the  surfaces  of  two  bodies  as  near  as  the  natural 
distances  between  their  particles.  The  grounds  of  my 
opinron  will  soon  appear. 

S31.  There  is  a  precious  experiment  by  Mr  Huyghens 
in  No.  86.  of  the  Philosophical  Transactions.  A  piece  of 
mirror  glass  being  laid  on  the  table^  and  another,  to  which 
a  handle  was  cemented  on  one  surface,  being  gently  press- 
ed  on  it,  with  a  little  of  a  sliding  motion,  the  two  ad- 
hered, and  the  one  lifted  the  othen  Lest  this  should 
haVe  been  produced  by  the  pressure  of  the  atmosphere, 
Mr  Huyghens  repeated  the  experiment  in  an  exhausted 
receiver,  with  the  same  success. 

Here,  then,  is  a  most  palpable  demonstration  that  the 
adhesion  is  the  effect  of  corpuscular  attracting  forces.  It 
may  be  ascribed  to  the  attraction  of  gravitation,  with  as 
much  propriety  as  the  attractions  in  Mr  Cavendish''^  ex- 
periment mentioned  in  §  475.  But  aHQther  valuable  part 
of  Mr  Huyghens^s  experiment  overturns  this  supposi- 
tion. 

He  found  that  one  plate  carried  the  other,  although 
they  were  not  in  mathematical  contact,  but  had  a  very 
sensible  distance  between  them.  He  found  this  by  wrap- 
ping round  one  of  the  plates  a  single  fibre  of  silk  drawn 
off  firom  the  cocoon.  The  adhesion  was  vastly  weaker 
than  before,  but  still  sufficient  for  carrying  the  lower 
flate. 

Here  then  is  a  most  evident  and  incontrovertible  ex- 
of  a  mntaal  attraction  acting  at  a  distance.    Mr 
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Hu jghens  found  that  if,  in.  wrapping  the  fibre  round  tbe 
glass,  he  made  it  cross  a  fibre  already  wrapped  round  it, 
there  was  no  sensible  attraction.  In  this  case,  the  glasses 
were  separated  by  a  distance  equal  to  twice  the  diameter 
of  a  fibre  of  silk. 

232.  I  said  that  this  experiment  shewed  that  it  was  not 
the  attraction  of  gravitation  that  produced  the  adhesion. 
I  have  repeated  the  experiment  with  the  most  scrupulous 
care,  measuring  the  distance  of  the  glasses  (the  diameter 
of  a  silk  fibre)  and  the  weight  supported.  I  find  this,  in 
all  cases,  to  be  nearly  14^  times  the  action  of  gravity* 
The  calculation  is  obvious  and  easy.  I  tried  it  in  distauces 
considerably  difierent,  according  to  the  diameter  of  the 
ifibre.  I  must  inform  the  person  who  would  derive  his 
information  from  his  own  experiments,  that  there  are 
many  circumstances  to  be  attended  to  which  are  not  ob- 
vious, and  which  materially  affect  the  result.  The  silk 
fibres  are  not  round,  but  very  flat,  one  diameter  being 
almost  double  of  the  other.  The  2400th  part  of  an  inch 
may  be  considered  as  the  average  smaller  diameter  of  « 
fibre.  A  magnifying  glass  must  be  used,  and  great  pa- 
tience in  wrapping  the  fibre  round  the  glass  so  that  it  may 
not  be  twisted.  A  flaxen  fibre  is  much  preferable,  when 
gotten  single,  and  fine  enough,  for  it  is  a  perfect  cylinder. 
1  must  also  inform  him,  that  no  regularity  will  be  ha4 
ih  experiments  with  bits  of  ordinary  mirror;  these. are 
neither  flat  enough,  nor  well  enough  polished.  We  must 
employ  the  square  pieces  which  are  made  and  finished 
by  a  vei-y  few  London  ariista  for  the  specula  of  the  beat 
Hudley'^s  quadrants.  These  must  be  most -carefully  clears 
ed  of  all  dust  or  damp.  Yet  this  must  not  be  done  bjr 
wiping  them  with  a  clean  cloth  ;  this  infallibly  deranges 
every  thing,  by  rendering  the  plate  electrical.  I  succeed- 
ed best  by  keeping  them  in  a  glass  jar,  in  which  a  piece 
of  moist  cloth  was  lying,  but  not  touching  the  passes. 
When  wanted,  the  glasses  are  taken  jout  with  a  pair  qf 
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tongSy  and  held  a  little  wkite  before  the  fire,  which  dissi« 
pates  the  damp  which  had  adhered  to  them,  and  which 
prevented  all  electricity.  With  these  precautions,  and  a 
careful  measurement  of  the  diameter  of  the  silk  fibre,  the 
experiments  will  rarelj  differ  among  themsehes  one  part 
in  ten. 

There  is  another  circumstance  to  be  partic^ularl  j  attended 
to.  Although  one  plate  will  lift  the  other  b^  means  of  a 
Very  gentle  pressure,  it  will  not  lorig  support  it  without 
the  utmost  attention.  The  lower  piece  always  slides  to 
one  side,  and  drops  off.  Hence  some  have  ascribed  the 
transitory  adhesion  to  the  pressure  of  the  air,  which  is  at 
an  end  as  soon  as  enough  of  air  has  insinuated  by  the  sides. 
But  a  Ihtle  reflection  will  convince  any  one  versant  in 
hydrostatics  and  pneumatics,  that  this  supposition  is  alto- 
gether erroneous ;  trithout  a  mutual  attraction,  the  glasses 
Ivottld  not  adhere  for  a  moment,  having  air  already  between 
them. 

The  glass  drops  off  by  the  sliding  to  one  side,  because 
it  is  next  to  impossible  to  hold  the  glasses  perfectly  level. 
If  in  the  least  inclined  to  the  horizon,  the  lower  glass, 
having  no  obstruction  from  any  thing  like  friction,  glides 
along  the  indined  plane  with  perfect  freedom.  If  the 
platcfs  hav^  Jbeen  hard  pressed,  with  a  sliding  or  grinding 
motion,  tl|e  adhesioil  is  then  dthei'  very  strong,  or  nothing 
at  all ;  irhen  they  do  adhere,  it  seems  to  be  another  stage 
or  alternation  of  the  force,  as  will  be  explained  by  and  by. 
But  tl^ey  rarely  adhere,  owing  to  fragments  torn  off  by 
the  glinding.    The  glasses  will  be  scratched  by  it. 

I  thought  this  capital  experiment  worthy  of  a  very 
idinttte  description,  it  being  that  which  gives  us  the  means 
of  mathematieal  And  dynamical  treatment  in  the  greatest 
'perAwtion* 

833.  We  are  not  to  Imagine  thfit  the  corpuscular  force 

lieh  we  have  ju^t  no w  *  considered  is  the  attraction  of 
foo.    I'hii  would  W  to  suppose  that  ^i^^otb  of  an 
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itich  U  tiearlj  the  natural  distance  of  the  particles  of  co-^ 
faerent  bodies.  But  it  certainly  exceeds  that  distance  many 
thousand  times.  In  the  manufacture  of  gold  lace,  a  silver 
wire  is  covered  with  a  certaih  quiintity  of  gold  leaf,  and 
then,  driiwn  to  an  extreme  fineness.  We  are  certain  that 
the  covering  of  gold  is  not  more  than  one  fourteen  millionth 
part  of  an  inch  thick.  Yet  this  film  is  so  continuous  and 
compact,  that  the  microscope  can  discover  no  pores  in  it, 
and  it  completely  defends  the  inclosed  silVer  from  the  action 
of  aquafortis. 

'  It  is  now  time  to  take  notice  of  a  corpuscular  action 
extremely  different  from  those  hitherto  mentioned4  Every- 
one has  observed  certain  insects  run  about  on  the  surface 
of  the  water  without  sinking  or  wetting  their  feet.  If 
one  of  them  be  carefully  viewed  with  a  magnifying  glass, 
a  pit  will  be  observed  on  the  surface  of  the  water  all  round 
each  foot,  resembling  what  is  made  in  a  mattress  or  feather 
bed  when  a  person  stands  on  it.  If  the  feet  of  those  insects 
be  examined  with  a  microscope,  they  will  be  seen  to  con- 
sist  of  five  or  6ix  spreading  hairs,  ranged  as  the  rays  of  m 
star  are  usually  drawn.  When  on  the  water,  each  fibre 
id  surroundc^d  by  a  pit  much  broader  thah  the  fibre. 

By  these  extensive  pitsj  a  quantity  of  water  is  displaced, 
equal  in  weight  to  the  insect,  and  the  insect  is  supported. 
Yet  the  feet  are  not  wetted.  There  is  something  which 
keeps  the  water  frofm  coming  into  contact,  which  keeps  it 
at  a  distance,  and  thus  forms  the  pit :  perfectly  similar  to 
this  is  the  common  experiment  of  making  a  clean  and  po- 
lished needle  swim  dii  water.  It  forms  just  such  a  pi^ 
and  is  buoyed  tip  in  the  same  way^ 

The  feet  of  the  insect,  and  the  needle,  repel  the  water, 
exerting  corpuscular  forces  directly  opposite  to  attraction. 
We  may  call  them  repnlnimaj  without  pretending  to  es« 
plain  their  means  of  acting,  merely  to  distinguish  the 
effect.  Of  such  forces  there  is  a  vast  variety.  It  is  owing 
to  such  repuMoBs  4hat  it  is  so  difficult  tQ  wet  oiany  pow- 
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ders,  luch  as  that  of  the  puff-baQ,  the  ljcop€»diuni.  It  h 
this  which  makes  the  down  and  the  fur  of  aquatic  Inrds 
and  beasts  almost  impenetrable  to  water. 

834.  It  is  owing  to  this  that  we  see  a  dew»drop  lie  so 
beautifully  brilliant  on  the  leaves  ef  plants  in  the  morning. 
We  have  the  fullest  assurance  from  the  laws  of  optics  that 
the  part  of  its  surface  where  the  reflection  is  so  brilliant 
is  not  in  contact  with  the  leaf.  The  dew-drop  may  some- 
times be  made  to  roll  along  the  leaf,  retaining  all  its  bril- 
liancy. In  this  case  it  m^kes  no  watery  trace  on  it  One 
may  see  the  effect  of  contact  tery  plainly  by  taking  a 
little  drop  or  ball  of  crystal,  and,  attending  to  the  viviu 
city  of  the  reflection  from  its  posterior  surface^  touch  the 
vurface  of  water  with  that  part  which  reflects  with  such 
tivacity ;  the  vivid  reflection  is  destroyed  in  that  instant, 
and  scarcely  any  reflection  remains.  I  have  often  observ- 
ed the  large  drops  of  a  warm  summer^s  shower  roll  about 
for  a  second  or  two  on  the  surface  of  still  water,  and 
some  of  the  small  drops  which  they  have  dashed  up  have 
fallen  down  and  rolled  about  for  a  long  while,  allowing 
me  to  drive  them  about  by  fanning  them.  They  are  re- 
markably brilliant  while  thus  rolling  about,  thus  shewiog 
incontestibly  that  they  are  not  in  contact  with  the 
waters 

We  shad  sOon  have  abundant  evidence  that  the  distance 
at  which  one  body  in  this  manner  supports  another, 
giving  rise  to  physical  contact,  and  giving  us  the  sen- 
sation of  tottch  or  feelings  is  considerably  less  than,  the 
4istance .  between  the  glasses  in  the  Uuyghenian  expe- 
riment. It  is  reasonable  therefore  to  conclude,  that  in 
aome  intermediate  distanee  between  the  diameter  of  a 
nit:  fibre  and  the  distance  of  a  dew-drop  from  the  leaf, 
Ibe  bodies  neitber  attract  nor  repeL  They  will  repel  if 
-|Mubed  aeaner,  and  attract  if  separated  a  little.  Such  al- 
'ttrsation  is  observed  in  some  magoetical  eiperiments,  and 
we  can  ftnerallj  pul  the  magnets  at  that  intermediate 
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distance  ia  which  thej  neither  attract  nor  repel.  Bui 
when,  as  in  the  case  of  the  dtops  that  we  have  been 
speaking  of,  one  body  is  carrying  the  weight  of  another^ 
they  are  somewhat  nearer  than  the  distance  of  inactivity. 
They  are  so  much  nearer,  that  a  mutual  repulsion  is  ex- 
erted, equal  to  the  weight  of  the  drop ;  and  when,  ih 
Huyghens^s  experiment,  one  glass  plate  suspends  another^ 
they  are  at  a  distance  somewhat  greater  than  the  dis- 
tance of  inaction ;  they  are  so  much  more  dbtant  that 
both  exert  an  attraction  equal  to  the  weight  of  the  su»« 
pended  glass.  These  cases  resemble  what  happens  when 
a  body  is  supported  by  a  spring.  When  laid  on  the  spring, 
it  compresses  it  till  an  elasticity  is  exerted  equal  to  the 
weight  of  the  bodj.  When  suspended  from  the  spring, 
it  stretches  it  till  a  su£Scient  elasticity  is  exerted.  But 
while  the  spring  is  of  its  natural  shape,  no  elasticity, 
either  attractive  or  repulsive,  is  exerted. 

835.  I  have  already  mentioned  the  observations  of 
Newton,  in  which  it  appeared  that  when  the  rays  of  light 
pass  by  the  edge  of  a  solid  body  at  a  certain  distance, 
they  are  inflected  towards  it ;  if  at  another  distance,  they 
are  deflected  from  it ;  and  if  at  a  third  distance,  they  are 
inflected  towards  it ;  and  if  at  a  fourth,  they  are  deflect- 
ed, &c.  &c.  But  these  observations  may  be  thought  pe- 
culiar to  the  action  of  bodies  on  light,  and  even  to  de- 
pend on  a  certain  theoiy  concerning  the  nature  of  light. 
But  there  is  another  observation  of  Newton'^s  more  di- 
rectly and  unequivocally  to  our  purpose,  shewing  that  solid 
bodies  act  on  one  another  at  a  measurable  distance. 

230.  If  we  take  the  object  glass  of  a  long  telescope, 
having  its  radius  of  convexity  not  less  than  15  or  20  feet, 
and  lay  it  on  a  piece  of  very  flat  and  well  finished  mirror, 
or  a  piece  of  finely  polished  metal,  or  black  marble,  we 
shall  not  observe  any  thing  remarkable  in  the  reflection  of 
the  light,  unless  the  object  lens  is  heavy,  or  is  pressed 
down  by  the  hand.    But  if  we  pross  it  down^  we  shall  ob- 
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serve  in  the  place  of  contact  of  the  convex  lens  a^d  fl^t 
surface,  something  like  a  greasj  spot,  having  the  uncertain 
pearly  colour  of  a  fish  scale.  Pressing  harder,  we  observe 
ft  coloured  ring  form  round  the  point  of  contact,  retiectipg 
white  light  in  the  middle  of  its  breadth,  with  blue  on 
its  inner  edge,  and  red  on  its  outer  edge.  Pressing  still 
harder,  the  ring  enlarges  in  diameter,  and  a  new  ^pot 
forms  in  the  centre,  which,  by  greater  pressure,  becomes 
8  ring,  and  is  succeeded  by  another  central  spot.  And 
this  succession  may  be  continued  till  a  great  number  of 
rings  are  thus  produced.  A  more  careful  examination 
shews  us  that  it  is  not  a  succession  of  spots  which  occupies 
the  centre,  but  of  simple  colours,  which  follow  one  ano- 
ther in  a  determine^  order,  so  as  to  form  rings  such  as 
have  been  described  blue  on  the  inner  edge,  and  ruddy  09 
the  outer.  When  the  pressure  is  made  very  strong,  a 
bright  silvery  spot  appears  in  the  centre,  ruddy  all  round; 
and  the  next  increase  of  pressure  pro<luces  a  black  spot  in 
the  middle  of  the  silvery  spot,  as  if  a  ragged  hple  were 
made  in  a  round  bit  of  silver  leaf. 

If  we  now  gradually  diminish  the  pressure,  we  shall 
see  the  rings  contract,  and  vanish  in  the  centre  in  succes- 
sion. 

237.  On  this  observation  Newton  erected  a  most  inge- 
nious fabric  of  optical  doctrines,  which  will  be  considered 
in  their  proper  place.  He  immediately  began  to  consider 
•  every  thing  mathematically.  He  measured  the  diameters 
pf  the  rings,  and,  knowing  the  convexity  of  the  lens,  he 
calculated  the  distances  between  tliem  in  the  brightes^t 
.  part  of  each  rings,  and  he  found  that  the  distance  at  each 
ring  exceeded  the  distance  at  the  ring  imniediutely  within 
it  by  v9  0Q^th  of  an  inch  nearly.  He  also  found  that  these 
successive  differences  were  all  equal.  For  the  diameters 
of  the  rings  were  as  the  square  roots  of  the  numbers  1 ,  3, 
5^  7,  &c.  and  the  diameters  of  the  dark  spaces  between 
ihein  ias  the  square  roots  of  the  numbers  S,  4,  G,  8,  Ssc. 
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Newton^s  mind  being  completelj  occupied  by  the  im- 
portant optical  inference  which  be  drew  from  this  pheno- 
mena, he  paid  no  attention  to  the  circumstance  in  which 
8M  are  now  chiefly  interested,  namely,  the-  pressure  that 
must  be  employed  to  produce  these  rings.  He  counted 
in  favourable  circumstaqces  upwards  of  20  rings,  which  he 
had  followed  with  his  eye  from  their  first  formation  in 
the  (Centre  till  their  greatest  expansion.  Suppose  that  he 
observed  20  in  this  manner.  He  concluded,  that  when 
the  black  spot  appeared  in  the  centre  the  glasses  were 
then  in  contact,  and  npt  before.  On  thb  supposition,  the 
distance  between  the  glasses  at  the  20th  ring  is  s^Vo^^  P^ 
an  inch.  Very  rarely,  however,  would  he  perceire  a  ring 
at  so  great  a  thickness  of  tbe  glass  without  some  optical 
assistance  which  h^  describes, 

238.  Now  it  is  a  matter  of  fact  that,  unless  the  lens  be 
heavy,  or  pressed  down,  no  coloured  spot  appears  in  the 
centre.  The  glasses  therefore  are  not  in  contact,  but  are  dis- 
tant from  one  another  at  least  ^ ^V  o^^^  of  an  inch.  At  this 
distance  the  lower  glass  supports  the  weight  of  the  upper, 
glass.  If  pressure  be  added  to  this  weight,  the  glasses  are 
brought  nearer,  and  this  approximation  is  indicated  by 
the  colour  which  appears  in  the  centre.  Every  time  that 
we  produce  the  red  in  the  centre,  by  increasing  the  pres- 
sure, we  must  conclude  that  the  glasses  are  79  Joo^'^  ^^  ^^ 
inch  nearer  than  they  were  at  its  preceding  appearance ; 
and  thus  a  relation  may  be  discovered  between  the 
distances  and  the  intensities  of  the  resistmg  forces,  in  the 
same  manner  as  Newton  jnferred  the  law  of  gravity  from 
the  deflections  produced  by  it. 

Nothing  can  be  better  established  than  the  conclusion 
from  this  experiment,  viz.  that  those  bodies  act  on  each 
other  at  a  distance,  in  the  same  sense  of  the  words  as 
when  we  say  that  the  son  and  planets  act  on  one  another. 
We  may  say  that  they  repel  one  another,  in  the  saime 
way  as  we  say  that  two  magnets,  or  two  electrified  bodiesit 
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repel  one  another.  We  do  not  mean  bj  this  abbreviation 
of  language  to  assign  the  mode  of  action,  but  merelj  the 
appearance  of  the  effect. 

£39.  I  have  repeated  this  experiment  of  Newton  with 
great  care,  and  I  find  it  most  accurately  described  by  their 
illustrious  author.  I  hoped  to  ascertain  the  hivr  of 
action  by  means  of  the  pressures  employed.  But  I 
Found  myself  unable  to  express  the  relation  between 
the  distance  and  force  of  the  acting  particles  by  an  equa* 
tion.  We  may  easily  see  that  this  must  be  difficult; 
Tor  it  is  not  the  central  particles  alone  that  are  acting, 
but  also  those  all  around,  to  an  unknown  distance,  were 
acting  with  different  forces.  The  experiment  requires 
Tcry  well  finished  glasses ;  ordinary  low  priced  lenses  are 
good  for  nothing  in  this  research;  their  errors  of  figure 
learing  a  considerable  proportion'to  ^go^icth  of  an  inch. 
But  they  shew  the  rings  very  well,  if  the  convexity  be 
'sufficiently  small.  '  Even  the  lens  of  a  pair  of  spectacles 
will  do  this,  if  it  is  of  20  or  30  inches  focal  distance,  but 
the  rings  will  be  exceedingly  small,  and  scarcely  distin- 
guishable. 

Newton  supposed  that  the  glasses  were  in  absolute  ma- 
thematical contact  where  the  black  spot  appeared,  for 
which  reason  he  thought  it  was  that  they  allowed  the 
light  to  pass  through  as  if  they  had  been  one  continuous 
mass  of  glass.  But  it  may  be  asked  what  authority  New- 
ton  had  for  this  supposition.  We  are  indebted  to  him 
for  a  complete  answer  to  this  question,  but  an  answer  very 
different  from  his  declared  opinion.  This  we  obtain  by 
means  of  another  precious  experiment  of  Newton^s.  TIte 
beautiful  colours  of  a  soap  bubble,  which  had  often  amus- 
ed him  in  his  boyish  years,  now  recurred  to  his  memory 
with  strong  persuasions  of  their  infiportance  in  his  pre- 
lent  speculations,  and  he  immediately  examined  them  with 
tlie  Attention  of  a  philosopher. 
"^'MO.  Having  blown  a  soap-bubble  of  a  small  size,  he 
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covered  it  with  a  bell  glass,  to  ward  off  the  distorbanoe 
by  the  air,  and  carefully  notecl  the  appearances  of  colour 
in  the  bubble.  He  saw,  after  some  little  time,  lik^  • 
pearl-coloured  spot  in  the  very  uppermost  point  or  zenith 
of  the  soap  bubble.  This  in  a  little  spread  itself  into  a 
round  spot,  ruddy  in  the  centre,  and  blue  round  the  cir* 
cumference.  This  widened  into  a  ring,  ruddy  within  aod 
purple  without.  Another  spot  formed  in  tlie  centre ;  this 
also  became  a  ring,  the  other  ring  enlarging  in  the  mem 
time.  .  The  second  spot  becanie  a  ring,  and  was  succeeded 
by  a  third,  which  underwent  the  same  ciiange.  In  shorty 
coloured  ring$  formed  and  enlarged  on  the  upper  hernia* 
phere  of  the  soap  bubble,  in  the  same  succession,  and 
having  the  same  colours  as  those  seen  between  th^  object 
glasses ;  but  incomparably  larger,  more  distant,  and  more 
brilliant.  He  could  sometimes  count  60  of  them.  Aftef 
nome  time,  there  formed  in  the  zenith  a  bright  silver-co« 
loured  spot,  in  which  there  soon  appeared  a  ragged  holey 
which  sometimes  enlarged  itself  to  the  breadth  of  one  third 
of  an  inch  or  more,  and  then  the  bubble  burst.  This  ceni> 
tral  dark  spot  seemed  at  first  altogether  without  reflec* 
tion  ;  but  more  careful  inspection  shewed  that  it  still  re* 
fleeted  a  minute  quantity  of  light. 

Newton  had  already  inferred  from  the  experiment  with 
the  glasses,  that  the  different  colours  reflected  at  different 
distances  from  the  common  centre  of  the  rings  depended 
on  the  different  distances  of  the  glasses.  Here,  in  the 
experiment  of  the  soap  bubble,  we  have  the  same  succ^ 
sion  of  colours.  Newton  explains  them  by  observing  that 
the  bubble  grows  gradually  thinner  at  top,  by  the  subsi- 
dence of  the  clammy  liquid,  and  that  the  different  colours 
depend  on  the  thickness  of  the  film  where  they  appear. 
He  proved  this  immediately  after  this  discovery,  by  split- 
ting talc  till  it  produced  permanent  colours.  Even  giasi 
may  be  blown  so  thin  as  to  exhibit  tliem.  But  those  op- 
*  tical  inferences  are  not  eur  proper  object  at  presiCBt.  It  k 
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enoogh  tbat  We  ba?e  aeen  Umt  (he  film  nuLj  be  so  rtrj. 
thm  as  to  give  no  vivid  reflectioQ ;  yet  it  has  some  thick- 
oessy  for  the  bubble  cihibits  the  spot  for  some  little  time 
before  it  bursts. 

241.  Here  dien  we  havri  abundant  evidence  that  the  ap- 
pearance of  the  Mack  spot  between  the  glfuses  did  nol 
prmK  thai  they  were  in  mf^kmatieal  cmUact  in  that  place* 
butoply  that  the  distance  between  them  wns  too  small  for 
producing  any  sensible  reflection  of  light  There  is  no 
doubt  of  the  spot  between  the  glasses,  and  the  spot  in  the 
soap  bubble  being  corresponding  phenomena.  They  are 
itmarkably  distinguuhed  from  aH  the  coloured  spots  thet 
iuecessively  formed  them-  The  silver-like  rings  which 
UOrrounded  this  black  spot  are  quite  unlike  all  the  coloured 
rings,  being  incomparably  more  vivid,  But  the  chiief  dis- 
lihction  is  the  abrupt,  irregular,  and  regged  inner  edge 
of  the  silvery  ring  which  surroimds  the  spot  It  is  ey:- 
ectly  like  a  hole  carelessly  torn  in  the  middle  of  a  bit  of 
silver  leaf,  whereas  the  edges  of  all  the  coloured  rings,  and 
even  the  eater  edge  of  this  silver  fing,  are  undefined,  like 
the  edges  of  the  rainbow, 

.  i  The  conclusion  ^eenis'  therefore  unquestionable,  tl^at  we 
have  no  proof  from  the  black  spot  between  the  glasses  that 
they  are  in  mathematical  contact  in  that  place. 
^  •  Yfe  know,  by  the  first  experiment,  that  a  very  consi- 
iderable  fofce  is  netessary  for  producing  the  black  spot. 
.A  greater  pressure  makes  it  broader,  and  in  all  probabi^^ 
.lity  this  is  partly  by  (he  mutual  yielding  of  the  glasses. 
I.  found  that  before  a  spot,  whose  surface  is  a  square  inch, 
can  be  produced,  a  force  exceeding  1000  pounds  must  be 
employed,  i  When  the  experiment  is  made  with  thin 
glasses,  they  are  oflen  broken  before  any  black  spot  is 
-.produced. 

^.  242.  What  is  it. that  we  properly,  and  without  any 
^figure  of  speech,  call  a  pressure  ?  It  is  something  tbat  we 
IPIQ  informed  pf  solely  by  our  sense  of  touch.    What  do 
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« 

we  feel  hy  means  of  thU  sense,  when  the  upp^r  lens  lies  ii^ 
our  bund  ?  It  is  not  the  mfitter  of  this  lens,  for  we  now  see 
that  there  is  some  measurable  distance  between  the  len^ 
and  the  hand ;  it  is  this  repulsion.  Give  a  blind  man  «| 
strong  magnet  in  bi9  band,  and  let  another  p«*son  ap« 
proach  the  north  pqle  of  a  similar  magnet  tQ  its  north 
pole.  The  blind  man  will  think  that  the  other  has  pushed 
away  the  magnet  he  holds  in  his  hand  with  something  that 
is  soft.  In  the  same  manner,  if  the  blind  m^n  b€{  electrir 
fied,  another  per^n  passes  the  open  palm  of  bis  hand  to 
and  fro  near  the  blind  man'^s  cheek  ;  he  will  sajr  that  cobr 
webs  are  driven  across  his  cheek.  All  this  is  owing  to 
the  electrified  hand  repelling  every  hair  or  down  of  the 
face,  and  causing  it  to  bend  this  way  and  that  way,  as  if 
it  were  really  touched  by  a  cobweb. 

There  is  therefore  an  essential  difference  between  mor 
thematical  and  phymal  contact ;  between  the  absolute  annir 
hilation  of  distance,  and  the  actual  pressure  of  adjoining 
bodies.  We  must  grant  that  two  pieces  of  glass  are  not  in 
mathematical  contact  till  they  are  exerting  a  mutual  pi^« 
sure  not  less  than  1000  pounds  per  inch.  For  we  must 
not  conclude  that  they  are  in  contact  till  the  black  spot 
appears ;  and  even  then  we  dare  not  positively  affirm  it. 
My  own  decided  opinion  is,  that  the  glasses  not  only  are 
not  in  mathematical  contact  in  the  black  spot,  but  the 
distance  between  them  is  vastly  greater  than  the  80000th 
part  of  an  inch,  the  difierence  of  the  distances  at  two  suCp 
cessive  rings.  My  reasons  for  thinking  so  cannot  be  laid 
before  you  till  you  have  acquired  some  optical  knowledge. 

Now  v^G  have  complete  explanation  of  the  curious  facts 
mentioned  above ;  the  free  motion  of  the  insects  ojn  the 
surface  of  water.  Its  brushy  feet  are  in  physical,  but 
not  in  mathematical  contact  witl^  the  water,  and  by  re- 
pelling it,  depress  so  much  of  it  that  they  are  supported. 
And  here  we  have  an  instructive  piece  of  information.  If 
the  water  be  pretty  warm^  or  if  we  mix  a  small  portion 
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of  spirits  with  it,  the  insect  can  no  longer  walk  on  it,  but 
sinks  on  it  up  to*  the  belly.  There  is,  therefore,  in  this 
^aise,  a  specific  law  of  corpuscular  action,  suited  to  the  pur- 
poses of  this  insect,  but  different  perhaps  from  the  more 
general  repulsion  that  takes  place  between  all  bodies.  It 
is  also  explained  how  the  dew-drop  rolls  along  a  cabbage 
leaf,  of  sparkling  brilliancy,  and  does  not  leave  a  trace. 

S43.  Mr  Saussure  mentions  a  thing  of  the  same  kind, 
which  I  had  often  observed,  without  reflecting  on  its  cu« 
riosity.     The  particles  of  a  fog  or  mist,  as  they  pass  by, 
rebound  from  any  thing  that  they  are  driven  against  by 
the  wind,  like  a  tennis  ball.    Another  example  mentioned 
by  Saussure  is  very  amusing.     If  a  dish  of  warm  coffee 
without  cream  be  set  in  the  sunshine,  and  sheltered  from 
any  stream  of  air,  the  vesicles  of  vapour  which  rise  from 
it  oflten  fall  down  again,  and  roll  about  on  the  surface  of 
the  coffee,  most  brilliant  and  sparkling.     Therefore  they 
are  not  in  contact  with  the  liquor,  because  in  that  case 
you  would  have  no  brilliancy.     In  the  same  manner  may 
th^  rain-drops  of  a  warm  summer  shower  be  oflen  seen 
to  roll  about  on  the  surface  of  water,  brilliant  like  a 
dew-drop,  and  for  the  same  reason,  because  they  are  not 
in  contact  with   the   surface.      Electricity  supplies    us 
mrith  facts  to  the  same  purpose.     If  the  discharge   of 
the  coated  phial  be  made  through  a  chain  lying  loosely 
<on  a  table,  or  on  a  glass  plate,  it  is  rendered   spark- 
ling all  over.     If  the  chain  be  hanging  in  the  air,  form- 
ing a  bight,  it  will  not  be  nearly  so  luminous  by  the 
discharge.     If  o  great  weight  be  hung  on  its  middle,  no 
light   will  be  observed.     The  explanation   is   easy.     A 
'spark  is  produced  at  every  link,  when  they  are  not  in  ma- 
thematical contact.     When  this  is  almost  completely  pro- 
duced by  the  weight,  the  light  must  cease.     If  a  chain  be 
.  part  of  a  galvanic  circle,  the  shock  is  not  transmitted  by 
it,  unless  it  be  well  stretched. 
»'  SM,  I  flatter  myself  that  the  experiments  of  Huyghens 
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and  Newton,  and  the  spontaneous  phenomena  of  nature 
which  have  been  mentioned,  shew,  in  a  manner  still  more 
distinct  than  the  phenomena  of  capillary  attraction,  that 
the  particles  of  tangible  matter  act  on  each  other  wUh 
moving  forces,  at  certain  small  and  measurable  distances^ 
in  the  same  manner  that  the  sun  and  planets  mutuall/  act 
on  one  another.  But  the  distances  now  under  considerar 
tion  are  greater,  almost  incomparably  greater,  than  what 
should  be  considered  as  the  natural  cohering  distance  of 
the  paiflcles  even  of  the  rarest  substance.  Therefore  we 
must  not  consider  the  phenomena  which  have  now  bee^ 
described  as  examples  of  the  action  of  those  forces  which 
produce  the  phenomena  of  cohesion,  in  all  its  modificib« 
tions  of  elasticity,  ductility,  soilness,  viscidity,  and  fluidity, 
whether  liquid  or  aerial. 

Yet  these  examples  are  of  the  greatest  use  in  our  at- 
tempts to  investigate  the  intimate  constitution  of  tangible 
matter ;  because  they  shew  us  that  there  really  exist  ffi 
nature  mechanical  or  moving  forces,  acting,  like  gravitai* 
tion,  at  a  distance,  but  clearly  distinguishable  from  it,  by 
their  law  of  variation  by  a  change  of  distance.     While 
gravity  produces  sensible  ejects  at  the  utmost  boundary 
of  the  solar  system^  these  other  forces  seem  limited  in 
their  exertion  to  a  small  fraction  of  an  inch,  perhaps  noft 
exceeding  go^o^th  part  in  any  instance;   and  in  this  nar- 
row bounds  we  observe  great  diversity  in  the  intensity, 
although  we  have  not  yet  been  able  to  ascertain  the  law 
of  variation.     What  is  of  peculiar  moment,  we  have  seen 
that  those  corpuscular  forces  even  change  their  kind  by  a 
change  of  distance,  producing,  at  one  distance,  the  mutual 
approach,   and  at  another  distance  the  mutual  separation 
of  the  acting  corpuscles,  from  being  attractive,  becoming 
repulsive.     Now  when  an  attractive  force,  by  a  gradual 
variation  of  distance,  becomes  repulsive,  we  cannot  avoid 
thinking  that,  if  we  could  hit  on  the  exact  distance,  we 
should  find  that  the  particles  neither  attract  nor  re|xel. 


8M  CORPUSCltLAB  ACTION. 

We  even  observe  a  phenomenoii  whicfh  greatly  resembleif 
this.  When  tfl^o  magnets  of  a  soft  temper  are  placed 
with  tbeiir  north  poles  fironthig  eaeh  otfaer^  and  are  at  any 
tensideribte  distance  firoiii  eaeh  other,  the j  invariably  re- 
cede. If  we  push  thefn  gtadually  nearer,  we  find  this 
tndency  to  recede  gradually  increase,  as  the  distance  di- 
tninishes,  till  the  repulsion  acquire  a  maximum  of  inten- 
'^ity^  aftet  which  it  rapidly  diminbhes^  and  at  a  certain 
distance  of  the  magnets^  it  vanishes  entirely;  and  when  we 
bring  thefn  still  hearer^  they  evidently  attract  eaft  other, 
mnd  tnls  attraction  increase  till  they  come  into  contact. 
<  Here  id  a  very  distinct  analogy  with  what  We  have  dis- 
leovered  on  a  much  smaller  scale.  Nothing  hinders  us 
frbm  su[^sing  that  the  force  by  which  cohesion  is  effect- 
ed has  a  similar  law  of  action.  From  this  supposition  we 
tian  deduce  Certain  distinct  cohsequenees,  which  we  can 
compare  with  the  phenomena  of  cohesiot^.  We  shall  find 
them  extremely  coiiformaUe,  as  will  be  shewn  by  and  by'; 
-and  thus  we  Can  foi^m  to  ourselves  mechanical  notions 
of  the  intimate'constitution  of  tangible  matter,  and  of  the 
procedure  of  nature  in  operating  nlany  changes  which  we 
see  its  masses  undergo.  We  can  do  all  this  with  a  degree 
of  confidence  which  we  should  never  have  had  without 
those  experiments. 

Let  Us  therefore  Consider  a  little  the  train  of  conclu- 
sions which  we  are  entitled  to  draw  concerning  the  change 
in  the  corpuscular  forces,  occasioned  by  a  change  of  dis- 
tance between  the  particles. 

846.  At  all  considerable  distances,  bodies  attract  each 
other  by  gravitation,  but  at  certain  very  small  distances, 
they  repel  one  another,  and  at  other  very  small  distances, 
they  attract. 

846.  (a)  The  distance  at  which  one  glass  plate  attracts 
another,  in  the  Hoyghenian  experiment,  is  greater  than  the 
distance  at  which  they  repel  one  another,  exhibiting  co- 
loured rings. 
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For,  Mrhil^  the  one  siisperids  the  other,  with  a  silk  fibre 
interposed,  no  colours  appear  between  them ;  take  away 
the  silk  fibre,  and  press  them  strongly  together,  and  co- 
lours are  produced :  these  vanish  when  the  pressure  is  re- 
moved, and  in  this  state  the  plates  again  attract. 

847.  (b)  The  distance  at  which  glass  plates  i^epel,  ex- 
hibiting colours,  in  Newton'^s  experiment,  exceeds  that  in 
;v?hich  glass  attracts  water,  in  the  phenomenon  of  simple 
humefaction,  or  capillary  attraction. 

For,  when  water  is  admitted  between  the  glasses,  in 
which  case  it  is  attracted  by,  and  adheres  to  them,  the 
coloured  rings  appear  between  the  glasses  as  before,  only 
the  thickness  exhibiting  any  particular  colour  is  dimi« 
nished  in  the  proportion  of  4  to  3.  This  shews  plainly 
that  the  adhesive  distance  is  contained  (perhaps  many 
thousand  times)  in  the  colorific  distance.  As  a  farther 
confirmation  of  this,  it  may  be  remarked,  that  when  a  film 
of  water  evaporates  from  a  glass,  the  same  colours  appear 
Hh  the  vanishing  film,  just  before  it  disappears^  A  drop 
of  oil  of  turpentine,  by  spreading  out  on  the  surface  of 
water,  exhibits  those  colours  when  it  has  become  thin 
enough,  and  they  change  as  its  thinness  advances,  by  its 
diffusion  on  the  surface  of  the  water.  The  thickness  of 
this  transparent  film  of  oil  of  turpentine  may  be  estimated 
by  comparing  the  diameter  of  the  drop  with  the  extent  of 
Its  diffusion.  It  will  be  found  to  have  a  very  sensible 
proportion  to  the  diameter  of  a  capillary  tube  which  sup- 
ports oil  of  turpentine  at  a  certain  height ;  and  this  shews 
that  thi3  diameter  is  incomparably  greater  than  the  sphere 
of  capillary  attraction. 

248.  (c)  There  i^  the  greatest  reason  for  believing 
that  this  small  distance  is  vastly  greater  than  the  natural 
or  cohesive  distance  between  the  particles  of  glass  or  of 
water.  If  it  were  not,  I  scarcely  can  conceive  how  it  can 
cause  the  water  to  rise  in  the  pipe.  It  would  require  a 
long  discussion  to,  make  this  cleari  but  we  are  not  reduced 


% 


85S  eOBPUSCULAR  ACTION^ 

to  this  as  the  sole  ftrguinent.  We  have  now  acquired 
considerable  information  concerning  the  law  of  cohesive 
force*  within  certain  limits.  We  see  that  a  change  in 
their  mntual  distance  is  accompanied  by  a  change  of. 
force.  When  liquids  gather  into  drops,  it  is  because 
the  particles  are  otherwise  at  such  distances  from  one 
another  on  their  different  sides  that  they  are  not  in 
equilibrio,  and  it  is  only  by  changing  those  distances 
that  the  balancef  can  be  effected.  This  motion  is  a 
dear  indication  of  a  change  of  intensity  by  a  change  of 
distance.  It  is  perhaps  more  distinctly  perceived  by  com- 
pressing the  fluid.  Here  we  see  that  a  greater  force 
is  required  for  producing^  and  for  maintaining  a  greater 
cMfipressioUi  Fluids  which  gather  into  drops  are  not  sus«- 
ceptible  of  great  compression.  But  aerial  fluids  exhibit  it 
almost  without  limit.  Thus  air  is  seen  in  some  experi- 
ments to  occupy  a  thousand  times  as  much  space  as  in 
tome  others,  and  it  will  expand  still  more  if  permitted. 
In  this  expanded  state  its  particles  aiie  ten  times  moae 
distant  from  one  another  than  in  its  denser  state  ;  there- 
fore,  in  its  denser  state^  the  mutual  repulsion  must  be  con- 
ceived as  reaching  to  the  tenth  particle.  This  may  per- 
haps constitute  the  mechanical  difference  between  the  ag- 
gregation of  liquids  and  that  of  airs,  gasses,  or  vapours. 
The  action  of  liquids  may  perhaps  extend  only  to  the  ad- 
joining particle,  while  that  of  the  expansive  fluids  may 
extend  over  many.  There  are  great  difficulties  attending 
both  of  these  hypotheses. 

249.  The  change  of  cohesive  intensity  by  a  change  of 
distance  between  the  particles  is  as  distinctly,  or  more 
distinctly  seen  in  the  cohesion  of  solid  bodies.  All  that 
we  are  acquainted  with  are  susceptible  (in  various  de- 
grees) of  compression  and  dilatation.  A  greater  force  is 
required  for  producing,  and  f(»*  maintaining  a  greater 
change  of  bulk,  and  when  the  force  is  withdrawn,  the 
;1i!0dy  resumes  its  natural  bulk,  if  the  change  has  not  been 
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too  great.  We  must  conclude  from  these  facts,  that  the 
particles  of  a  solid  body,  when  at  their  natural  distances, 
neither  attract  nor  repel.  When  forced  fearer  to  piiia^ 
another  they  repel,  and  when  drawp  ^sunder  they  at- 
tract. 

850.  In  our  experiments  of  this  kiqdi  ^  f^P^  u  observed 
that  is  perhaps  universal.  If  the  compr^ic^  or  dilata- 
tion has  beep  very  moderate,  40  that  the  phange  of  dis-r 
tance  between  two  adjoining  particles  13  but  a  minute 
portion  of  that  distance,  it  is  found  tiia|t  it  is  proportional 
to  the  attractive  qt  repulsive  corpuscular  force  which  19 
excited  by  the  change.  A  double,  triple,  quadruple  force 
is  required  for  making  a  double,  triple,  or  qgadrupla 
change  of  distance  bet  weed  the  particles.  Dr  Robert 
Hooke  made  this  discovery  with  respect  to  springs  and 
all  elastic  bodies,  in  IQGO,  and  expressed  it  by  the  phrase 
tU  tensio  sic  vis.  It  was  this  observation  that  suggeste4 
to  him  his  noble  improvement  on  pocket  watches,  by  put- 
ting a  spiral  spring  on  the  axis  of  the  balance.  The  ba- 
lance assumes  a  certain  quiescent  position.  If  any  fprc^ 
can  turn  it  10  degrees  from  this  position^  in  opposition 
to  the  spring,  a  double  force  will  turn  it  20  degrees,  a 
triple  force  will  turn  it  30  degrees,  &c.  Such  a  balance, 
therefore,  vibrating  by  the  action  of  this  spring,  will  per- 
form its  vibrations  in  the  same  tioie,  whether  they  extehd 
10,  ^0,  or  30  degrees  on  each  side  of  the  quiescent  pc^ 
sition.  Mr  J.  Q^rpoulli  investigated  the  curve  into 
which  an  elastic  rod  vill  be  bept,  on  the  supposition  tha^ 
the  attractive  and  repul^ye  forces  wh^ch  are  brougnt  into 
action  by  the  bending)  are  proportional  to  the  change 
produced  in  the  distances  between  the  particles.  Wheii 
this  curve  was  compared  with  experiments  they  coincided 
most  perfectly.  Mr  Coulomb  of  the  French  academy 
suspended  bodies  by  long  wires,  and  then,  twisting  the 
wire  a  certain  nuniber  of  turns,  he  let  it  go,  and  observed 
the  oscillations.    He  found  them  perfectly  isodironous^ 
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wbetbcr  the  wire  was  twisted  oncet  or  ten,  or  twentj 
times.  This  proTes  incontrovertiU j  that  the  forces  ex* 
erted  between  the  particles  are  exactly  as  the  dianges  of 
distance.  Now  when  this  is  the  case,  we  maj  say  with 
confidence  that  those  compressions  are  but  very  minute 
portions  of  the  natural  distances  of  the  partides.  The 
truth  of  this  inference  will  appear  very  clearly  when  we 
consider  Mr  Bosoovidi^s  attempt  to  investigate  the  laws 
of  corpuscular  action. 

Thus  we  see  that  the  analogical  reasoning  concerning 
the  force  of  cohesion,  founded  on  the  actual  observation 
<xf  alternate  attractive  and  repulsive  corpuscular  forces 
altogether  different  from  cohesion,  are  fully  supported  by 
the  phenoikiena  of  cohesion  itself. 

S51.  From  a  collective  view  of  all  those  facts,  we  must 
(Conclude  that  the  forces  by  which  the  particles  of  tangible 
natter  cohere  in  its  various  forms  of  aggregation,  are, 
like  grayity,  forces  which  act  at  a  distance,  and  that  they 
Tary,  both  in  quantity  and  direction,  by  a  variation  of 
distance.  We  must  ako  Conclude  that  the  distance  at 
which  one  body  suspends  another  (for  it  is  not  confined 
lo  the  Huyghenian  experiment  with  glass)  is  greater  than 
that  of  cohesion  or  capillary  attraction ;  and,  since  we 
see  that  enormous  -pressures  are  necessary,  in  the  Newto- 
nian experiment,  to  bring  the  nearest  parts  of  two  bodies 
within  the  89000th  part  of  an  inch  of  each  other,  we 
must  teoneludlB  that  at  these  greater  distances  the  parti- 
cles of  bodies  act  on  one  another,  and  that  this  repulsive 
action  is  probably  the  immediate  cause  of  physical  con- 
tact, exciting  the  sensation  of  touch,  and  the  feeling  of 
pressure,  and  that  this  is  the  immediate  cause  of  all  the 
mutual  pressures  which  we  observe  bodies  exert  on  each 
other.  It  is  therefore  the  immediate  cause  of  all  the  mo- 
tions and  changes  of  motion  which  are  produced  by  those 
pressures.  All  those  may  and  must  happen  without  any 
real  mathematical  contact  of  the  bodies. 
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$32.  The  deJElectioii  of  a  planet  from  the  tangent  of  its 
orbit,  the  deflection  of  a  cannon  ball  from  its  parabolic 
p^thf  the  ajqprdach  of  a  piece  of  iron  to  a  magnet,  the 
similar  motion  of  electrified  bodies,  the  suspension  of  one 
plate  (bt  glass  by  ahother,  the  repulsion  between  two  ob- 
ject glasses,  the^  motion  of  one  body  when  it  is  struck  by 
another  (arising  froih  the  same  repulsion),  the  motion  of 
water  in  a  capillary  tube,  and  the  motion  of  the  particles 
of  a  springy  body  when  it  is  bending  or  unbending,  are 
all  facts  of  one  kind.  They  ate  all  equally  the  effects  of 
natural  powers  which  act  between  distant  particles.  Of 
this  I  apprehend  every  intelligent  person  will  be  per- 
suaded, if  he  steadily  confines  his  attention  to  the  parti- 
cles really  in  action. 

253.  If  a  Tortex,  or  a  stream  of  fluid  of  any  kind,  be 
considered  as  necessary  for  explaining  the  deflection  of  a 
planet,  it  is  equally  necessary  for  explaining  the  motion 
of  a  billiard  ball  when  struck  by  another.  Nay,  it  is 
as  necessary  for  explaining  the  action  of  this  vortex 
or  stream  of  fluid.  For,  since  the  appearance  of  the 
black  spot  between  the  glasses  does  not  entitle  us  to 
say  that  they  are  in  mathematical  contact,  every  par- 
ticle of  this  vortex  must  be  granted  to  repel  at  some 
minute  distance,  or  else  we  must  suppose  another  vor- 
tex belonging  to  each  particle  of  the  first  to  render  it 
impulsive.  In  short,  this  view  of  the  subject  cuts  off  at 
once  all  explanations  by  the  help  of  invisible  impelling 
fluids,  sthers,  atmospheres,  or  by  whatever  name  they 
may  be  called.  All  changes  of  motion  have  for  their 
immediate  tMuses  those  powers  of  nature  which  we  have 
called  accelerating  forces,  accompanying  the  particles, 
and  brought  into  action,  or  excited,  by  .the  mere  distance 
and  situation  of  the  related  particles.  There  is  no  me- 
chanical  difference  between  them.  The  only  difference  is 
the  distance  in  which  the  force  b  exerted,  and  the  varia- 
tion of  intensity  by  a  variation  of  distance.    If  we  know 
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these  two  drciuni tances,  we  hsre  all  the  knowledge  that 
can  be  of  anj  use.  How  gravity  or  anjr  other  power 
produces  its  effect  is  of  no  other  use  but  the  gratification 
of  curiosity;  and  if  it  were  gratified^  we  should  be 
equally  curious  to  find  out  the  cause  of  every  step  of  this 
process  of  efficiency. 

854«  Planetary  action  extends  to  the  utmost  bounds  of 
the  solar  system,  and  is  in  the  inyerse  duplicate  ratio  of 
the  distances.  Magnetbm  also  extofids  to  a  great  dis» 
tance,  as  we  learn  by  the  motions  of  the  mariner''s  needle. 
The  law  of  action  seems  to  resemble  that  of  gravitation. 
Electricity  is  also  eytensivei  and  has  the  same  law.  Phy- 
aical  contact,  or  paassuRB,  becomes  sennbk  at  the  distance 
of  the  5000th  part  of  an  inch  nearly,  and  decreases  much 
faster  than  in  the  inverse  duplicate  ratio  of  the  distances. 
I  could  infer  this  from  my  experiments  with  the  glasses 
^ith  great  confidence,  although  I  could  not  assign  the 
•precise  law.  Cohesion,  with  all  its  modifications,  has  a 
much  more  limited  range,  perhaps  not  the  millionth  of 
the  millionth  of  an  inch.  This  may  be  inferred  from  the 
:perfect  continuity  of  the  gold  or  the  silver  wire  employed 
in  the  manufacture  of  gold  laee,  where  it  is  the  fourteen 
'tnillionth  of  an  inch  in  thickness.  Yet  even  in  this  mi- 
nute scale,  we  see  by  the  experiments  with  springy  bo- 
.dies,  that  this  minute  distance  may  be  subdivided  into 
many  portions,  and  that  each  distance  has  a  peculiar  in- 
tensity of  cohesion  belonging  to  it.  Its  law  of  variaUoo, 
taking  it  generally,  is  unknown.  For  the  observation  of 
Hooke,  ut  tensio  tic  ots,  is  true  only  when  the  changes  of 
'  distance  are  very  small  in  comparison  with  the  whole  natu- 
ral distance  between  the  particles.  We  shall  consider 
this  more  particularly  afterwards,  and  shall  learn  why 
Hooke'^s  observation  is  so  generally  true.  The  modifica- 
tions of  cohesion  are  innumerable,  producing  an  endless 
Mriety  of  sensible  forms,  solid,  fluid,  vaporous,  in  each 
of  which  the  law  of  action  between  the  corpuscles  is  pro- 
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babty  different.  Alto,  in  each  of  these  fiirms  we  hare 
Mrbordinate  varietiefl^  which  make  bodiea  har^  soft,  elas- 
tic, unelastic,  plastic,  dnctite,  iriscid;  and  lastly,  there 
are  other  modiicatiom  of  the  corpuscular  force,  whicb 
produce  the  phenomena  of  solution,  precipitation,  crystal- 
Usation^  be  &c.  tat.  AU  and  each  of  these  are  ultimate^ 
If  mechanical  forces,  producing  local  motion  and  changes 
of  motion. 

255.  In  this  range  of  obserration  there  are  two  ex- 
tremes. On  the  one  hand,  enlarging  our  scale,  we  have 
deetricitjr,  magnetism,  and  gravitation.  This  last  leads 
us  to  the  bounds  of  the  solar  system.  Nay,  there  are 
appearances  which  riender  it  probable  that  it  extends 
ait  least  to  some  of  the  fixed  stars.  But  we  have  not  suf- 
ficient  authority  for  extending  it  to  all.  Gravitation  may 
cease  at  a  certain  distance;  nay  it  may  change  to  a  repul- 
sive force  at  greater  distances,  and  the  visible  universe 
may  consist  of  parcels  which  are  in  equilibrio  with  one 
another,  as  the  particles  of  a  common  body  are  in  equili'^ 
brio  between  a  state  of  attractions  and  repulsions.  Each 
parcel  of  connected  stars,  magnificent  as  it  is  in  our  eye, 
may  thus  constitute  a  portion  or  particle  of  the  universe. 

256.  Our  imaginations  are  lost  in  the  contemplation  of 
such  a  scene.  But  there  is  no  absurdity  in  the  thought. 
The  ingenious  Dr  Halley  proved  from  the  law  of  gravita^ 
lion,  that  there  may  be  within  this  globe  a  scene  of  exist- 
ence and  habitation  altogether  undisturbed  by  the  gravi- 
tation of  external  bodies,  yet  every  thing  having  weight 
and  stability  nearly  the  same  as  on  the  surface  of  the 
earth.  To  its  inhabitants  the  scene  may  appear  as  exten- 
sive as  the  heavens  appear  to  us. 

257.  There  is  just  as  wonderful  a  series  of  connecting 
forces  on  the  other  hand,  when  we  consider  the  stnaUer 
scales  on  which  they  are  exerted.  A  pint  of  corrupted 
puddle  is  perhaps  as  great  a  universe  to  its  countless  in- 
habitants as  the  visible  heavens  are  to  us.   It  requires  some 
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efTort  of  imagination  fo  subdivide  the  480tb  part  of  an 
inch  into  the  50  different  portions  in  which  Newton  ob- 
served the  alternate  inflectipn  and  deflection  of  light ;  or  to 
subdivide  the  4450th  of  an  inch  into  the  20  portions  where 
light  was  alternately  reflected  and  transmitted.  Yet  far 
within  the  limit  of  one  unit  of  this  subdivision,  riz. 
Y909Qth  of  an  inch,  are  exhibited  all  the  alternations  of 
attraction  and  repulsion  which  we  observe  in  the  com* 
pression  and  dilatation  of  bodies.  In  these  minute  scales  of 
force  there  must  be  many  difierences,  both  in  the  mag* 
nitude  of  the  scale,  according  as  the  body  is  dense  or  rare, 
and  in  the  intensity  of  the  force,  according  as  the  body  b 
hard,  soft,  viscid,  &c.  &c.  and  in  the  law  of  its  variation. 

!But  the  most  wonderful  variety  is  exhibited  to  our  ob- 
servation in  the  structure  of  regular  bodies,  such  as  crys- 
tals; and  still  more  in  the  structure  of  the  organized 
bodies  of  vegetables  and  animals.  We  have  acquired  some 
knowledge  of  the  more  obvious  particulars  of  our  own 
structure;  we  understand  something  of  the  efficient  of 
this  structure,  how  it  is  capable  of  performing  its  office. 
We  understand  all  this  by  means  of  the  laws  of  mechanics, 
that  is,  the  general  facts  observed  in  the  agency  of  all 
pressures.  We  have  now  learned  that  pressures  are  forces 
acting  at  a  distance,  which  are  so  small  in  comparison  with 
ourselves  that  we  cannot  perceive  them. 

258.  Now,  in  those  incomparably  smaller  structures 
which  the  microscope  has  brought  into  view,  we  behold 
machines,  which  perfectly  resemble,  both  in  form  and  in 
function,  the  large  animal  machines  which  are  more  fami- 
liarly known  to  us.  These  little  machines  must  be  moved 
in  the  same  way  as  the  larger.  The  whale  and  the  min- 
now, the  minnow  and  its  fry  (not  one  tenth  of  an  inch 
long)  have  the  same  veins,  and  arteries,  and  nerves,  the 
same  livers  and  muscles,  and  their  functions  in  both  are 
the  same.  The  minnow  is  a  giant  when  compared  with 
the  red  ant ;  yet  this  little  creature  b  constructed  with  a 
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▼arietj  of  parts,  and  with  a  polished  elegance  in  every 
member,  that  exceeds  the  most  delicate  piece  of  human 
art,  beyond  all  imagination.  It  is  really  a  wonder.  One 
of  its  antinnse,  (not  ^^^^th  of  an  inch  in  length)  has  18 
joints,  each  consisting  of  a  finely  polished  spheripal  ball, 
moving  between  two  hemispherical  sockets,  all  finished 
with  the  utmost  attention  to  elegan^ce  of  shape  and  fitness 
for  angular  motion.  The  most  elaborate  performance 
of  human  art  being  laid  beside  it,  and  viewed  with  the 
same  glass,  appears  a  piece  of  the  rudest  botching.  On 
this  beautiful  little  creature,  Mr  Southern  discovered  an 
acarus,  a  vermin  to  which  the  red  ant  is  a  world*  Even 
this  animal  b  formed  with  symmetry,  and  &  great  varie^ 
of  parts. 

Beyond  this  our  eyes,  with  all  the  assistance  of  the 
microscope,  can  discern  no  more  structure.  We  can 
only  gaze  and  wonder  at  many  still  smaller  aniipaU,  which 
the  microscope  exhibits,  swimming  about  ^ith  great  vi- 
vacity, and  indicating  by  their  motions  that  they  are  ef- 
fecting the  same  purposes  which,  ^e  effected  by  the  larger 
animals ;  this  authorises  us  to  infer  that  they  are  of  si- 
milar mechanism,  and  that  tbeiic  operatioi^  fure  p^ormed 
by  the  same  principles  of  mechanical  energy, 

859.  The  conclusion  which  I  think  must  be  drawn 
from  these  observations,  is  that  those  alternations  of  at- 
traction and  repulsion  which  accompany  the  gradual  di- 
minution of  distances,  as  we  continue  to  subdivide  the 
extent  of  a  hair'^s  breadth,  must  go  beyond'all  our  con- 
ceptions of  minuteness.  The  distances  at  which  our 
pressures  are  excited,  and  our  sensations  of  touch,  will  no 
more  answer  the  purposes  which  we  see  accomplished  by 
those  little  creatures,  than  an  axe  and  a  sledge-hammer 
will  suffice  for  making  a  repeating  watch  contained  in  the 
size  of  a  seal  ring.  We  must  grant  that  there  are  scales 
still  smaller,  on  which  those  necessary  forces  complete  all 
their  variation  of  intensity  and  direction. 
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And  lastlj,  since  all  those  little  objects  consist  of  parts 
extremelj  diflereht,  both  in  component  ingredients  and 
in  structure,  ^e  are  certain  that  the  particles  of  each  of 
those  parts  are  still  of  a  very  compounded  nature,  far  re- 
moved from  the  simplicity  of  a  primary  atom  of  matter, 
and  therefore  consisting  of  many  atoms^  connected  by 
forces  of  a  class  still  more  removed  from  those  we  are  ac- 
quainted with. 

260.  On  the  whole,  we  see  that  within  the  narrow  limit 
of  the  four  or  five  thousandth  part  of  an  inch,  (the  great* 
est  distance  of  sensible  pressure,)  there  actually  are  a 
numberless  variety  and  alternation  of  attractive  and  re- 
pulsive forces  exerted  between  the  particles  and  atoms 
of  tangible  matter,  and  that  it  is  to  their  immediate 
agency  that  we  must  ascribe  all  the  diversities  of  connec- 
tion, form,  and  distinguishing  properties,  which  charac- 
terise the  objects  by  which  we  are  surrounded  in  this  sub- 
lunary world. 

In  giving  them  the  denomination  of  attracting  and  re- 
pelling forces,  and  in  calling  their  effects  attraction  and 
repulsion,  nothing  is  meant  but  a  denomination.  No  ex- 
planation of  the  manner  of  acting  Is  intended.  But  they 
are  ail  supposed  to  be  of  the  same  kind,  and  similar  to 
the  gravity  or  heaviness  of  terrestrial  mutter.  If  any 
explication  can  be  given  of  gravitation,  the  same  must 
be  applicable  to  those  forces  which  connect  the  particles 
of  tangible  matter.  All  that  we  are  entitled  to  say  of 
them  is  that  they  vary  in  iutcnsity  and  direction  by 
every  change  of  distance,  from  the  utmost  bounds  of  the 
solar  system  to  the  actual  coalescence  of  the  acting 
atoms. 

What  then  must  we  conceive  to  be  the  ultimate  action 
of  atom  on  atom,  as  we  diminish  their  distance  without 
end,  and  just  before  the  annihilation  of  all  distance  be- 
tween them?  It  seems  to  me  that  it  must  be  an  insepa- 
rable repulsion.     We  see  in  the  sensible  masses  a  roj)ul- 
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sum  which  is  prodigiously  gfeat,  before  they  can  bo 
brought  to  that  ricinity  at  which  ho  light  is  reflected  bjr 
the  glass  {Elates ;  and  we  hare  no  evidence  that  we  can 
bring  them  ihto  mathelnatic&i  contact  by  any  force  wfaat« 
ever. 

26L  It  is  veiy  surprising  that  the  tnathelnaticialis  and 
philosophers  dt  the  end  of  the  17th  century,  who  were 
so  ikrdnously  engaged  in  applying  the  neWly  dbcovered 
fluxionary  mathematics  to  the  explahation  of  the  mecha^ 
Hieai  phenomena  of  nature,  did  not  turn  their  attention  to 
a  department  which  promised  the  richest  crops  of  discch 
▼eries  to  reward  their  labours.    Newton  had  also  given 
the  philosophers  a  new  system  of   mechanics,  particu- 
larly fitted  for  this   research,  and  had  detAonstrated  its 
competency  by   the  most  successful  examination  of  the 
great  movements  of  the  universe.    He  had  also  remarked 
some  very  encouraging  analogies,  which  seemed  to  admit 
the  same  manner  of  treatment   in  the  study  of    th^ 
corpuBcdlar  phenomenal   and  had   even  pointed  out  tb 
them  many  phenomena  of  this  class,  which  seemed  10  r^ 
quire  this  method  alone  for  their  explanation,  and  to  re> 
ject  it  from  every  other  quarter ;  and  he  gives  us  some 
account  of  his  own  conjectures  oh  the  subject  in  the  que- 
ries subjoined  to  bis  Optics.     Nothing  however  was  done 
that  was  of  any  service,  if  we  except  the  speculations  of 
Bernoulli,  Mariotte,  and  others,  about  the  strength  of 
solid   bodies.     Yet  even  these  attempts  were  encourag- 
ing.    The  immense  diffictilty  of  the  task  was  doubtless 
the  great  obstacle,  and  seems  to  have  deterred  even  New- 
ton from  formally  engaging  in  it.    Dr  John  Eeill  indeed 
gave,  in  No.  315  of  the  Philosophical  Transactions,  a  num- 
ber of  general  theorems  concerning  the  action  of  fofc^ 
attracting  or  repelling  according  to  various  laws  of  the 
distance ;  and  Dr  James  Keill  and  Dr  Friend  gave  Theories 
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of  Physiology  and  Chemistry,  founded,  as  they  said,  cm  u« 
milar  theorems.  But  these  theories  were  filled  with  gr»* 
tuitous  assumptions  of  forms  and  motions,  which  rendered 
them  altogether  ridiculous.  This  brought  the  whole  de- 
partment of  study  into  discredit,  and  it  remained  entirely 
neglected  for  many  years. 

868.  The  first  who  (so  far  as  I  know)  attempted  to 
reyive  this  study  in  a  serious  manner,  was  the  celebrated 
magnetical  philcMopher  Dr  Gowin  Knight  He  pubUsh- 
ed,  in  1748,  his  <*  Attempt  to  explain  all  the  phenomena 
<<  of  nature  by  means  of  two  principles,  attraction  and 
^'  repulsion,  shewing  that  gravitation,  cohesion,  magnet- 
f  <  ism,  electricity,  &c.  are  all  the  operation  of  those  two 
?*  principles.*^ 

Mr  Knight  supposes  two  species  of  material  atoms,  one 
of  which  attracts  another  atom  of  the  same  kind,  and  the 
atoms  of  the  other  species  mutually  repel  each  other.  Thf| 
atoms  of  different  species  probably  attract  one  another  ; 
but  of  this  he  b  not  certain.  He  then  shews  how  the  at- 
tractive atoms  coalesce  .into  particles ;  and  how  those  par^^ 
tides  must  be  surrounded  with  the  repelling  atoms  con- 
stipated on  their  surface,  and  even  surrounding  them  like 
an  atmosphere.  From  this  combination  arises  another 
dass  of  particles,  which  are  mutually  attractive  or  repuU 
aive,  according  to  the  proportion  and  disposition  of  the 
atoms  of  the  two  spaces  of  which  they  consist. 

Mr  Knight  then  proceeds  to  explain  from  those  premises 
the  structure  and  sensible  properties  of  bodies  of  various 
kinds.  The  whole  is  digested  into  formal  propositions 
and  corollaries,  very  distinctly  eipressed,  and  the  law  of 
action  which  he  assumes  (viz.  a  force  inversely  as  the  dis- 
.tance)  is  applied  mathematically.  There  is  very  considef- 
able  ingenuity  and  great  simplicity  in  the  management  of 
hi9  principles;  but  it  requires  only  a  moderate  attention 
to  the  unchapgeable  laws  of  dynamics  to  shew  that  almost 
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every  one  of  bis  propositions  is  fal9e.  At  the  mme  time 
it  is  not  unsusceptible  of  improvement,  a|id  it  de8erve3  a^ 
serious  perusal. 

Thb  studj  has  never  been  resulted  and  prosecuted  with 
method  and  perseverance.  Yet  the  case  does  not  seeqi 
desperate ;  although  we  may  pev^r  be  able  to  acquire  such 
accurate  knowledge  of  the  corpuscular  relations  of  tan- 
gible matter  as  we  have  of  the  simple  laws  of  the  planetary 
motions,  and  the  ordinary  doctrines  of  qiechanics,  hydro- 
statics, and  pneumatics,  it  is  highly  probable  that  a  steadj 
and  judicious  prosecution  of  it  would  bring  to  (ight  some 
general  laws  whfch  might  be  of  material  service. 

263.  father  Boscoyich,  one  of  the  first  mathematicians 
of  Europe,  an^  of  vpry  ei^te^^ive  knowledge  of  the  pheno- 
mena of  nature,  struck  with  the  importance  and  probabir 
litv  of  Sir  Isaac  Newton'^s  conjectures,  ha3  endeavoured  to 
reviye  this  study,  ^d  published  a^  Viepua  in  1759  a  most 
irqi^enious  work,  whiph  he  called  Thtoria  PhilqBophut 
Naturalis  ad  nnicam  legem  viriumj  in  Natuxa  exiatenliun^ 
redacia^  This  is  of  a  very  different  cast  indeed  from  Dr 
Knight^s,  and  is  undqubtedly  oqe  of  the  most  curious  pror 
ductions  of  the  last  century,  filled  with  original  «|nd  iqger. 
nious  notions  of  natural  things,  and  explanations  of  all 
the  general  appearances  and  mechanical  relations'  of  diffe- 
rent kinds  of  matter.  It  richly  deserves  the  serious  per- 
usal of  every  philosopher.  Although  the  ingenious 
author  is  far  from  having  attained  the  knpwledge  of  this 
characteristic  law  of  matter,  or  established  a  perfect 
theory,  he  has  deduced  many  legitimate  consequences 
from  the  phenomena,  which  are  of  very  important  ser« 
vice  in  all  mechanical  disquisitions ;  and  I  may  even  yeiv^ 
ture  to  say  that,  if  we  shall  ever  acquire  the  knowledge 
of  a  true  theory,  it  will  resemble  Mr  Boscovich^s  in 
many  of  its  chief  features.  For  which  reason  I  shall 
give  a  slight  sketch  of  its  leading  propositions,  referring 
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the  reader  to  the  work  itself  for  a  full  acconnt  of  tBe 
theory  ♦.  The  following  are  the  elements  of  this 
theory. 

264.  Istj  All  matter  consists  of  indivisible  and  inex- 
fended  atoms. 

265.  2df  These  atoms  are  endowed  with  attractive 
and  repelling  forces,  varying,  both  in  intensity  and  direc- 
iion,  by  a  change  of  distance,  so  that  at  one  distance 
two  atoms  attract  each  other,  and  at  another  distance 
ihey  repel. 

266.  3d,  This  law  of  variation  is  the  same  in  all 
atoms.  It  is  therefore  miitnal ;  for  the  distance  of  a 
from  b  being  the  same  with  that  of  b  from  a,  if  a  attract 
br  repel  i,  &  must  attract  or  repel  a  with  precisely  the 
tome  force. 

267.  4tA,  At  all  considerable  or  sensible  distances  this 
mutnal  force  is  an  attraction,  sensibly  proportional  to  the 
square  of  the  distance  inversely.  It  is  the  attraction  call- 
ed gravitation. 

268.  5^A,  In  the  small  and  insensible  distances  in 
which  sensible  contact  is  observed,  and  which  do  not  ex- 
ceed  the  1000th  or  1500th  part  of  an  inch,  there  are 
tnany  alternations  of  attraction  and  repulsion,  according 
as  the  distance  of  the  atoms  is  changed.  Consequently, 
within  this  narrow  limit,  there  are  many  situations 
in  which  the  two  atoms  neither  attract  nor  repel. 

269.  6rt,  The  force  which  is  exerted  between  the 
two  atoms,  when  their  distance  is  diminished  without 
end,  and  is  just  vanishing,  is  an  insuperable  repulsion,  so 
that  no  force  whatever  can  press  two  atoms  into  mathema- 
jtical  contact. 

Such,  according  to  Boscovich,  is  the  constitution  of  a 


•  See  Note  II.  at  the  end  of  the  Volume. 
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material  atqin,  and  it  is  the  whole  of  its  constitution,  and 
the  immediate  efficient  cause  of  all  its  properties. 

270.  Two  or  more  atoms  may  be  so  situate,  in  respect 
of  distance  and  position,  as  to  constitute  a  particle  of 
the  finst  order.  Two  or  more  such  particles  may  con- 
stitute a  particle  of  the  socoad  ord^r,  and  so  on,  to  any 
degree  of  composition. 

Mr  Boscovich  proceeds  todeduce  such  consequences  of 
this  constitution  |is  may  be  called  elementary ;  and  then 
to  shew  that  thepe  are  sufficient  for  constituting  a  sub- 
atanoe  having  all  the  sensibly  qualities,  forms,  and  physit- 
cal  properties  that  we  observe  in  tangible  matter ;  an4 
that,  although  all  atoms  of  oaatter  are  precisely  similar, 
there  must  result  from  their  combination,  and  the  joint 
action  of  their  atomical  forces,  an  inexhaustible  variety 
of  external  form,  mmtual  relations  and  actions,  fully  ad&* 
jquate  to  ei^pla^n  all  the  phenomena  of  the  material  uni^ 
vei;?e. 

371.  All  that  can  be  doQe  in  the  short  while  allowed 
for  this  discussion  is  merely  tp  enable  the  atUnlive  studeot 
to  form  a  JMst  notion  of  this  most  ingenious  theory,  anfi 
of  its  competency  to  the  explanation  of  nature.  I  trust 
.Uint  hie  will  see  enough  to  incite  him  to  a  perusal  and 
aerious  study  of  the  work,  and  that  he  will  find  it  full  of 
curious  and  valuable  information. 

Mr  Boscovich  repreients  his  law  of  atomical  action  in 
t)ie  Newtonian  manner,  by  what  h^  calls  an  experimental 
curve. 

372.  Let  the  distances  of  two  atoms  he  estimated  on 
the  line  CAC,  Plate  III.  fig.  1.  A  being  the  situation  of  one 
of  them,  while  the  other  is  placed  any  where  on,  this  line. 
\Vhen  placed  at  t,  for  example,  we  may  suppose  that  it 
is  attracted  by  the  atom  A,  with  a  certain  force.  We 
can  represent  the  intensity  of  this  force  by  the  length  of  a 
line  t  /,  perpendicular  to  AC,  and  we  can  express  the  direc- 
tipn  of  it  (namely  the  direction  i  A,  because  it  is  attrac« 
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tion)  by  plating  1 1  above  the  axis  or  line  of  distances  AC; 
SKiould  the  atom  be  at  zj  and  be  repelled,  we  can  express 
the  intensity  of  repulsion  by  z-t^  and  its  direction  (A  z) 
by  placing  z  t  below  the  axis. 

This  may^  be  snppo^  donii  fdr  etery  point  of  the  axis, 
arid  then  a  line  DEFGH  I  ELMNOPQRST  V 
may  be  drawn  through  the  extremities  of  all  the  perpen- 
dicular ordinates.  This  16  the  exponential  curve,  or 
scale  of  forces,  in  the  manner  employed  in  DtirAii ics. 
\  As  there  are  supposed  a  great  many  alternations  of 
attraction  and  repulsion,  it  follows  that  the  exponential 
cUlre  must  consist  of  viiribus  branches,  lying  on  diflferent 
aides  of  the  axls^  and  mutft  therefore  cross  it  in  many 
points^  such  as  E^  6, 1,  L,  N,  P,  IL  All  those  are  sup- 
posed  to  be  contained  within  a  very  small  fraction  of  an 
inch,  not  exceeding  the  distance  of  the  glasses  in  the 
Huyghenian  experiment  AR  ibay  represent  this  distance^ 
magnified  by  a  microscope.  « 

273.  The  branch  mdst  distant  frcM  A  is  STY.  This 
must  b^  of  such  a  form  that  its  ordinates  C  V,  t> ),  0  p,  &d. 
may  be  inversely  as  AC*,  A  t?*,  A  0*,  &c.  RC  must  be 
an  assymptote  to  this  branch ;  and  the  branch  ED  next 
to  A,  must  have  the  perpendicular  AB  for  its  a^symptot^, 
because  the  ordinate,  expressing  repulsion,  increases  be- 
yond all  limit.  The  intermediate  branches  of  the  curve 
must  be  determined  by  means  of  the  phenomena  of  cohe> 
sion,  capillary  attractiouj  the  repulsion  of  the  glasses  in 
the  Newtonian  experiment,  &c.  &c. 

It  is  plain  that  an  atom  situated  in  afiy  of  the  points 
E,  6,  I,  &c.  where  the  curVe  crosses  the  axis,  will  nei- 
ther be  attracted  nor  repelled  by  the  atom  A.  But  there 
is  a  remarkable  difference  between  the  condition  of  an 
atom  situate  in  E,  and  of  one  placed  in  G.  If  the  atom 
E  be  pushed  a  little  nearer  to  A,  as  to  6,  (A  being  held 
fast  in  its  place),  it  will  be  repelled  by  A,  and  a  force 
equal  to  th^  repulsion  h  r  must  be  employed  to  keep  it  in 
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6;  and  if  this  force  be  withdrawn,  it  will  come  back 
again  to  >E.  On  the  other  hand,  if  E  be  drawn  off  to  d, 
(A  being  held  fast)  it  will  be  attracted  bj  A,  with  the 
force  d  A,  and  if  the  extending  force  be  withdrawn,  it 
will  go  back  to  E. 

Hence  it  appears  that  two  atoms  situated  in  A  and  E^ 
will  compose  a  sort  of  particle,  which  will  have  a  certain 
degree  of  permanency  of  form.  It  may  be  compressed 
by  an  external  force,  or  it  may  be  distended,  but  will  re- 
cover its  bulk  A£  when  the  compressing  or  stretching 
force  is  removed. 

874r  An  atom  placed  in  G  will  be  in  a  very  different 
condition.  It  may  remain  there  for  ever,  if  no  compress- 
ing or  distending  force  is  applied  to  it.  But,  if  com- 
pressed in  the  smallest  degree,  for  example  to  t,  it  is  im- 
mediately attracted  by  A,  and  flies  towards  it  with  aa 
accelerated  motion,  and  will  finally  settle  in  E.  If  G  be 
drawn  off  to  fii,  it  is  immediately  repelled  with  the  force 
m  Ji,  and  will  fly  farther  off,  and  proceed  to  I,  or  perhaps 
farther.  Hence  it  appears  that  the  atoms  A  and  G  can- 
not compose  a  permanent  particle,  but  the  smallest  di^ 
turbance  will  immediately  destroy  it  irrecoverably. 

876.  It  is  plain  that  the  points  E,  I,  N,  R,  are  situa- 
tions of  the  first  kind,  and  th^t  6,  L,  and  P,  are  of  the 
second  kind.    Boscovich  calls  the  first  limits  of  cohesion,  • 
and  the  second  limits  or  mon-cohbsion.     These  last  are 
better  named  limits  or  dissolution. 

I  said  that  particles,  such  as  AE  or  AI,  have  a  certain 
degree  of  permanent  form,  resbting  compression  or  dila- 
tation, and  again  recovering  their  natural  bulk.  But  this 
is  only  when  the  disturbing  force,  and  the  change  of  bulk, 
have  been  moderate,  the  change  of  distance  being  very 
small  in  comparison  of  the  whole  distance  between  twp 
intersections  of  the  exponential  curve  with  the  axis.  For 
if  the  particle  AX  be  compressed  into  less  room  than  AG,  the 
atom  will  not  return  .to  I  when  the  compressing  force  is 
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withdrawn.  For  it  will  now  be  attracted  by  At  wd  the 
particle  Al  will  collapse  into  the  bulk  AE.  If  AI  be 
strfetchjed  beyond  the  bulk  AL,  it  will  not  collapse  iqto 
Alf  but  will  take  the  form  AN.  The  only  particle  i^tH 
cannot  be  changed  by  any  compression  is  AE»  as  is  evir 
dent. 

It  is  evident  that  the  component  atoms  of  parUdes  so 
constituted  are  in  a  state  of  inactivity  on  each  othery  un^ 
less  some  external  force  be  applied.  The  atoms  A  and  I 
fieither  attract  nor  repel  each'  other.  But  when  the  par* 
tide  is  actually  compressed,  the  atoms  being  pushed  nearer 
than  their  natural  inactive  distance^  they  immediately  re- 
pel; in  like  manner  they  attract  if  the  particle  be 
stretched.  The  approximation  or  separation  of  the  atoms 
gives  occasion  or  opportunity  to  the  exertion  of  the  at* 
tractive  or  repulsive  forces  which  are  inherent  in,  or  at 
least  always  accompany  the  atoms.  Thus  these  forces 
*^ay  be  said  to  be  excited  in  them,  or  brought  into  action. 
The  compression  or  dilatation  is  therefore  the  occanoHi 
though  not  the  efficient  cause  of  the  mutual  attractions  and 
repulsions.  We  must  always  keep  this  distinction  in 
mind. 

276.  The  magnitude  or  intensity  of  those  atomical 
forces  at  the  different  distances  determine  the  form  of  the 
exponential  curve.  If  .a  very  moderate  force  produces  a 
sensible  compression,  the  ordioates  on  each  side  of  the 
limit  must  be  short,  expressive  of  those  small  repulsions. 
The  expouential  curve  must  therefore  cross  the  axis  very 
obliquely,  that  the  ordinates  expressing  the  attracting  and 
repelling  forces  may  increase  slowly.  But  if  it  require  a 
very  great  force  to  produce  a  very  small  compression,  the 
small  compression  A  h  must  have  a  great  ordinate  h  r,  and 
the  exponential  curve  crosses  the  axis  almost  perpendicu- 
larly. 

We  may  also  remark  (and  the  remark  is  important) 

that  when  the  dilatation  or  compression  bears  a  very 
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small  proportion  to  th^  natural  distance  of  the  atcMns,  the 
compression  or  dilatation  will  be  very  nearljr  proportional 
to  the  forces  employed.  For,  when  the  compression  E  h 
is  very  small  in  comparison  with  A£,  the  luch  r  E  diflfers 
little  Grom  a  straight  line,  and  thefefurethe  ordinates  r  i; 
r'y  aw  very  nearly  proportional  to  E  6  and  E  i'.  The 
same  may  be  aftirm^  of  the  distensibtt  E  d.  The  arch 
£  h  differs  little  from  a  right  line,  and  the  ordinates  are 
nearly  as  the  abscissse.  But  it  is  otherwiide  when  the  dF^- 
latation  is  considerable.    When  the  dilatation  E  d  is  much 

• 

greater,  the  ordinate^  d  k  must  now  increase  more  slowIy» 
and,  when  the  dilatation  has  increased  to  a  certliin  degree, 
the  ordinates  will  even  diminish  again,  and  they  are  r^ 
duced  to  nothing  in  the  neighbouring  limit  of  dissolutiori. 
Many  examples  of  this  will  occur  in  the  phenomena  of 
nature.  On  the  other  hand,  when  we  observe  the  com- 
pression or  dilatation  proportional  to  the  force  employed, 
we  may  conclude  that  the  compression  or  separation  of 
the  atoms  is  very  small  in  comparison  with  their  naturetl 
inactive  distance. 

277.  We  may  now  take  the  example  of  this  simplest 
constitution  of  a  particle  to  shew  that,  although  the  lai^ 
of  atomical  action  be  the  same  in  all  matter,  the  action  of 
particles  composed  of  such  atoms  may  be  unspeakably  va- 
rious, according  to  the  distance  and  position  of  the  two 
component  atoins.  We  have  hoi  room  for  much  of  thiis 
discussion,  and  must  content  ourselves  with  one  or  tiro 
of  the  most  simple  cases.  But  the  attentive  reader  will 
find  no  difficulty  in  expending  the  inferences  to  more  conr- 
^lex  cases.  We  shall'first  consider  the  action  of  such  a 
particle  on  an^atom  placed  In  the  axis  or  line  joining  thb 
component  atoms*  ^ 

Suppose  then  a  particle  XY  (Plate  III.  fig.  3.)composedof 
two  atoms  X  and  Y,  which  are  placed  in  this  Jlrst  limit  df 
cohesion  A  and  £  of  fig.  1.  In  order  to  know  the  condi- 
tion of  an  atom  placed  any  where  in  the  line  ACj  we  may 
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suppose  the  whole  exponential  curve  shifted  toward  C»  ^ 
as  now  to  refer  to  the  atom  £  as  it  formerly  referred  to 
the  atom  A.    Thus,  for  any  point  in  the  line  EC,  where 
we  suppose  the  third  atom  to  be  placed,  there  are  two  or- 
dinates,  one  of  them  an  ordinate  to  the  curve  belonging  to 
A,  and  the  other  an  ordinate  to  the  curve  belonging  to  £. 
If  those  ordinates  are  on  the  same  side  of  the  axis,  then 
the  third  atom  is  either  attracted  by  both  A  and  E,  or  is 
rqielled  by  both.     We  must  therefore  draw  an  ordinate 
in  that  point,  equal  to  the  sum  of  the  two  ordinates* 
This  will  express  the  force  acting  on  the  third  atom.    But 
if  the  ordinates  of  the  two  curves  lie  on  opposite  sides  of 
the  axis,  the  third  atom  is  attracted  by  one,  and  repelled 
by  the  other  component  atom.    Therefore  we  must  make 
an  ordinate  equal  to  the  difference  of  the  two,  and  place 
it.  above  or  below  the  axis«  according  as  the  repulsive  or 
littractive  forces  prevail.     Doing  this  for  every  point,  we 
may  draw  a  curve  through  the  extremities  of  all  the  ordi- 
nates, and  it  will  be  the  exponential  curve  for  the  particle 
AE  or  XY  expressing  its  action  on  a  third  atom  placed 
in  the  line  AR.      Accordingly,  the   curve  in  fig.  2.  is 
constructed  in  this  very  way.     By  this  we  see  that  the 
law  of  action  of  the  particle  XY,  differs  greatly  from  that 
of  the  component  atoms  X  and  Y.     The  branch  dAd' 
between  the  two  assymptotes  c  h  and  c'  h\  is  easily  un- 
derstood.    At  A,  the  repulsions  of  the  two  atoms  X  and 
Y  must  exactly  balance,  and  as  the  third  atom  comes 
nearer  either  to  X  or  to  Y,  it  is  more  strongly  repelled 
by  it  than  by  Y  or  by  X. 

378i  If  an  exponential  curve  had  been  constructed  for 
a  paFUcle  consisting  of  two  atoms  A  and  I,  it  would  have 
turned  out  still  more  unlike  the  primitive  exponential. 
This  will  easily  be  conceived  by  shifting  the  primitive 
curve  fron;!  A  to  I.  We  shall  then  find  that  several  of  the 
atttractive  branches  of  one  curve  stand  opposed  to  repulsive 
branches  of  the  other^  the  consequence  of  which  must  be 
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that  the  particle  At  will  be  almost  inactive  M  a  third 
atom,  till  it  be  moved  almost  to  the  furthest  limit  of  the 
small  scale  of  corpuscular  action. 

279.  It  is  much  more  important  that  we  learn  the  law 
of  action  bn  an  atom  placed  out  of  the  line  AC.     But  we 
must  still  begin  with  a  simple  case.    Let  us  take  a  par-»  • 
tide  composed  of  the  two  atoms  A  and  I,  situated  in  this 
second  limit  of  cohesion,  and  let  us  consider  the  action  of 
the   particle  AI  in  fig.  3.  on  an  atom  placed  any  where 
in  the  line  BCB',  which  bisects  A I  at  right  angles.     Sup* 
pose  the  third  atom  placed  in  u.     Then  join  A  u  and  I  u, 
and  taking  Ati  in  the  compasses,  transfer  it  from  A  in  fig.  1' 
to  Uy  and  draw  the  ordinate  uy.    This  is  an  ordinate 
of  an  attractive  branch  of  the  exponential.    Therefore,  in 
fig.  3.  set  off  from  te,  towards  A,  and  towards  I,  the  two 
lines  uy^  nt/j  equal  to  the  ordinate  uy  of  fig.  1.     The 
atom  u  is  attracted  by  A  and  I  with  the  forces  uy^  uy. 
Complete  the  parallelogram  uyvyu^  (which  is  a  rhom* 
bus)  and  its  diagonal  v  u  will  express  the  force  with  which 
H  is  attracted  in  the  direction  u  C.    Draw  uy'  perpendi^ 
cular  to  u  C,  and  make  it  equal  to  u  v,  placing  it  on  the 
right  hand  of  BC^  if  it  represent  an  attractive  force,  and 
on  the  left  as  zt\  to  represent  a  repulsive  force.    £et^this 
.be  done  for  every  point  of  the  line  BCB',  and  draw  a 
curve  line  CGHIKLMN0PQR9TV  through  the  extre- 
mities of  all  the  ordinates.     This  will  be  the  exponential 
of  the  action  of  the  particle  AI  on  an  atom  placed  any 
where  in  the  line  BcB'. 

We  see  that  this  line  of  action  differs  most  remarkably 
from  that  of  a  single  atom.  It  has  indeed,  like  the  single 
atom,  many  alternations  of  attraction  and  repulsion.  But 
instead  of.  an  insuperable  repulsion  at  the  greatest  vici- 
nity, we  see  that  the  repulsion  changes,  at  6,  to  attrac- 
tion, which  coatinues  all  Ujte  way  to  the  centre,  and  that 
in  the  very  centre  C  there  is  no  force,  either  attractive  or 
repulsive.     3uch  a  partide^  therefore^  will  be  easily  pe« 


netrable,  Chough  composed  of  atoms  exertiiig  an  insuper- 
able repubion. 

It  is  scarcelj  necessary  to  adv^ertise  the  reader  that  the 
exponential  curve  extends  on  both  sides  of  the  line  A^Iy 
and  that  the  attractire  and  repalsive  branches  bdow  C  are 
on  the  opposite  sides  of  B  C  and  B'  C.  Thus  6HI  and 
G^tlT  are  repulsire  branches.  Observe  also  that  ill 
the  branches  on  the  right  hand  of  B  C  B'  express  a  fbree 
which  produces  a  motion  of  the  third  atom  in  the  direc* 
lion  BB',  and  all  those  on  the  left  hand  express  forcet 
w^ch  produce  a  motion  in  the  direction  B'B. 

It  b  not  unworthjr  of  remark  that  our  particle  AI 
greatljr  resembles  a  magnet  in  its  action*  For  it  has  beea 
already  observed  that  this  particular  ccnstruction  of  the 
partide  renders  it  almost  inactive  on  an  atom  placed  ia 
the  line  AI,  while  it  acts  very  sensibly  on  an  atom  placed 
in  the  line  BB'.  In  like  manner  a  magnet  acts  strimgly 
in  the  direction  of  its  poles,  and  is  without  action  in  the 
direction  of  its  equator.  Moreover^  since  we  observe 
that  a  parcet  of  small  magnets,  or  of  magnetical  frag- 
ments  of  iron,  floating  on  quidcsilver,  have  a  disposition 
to  cluster  together  in  a  particular  way,  rather  than  in  any 
other ;  and  since  this  arises  from  that  difference  in  action 
which  we  call  polarity,  we  must  ascribe  similar  tendencies 
to  a  collection  of  particles  constituted  like  AI.  They  will 
possess  polarity,  and  will  cluster  together  in  one  way  in 
preference  to  all  others.  Keeping  this  in  mind  will 
greatly  aid  us  in  conceiving  some  of  the  hidden  operations 
of  nature. 

880.  Il^us  then  we  see  that,  even  in  thb  simplest 
constitution  that  can  be  imagined  for  a  particle,  the  ac- 
tioli  on  another  atom  is  susceptible  of  great  variety,  by 
the  mere  difference  of  position  and  distance  between  the 
two  component  atoms.  But  it  must  be  fartlier  remarked, 
that  all  these  differences  of  action  on  a  third  atom  are 
confined  to  the  small  and  insensible  distances  which  lie 
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witkin  the  lunits  of  physical  contact  At  aU  coAsidiBraUo 
dbtances,  we  skaB  find  nothing  but  the  action  of  gravit** 
tion,  inversely  proportional  to  the  square  of  the  distances,, 
and  aho  proportsooal  to  the  nnmber  of  atoms  which  com- 
pose  the  acting  particle.  This  will  easily  appear,  wlieia 
we  cdnmder  the  primitive  expone^ial  curve  with  a  little 
attention.  The  whole  distance  AB  (fig*  !•)  does  not 
exceed  the  thousandth  part  of  an  inch.  Therefore  sup^r 
posing  A  and  R  to  be  the  component  atoms,  (which  con- 
stitatiMi  of  the  particle  will  occasion  the  greatest  possiU» 
shifting^  of  the  exponential  curve),  then,  even  at  the 
distance  of  only  a  quarter  of  an  inch  from  the  partid^ 
the  sum  of  the  ordiaatea  of  the  two  curves  will  not  difier 
one  part  in  five  hundred  from  the  double  of  either ;  and 
at  the  distance  of  an  inch,  will  not  differ  one  part  in  st 
hundred  thousand.  Therefore,  at  all  sensible  distances, 
we  may  conclude  that  the  forces  are  in  the  inverse  dupU- 
cate  ratio  of  the  distances  from*  the  middle  of  the  particle, 
and  are  douUe  of  the  force  tending  to  either  of  the  com- 
ponent atoms.  The  slightest  consideration  will  shew  lif 
that  this  is^  equally  true  of  a  partiple  composed  of  any 
number  of  atoms,  the  partide  itadf  being  of  insensible 
magnitude.  Its  action  on  a  distant  atom  will  be  inverselyr 
aa  the  square  of  the  dbtance,  ap4  proportional,  to  tha 
number  of  atoms  in  the  particle. 

281.  This  is  equally,  and  even  mor^  accurately,  tma 
of  its  action  on  an  atom  situated  in  the  line  BB'  of 
fig*  3.  For,  if  we  take  even  so  small  a  distance  as  CB, 
which  is  within  the  Umits  of  physical  contact,  the  disr 
tances  AB  IB  differ  Yerj  little  from  CR.  It  is  sureljr 
unnecessary  to  insist  longer  on  what  is  ao  {dain. 

From  these  coasideratioBa,  we  see  that  aH  the  varietien 
in  tiie  law  of  corpuscular  action  will  be  observed  only  19 
the  small  and  insensible  distances  which  lie  within  the 
limits  of  physical  contact^  while  the  masses  of  matter 
consisti^  of  the  atoms  so  combined  will  eidiifait,  in  aU 
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sensible  distances,  the  attraction  of  graritatioa,  propor^' 
tional  to  the  number  of  atoms,  that  is,  to  the  quantity  of 
matter  in  the  mass. 

*  882.  We  have  hitherto  eonsidered  only  such  partidet' 
as  consist  of  two  atoms.  Bat  it  is  evident  that,  if  the 
three  si^des  of  a  triangle  are  respectively  equal  to  three 
limits  of  cohesion,  and  if  an  atom  be  placed  in  each  of  • 
the  three  angles,  they  will  be  in  a  state  of  indifferenoe  or 
inactivity,  in  respect  of  one  another.  If  one  of  these 
atoms  be  moved  a  little  away  from  the  other  two,  this^ 
increase  of  distance  will  be  the  occasion  of  attractive 
forces  exerted  mutually  between  them,  so  that  the  other 
two  will  be  drawn  after  it  Or,  if  the  atom  be  pushed 
towards  the  other  two, « so  as  to  lessen  its  distance  from 
them,  repulsive  forces  are  exerted,  and  the  two  remote 
atoms  will  also  be  pushed  away.  This  is  surely  the  cha» 
racter  of  a  particle.  But  we  must  examine  this  connec- 
tion more  particularly. 

We  have  already  seen  that  if  an  atom  be  placed  in  the 
point  II  of  the  line  BB',  fig.  a,  it  is  attracted  by  the  particle 
AI  with  a  force  u  y,  and  that  if  placed  in  z,  it  is  repelled 
with  the  force  z  t\  In  either  case,  therefore,  it  is  impelled 
towards  the  situation  N,  where  its  distances  NA  or  NI  is 
the  same  with  NA  of  the  primitive  exponential,  fig.  1.  This 
happens,  not  only  when  the  atom  is  drawn  away  from  its 
quiescent  situation  N  in  the  direction  NB,  or  pushed  in 
the  opposite  direction  NC,  but  also,  when  reinoved  from 
N  in  any  direction.  Thus,  in  fig.  4.  let  the  third  atom 
be  drawn  laterally  from  N,  into  the  situation  n.  By  this 
removal,  it  is  drawn  a  little  farther  from  th^  component 
atom  A.  It  b  therefore  attracted  by  it,  we  may  suppose 
with  the  force  n  o.  By  the  same  removal,  it  is  brought 
a  little  nearer  to  the  atom  I.  It  is  therefore  repelled  by 
it,  suppose  with  the  force  np.  By  the  joint  action  of  the 
forces  n  o  and  n  p,  the  atom  is  impelled  in  the  direction 
nqf  and  made  to  approach  its  quiescent  situation  N.     It 
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requires  a  force  9  n  to  keep  it  in  n,  (A  and  I  being  sup- 
posed to  be  held  fast  by  some  means  in  their  places)  and 
when  this  force  is  withdrawn,  it  returns  to  N. 

Thus  we  see  that  A,  I,  and  N,  will  compose  a  particl6» 
having  both  length  and  breadth,  and  that  it  retains  both 
its  bulk  and  its  shape  with  a  certain  force.  It  has  all  the 
characters  of  a  particle.  It  is  surely  needless  to  shew 
that  all  these  things  are  true,  although  the  form  of  the 
particle  be  not  that  of  an  isosceles  triangle.  All  the  rea- 
soning would  have  been  the  same,  although  one  side  had 
been  AI  of  the  primitive  curve,  fig.  1.  another  AN,  and  the 
third  AB.  All  that  is  required  is  that  the  three  sides  of 
the  triangle  be  limits  of  cohesion. 

283.  It  is  of  particular  importance  to  attend  to  the  late- 
ral force  n  9  exerted  by  the  atom  N,  fig.  4.  when  it  is  drawn 
a  little  aside  from  the  line  NC  joining  it  with  the  centre 
of  the  particle  AI.  This  circumstance  gives  us  a  clear 
notion  how  a  number  of  atoms  may  be  disposed  and  com- 
bined so  as  to  compose  a  material  surface.  For,  if  they 
be  all  placed  symmetrically,  in  the  angles  of  triangles,  so 
that  each  atom  may  be  in  a  limit  of  cohesion  with  its  ad« 
joining  atoms,  as  is  represented  by  the  points  in  fig.  5. 
such  an  assemblage  will  form  a  sort  of  material  surface. 
If  the  atoms  in  the  line  AB  ard  held  fast  in  their  places, 
and  a  small  force  be  applied  to  the  atom  CD,  tending  to 
urge  them  towards  £,  it  is  plain  that  this  must  excite 
the  corpuscular  forces  inherent  in  the  atoms.  Those  in 
the  side  DB  will  be  compressed,  and  will  exert  repulsive 
forces,  while  those  in  the  side  CA  will  be  drawn  farther 
from  each  other,  and  will  exert  attractive  forces.  We 
shall  have  a  very  distinct  and  a  very  just  notion  of  this 
mechanism  by  supposing  all  those  atoms  to  be  connected 
by  slender  elastic  spiral  wires  like  corkscrews.  Urge  any 
one  atom  nearer  to  another,  and  we  compress  the  inter- 
posed spring.  It  resists,  and  when  we  withdraw  the 
compressing  force^  it  unbends,  and  pushes  the  atom  to  ita 
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former  dUtasoe.    If  w«  draw  aa  atom  farther  from  ka 
neighboyr,  the  intervening  springy  being  stretched,  exert* 
a  contractile  foreei  which  will,  in  like  manneri,  bring  the 
a^om  back  to  it«  natural  quiescent  position.    A  little  at- 
tention to  tbb,  (for  without  attention  nothing  can  bo 
learned)  will  m^k^  it  e^rident  that  the  flexion  which  tht 
e](ternal  force  produces  on  the  bodies  so  conneeted,  wd  * 
the  resvitance  opposed  by  the  bodies  when  thus  bwt^ 
and  the  reeovevjr  of  the.  original  form  when  the  externa) 
Ibree  is  withdrawn,  all  proc^d  frop  the  eiasticily  of  th^ 
oooneeting  wires.    This  elastic  action  obtains  whencfer 
i|  spring  is  compressed  or  stretched,  (u$d  not  otherwiM.    la 
like  manner,  the  inherent  corpuscular  forces  must  be  ea^i^ 
eritdf  or  an  opportunity  must  he  given  for  their  exertion. 
This  is  done  by  changing  the  natural  distances  of  the 
^ms,  in  which  they  exert  no  force,  for  greater  or 
wualler  distances,  iq  which  they  exert  attractive  or  re? 
pulsive  forces.    And  we  easily  perceive  that  this  esdta- 
iion  of  the  atonjiical  forces  takes  place  over  the  whok  otscii 
Iflage.  For,  when  D  ig.  5.  is  pulled  in  the  direction  DE,  it 
drawn  away  from  C,  and  is  pressed  a  little  towards  1. 
Therefore  1  resists,  and  is  at  the  same  time  pressed  to- 
wards  4.    This  side,  therefore^  becosnes  a  sort  of  fulcrum 
or  prop,  by  means  of  the  eierted  repulsions.    C  is  drawa 
after  D,  and  therefore  h  aeparated  from  3,  and  attraction 
is  excited  between  C  and  ^.    The  atom  3  is  thus  drawn 
away  from  5,  and  attraction  is  exerted  between  them,  by 
which  5  ii  drawn  away  from  A.    And  thus  all  the  atomi 
09  the  side  DB  are  in  a  state  of  compression,  exerting 
repulsive  forces,  while  those  on  the  side  CA  are  stretched, 
and  exerting  attractive  forces.     We  need  only  consider 
what  spiral  wires  wouU  be  in  a  state  of  extension,  and 
what  in  a  state  of  compression ;  and  we  may  be  assured 
that  they  are  exerting  forces  precisely  similar  to  the 
ntomicid  forces  in  the  theory  of  Boscovicb. 

r"   ^  •  . 
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Before  quitting  the  subjeci:  of  the  material  surface^ 
there  remataa  another  important  observatioOi 

8M.    Let  A  and  B  (6g.  &)  be  two  atoms.    The 
circles  described  round  them  as  centres  with  a  full  line^ 
are  supposed  to  have  limits  of  cohesion  for  the  radii. 
The  dotted  circles  have  for  their  radii  limits  of  dissolu* 
tion.     Therefore  an  atom  in  C  will  remain  there.     So 
wili  an  atom  in  N,  D^  E^  G,  F,  K>  or  M.     Suppose  N 
drawn  towards  a,  it  tends  to  cpme  back  to  N.    For  if  it 
be  sitnated  in  any  part  of  the  little  quadrangle  between 
N  and  a,  it  is  attracted^  both  by  A  and  b;  B.    In  lik|e 
manner,  if  it  be  in  any  part  of  the  quadrangle  ^tween  N 
and  b,  it  is  attracted  by  Ay  and  repdled  by  B^  8^4  there- 
fore tends  towards  N.    In  s^ort,  into  whichever  of  the 
four  quadrangles  round  N  it  be  taken,  the  combined  ac- 
tion of  A  and  P  lend  to  urge  it  towfurfis  N» 
.  The  atom  will  also  remain  at  rest  in  a,  ^  c,  d|  f,  ^  of 
g.    Suppose  a  to  be  drawn  into  any  of  the  quadrangle^ 
which  surround  it,  for  exainple,  into  the  quadrangle  aC^ 
it  is  repeUed  both  by  A  and  B«    Therefore 'it  yfUl  no( 
retnm  to  a,  but  will  immediately  go  to  C.    If  it  he  taken 
iiito  the  quadrangle  (z  N,  then,  being  attracted  by  A  and 
B,  it  wiU  immediately  go  to  N.    If  taken  into  the  qua- 
drangle o  D,  being  attrapted  by  A  and  repeHed  by  B,  it 
will  go  to  p.    )f  taken  into"  the  quadrangle  a  £,  it  i^ 
attracted  by  B  and  repelled  by  A,  and  will  go  to  E.    In 
like  manner,  an  atom  placed  in  ^  or  in  c,  or  in  ^  if  dis* 
turbed  in  the  smallest  d^gree^  will  iminedialely  leave  tha( 
position,  and  will  settle  in  one  c^f  the  neighbQuciog  inter? 
sections  of  limits  of  cohesion. 

Thus  it  appears  that  in  all  the  intersectiotts  of  the  full 
circles  the  third  atom  will  combine  with  the  other  two^ 
and  compose  a  partide  of  tiiree  atoms,  having  a  bulk  and 
shape  which  resist  a  modecate  changing  force.  But  aa 
atom  situated  in  any  interval  of  the  dotted  circles  cannot 
form  a  particle,  but  will  be  forced  by  the  smallest  dis- 
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turbing  force  to  alter  its  situation,  and  assume  anotheTy 
in  which  it  may  compose  a  permanent  particle.  It  is 
evident  that  if  the  atoms  A  and  B  have  many  limits  of 
cohesion  intervening,  the  number  of  intersections,  such  as- 
C,  D,  E,  N,  &c.  must  be  very  great,  &nd  therefore  the 
particle  of  three  atoms  is  susceptible  of  a  great  variety  of 
forms. 

After  shewing  how  two  atoms  may  compose  the  sim- 
plest  particle  that  is  possible,  it  was  shewn  that  the  law 
of  action  of  this  particle  on  a  third  atom  is  extremely 
different  from  the  primitive  law  which  characterises  an 
atom  of  matter,  and  that  it  was  susceptible  of  a  great  va- 
riety. We  might  now  proceed  to  shew  that  the  action 
of  a  particle  consisting  of  three  atoms  differs  from  both, 
And  is  susceptible  of  much  greater  variety.  But  this  is 
so  evident,  and  the  detail  of  the  differences  would  be  so 
tedious  and  complicated,  without  terminating  in  any  thing 
very  general,  and  at  the  same  time  precise,  that  it  is  bet- 
ter to  abstain  from  the  discussion,  and  to  proceed  to 
something  that  will  bring  us  more  speedily  to  a  corres- 
pondence with  our  observation  of  the  phenomena  of  tan- 
gible matter. 

285.  Therefore,  we  shall  end  the  whole  of  this  elemen- 
tary part  of  Boscovich^s  theory,  by  shewing  how  it  will 
account  for  the  appearance  and  sensible  qualities  of  a 
mass  of  ttogible  matter.  The  attentive  reader  must  have 
in  some  measure  guessed  at  this  already.  Suppose  the 
thr^e  atoms  A,  B,  C,  (fig.  7.)  placed  in  limits  of  cohe-^ 
sion,  composing  a  particle,  having  both  length  dnd 
breadth.  To  make  the  case  as  simple  as  possible,  let  ABj 
BC,  and  CD,  be  all  equal.  We  can  now  suppose  a  fourth 
atom  D,  above  the  plane  ABC,  and  so  situated  as  to  be 
in  limits  of  cohesion  with  each  of  the  other  three  atoms. 
We  may  still  take  the  most  simple  case  possible,  and  sup- 
pose each  of  the  triangles  ADB,  BDC,  CDA,  to  be  equi- 
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lateral,  ancf  the  #hoIe  to  be  sides  of  a  regular  tetrahedron' 
or  triangular  pyramid. 

Here  we  hare  a  particle  having  length,  breadth,  and 
thickness,  fit  for  being  a  particle  of  tangible  matter.  It 
is  now  evident  that  in  the  same  manner  that  a  surface  was 
constituted  in  fig.  5,  a  mass  of  any  size  and  shape,  hav- 
ing  length,  breadth,  and  thickness,  may  be  composed  of 
atoms,  all  arranged  in  this  way,  each  being  in  the  angle 
of  a  regular  tetrahedron.  This  would  be  a  mass  perfectly' 
homogeneous.  It  will  have  a  certain  degree  of  firmness ; 
that  is,  it  will  resist  a  certain  compressing  or  dilating 
force,  on  the  withdrawing  of  which  it  will  recover  its  na-*' 
tural  bulk  and  shape ;  of  it  may  not  be  perfectly  homoge* 
neous,  if  the  tetrahedrons  are  not  all  regular,  yet  still  hav- 
ing their  angles  situated  in  limits  of  cohesion  with  each  of 
the  adjoining  angles,  or  rather  with  the  atoms  situated  in' 
them ;  or  the  atoms  may  be  in  the  angles  of  cubes,  qr  in- 
deed of  any  figures  whose  sides  are  limits  of  cohesion.  It 
is  plains  that  if  the  distances  between  these  atoms  be  so 
small  as  altogether  to  escape  our  observation,  the  assem- 
blage will  appear  a  continuous  uninterrupted  body.  It 
will  have  the  mechanical  properties  that  we  perceive' in 
all  bodies.  It  will  gravitate  in  proportion  to  the  numbei:^ 
of  atoms  contained  in  it,  that  is,  in  proportion  to  its  quan- 
tity of  matter.  It  will  exhibit  all  the  appearances  of  co- 
herent matter,  because  when  brought  near  enough  to 
another  such  collection  of  atoms,  the  nearest  atoms  of 
each  will  act  on  each  other  with  that  repulsion  which  is 
seen  between  the  object  glasses,  producing  sensible  con-< 
tact  and  pressure.  One  part  of  it  being  impelled,  the 
whole  will  be  put  in  niotion,  because  the  particles  imme- 
diately impelled  cannot  move  without  either  coming 
nearer  to  the  others,  or  separating  farther  from  them: 
Either  of  these  events  are  the  occasion  of  corpuscular 
forces  being  excited  among  the  particles ;  and  those  must 
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produee  motioir.  We  sbftU  afterwards  see,  wkli  emtf^^eto 
evidence,  thai  Uiey  must  produce  the  vary  mofuMw  thalt  tec 
fiiierve.  We  wiH  be  greatly  aMiUed  in  our  co«ctpCkmi 
pr  all  this  mternal  and  unseen  meehaniam  by  still  conip«>* 
ipg  this  assemblage  of  atoms,  connected  by  attracting  asA 
repelling  forces^  with  a  number  of  bodies  conaecled  fay 
^iral  elastic  wires.  We  may  suppose  those  bodies  (s(» 
many  balls)  antmged  in  the  angles  of  regular  or  irregular 
solids,  till  they  form  a  cluster  of  any  size  and  shape. 
This  may  be  considered  as  a  piagnified  representation  ol 
the  piece  of  tangible  matter.  A  small  bit  of  the  piih  of 
elder,  when  viewed  through  a  microscope,  will  give  us  • 
yery  good  notion  of  this  structiire.  It  consists  of  a  mui- 
ber  of  do4ecaedrons,  the  sides  of  which  are  so  thin  ^ 
scarcely  ti^  be  visible ;  and  there  is  in  each  angle  a  Uttle 
luioty  connected  with  its  neighbouring  knots  by  visible 
threads,  which  strengthen  the  angles  of  the  planes.  The 
whole  is  a  piece  pf  beautiful  cage-work.  The  knots  are 
analogous  to  our  atoms,  and  the  connecting  threads  and 
films,  being  eUstic,  exer(  coaUactiI<9  or  protrusive  forces^ 
according  as  they  are  stretched  or  compressed. 

Such  a  structure  wiU  He  on  the  table,  will  carry  another, 
and  be  compressed  a  little  by  the  weight.  Such  a  cdiee- 
tion  will  be  aaoved  by  another  hitting  it,  and  the  motioiai 
of  the  parts  remote  ftons  the  part  that  is  hit  is  efiected 
solely  by  the  elasticity  of  the  connecting  springs,  and  this 
elasticity  is  excited  by  the  compression  or  dilatation  of 
the  whole  structure.  The  sin^ilitude  in  mechanic  action 
is  very  accurate, 

286.  It  is  net  necessary  to  prosecute  the  theory  of  Mr 
BosGOvich  much  farther.  It  is  very  evident  that  what  we 
have  said  of  a  mass  composed  of  atoms  acting  on  each 
other  is  equally  af^liedUe  to  a  mass  consiating  of  particles 
isomposed  of  such  atoms^  Sach  particles  act  on  each  other 
fs  the  atoms  do,  but  the  law  of  action,  thai  is,  the  change 
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of  force  bj  a  diange  of  distance,  must  be  reiy  di(rereiit4 
Still,  however,  the  general  ostensible  results  will  be  simi- 
lar ;  and,  since  all  the  actions  are  ultimately  derived  from 
the  atomical  fcnrces,  and  arise  from  their  combination,  the 
actions  of  diflferent  particles  must  depend  entirely  on  the 
manner  in  which  their  atoms  are  situated  in  respect  qf 
each  other.  Therefore,  there  may,  and  there  must,  be  an 
almost  infinite  variety  in  the  manner  of  acting  of  diil^rent 
substances,  according  to  the  rtructure  of  the  particles; 
and  all  those  diiferences  will  be  confined  to  the  small  and 
insensible  distances  in  which  the  atoms  and  particles  are 
situated,  while  in  all  sensiUe  distances  we  shall  see  no* 
thing  but  the  attraction  of  gravitation  j^portional  to  the 
quantities  of  matter.  The  phenomena  of  tolid  and  Iiqui4 
cohesion,  with  all  its  varieties  of  softness,  hardness,  ducti- 
lity, viscidity,  and  perfect  fluidity,  must  arise  fronvthe 
different  manner  in  which  the  atoms  are  arranged  in  form^ . 
ing  a  particle.  Thus,  if  they  are  so  arranged  that  the  ae^ 
tion  of  a  particle  is  the  same  in  every  direction,  varying 
enly  with  a  variation  of  distance,  and  of  any  degree  of  in- 
tensity, however  great,  the  situation  of  one  particle  among 
the  rest  must  be  perfectly  indifierent;  and  this  assem- 
bli^e  will  have  the  ostensible  qualities  of  a  fluid.  But  if 
the  iM^ion  of  a  particle  is  greater  in  one  part  tlian  in 
another,  or  greater  in  one  direction  than  in  another,  such 
particles  will  not  take  oiiy  situation,  antong  the  others  in- 
differently. They  will  coalesce  in  one  way  rather  than 
another,  just  as  we  observe  «  parcel  of  small  magnets 
floating  on  quicksilver  to  do.  These  will  not  clurter  to- 
gether ezoqpt  in  tbeir  own  way.  Such  particles  will  bafve 
«  s^t  of  polanty.  l%is  constitution^  ta  a  greater  or  less 
degree,  must  be  supposed  in  the  particles  of  ail  solid,  and 
in  a  still  smaller  degree  in  viscid  fluid  bodies.  The  no« 
tions  which  the  preceding  cRnervatioas  enable  a  reflecting 
mind  to  form  of  the  construction  of  particles,  point  out 
tUs  as  likely  to  be  the  most  geaetal  constitutira  of  tangi* 
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\Ae  matter ;  that  is  to  say,  the  number  of  particles  wUcK 
act  equally  in  every  direction,  is  not  probably  so  great  as 
that  of  particles  having  inequalities  of  action  on  the  dif- 
ferent sides.  For  a  certain  determinaie  arrangement  of 
atoms  is  necessary  for  the  first,  whereas  the  possible  ar- 
rangements exceed  all  numeration.  Perfect  fluidity,  thcre^ 
fore,  devoid  of  all  viscidity,  will  be  comparatively  rare» 
and  the  varieties  of  viscid,'  soft,  and  firm  cohesion  will  Jie, 
very  great.  All  this  is  agreeable  to  what  we  observe^ 
•  287.  It  seems  to  result  from  the  preceding  observatiom^ 
that  all  bodies  should  be  perfectly  elastic.  For,  when  a 
particle  AI  (fig.  1.)  is  compressed,  and  the  compressing 
force  -suddenly  withdrawn ^  the  atom  I,  which  was  com* 
pressed  to  some  point  between  I  and  G,  will  immediately 
fly  back  to  I  with  an  accelerated  motion ;  and  therefore 
will  not  stop  there^  but  will  pass  on  towards  Lj  till  its 
motion  is  gradually  reduced  to  nothing  by  the  attraction 
of  A.  It  will  come  back  to  I  with  an  accelerated  motion,, 
pass  it  as  far  as  before^  and  thus  will  oscillate  for  ever  on 
each  side  of  I^  and  the  whole  particles  will  be  made  tQ 
vibrate. 

But  we  hdve  seen  that  if  the  disturbing  force  exceed  a 
certain  moderate  quantity,  the  particle  will  not  return  to 
I  but  may  go  to  E  or  to  N,  fig.  1.  And  we  have  seen  (284) 
that  when  the  limits  of  cohesion  and  dissolution  are  very 
numerous,  the  situations  in  which  a  third  atom  may  rest 
in  relation  to  a  particle  consisting  of  no  more  than  two 
.atoms,  are  still  more  numerous.  Now,  when  we  consider 
a  body  as  composed  of  particles^  each  of  which  contains 
many  atoms,  it  is  evident  that  the  situations  where  a  par- 
ticle may  be  at  rest,  are  increased  in  number  beyond  all 
power  of  calculatioti. 

288.  What  should  be  the  ostensible  effect  of  this  con- 
stitution? If  we  examine  the  motion  of  the  particles 
by  the  methods  laid  down  in  dynamics,  we  shall  find 
.that  all  bodies,  when  dilated  or  compressed,  by  very  small 
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forces,  should  recover  their  form  like  perFectly  elastic 
bodies.  But  if  the  disturbing  force  has  exceeded  a  cer- 
tain quantitj,  which  may  be  very  diflTerent  in  different 
constructions  of  the  particles,  the  restituent  force  must  be 
less  than  the  changing  force— the  form  will  not  be  com- 
pletely restored,  and  the  bodies  must  appear  imperfectly 
elastic ;  and  the  sensible  elasticity  will  be  so  much  the 
less  as  the  particle  has  been  forced  over  a  greater  number 
of  limits ;  because  it  will  only  return  to  the  lefl  of  those 
it  has  passed  over. 

This  is  a  consequence  of  the  theory  that  is  confirmed 
by  the  most  extensive  experience.  Mr  Coulomb  was  en- 
gaged (for  a  particular  purpose)  in  a  series  of  experiments 
on  the  oscillations  of  springs,  particularly  of  twisted  wires. 
He  suspended  a  nicely  turned  ball  or  cylinder  by  a  wire  of 
a  certain  length,  and  fitted  it  with  an  index,  which  pointed 
out  the  degrees  of  the  torsion.  He  found  that  when  a 
wire  of  20  inches  long  was  twisted  ten  times,  the  index 
returned  to  its  primitive  position,  if  repeated  a  thousand 
times,  and  the  oscillations  were  made  in  equal  times^ 
whether  wide  or  narrow.  But  if  it  was  twisted  eleven 
times,  the  index  did  not  return  to  its  first  place,  but  want- 
ed nearly  a  whole  turn  of  it.  Hefe  then  the  parts  of  the 
wire  had  taken  new  relative  positions,  in  which  they 
were  again  at  rest.  But  what  was  most  remarkable  in 
Coulomb's  experiments  was  this.  He  found  that  after  the 
wire  had  taken  this  set,  (as  it  is  termed  by  the  artisans) 
it  exhibited  the  same  elasticity  as  beibre.  It  allofred  a 
torsion  of  ten  turns,  and  when  let  go,  it  returned)  and 
after  its  oscillations  were  finished,  it  rested  in  the  posi- 
tion from  which  it  had  been,  taken.  1  was  much  struck 
with  this  experiment,  and  immediately  repeated  it  on  a 
great  variety  of  substances,  with  the  same  result.  The 
most  unelastic  substance  that  I  know  is  soft  clay«  I  got 
a  thread  made  of  fine  clay  at  a  pottery,  by  forcing  it 
through  a  syringe.     It  was  about  j^jth  of  an  inch  in  dia- 
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meter,  and  eleven  feet  long.  While  quite  Msfl,  (and 
smeared  with  olire  oil,  to  prevent  its  stiflening  hj 
the  evaporation  of  its  moisture,)  I  fastened  it  to  thfe 
ceiling,  and  fixed  a  small  weight  and  an  index  to  its 
lower  end.  I  found  that  it  made  54  tniiis  a  hnnidiU 
limes  and  more,  without  the  smallest  diminution  of  ilk 
elasticitj,  always  recovering  its  first  position.  But  when 
I  gave  it  seven  turns,  it  returned  only  5^.  Thus  it 
took  a  set.  In  this  new  arrangement  of  its  parts,  I  found 
that  it  again»bore  a  twist  o(  5^  turns  without  taking  any 
new  set.  And  I  repeated  this  several  times.  I  then  gave 
it  ten  turns,  in  the  same  durection  with  the  first  seven. 
It  returned  5|  as  before,  and  was  again  perfectly  elastic 
within  this  limit. 

I  Uierefore  look  iipon  this  consequence  of  Boscbvich^i 
theory  as  perfectly  agreeable  to  what  we  observe  in  tan- 
gible matter.  Mr  Coulomb  infers  from  his  experiments 
that  the  ultimate  particles  of  bodies  are  perfectly  elastic, 
and  that  the  imperfect  elasticity  that  we  observe  is  owing 
to  the  particles  shifting  their  positions  when  forced  too 
far  from  their  present  situations.  This  is  a  very  fami- 
liar and  easy  way  of  conceiving  it,  and  it  is  very  evident- 
ly the  case  in  such  a  body  as  clay,  which  we  can  twist  and 
force  into  any  mutual  position  of  its  parts.  But  this  perfect 
elasticity  of  the  ultimate  partides  can  be  conceived  in  no 
othei^  way  than  that  described  by  Boscovich.  I  may  add 
that  Coulomb  is  probably  right  in  ascribing  the  shifting 
of  position  sokly  to  the  partielesy  and  not  to  the  atoms  of 
which  they  are  composed.  For  if  the  atoms  of  a  particle 
shift  their  places  in  the  particle,  the  nature  and  manner 
of  acting  of  that  particle  will  be  changed.  It  is  also  a 
icmmuindAt  consequence  of  Boscovich^s  theory,  that  the 
fbrees  which  resist  a  change  of  position  among  the  atoms, 
must  bf  incomparably  greater  than  the  similar  forces  of 
the  parUdes;   and  also  that  the  number  of   quiescent 
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ftiiuutions  for  partidefl  mUst  be  iocomporaU j.  greater  tbaa 
for  the  atooK  of  a  particle. 

289.  Another  appearance  of  tangible  matter  sLewu  a 
9I09C  encoiunagiag  cot^fiaiaity  to  the  theory.  When 
bodies  are  verjr  moderately-  oorapresiaec)  or  ilUated,  ther 
forcee  employed  are  prepoftioniil  to  tfie  c^paoge  of  Cutanea 
between  the  partielei-  Tlus  appearf  wmI  exactly  tru9 
in  the  experinnientA  of  t)r  Hoofce»  on  wbidi  be.  f^iinded  lii$ 
theory  of  springs,  eiqnnessed  in  the  phrase  ut  ptnm  ^ic  vis, 
and  Iris  noUe  impra? emeat  of  pocket  watches  by  apply- 
ing a  fl|>tral  spring  to  the  ^s  of  the  balance*  w)ucb> .  by 
Us  bendifig  and  vnbending,  produced  a  force  prapartiooa) 
to  the  angle  of  the  oscillations^  and  therefore  made  them 
isochronous,  whether  wide  or  ncnrrow.  It  is  also  c6nfirm- 
ed  by  the  experimeoti  of  Coalomb  on  twisted  wires  ;  an  j 
|>y  the  form  of  the  elastic  curve,  as  determined  by  Ber« 
Aoulii,  on  the  supp^tipn  t^at  the  foroes  ^ith  which  the 
parttdes  attracted  ^^od  repelled  .each  other  are  proportion^ 
Jto  their  removal  tram  their  natural^  qaiescent  positions. 
JBut  it  is  found  that  when  the  compression  or  dilatatbn 
is  too  noich  increasedt  the  i^sistaoce  does  not  increase  so 
fast ;  that  it  comes  to  a  maxjuuum  by  still  increasing  the 
.strain,  then  decreases^  and  the  body  takes  a  great  s^  or 
lireaks.  All  this  is  perfectly  analogous  to  the  for<:e8.ex- 
.p^^ssed  by  tlie  ordinates  of  our  exponential  curve.  In  the 
•inimediarte  •vicinity  of  |he  limits  jpf  cohesion^  the  ordi- 
•nates  increase  nearly  in  the  ratio  of  the  abscisss^i  then  they 
increase  more  slowly,  eome  to  a  maximum,  decrease  agai^^ 
tiU  we  co^Ae  to  a  iOa^t  of  dissolution. 
..  I  bav-e  iMKw  said  enough,  I  think^  for  giving  a  pMty 
^distinct  notion  x>f  this  theory,  and  its  oovypetency  to.  ex- 
. plain  miH»y  of  the  ipeAaoicial  phenomaiiacf  nature^  Tbe 
.  curiouib  etiMettt  wUl  ooit  pontest  himself  with  this  s\ig\it 
sketch,  but  will  go  tatjifi  wqr]^  itself^  There  he  ^riU  find 
•  a  most  ingenious  appUcatyiin  ^  these  ,princti[^es  to  ttie.e^- 
.planatioa  of  man^  abstruse  and  curious  phenomena^  spine 
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of  which  taem  to  throtr  ansannimBUble  ohtotlH  in 
waj.    Nothing  cui  leem  more  difficalt  to  rrplmi  this 
Uie  bte  passage  of  light 

The  observations  whidi  have  occapied  our  alleiitias 
are  onlj  such  as  relate  to  the  more  obrioos  raeehaaieal 
changes  of  condition  fntMlooed  bj  the  mntual  action  of 
liodies.  Mr  Bosoorich^s  notion  of  the  impeoetrabiKtj  of 
the  msiigi  are  rerj  curious,  but  are  omitted,  aa  not  of 
much  serrice  in  our  particular  riews. 

890.  I  maj  end  this  exhibition  bj  saying,  that  it  is 
realij  wonderful  how  fertile  this  theory  appears  wiien  we 
qpfd J  it  to  the  explanation  of  physical  phenomena.    AM 

masses  will  ha?e  gravity  proportional  to  —,  and  propor- 

tlonal  to  the  quantity  of  matter  in  the  mass  toward  which 
it  is  directed.  So  that  on  the  surface  of  this  earth,  gold 
and  a  feather  will  fall  equally  fast ;  and  the  pressure  which 
we  call  thu  weight  will  be  (sensibly)  as  their  quantity  of 
matter ;  and  (whlbh  is  of  prime  importance)  all  the  me- 
chanical actions,  contemplated  merely  as  changes  of  mo- 
tion, will  be  mutual,  equal,  and  opposite.  But,  in  all  the 
properties  which  depend  on  the  small  insensible  distances, 
such  as  those  in  which  light  is  reflected,  refracted,  or  deflect- 
ed, the  distances  at  which  our  fibres  are  stimulated  mechani- 
cally, those  of  the  palate  for  taste,  those  of  the  nostrils 
for  smell,  those  of  the  ear  for  sound,  those  of  the  eye  (or 
irition,-^he  distance  at  which  the  particles  of  the  air  are 
exerted  to  tremor,  and  rest  on  each  other  so  as  to  propa- 
gate this  tremor— the  distance  at  which  the  nerves  of  our 
akin  are  stimulated  by  roughness*-the  distance  at  which 
cohesions  are  effected  in  all  their  varieties — the  distance  at 
which  secretions,  fermentations,  solutions,  precipitations— 
the  action  and  polarity  of  particles  which  operate  in  crys- 
tallisations, and  all  the  wonders  of  chemistry  which  dis- 
tinguish the  different  kinds  of  substances, — in  all  these 
'  distances  there  must  be  a  diversity^  fully  adequate  to  ac- 
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count  for  dit  the  variety  observed  in  tbe  itorld.  Tbere 
does  not  appear  the  smallest  necessity  for  supposing  that 
any  on^  primary  atom  of  matter  differs  in  any  respect 
whatever  from  every  other  atom.  One  and  the  same  curve 
line  is  the  exponential  of  the  force  of  every  atom.  Not  only 
does  no  other  seem  necessary j  notwithstanding  the  immense 
variety  that  we  observe,  but  it  would  seem  that  there  can- 
not be  another.  It  would  not  be  agreeable  to  the  universal 
fact  of  action  and  reaction«-<«  fact  to  which  we  know  of 
no  exception. 

891.  It  may  now  be  asked  why  so  much  time  has  been 
occupied  with  this  theory,  however  ingenious  ?  Has  it 
any  foundation  in  nature  ?  Will  it  assist  us  in  our  future 
researches?  Can  it  be  that  tangible  body  is  not  that 
continuous  uninterrupted  substance  that  it  is  generally 
supposed  to  be,  and  that  it  is  merely  an  assemblage  of 
points,  distant  from  one  another,  and  as  unlike  a  solid 
body  as  Bhj  thing  we  elm  conceive  ? 

In  answering  such  questions^  we  mtist  always  recollect 
that  .pur  ultimate  judgments  depeAd  more  immediately,  or 
at  least  more  certainly,  on  the  nature  of  human  intellect^ 
than  on  their  agreement  with  the  state  of  external  nature; 
Of  that  perhaps  we  have  but  little.  But  we  can  teU 
what  notions  we  can  form  with  distinctness,  what  are  oIh 
scure^  and  what  are  incongruous,  impossible,  or  absurd. 
We  also  know  what  kind  of  evidence  produces  belief,  and 
what  does  peremptorily  exclude  it  It  is  cartaii}  that  we 
account  a  piece  of  polished  gold  or  of  glass,  to  be  a  piece 
of  continuous  uninterrupted  matter.  There  is  no  alterna- 
tive but  that  it  is  interrupted.  But  to  say  that  it  j»  so 
is  not  enough.  We  must  .prov€  in  some  way  or  another 
that  it  is  not  continuous.  We  see  no  interruption,  we 
feel  none,  and  therefore  naay  require  them  to  be  pointed 
out  to  us.  As  this  has  not  been  done  with  the  evidence  of 
sense,  it  has  been  flatly  refuied,  and  the  greatest  part  of 
.philosophers  Jiold  tangiUe  matter  to>  be  something  i!OttU» 


Bsoiis,  comsdng  of  parts  in  absolute  contact,  and  tbat 
one  bodj  acts  on  another  by  coming  into  contact  with  it. 

There  are  cases,  howerer,  in  which  we  hare  learned  to 
diutnist  our  first  judgments  concenring  the  information 
IpTen  by  our  senses.  Sometimes  the  enrors  of  opinmn 
jMooeed  from  the  imfierfection  of  our  senses.  Thus  a 
glass  globe  foiled  in  the  usual  waj,  appears  uniformly  res- 
plendent by  reflected  light ;  but  if  held  between  the  eye 
and  the  light,  we  perceive  the  metallic  corering  to  be  rtry 
partial,  and  that  light  comes  through  it  as  through  a  cob* 
web,  but  still  we  see  no  pores  till  we  take  a  magnifying 
glass. 

Ih  other  cases  we  observe  our  error,  by  its  abaohite  in* 
eonsistency  with  judgment,  formed  on  the  most  uezcep* 
tionable  manner.  Thus  it  is  certain,  that  kt  many  discs, 
where  no  interruption  can  be  observed,  there  are  never- 
iheless'  tacuittes  through  which  other  matter  may  pass. 
The  hardest  marble  is  penetrable  by  oil,  which  it  imbillies, 
And  is  discoloured  by  it.  Grold  and  silver  do,  in  like  man- 
ner, imbibe  mercury.  The  most  specious  proof  is  ol)tain- 
ed  by  the  free  passage  of  light  through  transparent  bodies. 
Something  passes  through  a  piece  of  glass  which  illumi* 
nates,  which  warms,  which  oxygenates  metals  and  other 
inflammables ;  and  which,  in  other  circumstances,  reduces 
metallic  oxydes ;  which,  in  short,  gives  thie  strongest  indi- 
ci^oh  of  its  materiality. 

902.  From  these,  and  many  similar  facts,  philosophers 
thought  themselves  under  the  necessity  of  admitting  in- 
jterruption  in  the  continuity  of  tangible  matter,  and 
'Were  led  to  the  atomistic  theory,  which  Newton  first 
enounced  with  some  precision,  and  which  Boscovich 
has  reduced  to  a  system.  The  philosophers  of  anti- 
quity also  had  some  imperfect  notion  of  this  kind.  But 
they  went  no  farther  than  the  mere  division,  in  imagina- 
tion, of  the  visible  masses,  into  smaller  parts  of  the  same 
Icind,  without  taking  any  pains 'to  shew  how  the  sensible 
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qualities  of  bodks  could  result  from  the  mere  combiostioii. 
of.  such  fragmeots.  ETen  the  chemical  (AUosophers,  who. 
taiight  that  there  were  diiferent  elementary  particles^  dkb 
nothing  to  shew  in  what  those  elements  differed,  or  what 
was  the  principle  of  their  connection,  from  fragments  oS 
the  sensible  masses.  Nevtton  attempted  this ;  but  though 
his  notioBs  have  all  the  originality  and  aeuteness  that  we 
should  expect  from  Sir  Isaac  Newton,  they  are  off*er6A 
merely  as  misceUaneous  thoughts^  wiUiout  any  serious  $tn 
tempt  to  support  this  noYel  opinion.  Indeed  those  obsenra^ 
tions  of  Newton  are  rather  attempts  to  explain  some  of  tht 
chief  discriminating  relations  of  different  substances,  than 
to  establish  a  general  doctrince  concerning  the  sensible 
forms  of  tangible  matter,  and  the  mechanical  consequences 
of  this  doctrine^ 

Boscovich,  on  the  other  hand^  endeavours  at  once  to  es» 
tablidi  thi3  doctrine.  Therefore,  he  begins  with  the  boU 
assertion  that  this  atomodynamical  constitution  of  tan- 
ffble  aiatttf  is  not  only  a  conceivable  and  possible  thingy 
but  that  no  other  constitution  is  compatible  with  the  ao- 
knowledged  phenomena  of  existing  matter.  His  chief  aiv 
gument  b  taken  from  what  is  called  the  law  or  continu- 
ity. A  moving  point  cannot  pass  from  one  point  of  space 
to  another,  without  passing  through  all  the  intermediate 
points  of  its  push  in  succession.  In  like  manner,  a  body 
moving  with  the  velocity  6  feet  per  second,  cannot  changie 
this  rate  of  motion  to  4  feet  per  second,  in  an  indivisible 
instant  of  time,  as  it  is  generally  thought  to  do  in  colli- 
sion, for  that  instant  is  the  end  of  its  motion  with  the  ve- 
locity 5,  and  the  beginning  of  its  motion  with 'the  velo* 
city^^.  It  is  not  a  portion  of  time  interposed  betwecin 
them,  but  the  mutual  boundiury  of  both.  Therefore,  to 
suppose  this  instantaneous  change,  is  to  suppose,  that  in 
that  indivisible  instant,  the  body  has  both  the  velocity  fi 
and  the  velocity  4,  which  is  inconceivable  or  absurd* 

293.  There  must  therefore  be  some  .way  by  whidi  tlua 
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ittipossibilitj  is  avoided.  This  wil]  be  acpomplisbed  mly- 
bj  means  of  a  mutual  force,  acting  on  both  bodies  before 
tbey  come  into  contact,  in  the  manner  in  which  we  really 
observe  all  changing  forces  to  act,  that  is,  diminishing 
the  velocity  of  the  one,  and  increasing  that  of  the  other, 
by  insensible  degrees.  We  shall,  in  due  time,  have,  the 
fullest  proof  that  this  is  the  case  infact^  in  all  the  changes 
of  'motion  observe^  in  this  created  world ;  and  we  may 
limit  our  inquiries  to  this  scene.  All  atoms  of  matter, 
therefore,  must  be  endowed  with  an  insuperable  repulsive 
force,  extending  to  some  distance,  which  shall  make  the 
maUiematical  contact  absolutely  impossible. 
«  It  does  not  require  much  reflection  to  see  that,  without 
this  supposition,  the  law  of  continuity  must  be  violated  in 
every  collision  of  bodies. 

But  repulsive  forces  alone  cannot  produce  a  mass  of 
4xdierent  matter.  Mutual  attractions  are  equally  necesf 
sary ;  and,  as  the  law  of  continuity  obliged  Mr  Bosco?> 
vich  to  consider  this  repulsive  force  as  acting  at  a  small 
and  insensible  distance,  it  was  very  natural  for  him  to 
consider  the  attractive  forces  as  similar  in  this  respect. 
Having  admitted  this,  it  did  not  require  a  great  deal  of 
consideration  or  ingenuity  to  contrive  a  constitution,  such 
as  has  been  described,  where  the  atoms  should  be  situated 
fit  such  distances  from  one  another,  that  when  pushed 
nearer  they  should  repel,  and  when  drawn  asunder  they 
should  a^ract,  and  when  at  their  natural  distance,  they 
should  neither  attract  nor  repel.  The  rest  of  his  study 
was  in  order  to  be  able  to  shew,  by  the  many  altema* 
tions  of  attraction  and  repulsion,  and  by  other  accommo- 
dations, how,  from  one  law  of  action  for  everjr  atom,  may 
be  derived,  by  composition,  all  the  varieties  of  form  and 
of  mutual  action  that  we  observe  in  the  world  around 
us. 

294.  All  this  was  pure  speculation  on  the  part  of  Mr 
•  Boscovich;   fyr  he  does  not  seem  to  have  known  the 
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many  facts  by  which  this  corpuscular  action  t  diMtcmtiu 
confirmed.  He  mentions  indeed  the  experiments  of  Nevf- 
ton  on  the  inflexion  of  light  as  it  passes  near  solid  bodies^ 
aiui  also  by. those  by  which  it  appears  that  light  is  reflect- 
ed and  refracted  before  it  comes  into  mathematical  con* 
tact  But  he  takes  no  notice  of  the  still  more  precious 
experiments  of  Huyghens,  and  those  of  Newton  with  the 
olgcct  glasses.  Nor  does  he  consider  the  phenomena  of 
capillary  attraction  as  any  thing  different  from  mere  ad- 
hesien,  or  as  affording  proofs  of  action  <  diUanti,  But^ 
in  the  progress  of  his  discussion,  many  things  occur, 
which  greatly  illustrate  and  confirm  hb  first  notions*  of 
the  discrete  structure  of  tangible  matter. 

This  theory  of  Mr  Boscovich  unquestionably  receives 
great  support  from  the  various  phenomena  of  corpuscular 
action^  which  I  mentioned  before  giving  an  account  of  his 
doctrine.  His  great  argument  from  the  law  of  continuity 
will  come  to  be  considered  and  applied  afterwards,  and, 
J  presume,  will  be  found  to  be  of  great  force.  It  was 
mentioned  just  now,  merely  to  shew  how  the  ingenious 
author  was  led  to  form  his  theory. 

295.  I  shall  just  add  to  all  Mr  Boscovich^s  arguments 
for  the  discrete  structure  of  body,  that  I  cannot  form  to 
myself  any  conception  of  continuous  matter  that  is^m-* 
patiblewith  a  difference  of  density.  If  the  space  be  com^> 
pletely  filled,  that  is,  if  there  be  no  part  of  it  in  which 
there  is  not  matter,  I  cannot  conceive  that  oiore  matter 
can  be  put  into  that  space,  nor  what  can  be  meant  by  a 
difference  in  density.  Yet  nothing  can  be  more  convinr 
cingly  ascertained  than  the  different  density  of  the  most 
solid  and  continuous  bodies.  When  we  tdik  of  pores  in 
such  a  body  as  gold,  or  water,  or  aur,  in  whick  none  can  be 
.discovered  by  the  semes,  however  assisted^  I  cannot  see  what 
authority  we  have  for  supposing  that  the  ultimate  par- 
ticles touch  one  another  in  any  points  whatever*  We  are 
Vdduced  to  suppose  tbis^  solely  because  our  funiliar  ao« . 
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quaiatance  with  matter,  from  oiir  earliest  infancy,  hAr 
been  by  means  of  our  sense  of  tonch.  This  is  the  onljr 
waj  in  which  iire  iisoally  put  foatter  in  motion,  and  It  n 
to  Ais  sense  that  we  always  appeal  in  any  esie  of  doubt 
about  the  materiality  of  a  thing.  We  must  fid  it^  or  se^ 
it  produce  eflects  which  wouM  excite  the  sensation  of 
touch  in  ourselves.  We  hare  allowed  this  habit  to  in- 
fhijsnpe  our  speculatire  notions,  and  have  indolently  t/t 
earelessty  adopted  it  as  a  principle,  that  contact  is  absCM 
Itttely  necessary  for  the  cohesion  of  matter,  and  for  ikdt 
communication  of  motion  by  impulse.  But  surely  who 
ever  holds  tangible  dsatter  to  be  absolutely  continnoutf, 
cannot  admit  such  a  thing  as  the  passage  of  light  through 
it  There  is  indeed  no  absurdity  in  the  conception  of 
ccmtinuous  matter.  On  the  contrary,  it  is  the  cleareA 
and  the  most  simple.  But  it  excludes  all  difference  of 
d^sity.  For  nothing  can  exceed  the  density  of  whsft 
completely  fills  the  space.  If  again  we  explain  the  difiif- 
rence  of  density  by  pores,  then  since  these  pores  are  alto- 
gether unperceiyed,  and  are  admitted  merely  to  get  rid 
of  a  difficulty,  there  is  no  reasonable  objection  remains 
against  the  opinion  of  Boscovich,  that  not  only  there  are 
racuities  or  pores,  but  that  the  particles  are  not  in  con- 
tact x)n  any  side.  I  need  not  repeat  the  arguments  used 
in  the  beginning  of  this  article  against  the  mutual  con- 
tact of  the  particles  of  compressed  air,  or  compressed  Tva- 
ter.  I  hope  that  it  is  now  sufficiently  plain  that  physical 
contact,  and  all  its  consequences,  and  particularly  ttne 
production  of  motion  by  impulse,  may  be  produced  by 
means  of  attractive  and  repulsive  forces,  without  real 
mathematical  contact;  and  that  Newtou^s  experiments 
with  the  glasses  and  the  soap  bubble  shew  tijat  such  pky^ 
steal  contactj  and  the  communication  of  motion,  are  rcallh/ 
80  produced. 

296.  I  see  no  reason,  therefore,  for  refusing  the  doc- 
trine taught  by  Mr  Boscovich,  as  far  as  relates  to  its 


great  prkidpie^  the  discrate  oonstUiitioii  of  meiter^  oimI 
the  ■op-egistence  wl  nathemstical  contaet.  These  tw^ 
great  points  are  not  more  opposite'  to  the  suggestions  of 
ffiwe  than  the  rotation  and  ret olntioa  of  the  earth,  which 
we  find  ourselres  obliged  to  admit,  on  account  of  the  inh 
compatibilitj  of  the  cobmdob  opinion  with  olh^  phenop 
memsL  ftt  is  for  siaeh  reaaoas  only  that  the  dailf  and  an* 
mial  motba  of  the  san,  and  the  abaolnte  rest  of  our 
own  habitatioot  are  considered  aa  false  judgmeata  (^ 
prejudices.  The  present  questiesi  hi  perfectly  simihsp 
in  thia  respect  The  continuitj  BXkd  contact  of  the 
partidas  of  tangibie  matter  are  to  be  accounted  pra- 
judiees,  ^fy  huamt  they  art  inci&mfatibk  with  other  um» 
dmlAti  fhemmcnoy  omA  becaase  tlMjr  are  incompatiiile 
with  the  law  of  coBtinuity,  th#  Tsoiation  of  which  is 
inconeeiraUe.  ' 

With  respect  to  the  impntation  of  reviving  the  occult 
qualities  of  the  peripatetics  by  the  nanae  of  attraction  and 
repulsion,  the  defence  is  nearly  the  same  as  in  the  case  of 
th^  gravitation  of  the  planets,  We  haf^e  seen  iastaacea 
in  which  the  mutaal  adtwsion,  and  the  mutual  separation 
of  the  component  paHicles  of  tangibie  matter  are  incouk 
testihie  facts^^^are  general  laws  {n  natui^.  Nothing  is 
meant  by  attraction  and  repulsion  but  the  immediate  ti^ 
iicient  causes  of  those  phenomena*  A  philosopher  may 
say  that  the  deflection  of  a  planet  is  effected  by  the  action 
of  an  etheriai  vorte^.  He  may  and  he  must  say  the  same 
thing  here.  But  it  may  then  be  a4ted  him  how  tUs 
ether  produces  the  deflection  ?  He  will  probably  say  that 
it  is  in  the  same  way  that  a  stream  of  water  or  wind,  or 
even  a  stream  of  sand,  would  deflect  the  motion  of  any- 
body that  it  strikes.  But  I  apprehend  that  this  answer 
uf  the  philosophers,  wln^h  bas  long  been  thought  com- 
plete, is  now  rendered  altogether  invalid.  For  we  have 
seen  that  it  cannot  be  shewn  that  one  body  ever  really 
strikes  another^  ^ven  when  it  puts  it  into  motion..    Tl^ 
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ether  is  emplojedy  because  it  is  a  fact  that  a  body  of 
jtble  magnitude  impels  another  before  it  comes  into 
'thematical  contact    Therdore,  since  we  have  no  evidence 
Ihat  one  body  really  hits  anothert  we  cannot  say  that  a 
partide*  of  this  ether  hits  the  body.     Another  ether  is 
therefore  necessary  for  explaining  its  impulse,  if  an  ether 
be  necessary  for  explaining  the  impulse  of  the  sensible 
body ;  and  we  must  have  a  third  ether  to  account  for 
^the  action  of  the  second,  &c.  &c.  &c.    There  b  no  end  to 
thb  kind  of  mechanism.  In  short,  active  powers,  difTerent 
from  the  stroke  of  a  moving  body,  must  be  admitted, 
whatever  origin  we  assign  to  them,  and  we  must  add  them 
to  our  notions  of  mechanism,  and  no  longer  limit  the  term 
:.m&Aafttcal  e:(planaiioH  to -an  explanation  by  impulsion  and 
.contact    The  manner  in  which  both  gravitation  and  im- 
pulsion are  effected,  will  probably  always  remain  unknown, 
:bttt  the  approach  and  the  separation  are  not  occult  quali- 
ties, but  manifest  phenomena;  and  both  are  accompa- 
;  nied  by  that  preature  which  we  and  all  nuuikind  have  been 
:  accustomed  to  call  a  force,  which  is  therefore  another  ma- 
nifest phenomenon,  and  not  an  occult  quality.     If  better 
.  names  can  be  found  for  them  let  them  be  employed,  but 
attraction  and  repulsion  seem  to  distinguish  the  pheno- 
.  mena  very  clearly. 

There  seems  no  reasonable  objection  against  extending 

:  the  action  of  these  forces  to  the  particles,  and  even  to  the 

.  atoms,  although  it  must  be  acknowledged  that  we  do  not 

.80  clearly  see  their  operation  on  those  particular  subjects. 

.  But  surely,  when  a  mass  of  tangible  matter  is  compressed 

or  dilated,  the  actual  exertion  of  forces,  opposing  the 

approach  or  separation  of  the  particles,  b  as  distinctly 

perceivable  as  in  the  similar  experiments  of  Newton  and 

Huyghens,  although  in  this  last  case  the  actual  approach 

and  recess  of  the  subjects  are  seen,  and  can  be  measured, 

while  in  the  first  these  motions  are  altogether  impercep- 

vtible  in  the  subjects  which  are  thus  moved.     The  cas^s 
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areto  :analogou8  that  it  is  fastidious  to  refuse  ^admitting 
tiie  same  mode  of  explanation. 

.  297.  Perhaps  mor^  solid  objections  may  be  made  to 
one  circumstance  of  Mr  Boscovich^s  theory.  He  holds 
bis  atoms  to  Im  unextended  mathematical  .points,  I  can-: 
not  form  any  notion  of  ope  of  these  as  an  individual  subr 
jecty  different  from  the  notion  I  have  of  a  mere  point  of 
space.  The  individuality  of  a  ppint  of  space  consists  ii| 
its  being  that  particular  point  of  space,  so  and  so  situated 
T¥ith  respect  to  ceitain  other  poinU  of  space.  This  in« 
dividual  point  of  space  is  therefore  immorable.  Surely» 
therefore^  tl)e  active  powers  ascribed  to  matter  are  con«. 
ceived  as  the  endowments,  or  the  attendants  of  something 
that  is  different  from  a  mere  point  of  space. 

I  am  by  no  means  certain  that  this  inextension  of  an 
fttom  is  indisputably  requisite  in  a  theory  which  maintains 
the  discrete  constitution  of  matter.  Far  less  am  I  certain 
tligt  it  is  necessary  for  the  truth  of  this  constitution,  and 
for  its  utility  in  philosophical  discussion,  that  I  should 
perfectly  understand  the  nature  of  this  subject  or  substrai- 
tum  of  the  active  powers  of  matter.  But  neither  can  I, 
on  the  other  hand,  conceive  those  powers  to  have  no  sutK^ 
stance  to  which  tbey  belong,  or  to  which  they  are  related^ 
either  intrinsically  or  extrinsically.  I  cannot  conceive 
one  set  of  attractive  and  repelling  powers  putting  another 
set  in  motion  by  impulse.  These  are  words  without  ideas. 
It  is  not  likely  that  human  intellect  will  either  acquire 
more  adequate  knowledge  of  the  subject,  or  that  it  will 
ever  be  able  to  divest  itself  of  the  thought  that  there  is  a 
substance  in  which  those  powers  are  inherent, 

298.  Notwithstanding  tins  limitation  and  imperfection 
.  of  our  knowledge  of  this  subject,  we  shall  find  several  con- 
sequences of  this  manner  of  considering  the  mechanical 
relation  of  the  partji  of  tangible  matter,  which  we  may 
.employ  with  confidence,  to  help  us  in  our  inquiries ;  and  I 
trust  that  I  may  be  able  ^by  this  help  to  illustrate  many 
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things  which  would  otherwise  have  beoi  Teiy  obscure. 
But,  at  the  same  timet  I  am  aware  that  the  most  ucmjn^ 
lous  caution  must  be  contimiallj  obsenred  in  making  lise 
of  this  help.  We  must  at  all  times  avoid  forming  anj  ge** 
nerai  conclusions  without  firmlj  establishing,  by  mathei' 
matical  reasoning,  the  individual  fact  which  we  make  the 
basis  of  our  inference ;  and  we  must  never  trust  oar  ima- 
gination in  its  views  of  the  combined  motions  or  actions  of 
man  J  particles  or  atoms,  except  in  cases  where  we  cair 
demonstrate  the  legitimacy  of  snch  procedure.  I  should 
even  add  that  the  difficulties  in  this  study  of  corpusciilar 
attraction  and  repulsion  have  been  greatly  augmeiated  by 
some  late  discoveries. 

The  action  which  we  are  now  considering  is  limited  to 
the  small  and  insensible  distances  in  which  the  particles 
of  tangible  matter  are  situated  in  respect  of  one  another  t 
and  the  doctrine  which  I  am  now  prosecuting  considers  the 
corpuscular  force  as  depending,  both  as  to  kind  and  de- 
gree, solely  on  the  distance  and  position  of  the  acting  par- 
ticles. Now,  in  that  numerous  and  important  class  of 
phenomena  which  are  known  by  the  name  of  galvanic, 
there  occur  corpuscular  actions  which  seem  altogether  in^ 
explicable  on  those  principles.  We  see  a  wire,  the  remote 
end  of  which  communicates  with  the  positive  pole  of  Vok 
ta^s  pile,  attract  to  itself  the  particles  of  metal  which  are 
floating  round  it  in  the  solution.  Now  let  the  remote  end 
of  this  wire  communicate  with  the  other  pole,  of  the  pile. 
Ifl  an  instant  the  action  of  the  wire  is  totally  changed ;  it 
no  longer  attracts  the  metal,  and  even  seems  to  repel  it. 
Yet  there  is  no  change  in  the  distance  and  position  of  the 
acting  particles.  I  know  that  magnetism  presents  pheno- 
mena which  are  extremely  similar,  and  which  we  can  ex- 
plain in  perfect  consistency  with  the  laws  of  attraction 
and  repulsion ;  but  the  admission  of  a  similar  explanation 
in  the  present  case,  gives  a  complexity  to  the  question 
which  almost  Jblasts  aU  our  hopes* 
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'  209.  Notwidhsianding  thi^  dtseouragemenf,  this  de* 
fuurtment  of  science  is  deserving  cf  the  most  careful  cuitl- 
Tation.  All  the  changes  of  material  nature,  when  ana- 
lysed to  the  utmost,  are  examples  of  matter  influenced  by 
inoTifig  forces.  This  is  the  case  even  when  the  sunshine 
discharges  some  gay  vegetable  colour ;  some  matter  is 
moved  from  its  former  place,  and  takes  a  new  arrange- 
ment. The  phenomenon  would  be  completely  explained, 
could  we,  from  our  knowledge  of  the  law  of  action  of  the 
forces,  tell  the  path' of  the  removed  atom,  and  its  motion 
in  that  path,  as  we  can  do  in  the  case  of  the  moon. 

We  are  not  without  encouragement,  even  in  this  per- 
plexed research.  We  are  obtaining  now  and  then 
pretty  distinct  traces  of  general  laws.  We  have  found 
that  the  mutual  action  of  the  particles  of  such  gasses  as 
tire  have  been  able  to  confine  and  measure,  is  nearly  pro- 
portional to  the  density  of  the  gas  in  its  different  states  of 
compression;  and  therefore  it  diminishes  nearly  in  the 
proportion  that  the  distance  of  the  particles  increases. 
We  have  also  found  that  there  is  a  great  difference  iii  the 
la#s  of  action  in  different  gasses  in  the  moin^t  of  their 
production  from  a  solid  or  liquid  body.  Thus  the  gas 
produced  by  the  inflammation  of  gunpowder  exhibits  an 
elasticity  neariy  proportional  to  its  density,  through  the 
whole  range  of  its  ^expansion.  But  the  gas  produced  from 
fulminating  gold,  silver,  or  mercury,  shews  an  action  of 
the  particle  which  dinlinishes  miich  more  by  an  increase 
of  distance.  Scarcely  any  barrel  is  able  to  withstand  their 
explosidn,  yet  they  have  not  half  of  the  force  for  impel- 
ling a  ball  by  their  continmU  expansion  along  the  bar- 
rel. 

300.  I  clnerved,  on  another  occasion,  that  a  certain 
^ect  of  philosophers  insist  that  bH  forces  diffused  from  a 
centre' decrease  in  the  inverse  duplicate  ratio  of  tiie  dis- 
tances ;  and  that  if  any  other  law  is  observed,  it  arises 
*fix)m  the  manner  in  which  different  atoms,  acting  by  this 
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primordial  law,  are  combined.  But  this  will  not  agre^  wlA 
nanj  phenomena  of  tangible  matter.    If  the  primoidut 

1 
force  be  proportional  to  ^,  ihe  action  of  aH  compomid 

particles  must  decrease  more  slowly^  and  be  proportional 

to  ---r — .    Now  we  are  certain  that  there  are  many 

X* — m  ^' 

I  1 

forces  which  decrease  faster  thah  in  the  ratio  of  -^r*  and 

mvst  be  proportional  to  -—7 — .    The  phenomena  of  co^ 

hesion  in  hard  and  brittle  bodies  much  more  resemble  the 

effects  of  a  force  proportional  to  — ,  for  at  the  smallest  sen<^ 

Mbie  distance  the  cohesion  vanbhes  entirely.    The  ac-- 

tion  of  aurum  or  argeatum  fuiminans  undoubtedly  da^ 

1 
ciSreases  faster  than  -7. 

The  observations  contained  in  the  first  part  of  this  ar' 
tide  give  sufficient  authority  for  concluding,  that  the 
parts  of  what  we  have  called  tangible  matter  are  related 
to  each  other  in  a  way  which  greatly  resembles  the  me^ 
chanism  described  by  Mr  Boscovich  ;  so  that  this  descrip- 
tion may  be  of  considerable  service  in  our  subsequent  exr- 
amtnations  of  those  changes  of  motion  that  are  produced 
by  the  actions  of  sensible  masses  on  one  another.  It  di- 
rects us  to  a  way  of  conceiving  the  connection  of  the  dis- 
tant parts  of  a  body,  without  which  we  shall  in  vain  look 
for  a  satisfactory  explanation  of  some  fundamental  truths. 
Of  this  we  shall  soon  have  full  evidence. 

301.  I  cannot  help  taking  notice  of  a  performance 
which  has  been  repeatedly  announced  in  oor  periodical 
publications,  as  ready  for  the  press,  by  the  title  of  Recher- 
ekes  Matkematiquea  ntr  la  ctnutitiUum  intime  dea  Corps,  Par 
A.  G.  Bw!.  An  index  or  precis  of  the  work  has  also  been 
some  time  in  circulation.     The  author  professes  to  ex- 
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plain  (he  intimate  structure  and  ccmstitution  of  tangible 
matter.  He  builds  his  whole  system  on  the  follonring 
proposition,  which  ascertains  the  primordial  property  of 
matter,  by  which  alone  all  the  phenomena  ot  the  visible 
uniyerse  are  effected  and  explained. 

FVNDAMBNTAL  THBOailM. 
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Any  two  elements  of  matter  mllj  in  virtue  of  their  mere  exist" 
ence^  mutually  approach  ea^h  other  in  every  instant^  by  a 
space  which  is  inversely  proportional  to  the  square  of  their 
distance. 

The  author  does  not  indeed  say  that  they  'mu^  so  ap- 
proach. His  only  meaning  seems  to  be,  that  if  there  be 
any  relation  of  approach  or  recess  mutual  between  them, 
this  mtuti  be  its  character.  The  momentary  change  of 
place  must  be  inversely  proportional  to  the  square  of.  their 
routoal  distance.  Having  demonstrated  this  fundamental 
theorem,  the  very  ingenious  author  proceeds  to  explain, 
that  is,  to  account  for  all  the  phenomena  of  the  material 
world,'  the  phenomena  of  cohesion,  in  all  its  varieties  of 
hardness,  softness,  ductility,  elasticity,  fluidity;  and  the 
phenomena  of  magnetism,  electricity,  chemical  affinity, 
optics,  &c.  &c. 

Mr  Bue'  is  an  expert  and  elegant  algebraist,  and  has 
given  a  vast  apparatus  of  the  most  refined  equations,  ex- 
pressing the  mechanical  possibilities  of  nature.  In  parti* 
cular,  he  gives  une  equation  finaky  which  expresses  the 
Universe  ^'  touts  les  fails  possibles.'^ 

He  then  applies  these  equations  to  particular  cases,  and 
says  that  this  and  that  phenomenon  are  explained,  that  i:^, 
are. shewn  to  be  necessary  results  from  this  primitive  es- 
sential property  of  matter.  Then  comes  his  chief  ques^ 
tion,— '*  If  among  all  ike  possHnlAUs  expressed  by  his  final 
'*«  equation^  a  certain  number  taPy  exactly  with  iht  same  mrnf 
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^  her  of  the  cbiervtd  phenomena  of  ike  umocroe,  hoiai  w  tie 
'<  d^ree  ofproMiUty  thai  the  hypoihesi$  is /kite  t 

To  aottwer  thb  question,  the  author  now  plungei  into 
the  depths  of  eondoreets,  odcul  des  probaiUite$ ;  andt  ^llcr 
several  pages  of  the  most  abstracted  aild  general  e^uatidM 
that  can  be  imagined,  and  in  which  all  physical  ideas  hare 
quitted  the  mind,  be  m^es  it  as  clear  as  sunshine  that 
the  probability  is  =  O  ! ! !  Q.  E!.  d.  The  phenomena  are 
now  held  as  explained. 

The  inevitable  conclosion  which  must^  I  think,  follow 
irom  diese  ingenious  labours  is,  that  the  universe  cannot 
be  any  thing  but  what  we  see  it  to  be.  We  hare  the 
good  fortune  to  exist  during  one  of  those  possible  forms 
.  tiito  which  matter,  aftef*  acting  and  reacting,  during'  iges 
iof  ages,  has  worked  itself  into  a  siiape  which  may  eEdifc 
fof'erer. 

I  have  studied,  with  flie  utmost  care  and  attenlran,  Alt 
audior'^s  demonstration  of  this  bis  fundamental  propoi^ 
tion.  I  cannot  sa^  that  it  b  not  demonstrated ; 
I  confess  that  I  cantiot  form  any  distract  notion, 
of  his  reasoning,  or  of  the  principles  from  wliich  he  rea- 
sons. I  am  willing  to  think  that  I  misunderstand  him ; 
1)ut  I  have  given  tlie  proposition  in  his  own  words.  I 
shall  grant  that  it  flows  legitimately  from  his  printi- 
pies. 

'  302.  But  it  is  surely  very  singular  that  this  {irimordial 
law  of  nature,  essential  to  matter,  and  the  foundatton  of 
all  its  properties,  should  not  be  cbscrced  in  one  single  phem* 
menon  of  nature.  The  author  assumes  and  employs  it  wi- 
der the  name  of  the  law  of  gravitation,  the  discovery  of 
Sir  Isaac  Newton.  But  I  apprehend  that  he  is  off  his 
guard  in  this  instance.  Although  an  elp|rt  and  eiegant 
analogist,  he  does  not  seem  to  be  aware  that  the  proposi- 
tion which  he  has  demonstrated  differs  tato  cor/o  from  the 
law  of  fjravitation.  This  is  remarkaliie ;  for  I  think  that 
the  mathematical  reader  tiiil  perceive  that  the  proposition 
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which  Mr  Bue'  cooiideri  ts  dwioiMtraM  ifif  that  the  ve-  ^ 
loeiiy  of  the  gravit^tiiig  atom  ii  ievori^Iy  at  the  square  of 
iU  dUtanc^  fropt^  Iba  atom  toward  which  it  gravitatel  and 
appnMcbes.  For  tba  lUlU  ^oee,  ^krmgA  tMA  U  appracuAet. 
in  every  inskm/if  is  adopted  by  every  mechaiiiciaii  aa  the 
measure  of  the  velocity.  But  in  gravitation^  it  is  not  the 
velocity,  but  the  acceleration,  that  is  inversely  as  the 
square  of  the  distance.  I  do  not  know  one  qpontanledus 
pbenotnenon  of  nature,  in  which  Mr  Bue^a  proposition  ia 
pbserved. 

Thus  will  it  always  fare  with  us  when  we  attempt  to 
reason  about  the  foundation  of  the  powers  of  nature.  Mr 
Bue'  has  heard  of  this  my  objection ;  but  it  is  in  vain  to 
make  a  refonie  de  Pouvragej  wi  I  hear  he  is  attempting. 
He  must  not  shift  his  ground.  If  he  has  demonstrated 
this  proposition,  be  can  demonstrate  no  other  from  the 
same  principles ;  aYid  he  must  search  for  some  other  proof 
of  the  law  of  gravitation^  whtck  he  hoe  shewn^  hy  this  propo* 
^itioHf  to  Ik  imcampotiUe  with  the  primorduU  properly  qfnuU^ 
Ur. 

I  may  here  observe  that  Mr  Boe^^s  ingenious  explana^ 
tion  of  many  phenomena  is  not  in  the  least  hurt  by  this 
blundering  proposition.  He  might  have  simply  stated  as 
a  universal  fact,  that  all  matter  gravitates,  in  the  manner 
described  by  Newtoil,  and  he  might  then  have  applied  this 
to  the  explanation  of  other  phenomena,  {ireeisely  as  be 
has  done )  and  the  explanations  would  still  have  all  that  , 
merit  of  great  ingenuity,  although  I  must  consider  them 
as  altogether  roniantic  and  fanciful. 
'  303.  In  the  farther  consideration  of  the  mechanical 
phenomena  of  nature,  a«  they  are  modified  by  the  addi^ 
lion  of  the  force  of  cohesion,  it  is  necessary  to  divide  the 
subjects  of  our  eii^mination  into  two  classes,  depending 
on  the  manner  in  which  the  particles  are  combined,  so  as 
to  form  masses  of  tangible  matter.  Those  are  either  solid 
or  fluid.    Solid  bodies  afe  such  as  retain  a  certain  shape 
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and  resist  (to  speak  metaphorically)  in  a  certain  dej^reer 
the  forces  which  are  employed  to  change  this  shape* 
fluids  exhibit  no  such  firmness,  and  must  be  kept  in  ves* 
selsy  otherwise  their  gravity  would  cause  them  to  sprtad 
abroad  on  the  ground.    We  shaU  first  consider 

Tht  Mechanwn  of  Sol  A  Bodies^ 

The  expenments  with  the  object  glasses,  to  which  re- 
ference has  been  so  often  made,  shew  us  that  any  piece  of 
solid  matter  acts  on  another,  at  a  very  minute  distance^ 
with  a  repulsive  force  so  great  that  we  have  no  evidence 
that  it  can  be  overcome  by  any  force  that  we  can  employ. 
This  force  was  perceived  in  those  experiments  at  a  dis* 
tance  not  less  than  ifie  5000th  part  of  an  inch,  and  it  pro-^ 
bably  extended  considerably  farther,  but  with  a  diminished 
intensity. 

We  are  fully  warranted  to  say  that  the  repulsion  mani- 
fest in  those  experiments  is  the  immediate  cause  of  the 
physical  contact  of  bodies,  and  is  the  force  which  we  call 
pressure.  By  this  repulsion,  bodies  act  on  our  external 
fibres  and  nerves,  and  occasion  in  us  the  sensation  of 
touch,  or  what  we  call  feeling.  This  is  perhaps  our 
clearest  notion  of  force  of  any  kind.  Gravity  is  per- 
ceived as  an  agent  by  the  pressure  of  a  heavy  body  on 
our  hand;  yet  this  pressure  is  not  the  agency  of  gravity, 
but  of  the  corpuscular  repulsion  we  are  now  considering. 
Gravity,  by  forcing  the  heavy  body  near  enough  to  our 
hand,  gives  occasion  to  this  repulsion,  which  most  persons 
imagine  to  be  the  heaviness  or  weight  of  the  body. 

Being  the  cause  of  our  sensation  of  touch,  this  repul- 
sion gives  us  our  first  and  most  familiar  notion  of  solidity, 
firmness,  of  corporeality.  It  is  even  the  immediate 
cause  of  the  philosophical  notion  of  solidity,  materiality, 
impenetrability,  that  is,*  the  maintenance  of  the  place  oc- 
cupied, exclusive  of  all  other  matter.  One  piece  of  mat- 
ter cannot  occupy  a  space  already  occupied  by  other  mat- 
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ter,  ^icept  bj  thrusting  that  other  matter  out  d*  the  space 
filled  by  it       .  *      ■  . 

80  many  functions  entitle  this  peculiar  modification  ojT 
corpuscular  force  to  a  very  careful  attention  and  study. 

§0^.  It  appeared  that  the  distance  which  produces  phy-* 
sical  contact  is  vastly  greater  than  that  in  which  ad-^ 
besion  and  capillary  attraction  are  exerted^  and.  is  there-s 
fore  vastly  greater  than  the  distance  at  which  the  parti7 
cles  of  the  solid  bodies  cohere.  Consequently^  when  ouq 
of  those  bodies  is  so  n^ar  to  another  as  to  act  on  it,  the 
actions  of  many  particles  of  the  one  on  many  particles  of 
the  other  are  combined;  Hence  we  derive  a  fundamental 
proposition.  ,. 

305.  The  mutual  action  of  two  solid  bodies  in  phytic^al 
contact  is  always  in  the  direction  perpendicular  to  the 
common  plane  of  contact 

Let  AB  Plate  III.  fig.  3.  be  the  surface  of  a  solid  body,  and 
let  us  suppose  that  the  corpuscular  force  acts  on  a  particle 
at  all  distances  that  do  not  exceed  a  certain  line  X.  Let 
P  be  an  external  particle,  whose  distance  from  the  surface 
AB  is  less  than  X.  Let  OCDE  be  a  sphere  whose  centre 
is  in  the  particle  P,  and  whose  radius  is  equal  to  X.  It 
is  plain  that  a  part  CDE  of  this  sphere  is  occupied  by  the 
matter  of  the  body.  Every  particle,  therefore,  contained 
in  the  spherical  segment  CDE  acts  on  the  particle  P^  and 
it  is  not  acted  on  by  any  particle  that  is  beyond  the  sur- 
face of  this  sphere.  Now,  suppose  that  the  particle  F  re- 
pels P,  in  the  direction,  and  with  the  force  PH.  .  There 
is  another  particle  G,  similarly  situated  on  the  other  side 
of  the  perpendicular  PD.  It  must  repel.  P  in  the  direc- 
tion PI,  and  the  measure  PI  of  this  force  mu3t  be  equal 
to  PH,  because  the  distance  PG  is  equal  to^  PF,  The 
forces  PH  and  PI  compose  a  fprce  PE,  the  direction  of 
which  must  evidently  be  perpendicular  to  the  surface 
AB. 

What  ha9  now  been  demonstrated  concerning  the  action 
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on  one  partklt  P,  is  tntc  of  tbt  action  on  ewnj  paftide 
acted  upon ;  and  it  is  easily  demonstrated  to  be  tme  with 
respect  to  the  action  compounded  of  all  those  actkmsy  and 
therefore  the  proposition  is  manifest. 
'  The  attentive  reader  will  remark  that  tbb  demoaslra- 
tion  proceeds  on  the  perfect  equality  of  action  of  the  par* 
tides  F  and  G.    This  supposes  that  no  partide  soch  m  F 
will  be  found  within  this  spherical  segment  CD£  which 
has  not  a  companion  G,  similarly  situated  on  the  iMhtf 
jide  of  the  perpendicular  FD ;  or,  in  other  words,  it  mf» 
poses  that  all  within  thb  ^erical  segment  is  homogea»« 
ass.    This,  it  must  be  owned,  cannot  be  affirmed  univer* 
tally.    But  the  sphere  of  this  particular  corpuscular  foree^ 
which  is  the  cause  of  physical  and  sensible  contacty  and 
impulsion,  is  so  great  in  comparison  with  the  natural  dis* 
tance  of  the  particles,  that  we  may  reckon  upon  the  ho- 
Biogeneity  of  the  segment  without  the  risk  of  any  sensible 
error.    There  will  be  some  irregularity,  but  m  the  small 
apace  di  the  4000th  or  AOOOth  of  an  inch,  it  cannot  be 
ciHisiderable ;  and  the  average  motion  will  be,  to  all  sense, 
perpendicular  to  the  surface,  just  as  gravity  is  to  all  sense 
perpendicular  to  the  surface  of  the  ocean,  notwithstanding 
the  mountains  and  other  inequalities  which  occasion  devi- 
ations and  ine<|ualities  in  natural  gravitation.     We  can-. 
not  discover  the  irregularities  in  the  case  now  before  us 
as  we  can  those  of  gravity.    Yet  we  shall,  after  this,  meet 
»with  some  instances  of  them  which  cannot  be  disputed. 

306.  The  question  now  is,  whether  this  theoretical  de- 
duction from  our  notions  of  corpuscular  action  is  agree- 
able to  what  we  really  observe.  In  answer  to  this,  it  must 
l)e  observed  that  we  cannot  make  the  examination  with 
Buch  precirion  as  we  have  been  accustomed  to  in  our 
astronomical  discussions.  When  we  recollect  that  the 
sphere  of  action  cannot  greatly  exceed  the  4000th  part  of 
an  inch,  it  is  evident  that  we  may  be  mistaken  in  our  no- 
tion of  the  exact  position  of  the  common  plane  of  contact. 
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A  scratch,  or  iaequality,  thai  we  cannot  perceive  by  thf 
€je,  may  cbaaf  e  the  poaition  in  the  point  of  contact  uo» 
noticed  by  im.  But  atili^  the  experience  which  we  hnFt 
of  this  matter  ia  abundantly  agreeable  to  oar  propowtaon^ 
and  indeed  may  be  prononoeed  aocurately  ao.  X  know 
nothing  that  shewa  this  more  clearly  than  the  motion  oC 
the  balls  on  the  billiani  table.  Thus,  suppose  a  ball  A 
fig.  9.. impelled  ia  the  directioa  Aa,  and  that  another 
ball  B  lies  partly  in  its  way,  -so  that  it  cannot  pass  with* 
out  striking  iU  Suppose  that  in  the  instant  of  contact^ 
the  plane  Cc  is  the  common  tangent  to  both  balls.  Th# 
baU  B  will  not  move  in  a  direction  pnrallel  to  A  a,  but  iu 
the  direction  B  b,  peqpendicuhur  to  C  c,  A  person  wh« 
has  nev«r  «een  the  action  of  elastic  balls  in  collision  will 
be  much  surprised  at  aeeiag  the  ball  take  a  direction  so 
nnexpected. 

In  like  manner,  if  a  series  of  balls,  such  as  are  r^ei* 
aented  in  fig.  10.  be  struck  by  a  ball  moving  in  the  direc- 
tion Aa,  the  last  ball  C  of  the  series  will  be  drawn  off 
in  a  direction  C  c,  perpendicular  to  the  plane  D  i^  which 
u  the  common  tangent  to  C  and  the  next  baU.  There  is 
generally,  however,  a  small  deviation  from  the  perpen* 
dicular  toward  the  direction  of  the  striking  ball.  Thus 
in  fig*  9.  the  ball  B  does  not  move  exactly  in  the  perr 
pendicular  B  i,  but  in  a  direction  9  /b,  a  little  nearer  to 
the  direction  A  a.  But  this  is  owing  partly  to  imperfect 
elasticity,  and  partly  to  some  friction  by  which  the  baU 
A  drag^  a  little  into  its  given  path  the  ball  which  it 
strikes.  But  in  very  dastic  ivory  balls  tins  deviation  i# 
scarcely  jensible.        • 

307.  There  is  another  instance,  in  which  the  greatest 
precbion  in  the  direction  and  intensity  of  the  force  is  ne- 
cessary for  insuring  the  intended  effect,  and  where  the 
complete  success  ^ews  the  truth  of  the  principle  on 
which  the  artist  proceeds.  This  is  in  the  construction  of 
the  pallets  of  a<:lock'or  watch.    Fig.  11.  represents  tha* 
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Bwing  wheel  of  a  clock,  urged  round  in  tbe  direcfion 
p£F  bj  tbe  rest  of  the  wheel-work.  It  is  prerented 
from  running  round  by  tbe  point  of  the  tooth  A  stopping 
dn  the  pallet.  This  point  of  the  tooth  is  urged  forward 
in  the  direction  of  the  tangent  A  «.  A  force  in  this 
rection  would  have  little  tendency  to  make  the  pallet 
found  its  centre  G.  But  its  action  on  the  face  of  the 
pallet  being  in  the  direction  A  a  perpendicular  to  thai 
i^rface,  pushes  it  outward,  causing  it  to  turn  round  G. 
In  like  manner,  the  tooth  B,  moving  in  the  direction  B  /^ 
would  have  no  tendency  to  make  the  pallet  turn  routt4 
6.  But  the  action  being  in  the  direction  B  b,  has  a  prch 
per  efficacy  for  this  purpose. 

Many  other  examples  may  be  had  in  the  construction 
of  machines.  It  may  be  remarked  here,  that  there  is 
nothing  in  which  the  genius  and  sagacity  of  an  engineer 
is  more  certainly  seen  than  in  his  attention  to  this  muim, 
and  there  is  no  article  of  practical  mechanics  that  is  mor^ 
imperfectly  understood  by  professional  men.  It  is  most 
evident  that  a  right  employment  of  this  proposition  is  of 
the  greatest  importance  in  all  machinery ;  for  it  is  by 
such  mutual  contacts  and  pressures  that  all  their  motions 
and  performances  are  effected.  The  proposition  is  by 
no  means  obvious,  and  the  practice  which  it  prescribes  is 
frequently  the  most  unlike  to  what  our  common  notions 
would  suggest  to  us,  as  in  the  two  examples  that  have 
been  given, 

308.  This  proposition,  when  duly  employed,  makes  a 
great  change  in  the  manner  in  which  mechanical  problems 
bave  been  treated.  Thus,  in  explaining  the  motion  of  a 
body  which  is. impelled  in  the  direction  AB  (fig.  12.)  by 
a  force  AB,  but  which  cannot  move  except  along  the 
solid  path  AC,  the  usual  way  is  this.  The  force  AB  may 
be  resolved  into  a  force  AC,  in  the  direction  which  the 
body  can  really  take,  and  a  force  AD  perpendicular  to 
that  direction.    This  last  force  neither  promotes  nor  op- 
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poses  the  motion  in  the  directioa  AC,  and  therefore-  the 
body  moves  as  if  impelled  by  AC  alone.  All  this  is  very 
JAist  tH  (dtttractoj  >Bni  the  motion  is  truly  ascertained. 
But  it  is  not  a  narration  of  the.  procedure  of  nature. 
There  is  no  such  resolution  of  forces,  but,  on  the  con* 
trary,  a  composition.  We  are  not  now  engaged  in  an 
abstract  proposition  of  dynamics,  but  in  some,  natural 
question.  Why  cannot  the  body  move  in  the  direction 
AB  ?.  Because  it  is  hindered  by  a  solid  body,  on;  which 
it  presses,  and  which  reacts  in  a  direction  perpendicular 
to  the  touching  surface.  The  motion  which.it  takes  is 
the  diagonal  of  a  parallelogram,  one.  of  whose  sides  is  AJ3» 
and  the  other  has  the  direction  A£  perpendicular  to  the 
path  AC.  Therefore  draw  BC  perpendicular  to  AC,  and 
complete  the  parallelogram  ABCE,  of  which  AC  is  the 
diagonal,  and  the  expression  of.  the  force  actually  com- 
pounded of  the  motive  force  AB,  and  the  reaction  AE 
really  exerted  by  the  path  in  the  point  A^  but  nowhere 
tUe,  The  compound  force  causes  the  body  to  mov^e  along 
AC  without  any  more  pressure  on  the.  path,  or  any  more 
reaction ;  whereas,  in  the  common  way  of  considering 
the  question,  the  resolution  of  the  force  is  supposed  con- 
tinual, and  therefore  the  pressure  continual. 

We  shall  meet  with  many  cases  where  the  investiga- 
tion has  been  made  extremely  difficult  by  treating  it  in 
an  abstracted  nianner,  whereas  it  would  have  been  eJ^ 
tremely  easy,  had  it  been  considered  as  nature  presents  it 
to  our  observation, 

• 

309.  Having  thus  ascertained  the  direction  in  which 
an  external  atom,  corpuscle,  or  larger  mass  of  solid,  that 
is  firm  matter,  is  acted  on  by  another,  we. at  the  sam^e 
lime  learn  the  direction  of  the  reaction  of  that  external 
body.  It  is  also  perpendicular  to  the  touching  surfaces. 
The  natural  consequence  of  this  information  seems  to  be, 

that  when  an .  external  body  is  thus  acted  on  (we  shall 

•     •  • 
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suppose  it  r^died,)  it  will  be  nrndfe  lb  move  off  in  Ui«t 
directibn.  A6cordjngl7  Wt  see  it  to  impelled,  in  the  ia^ 
stance  of  the  billiard  ball.  There  seems  nothing  nmre 
necessary  for  expUioing  the  whole  effect.  Trae,  it  hik 
been  perhaps  only  one  sellable  pdint  of  the  body  thsit  hai 
been  so  impelled.  Bot  as  the  ^dy  is  soUd,  bard^  and  in 
k  manner  impenetrable,  this  impelled  point  cannot  mote 
off  without  poshing  all  the  rest  before  it.  We  see  no 
difficulty  in  this ;  and  there  seems  nothing  mtsfte  Witot- 
ing. 

But  there  is  a  greAt  deal  yet  unexplained.  One  par- 
ticle only  has  been  impelled ;  a  sinail  force  suffices  for 
moving  one  particle.  How  comes  a  reaction  to  be  peiv 
iceived  as  great  as  if  each  particle  of  the  body  had*  bMl 
separately  acted  on.  ¥he  inertia  of  the  mdst  remote 
particle  must  be  overcome)  and  itft  particular  reaction 
•eems  to  be  exerted  by  the  single  paitide  that  has  really 
1>een  impell^.  It  would  seem  that  a  pitrt  of  tbe  whole 
force  ^ployed  has  been  aomehow  propagated  through 
the  substance  of  the  bail  to  each  of  its  particles,  and  also 
that  the  reaction  of  each  of  those  particles  has  been  pro- 
pagated backwards  to  the  particle  really  acted  on,  and 
that  all  thi^se  reactions  have  been  exerted  by  this  single 
particle. 

But  I  do  not  think  that  We  can  conceive  fotx;e  to  be  a 
thing  which  can  be  transferred  in  this  manner  from  one 
particle  to  another,  or  shared  among  the  different  parti- 
cles of  a  body,  as  salt  or  sugar  may  be  diffused  through 
water.  Our  notion  of  the  nature  of  force  will  never  be 
very  dear.  But,  besides  this  obscurity,  we  see  that  what 
has  been  hitherto  said  will  not  explain  many  ciirum- 
stances  of  the  motion  produced  by  acting  on  one  part 
only  of  a  solid  body.  In  some  cases  we  see  the  impelled 
body  move  straight  forward  in  the  direction  that  we  ex- 
pect ;  but  in  other  cases  it  not  only  goes  forward,  but 
niso  turns  briskly  round ;  and  a  proper  attention  will  shew 

1 
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^s  tiiat  thb  eottibtaatioii  of  progressite  and  rotative  mof^ 
tton  IB  regulated  bj  laws  as  steady  as  any  in  mcchauics^ 
There  are  plriiiciplesi  tkerefore,  bj  which  thb  propagaf 
tion  of  moving  force  is  regularly  modified. 

.310.  Tkete  is  nb  such  prvpagaiion  of  force^      The 
imit^d  moUoD  of  the  whole  impelled  body  is  an  examplf 
of  tike  itxcttewK^  of  those  cotpuscular  forces  which  com* 
lieei  tlie  particles  Of  tangible  matter^    If  Ihe  attioa  or 
pressure  has  been  great,  and  the  body  large,  and  Of  very 
tiBhder  friable  iextare,  we-  oftai  see  that  it  is  nol  ail  lno« 
Ted,  akh^igh  its  fMirts  are  as  ttniveireally  in  contact  as 
thoise  of  aHothier  body  whtiih  tnoves  off  completely  by  tiie 
aame  option.    A  blow  gtVeil  to  a  inetal  candlestick  will 
jcnock  it  over.     Tbe  same  blow  given  10  a  china  candle- 
Hick  will  probably  leave  the  foot  of  it  where  it  was,  and 
ihe  stalk  only  is  knocked  off.  Why  tliis  difference  ?  Why 
is  the  foot  left  belirnd  f    There  has  been  a  deficiency  of 
4pnnecting  force.    A  bempen  cord  will  tivitch  into  rapid  , 
motiini  a  large  half.    But  if  we  give  tbe  same  sudden  tog 
by  means  of  a  slender  threid^  we  slrall  leave  the  bail  be^ 
bind,  for  the  thread  will  be  broken.    Soch  examples  shew 
pretty  dearly  how  tbe  notion  of  the  remote  part  of  the 
body  »  effected,  either  by  pushing  or  pulling.     It  is  the 
pressure  of  the  iaiel  pt^tide  of  the  rod  or  nope  tiial  moves 
the  ball ;  that  pressure  was  brought  into  action  by  stretch- 
ing the  rope,  or  compressing  the  rod.    Something  drew 
the  IqsI  particle  tait  one  of  the  rope  a  tittle  way  from  the 
very  last,  and  therefore  brought  into  action,  or  eKcited 
the  attraetive  force  irfaich  is  iafaerent  iti)  or  alwaya  ao- 
compaaies  the  particles  when  at  that  particalar  distance 
from  each  other.    What  wm  this  something?    It  was 
this :  the  last  particle  biit  two  was  dtawn  away  freoEi  Ihe 
last  but  on^  aad  therefore  attracted  it,  and  drew  it  awajr 
from  the  last. 

31 1 .  As  I  iqifNrehead  it  to  be  of  great  importance  that 
we  have  very  clear  and  precise  notions  of  the.  manner  in 
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which  the  sensible  forces  which  connect  the  partiGki.  of 
matter  are  brought  into  action  by  the  action  of  external 
forces,  I  shall  employ  a  little  time  in  endeaTOuring  to 
render  it  plain. 

Let  a  z  (fig  13.)  be  a  single  row  of  cohering  atomi  or 
particles,  without  weight,  in  a  vertical  position,  and  at 
their  natural  unconstrained  distances  from  each  other. 
Also  let  M  be  a  material  horizontal  plane  in  phjricai 
contact  with  the  row  a  z. 

Now  let  the  uppermost  particle  a  recover  ita  weight 
It  cannot  remain  in  its  present  position,  because  it  has  no 
support.  For  we  supposed  the  particles  to  be  ia  thdr 
natural  inactive  distances.  It  is  not  acted  on,  that  is,  it 
is  not  supported  by  b.  It  must  therefore  descend  by  its 
gravity,  and  come  so  much  nearer  to  b  that  b  repels  it 
with  a  force  equal  to  its  weight,  a  is  now  supported.  But 
as  &  is  supposed  to  act  on  a,  a  acts  on  ft,  and  pushes  it  from 
its  place  toward  c,  therefore  b  cannot  rest,  or  be  in  equili^ 
brio,  till  it  is  as  much  repelled  by  c  as  by  a.  It  therefore 
comes  nearer  to  c,  and  is  followed  by  a.  But  when  c  ia 
this  manner  repels  ft,  enabling  it  to  support  a,  ft  repels  c, 
pushing  it  nearer  to  dy  and  c  cannot  rest  till  it  is  as  near 
to  £{  as  it  is  to  ft.  But  d  is  acted  on  by  c  as  c  was  by  ft, 
and  is  made  to  approach  to  e  and  repel  it.  Without  re- 
peating the  same  thing  of  every  particle,  it  is  evident  that 
all  the  particles,  from  ft  to  M  inclusive,  will  be  brought 
so  much  nearer  to  one  another  that  their  mutual  repul- 
sion is  precisely  equal  to  the  weight  of  a,  and  the  last 
particle  z  acts  on  the  plane  M  with#the  same  force.  Thus 
the  plane  M  is  said  to  carry  the  weight  of  a.  But  tliis  is 
incorrect.  The  plane  sustains  a  pressure  equal  to  that 
weight ;  but  it  is  the  exerted  elasticity  or  repulsion  inhe- 
rent in  2y  but  dormant,  till  excited  by  the  diminution  of 
its  distances. 

Now  let  ft  become  heavy.  It  will  descend  and  come 
still  nearer  to  c,  till  the  increase  of  c^s  repulsion  is  equal 
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to  the  weight  ^f  &,  and  the  whole  repidsion  exerted  by  e 
is  equal  to  the  sum  of  the  weights  of  a. and  b.  b  is  now 
repelling  e  with  an  equal  force.  Therefore  c  must  ^p- 
proach  <{'till  their  mutual  repulsion  is  equal  to  the  sum 
of  the  weights  of  a  and  b.  It  is  evident  that  an  equili- 
brium will  not  be  established  over  the  whole  row  of  par« 
tides  till  all  are  as  near  to  one  another  as  i  is  to  c.  z  will 
be  at  this  distance  from  M,  and  M  will  sustain  a  pressure 
equal  to  the  sum  of  the  weights  of  a  and  b ;  a  pressure 
which  we  maj  call  8. 

Now  let  c  also  have  weight  Without  repeating  all 
that  has  been  said,  it  b  very  plain  that  the  equilibrium 
will  be  re-established  when  c  and  all  below  it  are  so  near 
one  ^notlier  as  to  exert  a  repulsion  which  we  may  call  % 
and  M  sustains  a  pressure  3,  b  still  presses  with  a  force  9, 
and  a  with  a  force  1, 

Prosecuting  the  examination  in  this  way,  it  is  obvious 
that  the  particles  will  be  compressed  so  much  the  mora 
as  they  are  farther  down  in  the  row.  s  wiU  press  the 
plane  with  a  force  24,  y  will  press  on  z  witha  force  23, 
X  will  press  y  with  a  force  22,  &c.  &c.,  and  a  will  still 
press  with  the  force  1,  the  actioi)  of  ift  elasticity,  occa- 
sioned by  its  heaviness.  We  are  warranted  to  say  so, 
because  we  know  that  all  tangible  matter  is  elastic,  and 
is  actually  compressed  by  its  weight,  and  when  it  is  so 
compressed,  it  is  its  springyness,  and  not  its  weight,  that 
is  the  immediate  agent  in  this  pressure.  We  may  even 
doubt  (however  difficult  it  may  be  to  rid  ourselves  of  the 
influence  of  habits)  whether  a  would  press  at  all,,  merely 
in  consequence  of  its  weight.  For  it  is  not,  surely,-  from 
any  previous  knowledge  of  the  nature  of  matter  that  we 
believe  that  a  force  of  any  kind  can  be  transmitted 
through  a  piece  of  continuous  matter,  any  more  than 
through  empty  space.  We  have  abundant  evidence  that 
this  is  the  way  in  which  the  weight  of  bodies  is  felt  and 
supported.     We  see  that  when  substances  which  are  very 
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compretsibk  are  collected  in  a  great  heapi  tht  iMrer  pot^ 
tions  are  more  compaeted  than  what  iiei  abore  themt 
Thus  cotton  wool  or  sheep^i  wool,  when  heaped  werj 
Ugh,  is  mudi  compressed  at  the  bottom.  We  know 
common  air  is  in  a  yerj  compressed  state,  and  presaes  on 
erery  square  inch  of  the  containing  vessel  with  a  fi>ret 
of  nearly  15  pounds.  We  call  this  the  pressure  of  the 
mtmosphere.  But  it  is  really  the  elasticity  of  the  aif 
(occasioned  indeed  by  its  heaviness)  that  is  pressing  on 
the  vessel.  For,  by  shutting  the  cock  in  the  upper  parC 
of  the  vessel,  all  oemmunication  with  the  atmosphere  is 
cut  off.  Yet  the  air  presses  as  much  as  before,  and 
presses  the  Kd  of  the  vessel  upward  as  mudb  as  it  presses 
^e  bottom  downwards.  Therefore  it  is  the  inherent 
idastioity  of  the  air  that  presses,  and  not  the  weight  of 
the  atmosphere.  In  like  manner,  it  is  the  inherent  ela^ 
tidty  or  repuhive  force  of  the  particle  s  that  thus  presses 
0n  the  plane  M. 

318.  Having' thus  explained  what  is  usually  called  the 
propagation  of  a  dead  pressure,  I  apprehend  that  it  wiH 
be  easy  to  conceive  how  a  moving  force  is  propagated 
through  a  cohered  body.  We  have  a  similar  excitement 
of  corpuscular  forces  produced  by  the  compression  occa- 
sioned in  one  part  of  the  solid  mass,  by  the  external  force 
applied  to  that  part.  In  shori,  this  excitement  must  ob- 
tain over  the  whole  cord,  before  the  ball  can  be  moved. 
The  model  (so  to  call  it)  which  I  described  in  §  310, 
will  give  the  most  distinct  notion  of  this  general  excite- 
ment  of  fonoe,  whether  they  be  pressures  or  tractions. 
liCt  the  rod  or  cord  be  represented  by  a  single  row  of  little 
iiails  a,  6,  c,— -a,  (fig.  14.)  connected  by  screw  wires.  At  one 
end  z  it  touches  the  body  M  which  I  would  push  away. 
I  press  on  the  other  end  a.  This  forces  the  ball  a  a  little 
fearer  to  i,  and  a  and  b  now  repel  one  another,  and  b  is 
Ipttshed  a  kttle  nearer  to  c,  while  I  continue  to  press  a 
forward.    Thus  c  is  repelled  by  b,  and  moves  a  little 
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Dearer  to  d,  and  repela  it  This  goes  on  all  the  way  to 
g,  which  is  in  contact  with  the  body  M  This  wiJl  not  yield 
till  pressed  with  a  certain  force.  This  force  can  only  be 
had  in  the  elasticity  of  the  spring  which  connects  y  with 
jT.  This  spring  must  be  compressed :'  ilie  only  means  for 
doing  this  is  to  compress  the  ipring  which  unites  x  and  y. 
This  must  obtain  the  whole  way  between  s  and  a.  All  the 
springs  must  be  exerting  protrusive  force ;  therefore,  a|l 
must  be  compressed,  •  and  in  this  simple  case,  all  must  be 
equally  compressed.  If  any  of  them  break,  the  body  M  b 
not  moved. 

In  this  model  (let  me  still  call  it  so)  there  is  no  pr6pa« 
gation  of  a  force  originally  in  a*  to  the  other  end  of  the 
series,  nor  any  propagation  backwards  of  the  reaction  of 
the  body  to  be  moved.  All  is  effected  by  the  excitement 
of  the  elasticity  of  the  q>rings,  and  the  compression  caused 
by  my  pressure  is  the  occasion  for  this  excitements 
The  body  M  b  not  moved  by  the  {Nressure  of  my  hand, 
propagated  through  the  model,  but  solely  by  the  elasticity 
of  the  springy  z.  My  hand  is  not  resisted  by  (he  inertia 
of  the  body  M  propagated  backwards  to  a,  but  solely  by 
the  elasticity  of  the  compressed  spring  ^b. 

This  model  is  a  more  perfect  representation  of  natiure 
than  yet  appears.     Each  little  ball  of  which  it  consists 
may  represent  a  particle  of  matter.     We  may  remove  M 
entirely.     In  this  case,  the  spring  y  a  will  be  no  further 
compressed  than  suffices  for  exciting  an  elasticity  able 
to  remove  the  particle  z.    A  very  little  will  suffice  for 
this.    But  the  spring  xy  must  be  twice  as  much  com- 
pressed ;  it  must  be  compressed  as  much  as  y  z,^  in  order 
to  movey,  and  as  much  more,  in  order  to  compress  y  jar. 
In  like  manner,  the  spring  to  x  must  be  thrice  as  much 
compressed  bb  yx,  and  the  spring  vw  must  be  four  times 
as  much  compressed ;  and  the  spring  a  b  must  be  twenty^ 
four  times  as  much.    I  shall  feel  therefore  a  reaction 
equal  to  what  I  should  have  felt  had  I  applied  my  band 
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to  the  whole  24  balls,  and  had  urged  them  into  the  same 
motion.  But  this  is  not  the  reaction  of  each  ball  props? 
gated  backward,  but  solely  the  great  elasticity  of  the  spring 
a.  b  occasioned  by  its  great  compression.  , 

313.  When  we  urge  a  soft  clay  ball  into  quick  motion 
by  a  stroke,  or  by  the  continued  pressure  of  a  rod,  or  by 
8  spring,  without  sti'iking  it^  we  always  observe  that  it 
is  flattened  or  dimpled.  Thus,  if  a  strong  spring  be  coiled 
up  and  held  by  a  catch,  and  we  lay  a  clay  ball  on  it,  and 
disengage  the  catch,  the  spring  unbends  and  draws  awajr 
the  balL  If  it  fall  into  water  and  be  picked  up,  we  shall 
find  it  very  much  flattened  and  dimpled  by  tlie  spring ; 
so  much  the  more  as  the  unbending  of  the  spring  was 
more  rapid.  How  was  this  done  ?  The  ball  got  no  blow ; 
and  mere  lying  on  the  spring  did  not  dimple  it. 

This  will  be  still  more  sensibly  seen,  if  the  ball  be  impelled 
like  a  boy'*s  trap-bail.  The  trapstick  is  struck  at  A,  (Plate 
IV.  fig.l.)  and  motion  round  the  fulcrum  C  follows,  and  B  is 
drawn  off,  but  without  any  stroke ;  yet  B  is  just  as  much 
dimpled  as  if  the  blow  had  been  given  it  without  any  in« 
tervention.  This  impulse  then  is  effected  entirely  by  the 
same  repulsive  force  which  made  B  lie  on  the  end  of  the 
trapstick  without  touching  it.  We  have  no  evidence  that 
it  touched  it  when  drawn  offv  nay  though  it  may  have 
been  shattered  to  pieces. 

Remark  also  that  in  the  example  mentioned  above  of  the 
bent  spring,  we  know  that  the  motion  was  impressed  on 
the  ball  by  insensible  degrees.  We  can  tell  the  velocity 
acquired  in  every  part  of  the  motion  till  it  quitted  the 
spring. 

314.  Thus  the  model  has  given  us  a  very  clear  notion 
of  the  procedure  of  nature ;  and  it  is  a  very  accurate  no- 
tion, and  nowise  misleads  us.  Nay,  I  must  now  say  that 
it  is  not  a  model,  but  a  real  example,  perfectly  similar  to 
the  putting  any  piece  of  solid  matter  in  motion.  For  all 
solid  bodies  that  we  are  acquainted  with  have  some  elasii- 
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City,  and  mutual  pressures  are  exerted  all  orer  them, 
whether  by  compression  or  dilatation.  If,  therefore,  we 
limit  our  inquiries  to  the  phenomena  of  the  existing  crea^ 
tion  of  God,  our  information  is  correct  and  adequate. 

The  question  now  is,  whether  our  dynamical  knowledge 
enables  us  to  establish  general  principles  which  may  suf- 
fice for  explaining  the  phenomena,  and  for  rendering  this 
knowledge  useful  by  increasing  our  power.  I  apprehend 
that  it  is,  and  that  in  this  investigation  we  shall  obtain 
much  help  from  Father  Boscovich'*s  manner  of  considering 
these  corpuscular  forces.  We  shall  thus  discover  some 
very  general  and  simple  laws  by  which  this  excitement  of 
corpuscular  force  is  regulated. 

A  very  evident  way  of  obtaining  this  knowledge  will  be 
to  inquire,  what  analogy  or  relation  there  is  between  the 
force  applied  to  one  point  of  a  solid  body  and  the  force 
that  is  thereby  excited  in  another  point  of  the  body.  We 
shall  learn  this  again  by  discovering  what  external  force 
will  exactly  balance  the  force  thus  excited.  For  the 
force  excited  must  be  equal  to  this  external  force,  and 
must  be  in  the  opposite  direction. 

The  elementary  doctrines  on  this  subject  may  be  com- 
prehended in  the  following  propositions. 

3IJS.  let.  When  any  number  of  forces  are  in  equilibrio 
by  the  intervention  of  a  solid  body,  they  are  such  aa 
would  be  in  equilibrio  if  they  were  all  acting  on  a  single 
atom. 

A  mass  of  solid  matter  may  be  the  means  of  setting 
two  or  more  forces,  such  as  pressures,  impulses,  or  mere 
solicitations,  to  motion,  in  seeming  opposition  to  one 
another.  That  is,  each  may  be  prevented  from  producing 
that  change  of  motion  in  the  body  which  it  would  have 
produced  had  the  other  forces  been  away.  This  is  called 
setting  the  forces  in  -equilibrio  with  each  other,  and  th^ 
forces  are  then  said  to  balance  each  other.  But  it  would 
be  more  pi'oper  to  say  that  the  body  is  in  equilibrie^ 


9t0  CUBPUSCULAR  ACTiOR 

This  liowerer  is  bat  a  seeming  oppositiim  rf  the  fimai. 
A  force  ctnnot  be  in  eqoilibrio  with  another  qnless  both 
are  applied  to  the  same  point.  If  another  equal  force  he 
applied  to  the  same  point,  in  the  opposite  directkni,  aD 
diange  of  motion  is  prevented.  Therefore  wben  tiro 
forces  are  applied,  and  no  change  of  motion  ansuct, 
we  must  conclude  that  these  tHro  forcet  are  equal  and 
fl^^tite. 

In  applying  these  observations  to  the  present  qaestion, 
therefore,  we  must  say  that  any  one  of  the  exterqal  forces, 
Buch  as  A,  Plate  IV.  fig-S.  is  in  equilibrio,  not  with  another 
of  the  external  forces  B,  but  with  the  corpuscolar  forces 
Irhich  connect  the  rest  of  the  body  with  the  point  or  with 
the  atom  to  which  A  k  appKed.  In  like  manner^  each  of 
the  other  external  forces  is  in  immediate  equilibrio,  only 
with  the  force  exerted  by  the  point  to  which  it  is  applied^ 
which  force  is  the  corpuscular  force  connecting  that  partis 
cle  with  the  rest  of  the  body.  Also  we  may  say^  in  gene- 
ral, that  the  force  exerted  by  any  one  of  those  particles  is 
not  a  simple  force,  but  the  combined  action  of  all  the  par- 
ticles with  which  the  particle  acted  on  is  tmmediatefy  con- 
nected. This  must  be  the  case  ninety-nine  times  in  the 
hundred.  The  force  exerted  by  the  particle  acted  on  by 
the  external  force,  is  the  equivalent  of  all  those  immedi-> 
ately  connecting  forces.  Now  we  have  seen  that  when 
forces  are  thus  excited  in  distant  parts,  the  excitement 
must  take  place  over  all  the  intervening  particles,  perhaps 
differently  in  each.  We  have  supposed  all  the  forces  to 
be  in  equilibrio.  Therefore  the  equilibrium  must  obtain 
over  aH.  For  if  any  particle  be  not  in  equilibrio,  it  will 
not  remain  in  its  present  situation,  contrary  to  our  suppo- 
sition of  perfect  rest  over  all.  The  equilibrium  therefore 
is  general.  Now  consider  how  this  equilibrium  is  pro- 
duced. Every  particle  is  attracting  or  repelling  its  ad- 
joining particles,  and  is  equally  attracted  or  repelled  by 
them.    Therefore  the  whole  corpuscular  forces  are  made 
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iip  oT  pairs,  and  iit  eac)i  pair  the  tirpjGorces.  are  equal  iuid 
bpppsite. 

It  ift  eyjdtei  tLat  if.all.  these  corptta^ular  fences  werje 
applied,  to.  one*  point  they:  w4Mild  be  in  eqailibii6«  ho- 
cause  each  b  oppoied  bjr  its.  equal-  But  it  baa  been  dch 
moDstEated:  that  when  a  number  of  forces^ .  acting;,  oa  j0.ne 
point,,  arfe  in  equiUbrioi  if  they  be  diirided  into.parcd^ 
the  equivaienta.  of  thoie  parccdswould  be  in  eqaitibirio  if 
applicxi  to  one  point  Now^  in  the  j^resent  case*  tbe^  forces 
exerted  hy  iht  djff^i^nt  potnbs  to  whidi  tb^^exteraalt  forces 
are  applied^  toef  e^cji  tbd  ^equilrajeato  of  parcels  of  thg^or-f- 
puscular  forces  exerted  alhover  the.  bod)r.  Tbl^reforf 
these  equivalents  would  be  in  equilibrio  if  all  were  ap^ 
I^ied  to  on€'poiftU  But  each  of  tiiqse  equivalents  is  equal 
and  opposil;e  to  the  .external  force  .with,  which  it  is;  in  im- 
mediate eq^ilibriilni*  Therefore  jkbese  external  fprces  ar^ 
such  as  wx)Uld  be  in  equijibrio.  if  aU  weri^.  applied  to  on^ 
pomU 

Such  is  the  general  law^  But^in  order  that  .this  ma j 
obtain^  in  order  thait  the  precise  forces  majr  b^  exerted 
which  wiU  prxKluce  this  equilibrium^  the  bod/ will  assume 
certain  positions  or  attitudes  depending  on  the  directiop 
and.  intensity'  of  the  external  forces.  Those  conditions 
will  come  into  tiew  by  considering,  some  0f  the  moat  aiov- 
ple  cases  of  this  generd  Jaw. 

316.  2d.  If  the  body  be  in  equilibrio  betweea  two.es- 
ternal  forces,  they  are  ecfiui  and.  dpposRe,  and  the  liae 
joining  the  points  of.  their,  application  coiJicide9»  witb  the 
line  of  direatim  in  whieh.  the  forces  are.execte^.. 

Suppose  the  point  of  a  body  Plate  IV.  fi|^  3.  to  beiurged 
by  a  force  whose 'in  tensity,  and  dhrectioii  k  represented 
by  a  A^  while  the  point  &>i&  urged  by  a  force  whose  inteneitjr 
is  represented  by  AB,,  equal  to  A  A,  and  whose  directiop 
is  opposite  to  a  A ;  so  that  bB  either  coincides  .with  iz  A 
or  is  parallel  to  it.    It  is  plain  that  those  two  forces  woul4 
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be  in  equilibrio  if  applied  to  one  point,  because  they  are 
equal  and  opposite.  But  the  body  will  not  be  in  equili- 
briO)  unless  the  line  ab  between  the  points  of  application 
coincide  with  the  production  of  A  a  or  B  &.  For,  when 
these  two  forces  act,  the  point  a  is  urged  in  the  direction 
a  A.  But  it  is  withheld  by  the  corpuscular  forces  exerted 
between  a  and  b^  acting  in  the  direction  a  b.  Therefore 
the  point  a,  being  urged  both  in  the  direction  a  A  and  in 
the  direction  a&,  tends  to  move  iii  some  intermediate  di- 
rection a  C.  For  the  same  reason,  the  point  b  will  move 
in  some  intermediate  direction  b  E.  The  body  will  there- 
fore change  its  position.  That  is,  it  is  not  in  equili« 
brio. 

But  if,  as  in  fig.  8.  the  lines  A  a,  a&,  &B,  form  one 
straight  line,  it  is  evident  that  there  will  be  no  such 
motion  of  the  points  a  and  b.  For  a,  being  urged  in  the 
direction  a  A,  and  withheld  in  the  opposite  direction  a  6, 
and  the  force  urging  it  in  the  direction  a  b  being  equal  to 
that  urging  it  in  the  direction  a  A,  the  point  a  is  in  equi- 
librio. In  the  same  manner,  b  is  in  equilibrio.  The 
body  will  therefore  be  in  perfect  equilibrio  between  these 
two  forces. 

It  is  easy  to  see  that  in  the  first  Case,  where  the  body 
was  not  in  equilibno,  the  motions  of  a  and  b  tend  to  dimi- 
nish the  inclination  of  the  line  ab  to  the  direction  of  the 
forces,  and  would  soon  bring  it  into  that  direction,  and 
then  the  body  would  be  in  equilibrio  between  them. 

Thus  then  it  is  one  condition  for  the  equilibrium  of 
two  forces,  that  their  line  of  direction  shall  ooincide  with 
the  line  joining  the  points  to  which  they  are  applied. 
When  this  obtains,  it  is  indiiferent  to  what  point  of  this 
line  they  are  applied.  The  force  b  B  may  be  applied  at 
by  or  e,  or  f^  &c.     This  is  an  important  circumstance. 

3d.  When  a  body  is  in  equilibrio  between  three  forces, 
then 

317.  (a)  The  directions  of  these  three  forces  lie  in  one 
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plane.    For  this  condition  is  necessary  for  their  equili- 
brium if  applied  to  one  point.     See  Dynamics. 

318.  (b)  The  intensities  of  these  forces  are  proportional 
to  the  sides  of  a  triangle  ol*  parallelogram  which  have  the 
same  direction.  For  this  also  is  nelcessary  for  their  equi- 
librium in  one  point. 

319.  (c)  If  three  forces  are  set  in  equilibrio  by  being 
applied  to  three  difTerent  points  of  a  rigid  body,  all  their 
directions  iheet  in  one  point,  or  they  are  all  parallel ;  and 
any  one  of  the  forces  is  td  any  other  of  theni  reciprocally 
^s  the  perpendiculars  drawn  to  thieir  directioris  from  the 
point  to  which  the  remaining  third  external  force  is  ap- 
jplied. 

Let  the  three  forces,  acting  in  the  directions  AD,  BE, 
CF,  fig.  4.  be  applied  to  the  pdints  A,  B,  and  C,  of  a 
rigid  body.  Let  their  intensities  be  represented  by  the 
length  of  these  l;ries.  Then  it  is  to  be  proved  that  theit 
directions  either  meet  in  orie  point  Tj  6r  thitt  they  are  pa- 
rallel. Also,  if  C6  and  CH  be  perpendicular  tof  AD  find 
fiE,  we  shall  have  AD  :  BE  =  CH :  CG. 

tf  the  directions  AD  and  BE  are  not  parallel,  let  theift 
meet  in  T.  Join  CT,  and  draw  C  «  parallel  to  AD,  and 
C  0  to  BE. 

Since  we  suppose  these  forces  in  equilibrio  hf  the  inter- 
vention of  the  rigid  body,  they  ar^  siich  as  would  balance 
if  applied  to  one  point  with  the  same  directions  and  inten- 
sities. Now  the  directions  C  »  and  C  /s  are  the  same  with 
AD  and  BE,  and  the  figure  CaT  ^  ia  A  parallelogram, 
and  the  forces  AD  and  BE  are  ih  the  samfe  proportion  aa: 
the  sides  C  »  and  C  /s,  tod  the  third  CF  is  l»  CT,  and  has 
that  direction,  because  a  force  equal  and  dpposite  to  CT 
would,  if  applied  at  C,  balance  the  forces  C «  and  C  $. 
Therefore  the  direction  of  the  force  applied  at  C  passes 
through  the  iiitersectidn  T  of  the  other  two  directions. 
Hence  the  fir^t  part  of  the  proposition  is  denion- 
itrated. 
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Secondljr,  hj  reaion  of  tbe  paFslieb  C  •  and  AT,  and 
the  parallels. C  A  aod  BT,  tbe  angles.C  ^  G  and  C  •  H  are 
equal.  So  are  tbe.xigbt  anglvat G  aad  H;  Therefore 
the  triaaglea  C/»  G  and  C«H  are  timilar,  and  C • :  C  ^  =? 
CH :  CG.  But  C  « :  C  /}  ?=  AD :  BE.  Therefore  we  hare 
ADfBE  =  CH:CG. 

Such  is  tbepropf.  that  may.  be  deduced  from  «  gtncnl 
pr^patitioQ  in*  dynanucs*  But  it^  will  greatly  conduce  to 
a  better  conception. of  tbe  equilibrium  in  tlds  fundamcgr 
tal  caset  i£  we  trace  the  operation  of  the  corpuscular  coor 
nectiug  forces  by^  which  this  equilibrium,  is  immrdiaUfj^  e£> 
fected. 

320.  It  is  evident  that  by  the  joint  action  of  the  two 
fofces  acting  in  tbe  ^  directions  AD  and  BEyr.aod  that  of 
CF  acting  in  ^e  o[qpoMte  direction  to  their  equivaltnl^ 
the  point  C  ia  draien.  away  from  the  line  AB.  The  body 
is  on  the  stretch  between  C  and  the  line  AB»  but  between 
A  and  B.  there  ia  a  degree  of  compression.  Thia  state  of 
things  vqry  jqmh  rasemblaa  what  it  would  be  .if  CA  and 
CB  were  two  threads,  connecting  C  with  A  and  with  B» 
and  having  a  slender  rod  or  wire  AB  to  keep  those  two 
points  asuiuier.  It  is  quite  plain  that  if  the  body  were 
pulled  at  C  by  a  thread  CF,  and  at  A  by  a  thread  AT, 
and  at  ]^  by  the  thread  9T,  those  threads  would  haire  the 
directions  of  the  forces.  Now  this  could  not  be  unless 
there  were. soma  solids  matter  between  A  and  B,  keeping 
the  threada. asunder.'  The  threads  CA,  CB,  are  stretched, 
and  the  rod  AB  i^  compressed*  We  nuy  perhaps  conceive 
the  internal. mechanism  «till  better  if  we  suppose  each  of 
tbe  lines  CAy  CB,  and  AB,  to  be  spiral  wires,  twisted 
like  cerk-scFaw3^  When,  th^  forces  pull  at  this  elastic  tri« 
angle,  it  is  evident  that  the  spirals  C A  and  CB  will  be 
atretched  a  little- beyond- th^ir  natural  dimensions,  and  are 
therefore  exerting  contractile  forces.  But  AB  is  compres* 
aed  into  smaller  bulk,  and  is  therefore  exerting  expansive 
or  protrusive  forces. 


.   Instead  of  thus  fulling  A^  B^;  and  C, in  tlia  direction 
AD,  BE,  and  CF,  >  w^  ^imj  vuppOBe  them  pitsbed  ia  Uk 
opposite  dinsetions  .DA,^  BB,  lanA  FC.    In  4bis  case  we 
should  find  CA  and  CB  in.aioslaU  of.comprenrion^  and 
AB  on  the  ^tsetch.    It -nay  eten  happen i  that  ^aU*  the 
three  lines  are  stretched,  or  alL  tiir^^  compressed.     This 
happens  when  'the  direction  DA  or  EB  divides  ike  intt« 
rior  angle  of  the  triangle.   :We  always  hare  one  direc* 
lion,  such  as  CF,  which  does  so.     The  other  two  direc* 
dons  AD  rand  BEi  either  (as.in  tfais^iigure)  'both  divide 
the  external  angles  GAE  and  CBN^  or  botbidiride  Iha 
internal  angles.    A  little  attentiva«08»ideratioo«wiU:BMike 
this  very  evident,  but  it  requires ima»jT  words. 
:  '  A  force'oannot  be  ixnmediatiely.'kalaiioed  tomept  hy  an 
equal  and  oppQ6ite'foBoe:ap(ditd[  to  tkeeeme  point.     The 
farce  CF  does  vnot.  itninedtatefy  balasce^the  fiorces  AD  and 
BE,  buti-aa*'  equal  andtopposite.  force  GR.  <> This  force 
OR  arises  firom;^  the  iicombined  dotion  of  ^tbe  eontraetiki 
£enrces  o£  4he  Ifareads  CA  and  CB«  ^it  Js*tbeir  equimlent 
<n^  resulting^  force.    £IBiii»  therefore  the  *  diagonaLof^  some 
parallelograib  CFRQf  of.  wbicb  the:  side*  GB  is  .to  rtlie  side 
CQ.>as  tfaa  contsactile  'force  iftKciled; along  CB.^.  In  like 
manner,  the  force  AD.  is  in  immediate  eqiiilibriam'  with 
the  contractile  force  of  CA,  and  the  protrusive  or  espan- 
sive^force  of  ABw    T'heiforce  AL- ipustbe^lbo  diagonal 
of  some  parallelogram,  whose  sides  have  ^the  direotions 
AC  and  BA,  that  is»  of  thepanaUeiofgramAKLI ;  and^ 
lastly,  BE  is  immediatelyi  balanced,  by.  it&  equal:  end  op- 
posite BO^)(the  diaigonal  of  the  paraUalogoamiBNOM,  of 
which' one^  side  BM'isithe  caniractiieforceofiCB,  aod^the 
bther  BN  is  the  .protrusive,  force  of  AB. 
(    Now,  since  every,  .aetioo  is  accompanied  .by  an  equal 
and  eontruirin  seaciion,  it. follows i  that  i Alas. CP|   and 
BM  ^  €Q,  And  AK  :=;:  BN. 

'    S91.  Draw  .CS  perpendicular  Uk  AB.    Then,  because 
in  any  triangle^  the  sides  are  as. the  sines  of  the  -opposite 


920  ccmnscutAE  AcnoK, 

angles,  we  have  AL :  LI  =  sin.  AIL :  sin.  LAI,  ^  sin. 
CAB :  8in«  CAG.    But,  making  C A  the  radius,  it  is  plain 
that  CS  is  the  sine  of  the  angle  CAB,  and  CG  b  the  sine 
of  the  angle  CAG.    Therefore 
we  have  .  AL  :  LI  =  CS  :  CG 

and  also  MO,  or  LI :  BO  =  CH  :  CS 

therefore  AL :  BO  =  CH :  CG 

consequently  AD :  BE  =  CH :  CG 

Q.  E.  d. 

Thus  have  we  demonstrated  the  proportion  between 
the  forces  applied  at  A  and  B.  We  should  have  the  same 
determination  for  the  ratio  AD :  CF,  or  of  BE :  CF,  by 
the  same  mode  of  procedure. 

.  '  It  remains  to  demonstrate,  by  tracing  the  operation  of 
the  excited  corpuscular  forces,  that  the  three  lines  FC^ 
AD,  and  BE,  intersect  in  one  point  T.  Therefore  draw 
P  a  and  Q  b  parallel  to  AB^  meeting  C  «  in  a,  and  C  ^  in 
£,  and  join  a  R  and  b  R.  The  figure  C  a  R  &  is  a  paral- 
lelogram. For,  since  CP  and  CQ  are  respectively  equal 
to  AI  and  BM,  the  triangles  LEA  and  CP  a  are  similar 
and  equal.  So  are  the  triangles  FaR  and  MOB.  So 
are  CQ  b  and  ONB ;  and  so  are  Q  &  R  and  I  LA.  There* 
fore  C  a  and  b  R  being,  each  of  them,  equal  and  parallel 
to  LA,  are  equal  and  parallel,  and  therefore  C  6  and  a  R 
are  also  equd  and  parallel,  and  the  figure  C  a  R  &  is  a 
parallelogram. 

Thus  we  see  that  CR  is  not  only  the  diagonal  of  the 
parallelogram  CQRF,  and  the  equivalent  of  the  two  con- 
tractile forces  CP  and  CQ,  excited  in  the  solid  matter  of 
the  body,  but  that  it  is  also  the  diagonal  of  the  parallelo- 
gram C  a  R  &,  and  the  equivalent  of  the  forces  C  a  and 
C  &,  which  are  parallel  and  equal  to  LA  and  OB,  or  to 
AD  and  BE,  the  external  forces.  We  see  that  although 
it  is  not  in  immediate  equilibrium  with  those  two  forces, 
it  would  be  in  equilibrio  with  them,  were  they  applied  at 
C.     Moreover,  sinqe  we  know  that  AD :  BE  =  C  « :  C  ^ 
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we  liave  Ca:C&=C«:C/3,  and  therefore  the  two  si*^ 
milar  parallelograii|8  C  a  R  &  and  C  *  T  /s  are  about  the 
same  diameter ;  that  is,  the  .  direction  CR,  or  FC,  coin* 
cides  with  CT,  that  is,  it  passes  through  the  intersection 
of  tbe  directions  AD  and  BE. 

The  force  CF  remotely  balances  the  forces  AD  and  BE, 
by  exciting  the  contractile  forces  AI  and  BM,  or  CP  and 
CQ)  the  equivalent  of  which,  viz.  CR,  it  balances  imme- 
diately, while  the  expansive  forces  AK  and  BN  balancel 
one  another.. 

The  illustration  by  means  of  the  threads  CA  and  CB 
and  the  rod  AB,  by  which  the  threads  are  kept  apart,  is 
quite  accurate,  and  gives  us  very  just  and  adequate  no- 
tions of  the  unperceived  corpuscular  action  by  which  the 
ostensible  balance  is  effected. 

It  must  also  be  noted,  that  the  demonstration  would 
have  been  precisely  the  same,  to  whatever  points  of  the 
lines  AT  and  BT  the  same  forces  had  been  applied  in  the 
same  directions.  Even  at  the  point  T  or  beyond  it»  the 
three  forces  would  still  have  balanced  each  other.  We 
shall  always  have  the  same  equality  and  reciprocity  of 
forces  between  the  connected  points ;  and  this  will  alwayt 
give  the  same  form  to  the  parallelogram  C  •  T  ^.  The 
form  of  the  triangle  ABC  is  altogether  indifferent. 

This  confirms,  in  an  unquestionable  manner,  what  was 
affirmed  in  dynamics,  and  is  assumed  l^  Sir  Isaac  Newton 
in  his  second  Corollary  fi'om  the  Laws  of  Motion.  Some 
mathematicians  say  that  he  has  done  this  without  sufficient 
authority,  and  that  it  should  not  have  been  assumed,  but 
demonstrated.  This  is  done  here,  on  the  authority  of 
the  third  law  of  motion.  Nothing  else  has  been  as- 
sumed. 

322.  It  is  scarcely  neoessary  to  repeat  this  discussion 

'  for  the  case  where  the  two  forces  AD  and  BE  do  not  in- 

iersecty  being  parallel     For  it  is  evident  that,  in  this 
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CBse,  the  third  fbroe'CF  mmt  be  parallel  tollie  other  Iwn^ 
and  jnust:  be  # qual  to  this  4uiii,  pr  to  their  difference,'  ac* 
cording  as  -(he  fp^ves^  AD  and  BE  act  in  the  same  or  in 
^pp^ite^d^ecjbioni.  For,  this  must  be  th^  case  when  aH 
act  on  one  point.  Then,  as  to'  thj»  proportion  of  AD  to 
BE,  the  invesiigajtio9  is  precisely  the. same  with  the  fore* 
going  I  there  viil  b^  the  same  excitement  of  coniracti^ 
forces  AI  and  3M>  and  of  .€;cpan8ive  forces  AK  and  BN, 
§n4  the  s^ipe  .ultimate  anialogjr  AL :  BO  =  CH :  CG. 

There  is  however  a  peculiar  simplicity  in  this  case  of 
parallel  forces,  which  is  very  convenient  on  numberless 
pccasions ;  for .  which  re^tson.  it  is  generally  advisable  to 
reduce  all  other  cases  to  this,  by  resolving  each  force  into 
ptbers,.. parallel  to  certain  lines  properly  chosen.  The 
simplicity  arises  from  this  circumstance,  that  the  lines 
CH  and  CG  make  ope  straight  line,  as  in  fig.  5.  And, 
because  CF  is  also  parallel,  it  follows  that  tlie  forces  at  A 
and  B  are  inversely  as  .the  portions  of  any  line  PCQ,  or 
'ABVs  or  BXT,.  intercepted  between  the  (Hiraliels.  That 
«,  AD  :  BE  =  CH  :  Cfi.  =  CQ  :  CP,  =  RV  :  RA,  = 
XB :  XT,  In  like  manner  AD :  CF  =  BX  :  BT,  =  QC : 
ftP,&c.&c. 

323.  Also  AD  :  BE  =  BX  :  AR,  by  drawing  perpen- 
diculars,  not  from  C  on  the. directions  AD  and  BE,  but 
from  A  and  B  on  the  direction  FC.  This  is  peculiarly 
iconvenient  on  many  occasions. 

334.  We  now  see  that  if  is  not  enough  for  insuring  the 
equilibrium  of  three  external  forces,  by  the  intervention 
of  a  solid  body,  that  they  have  such  directions  and  pro- 
portions as  would  make  -them  balance  when  acting  on  one 
atom. .  If  the  body  be  at  perfect  liberty,  this  balance  will 
be  effected,  but  the  body  will  generally  move  and  assume 
a  particular  attitude,  (allow  me  so  to  call  it),  such  that 
the  perpendiculars  drawn  from  one  of  the  points  of  appli- 
cation qn  the  directions  of  the  forces  acting  on  the  other 
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tw0  poftitspare  retiprocaliy  propaeiif^kl  io  theinlen^ities 
of  ihQse  forces.  'In  any  otb^r  attitude  of  the  •body,  the 
forces  are  parthf  employed  in^ehai^idg  (as  will  appear  by 
and  by)  the  position  or  situtition  of  the  body  among  other 
bodies.  This  remark,*  and  this  distinction 'between  atti« 
tude'and  *8ituation  ot  position,  wili  be  found  to  be  impor* 
tant  Our  chief  eoncem  at  present  is  to  obtain  the  pro* 
portions  of  the  balancing  f^NTces;  und  even  this  was  re*' 
quired,  in  order  to  learn  the  law  which  regulates  the  ex- 
citement of  the  corpuscular  forces.  Accordingly,  we  have 
learned  the  magnitude  of  the  force  excited  at  B  fig.  4. 
by  ihe  application  of  the  force  AD  at  A.  The  force  ex- 
cited at  B  is  evidently  BO,  and .  we  discover  this  practi- 
cally, by  fipding  that  AD  is  balanced  by  BE.  '  We  know 
that  BO  is  eqtfal,  and  opposite  to  thid  force  BE. 

325.  We  cannot  proceed  moch  farther  without  taking 
some  notice  pfthie  change  of  attitude  -occasioned  by  the 
^otibli  of  ^external  forces',  When  things'  brein  thisi»tate 
of  Equilibrium ;  >  suppose  that  some  lidditioiif  is-  made  to 
the  force  AD,  fig.  4.*it  will  no  longer  balance  AL^  and  the 
point  A  must  be  ui^ed  and -HAist- move  towards  T.  The 
point  B  also  will  shift  its  place.  The  force  CB-mustalso 
be  supposed  to  receive  ^omechangej  thlEif  it  may  agaio 
balance-AD  bnd  BE.  But  we  do  hot  at  pi^esent attend 
so  particularly  to  the  condition 'of 'that  poiht;  and  we 
may  suppose  it  retained  inr  its  place  by  a  eoiilp^tent  force. 
The  body  must  take  a  new  attitude,  a^  we  do  not 
suppose  the  directions  of  AB  and  BE  to  change,  the 
angle  /J  C«,  and  the  opposite  angle  Tof  the  paralleio* 
gram'  retains  its  magnitude.  But  it  will  be  differently 
divided  by  CT.  For  it  may  be  remarked  that  GT  being 
taken  asradiuii,'  CII  and  €G'tu*e  the  sines  of  the  angles 
CTB  and  CTA.  Therefore,  as  ^wei  eopposed  the  force 
AD  to  be  bugmentbd,  -  BE  reraioning  the  same,  the 
iatio  of  GH  to  CGrtnust  -ihcrease.    Therefore  the  .angle 
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CTA  must  dimiBiih  and  CTB  roust  incveMe;  tlie  Hot 
CT  ihiftmg  towarda  thai  aide  on  whiek  B  it.  Hoaaa 
ire  lee  that  increasiBg  AD  tends  to  gm  the  bodjr  si 
watt  of  rotatiTe  motion  round  C  in  one  direction;  and 
that  augmenting  BE  will  tend  to  produce  a  feintiye 
motion  round  C  in  the  contrarj  direction.  In  sboi4^ 
the  body  must  again  assume  sudi  an  attttodcy  that  the 
perpendiculars  CH  and  CO  are  again  proportional  to  the 
forces  applied  at  A  and  B. 

826.  Since  we  have  AD :  BE  =  CH  :  CO,  we  hart 
ADxCGsBExCH;  that  is,  when  the  equiKbrinn 
obtains  which  ascertains  the  ratio  of  the  excited  forces^ 
we  have  the  rectangles  or  products  of  the  forces  bj  thdr 
perpendicular  distances  from  C  in  the  ratio  of  equalilj; 
This  equation  may  be  conceived  as  indicating  an  equality 
<tf  energy  or  momentum  for  turning  the  body  round  the 
point  C,  for  such  rotation  happens  immediately,  if  either 
of  the  forces  AD  and  BE  be  increased  or  diminished; 
This  way  of  considering  the  subject,  is  not  our  chief  ob* 
ject  at  present,  but  it  will  be  useful  to  keep  it  in  mind 
We  may  express  it  more  briefly  by  making  a  represent 
the  perpendicular  from  c  on  the  direction  of  the  force  ap» 
plied  at  A,  and  b  the  perpendicular  on  the  direction  of  the 
force  a(^lied  at  fi.  Thb  gives  the  equivalent  equation 
ADx«  =  BEx&  Till  this  be  accomplished,  we  hate 
no  method  of  ascertaining  the  force  exerted  in  the  differ* 
ent  parts.  We  know  however,  (and  it  is  of  importance 
to  have  it  familiarly  in-  our  recollection)  that  while  this 
body  is  changing  its  attitude,  the  force  exerted  in  every 
particle,  is  precisely  competent  to  the  motion  which  is 
there  produced. 

We  have  seen,  that  when  a  mass  of  rigid  matter,  or  as 
it  is  usually  denominated,  a  solid  body,  is  the  interme- 
diumby  which  three  forces  are  made  to  balance  one  an^ 
f|^>  their  directions  -^meet  in  one  point.    Hence  it  fobt 
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lows  that  fhese  directions  are  in  one  plane,  namely,  the 
plane  of  the  triangle  ABC.  Three  forces  may  have  their 
directions  meeting  in  one  point,  and  yet  may  be  in  dif-. 
ferent  planes,  as  when  they  meet  in  the  vertex  D  of  the 
tetrahedron  ABCD  of  Plate  III.  fig.  7.  But  in  this  case 
there  is  not  an  equilibrium,  without  the  action  of  a  fourth 
force,  as  we  shall  see  by  and  by.  At  present  we  proceed 
to  investigate  the  exerted  forces  when  more  than  three 
points  are  considered.  It  isnecessary  to  begin  with  forces 
acting  ail  in  one  plane. 

327.  Let  the  forces  AD,  BE,  CF,  S  «,  Plate  IV.  fig.  6, 
be  applied  to  the  four  points  A,  B,  C,  S,  all  in  one  plane,  in 
which  are  also  the  lines  of  direction  of  the  forces ;  and  let 
all  be  in  equilibrio.  It  is  required  to  determine  the  ratio 
of  the  forces. 

Any  oive  of  the  forces,  BE  for  example,  may  be  stated 
as  in  opposition  to  two  other  forces  AD  and  S  «,  tending 
to  turn  the  body  round  the  point  C  to  which  the  remain- 
^  ing  force  CF  is  applied.  BE  may  therefore  be  consider- 
ed as  the  aggregate  of  two  forces,  B  e  and  e  E,  of  which 
the  first  balances  AD,  and  the  second  balances  S  s. 

The  process  of  investigation  may  be  the  same  as  be^ 
fore.  AL,  equal  and  opposite  to  AD,  is  the  force  exerted* 
at  A,  and  it  arises  from  a  contractile  force  AI  combined 
with  a  protrusive  force  AK.  Making  BN  =  AE,  and 
drawing  NO  parallel  to.BC,  we  determine  BO,  the  force 
exerted  at  B  by  the  action  of  AD  at  A.  In  like  manner^ 
making  S  /  equal  and  opposite  to  S  5,  we  determine  the 
exerted  contractile  force  S  t,  and  protrusive  force  S  k. 
Make  B  n  =  S^,  and  no  parallel  to  BC,  we  get  the  force  B  o 
exerted  at  B  by  the  action  of  S  «  at  S.  Thence  we  learn 
that  a  force  BE  equal  to  the  sum  of  BO,  and  B  o  will 
balance  the  forces  at  A  and  S,  and  thus  obtain  the  ratio 
of  the  exerted  forces.  We  also  learn  the  force  at  C  by 
fuaking  CP  and  CQ  equal  to  AI  and  BM  respectively^ 
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Mid  C j»«Bd  Of  €^ftl  to  S t  and  B m.  Then  fMniiig  tbf 
pvallelogrMis  GPHQ  and  Cp  f^,  and  drawing  the  dia- 
goiiaU  CR  and  C  r,  and  jsiaking  them  the  sides  of  another 
parallelogram  GRV  r,  we  draw  the  diagonal  CV.  CV  is 
the  force  exerted  at  C  by  the  action  of  the  three  forces  at 
A»  B,  and  S,  and  C  v,  eqaal  and  opposite  to  OV,  b  the 
external  force.  Thns  is  the  ratio  of  all  the  forces  deter- 
mined.  All  this  is  evident  from  $  3S0,  and  the  composi^ 
lion  of  forces. 

328.  Supposing  perpendiculars  from  C  on  each  of  the 
lines  AD,  BE,  andS«,  and  representing  them  by  the 
symbols  a,  b^  and  t,  it  is  plain  that  AD  x  a  =  BO  x  &f 
and  StxS  =  Box&»  and  therefore  BO+Box A»  or 
BExft^ADxtf +  S«xS.  This  equation  may  be  con^ 
sidered  as  expressing  th&  equality  of  the  rotative  moment 
turn  round  C  of  the  force  BE  to  the  combined,  momenta 
pf  AD  and  S«. 

If  the  two=  directions  AD  and  S  9  intersect  in  any  point 
6,  and  if  the  forces  are  applied  at  that  point,  they  will 
have  the  same  rotative  momentum  as  when  applied  at  A 
and  S.  For  the  perpendiculars  from  C  on  their  direc- 
tions are  not  changed  by  changing  the  points  in  the  lines 
of  direction  to  which  they  are  applied.  Therefore,  if 
instead  of  applying  the  forces  AD  and  S  5  at  6,  we  apply 
this  equivalent  Gg*,  the  effect  should  be  the  same  also, 
since  it  is  iadifferent  to  what  point  in  the  line  of  its 
dhrection  the  fdrce  be  applied,  this  equivalent  may  be  ap- 
plied to  any  point  of  the  line  G  g*  H.  Nay,  what  is  not 
so  obvious,  if  the  forces  AD  and  S  s  are  jointly  applied 
to  any  point  of  this  line,  the  equilibrium  with  BE  x  h 
will  still  obtain. 

For  l6t  ABDR  fig.  7.  be  a  parallelogram  having  BR 
for  its  diagonal.  From  any  point  C  draw  perpendiculars 
C  d,  C  a,  and  C  r,  on  the  sides  BD,  BA,  and  the  dia- 
^nal  BR ;  draw  CL  parallel  to  DB,  C£F  parallel  to 
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DB,  and  CIH,  EG,  and  DK  parallel  to  BR,  meeting  the 
parallels  CL,  BD»  and  AR,  in  K,  E,  I,  F,  H.    We  have 
BRxCr  =  BRHI 
BA  X  C  a  :=  BAFE,  =  BBOE 
DB  X  Cd=:LBDK 
but  LB, orCI   :  IE  =  BR  (or  IH)  : :  BD 

CI  X  BD  =  IHxI£ 
and  LBDK=£GHI 

therefore 

BAxCd+BDxcc^BR6E,+EGHI,  s=BRHI,  sBRxCfr. 
S89.  The  reader  will  doubtless  perceive,  that  if  there 
be  any  number  of  points  bejrond  C  to  whieh  external 
forces  are  iqpplied,  thejaaase  process  may.  be  foUo^niedfor 
ascertaiiung  the-  portion  of  the  whote^  force  BE  which  is 
in  equiUbrio  with  eaoh  of  them.  Ther^bre,  conversely, 
it  ascerUuns  the  force  exerted  in  those  different  points  by 
the  action  of  an  external  force  at  B. 

We  also  may.  perceive  that  we  can  always  ireduoe. the 
forces  in  equilibrio  with  i  BE  to  one,  by  continuing  their 
directions  till  thiy. intersect,  and  supposing  .their  eqniva* 
lent  force  applied  at  the  point  of  intersection.  Having 
done  this^  we  may  suppose,  instead  of  BE,,  any  number  of 
forces  applied  to  points  on  the  same  side  of  C,  and  in 
equilibrio  with  the  equivafent  of  all  the  forces  applied  on 
the  other  side.. 

To  do  this  in.  detail  would  be  a  tedious  process.  But 
the  reader  must,  I  apprehend,  see  by  this  time,  that  when 
the  equilibrium. obtains,  we  ^11  have  an  equation  exr 
pressing  it,  and  contaii^ng,  on  one  aide,  the  sum  of  the 
products  of  each  forcer  tending  to  turn  the  body  in  one 
direction  by  the .  perpendicular  fcom  C  on  the  line  of  its 
direction  ;  and.  on  ihexithec  side  an  equal  sum  of  similar 
products  for^tIie%Drcaa  w^ich  tend  to  turn  the  body  in:  the 
contrary  direction. 

Lastfy^  Since  we.  saw  that  when  there  were  only  two 
focces  AD  and  BE,  fig.  4.  the  direction  of  the  force  at 
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• 

C  passed  through  the  intersection  T  of  AD  And  BEIj  IT 
ail  Were  parallel,  and  that,  in  either  case  CF  was  eqodl 
and  opposite  to  the  equivalent  of  AD  and  BE,  it  follows 
that  we  can  always  reduce  the  most  complicated  case  to 
that  of  two  equal  and  opposite  forces. 

Hitherto  the  directions  of  all  the  forces^  and  also  iht 
points  to  which  they  are  applied^  have  been  supposed  to 
lie  in  one  and  the  same  plane.  But  a  body  may  hit  at 
once  impelled  in  numberless  directions  in  different  planes, 
And  the  poihts  Of  application  may  hav6  any  situation  on 
the  surface  of  the  body.  We  must  endeavour  to  simplify 
.  the  consideration  of  this  complicated  case.  Thb  will  b^ 
done  by  the  help  of  the  following  proposition. 

330;  Let  any  number  of  external  forces  be  applied  to  a 
aolid  body^  in  any  points,  and  in  any  directions,  and  let  all 
be  in  equilibrio.  Let  a  plane  pass  through  the  point  t6 
which  one  of  them  is  Applied,  and  let  all  the  forces  be  re- 
duced to  that  plane,  in  the  manner  described  utoder  dy« 
namics.  Then  I  say  that  these  reduced  forces  are  such  as 
would  be  in  equilibrio  were  they  applied  to  their  respec- 
tive points  in  that  plane. 

Let  A,  B,  C,  (fig.  8.)  be  three  points  of  a  body  to 
which  external  forces  are  applied.  Let  the  point  C  be 
supposed  to  lie  in  the  plane  of  the  paper,  but  the  points  A 
and  B  to  be  above  that  plane,  in  tiie  air.  Suppose  the 
forces  AD  and  BE  to  have  then*  directions  in  the  plane  of 
the  triangle  ABC,  and  construct  a  figure  expressing 
the  excited  forces,  in  the  same  way  as  was  done  in 
§  327.  Let  this  figure  be  orthographically  projected  on  the 
plane  of  the  paper,  by  drawing  perpendiculars  A  a,  1 1', 
K  A:,  Zr  /,  &c.  from  every  angle  to  the  paper.  We  shall 
then  have  its  orthographic  projection.  The  reader^s  ima- 
gination may  be  assisted  by  supposing  tne  original  figure 
to  be  made  of  wire,  and  to  have  its  point  C  on  the  paper, 
but  all  the  rest  above  the  paper,  except  the  line  CF, 
which  goes  through  to  the  under  side.    Now  let  the  papet 
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be  flo  belli  tiiat  the  sun  shines  perpendiculdrty  on  it.  The 
wire  figure  will  cast  a  shadow  on  the  paper,  which  will  be 
its  accurate  orthographic  projection.  This  is  represented 
by  fainter  lines.  The  triangle  ACB  has  aCb  for  its 
shadow,  //rat  is  the  shadow  of  the  parallelogram  LEA  I, 
Kiprq  is  the  shadow  of  CPRQ,  lEUid  Cjf  is  the  projection 
of  CF,  being  the  continuation  of  r  C^  which  b  the  shadow 
of  RC. 

Now, since  this  projection  is  made  by  lines  perpendicu- 
lar to  the  paper^  and  therefore  parallel  to  one  another, 
the  plane  AakK  is  parallel  to  the  plane  1 1 TL,  and  the 
plane  A  ^  1 1  is  parallel  to  the  plane  E  A;  /  L  (Eucl.  xi.  15.) 
Therefore  the  intersections  /  i  and  k  a  with  the  planfe  of 
the  paper  are  parallel  (Eucl.  xi.  16.).  So  are  the  inter- 
sections a  t  and  kl.  Therefore  Ik  at  is  a  parallelogram. 
So,  in  like  manner^  is  m  6  «  o.  Also,  because  AE  =  BN, 
and  the  lines  E  it',  A  a,  B  &j  N «,  are  parallel,  we  have 
ka^^hn.  Therefore  it  is  demonstrated,  in  the  sam6  way 
as  in  ^  326)  that  if  perpendiculars  C^  and  C  A  are  drawn 
from  C  on  the  directions  a  I  and  boj  we  shall  have  alx 
Cg'  =  6oxCi,  and  the  two  forces  In  and  o  b  (which  are 
the  forces  LA  and  OB  reduced  to  this  plane,  and  applied 
at  a  and  at  b)  are  in  equilibrio,  or  have  cfqual  rotative  mo* 
menta  round  C. 

It  is  evident  that  we  may  proceed  in  the  same  way 
with  any  number  of  reduced  forces  that  we  have  done 
with  forces  originally  acting  in  the  plane  of  the  paper,  by 
which  means  the  proposition  is  demonstrated^ 

There  is  no  occasion  to- consider  the  forces  which  are 
perpendicular  to  this  plane.  For  the  body  being  supposed 
in  equilibrio^  the  forees  are  such  as  would  be  in  equilibrio 
in  any  direction,  if  all  were  applied  to  one  point.  There- 
Are  they  would  be  in  equilibrio  if  all  were  estimated  in  a 
direction  perpendicular  to  this  plane ;  and  therefore  the 
sum  of  all  the  forces  acting  in  one  direction  would  be 
equal  lo  that  of  the  farces  acting  in  the  ppposite  direction^ 
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so  that  no  motion  will  ensue  from  those  porpendiciiltf 
forces^alone. 

From  this  proposition,  may  be  deduced  a  ^^orollarj  ez» 
pressing  a  remarkable,  property  of  4he  centre  of  posip 
tion. 

331.  If  there  be  applied  to  every  parlide  of  a  solid 
body  an  equal  and  pai'allel  force^  and  if  a  force  eqnal  ta 
their  sum  be  applied  in  the  opposite  direction,  in  a  line 
passing  through,  the  centre  of  position,  all  irill  be  in  equi- 
librio.  The  body  will  neither  be  mored  oot  of  its  place» 
nor  will  it  change  its  attitude. 

Let  P  (fig.  9.)  be  the  centre  of  positioii  of  a  solid 
body»  and  EGFH  a  section  of  the  body  by  a  plane  passing 
through,  the. centre  of  position  in  a  direction  parallel  t# 
that  of  the  forces^  Sdf{^se  sl  force  applied  to  a  particle  A 
in  this  plane,  acting  in  the  direction  A  «,  and  let  A  •  also 
represent  the  intensity  of  this  force.  Let  the  line  FB, 
parallel  to  A  «,  pass  through  P.  Then  this  line  may  re- 
present the  seojtion  .of  the  plane  EGFH  by  another  plane 
perpendicular  to  it.  In  like  manner,  let  the  other  parti- 
cles B,  C,  D,  &c.  in  the  plane  EGFH  he  actuated  by  forces 
B/^  C»,  D),  &c.  an  equal  and  parallel  to  A  a.  Let  the 
same  be  supposed  of  every  other  particle  of  the  body,  both 
those  that  are  above  the  plane  EGFH  of  the  figure  and 
that  below  it.  From  every  particle  let  perpendiculars 
Aa,  Bfr,  C  c,  D(f,  &c.  be  drawn  to  the  plane  which  cuts 
the  plane  EGFH  in  the  line  EF  perpendicularly.  Now^ 
let  all  the  forces  A «,  B  ^,  &c.  with  their  perpendiculars 
Ad,  Bbj  &c.  be  orthographically  projected  on  the  plane 
EGFH,  in  the  manner  described  in  the  last  proposition^ 
The  slightest  consideration  will  shew  us  that  the  projec- 
tion  or  shadow  of  each  line  representing  a  force  roust  be  a 
line  equal  and  parallel  to  it,  and  therefore  equal  and  pa- 
]pallel  to  A  »  or  B  /3,  &c.  Also  the  perpendicular  drawn 
from  the  particle  to  the  upstanding  plane  is  precisely  equal 
to  its  projectlpp,   which'  is  also  perpendicular  to   EP. 
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Therefore  the  sum  of  ail,  or  of  any  parcel  of  the  perpen- 
diculars to  the.  upstanding  plane,  is  equal  to  the  sum  of 
all  the  corresponding  projections,  perpendicular  to  EF. 

Now,  because  all  the  forces  are  parallel,  and  their  sum 
is  equal  to  the  force  applied  to  some  point  in  the  line  FE, 
in  the  direction  F£,  thej  would  balance  if  applied  all 
to  the  dame  point.  Therefore  the  body  will  not  be  moved 
out  of  its  place.  Moreover,  since,  by  the  property  of  the 
centre  of  position^  the  sum  of  all  the  perpendiculars  on 
one  side  of  FE  is  equal  to  the  sum  of  all  those  on  the 
other  side,  and  the  forces  are  all  equal,  it  follows  that  the 
sum  of  all  the  products  of  the  forces  by  their  perpendicu- 
lar distances  from  the  line  FE  on  one  side,  is  equal  to  the 
aum  of  similar  products  on  the  other  side.  Their  rotap- 
tive  momenta  are  therefore^  equal,  or  they  balance  each 
other,  and  the  body  has  no  tendency  to  change  its  attitude. 
All  motion  is  therefore  stopped,  whether  progressive  or 
i^tative. 

Note,  that  the  complete  equilibrium  requires  that  the 
line  of  direction  of  the  single  opposing  force  pkss  through 
.the  very  centre  of  p(|sition,  because  it  is  then  only  that 
^we  shall  have  the  equality  of  the  sums  of  the  perpendicu- 
lars on  the  two  sides  of  every  plane  that  can  be  drawn 
.  through  that  line  of  direction.  Should  the  line  of  direc« 
tion  be/e,  fig.  9.  although  still  in  a  plane  passing  through  P, 
the  rotative  momentum  on  the  side  cH/*  will  exceed  that 
on  the  side  e  G/,  and  the  body  will  turn  in  the  direction 
eHf. 

It  is  an  obvious  inference  from  this  proposition,  that  if' 
a  heavy  body  be  supported  by  a  single  point  in  the  verti- 
cal line  passing  through  its  centre  of  position,  then,  Imo, 
The  force  which  thus  supports  the  body  acts  directly  up- 
wards, and  is  equal  to  the  aggregate  or  sum  of  the  weight 
of  all  the  particles ;  and  2rfo,  The  body  will  have  no  ten- 
dency to  lean  towards  any  side. 

For  ^the  body  may  be  conceived  as  having  every  parti* 
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de  actuate^  bj  an  equal  force,  acting  in  pai^llel  lines* 
Therefore,  bj  this  proposition,  all  are  balanced,  any  plane 
being  made  to  pass  through  the  vertical  line  of  support, 
the  rotative  momenta  on  the  opposite  sides  of  this  plane 
are  equal,  by  this  proposition,  and  therefore  the  body  will 
incline  to  neither  side,  but  will  remain  in  the  same  atti- 
tude, just  as  if  the  weight  of  every  particle  were  united  in 
the  centre  of  position. 

For  thb  reason  the  point,  determined  in  the  way 
already  described,  and  which  we  have  called  the  centre  of 
position,  has  been  called  the  centrb  or  gravity,  meaning 
by  the  term  the  point  in  which  the  whole  gravity  of  the 
body  is  usually  supposed  to  be  concentrated.  This  how- 
ever is  an  inaccurate  conception.  The  weight  of  all  the 
particles  is  not  applied  to  the  centre  of  gravity,  nor  does  it 
act  there  by  itself.  But  such  must  be  the  distance  of  the 
particles  of  the  whole  system,  that  a  certain  force  may  be 
mutually  exerted  by  the  support  and  the  physically  touch- 
ing particle  of  the  system,  equal  to  the  sum  of  the  paral- 
lel and  equal  actions  of  gravity  on  the  particles.  It  is 
not  the  gravity  of  the  body  which  acts  on  the  support, 
but  a  corpuscular  repelling  force.  And  it  is  really  the 
centre  of  gravity,  if  we  suppose  the  gravity  of  all  the  par- 
ticles perfectly  equal,  and  all  acting  in  parallel  lines.  But 
rit  would  not  be  the  centre  of  the  effort  of  gravity  of  a 
body  placed  very  near  to  the  centre  of  the  earth,  because, 
in  that  situation,  the  gravities  of  the  different  particles 
will  neither  be  equal  nor  parallel.  The  name  is,  how- 
ever, proper  enough  in  respect  of  any  body  of  moderate 
bulk  on  the  surface  of  this  globe. 

332.  Such  are  the  more  simple  and  elementary  laws  by 
which  the  excitement  of  corpuscular  force  is  regulated. 
They  may  also  be  called  the  laws  of  the  propagation  of 
pressure.  This  is  a  very  usual  but  inaccurate  manner  of 
expressing  the  phenomenon.  >  It  is  very  true  that  when 
-4b€  conditions  bete  enumerated  are  observed^  a  pressure. 
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being  eicerted  on  one  point  of  a  solid  body,  it  b  instantly 
accompanied  by  a  determinate  pressure,  exerted  by  some 
other  part  of  the  body,  balancing  some  other  external 
pressure.  But  we  have  full  evidence,  by  what  was  said 
in  ^  320,  that  the  pressure  that  is  observed  in  the  remote 
part  is  the  excitement  of  a  corpuscular  force  belonging  to 
that  part,  by  means  of  an  unknown  number  of  corpuscular 
forces  which  connect  the  intervening  particles  of  the  body. 
When  these  intermediate  forces  are  wanting  in  any  part, 
the  remote  pressure  does  not  appear.  We  shall  find,  once 
we  begin  the  consideration  of  the  forces  actually  existing, 
that  these  laws  are  as  accurate  as  any  theorem  in  geome« 
try,  confirming,  in  the  most  unexceptionable  manner,  the 
justness  of  the  three  propositions  which  we  called  the 
laws  of  motion,  and  the  propriety  of  the  mark  and  mea- 
sure Which  we  adopted  of  every  change. 

It  is  now  time  to  consider  the  motions  producible  in  a 
mass  of  solid  matter  by  the  action  of  an  external  force. 
We  shall  find  this  to  be  a  subject  considerably  different, 
from  the  motion's  in  physical  astronomy.  In  the  celestial 
motions,  the  force  which  prodiites  the  change  of  motioii 
is  conceived  as  acting  alike,  or  nearly  alike,  on  every  par- 
ticle of  the  body,  and  acting  without  any  intermedium. 
Every  particle  was  conceived  as  influenced  by  a  force  cor* 
responding  with  its  situation,  without  any  dependence  on 
the  state  of  the  other  partides.  Jupiter  and  Mercury,  if 
in  the  same  place,  would  be  equally  moved,  although  Ju* 
piter  contains  5000  times  as  much  matter  as  Mercury.  A 
certain  variation  of  velocity  is  acquired  in  that  place,  by 
every  body ;  and  the  magnitude  or  quantity  of  this  vari- 
ation, can  be  varied  only  by  a  change  of  situation.  But 
here,  the  external  force  is  commonly  applied  to  some  part 
of  the  bbdy,  and  th€  palls  at  a  distance  are  tnoved,  not  by 
the  external  force,  but  by  the  corpuscular  forces  excited 
between  the  particles.  This  exciteinent  requires  the  ex- 
penditure of  the  force  employed,  in  order  to  generate  any 
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particular  Telocity  in  the  whole  mass,  and  the  expeoditar^f 
must  be  so  much  the  greater,  as  the  number  of  partides 
excited  to  motion  is  greater.  The  quantity  of  motion 
produced  depends  therefore  on  the  force  employed,  and 
the  Telocity  generated  depends  also  on  the  mass  of  the 
body  moved. 

Sir  Isaac  Nevrton  saw  the  necessity  of  a  distinction 
between  the  foia  moirixy  or  moving  force,  and  the  vis  acct* 
krairiXf  or  accelerating  force.  The  first  is  measured  by 
the  quantity  of  motion  produced  or  changed  by  it,  and 
the  last  by  the  velocity  generated. 

The  first  observation  of  moment  on  this  way  of  prt^ 
ducing  motion  is,  that  if  an  external  force  act  on  a 
solid  body,  in  a  line  passing  through  its  centre  of  posi- 
tion  or  gravity,  it  will  produce  a  motion  of  the  whole 
body,  in  its  own  direction,  every  particle  advancing 
alike,  and  therefore  without  any  rotation  or  change  of 
attitude. 

33^.  Let  p  express  the  magnitude  of  the  moving  force, 
and  m  the  number  of  particles  in  the  body  to  be  moved 
by  it.     It  is  plain,  by  the  last  proposition,  that  if  a  force 

=:-L,    or  the  m*^.  part  of  p,  be  applied  to  each  par- 
m 

tide,  in  the  opposite  direction,  all  will  be  in  equilibrio. 

Now  suppose  the  force  p  to  be  annihilated  in  an  instant. 

It  is  plain  that  the  body  will  immediately  begin  to  move 

in  the  direction  opposite  to  that  of  the  force  p,  and  that 

every  particle  will  move  alike,  being  each  impelled  by  an 

equal  force  — ,  just  as  a  heavy  body  falls  without  chang- 

tn 

ing  its  attitude,  all  parts  being  equally  acted  on.    By  the 

P 
continued  action  of  the  force  —  on  every  particle  during 

in 
.  some  given  time,  a  second  for  example,  every  particle 
acquires  the  velocity  v  in  the  same  direction.     The  whole 
lEpantity  of  motion,  therefore,  will  be  m  v,  the  exact 
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measure  of  the  force  p  which  held  the  body  in  equi- 

librio. 
334.  Suppoie,  on  the  other  hand,  that  all  the  forces 

—  are  annihilated  in  an  instant,  while  p  is  pressing  the 
m 

body  in  its  proper  direction.    E^ery  particle  is  pressed  ia 
Ahis  direction  with  the  force  — ;  for  'all  was  in  equilji- 


brio  when  the  external  forces  —  were  applied  to  each 

m    > 

particle.    Each  was  therefore  opposed  to  an  equal  and 

opposite  force  — .     These  forces,  excited  by  the  force  p% 

m 

must  now  act  alone,  and  will  produce  the  same  motion, 

but  in  the  opposite  direction,  that  was  produced  by  the 

external  forces  — ,  when  the  force  p  was  removed.     That 

is,  by  the  action  of  those  equal  excited  forces,  every  par- 
ticle will  begin  to  move  in  the  direction  of  the  force  p^ 
and  will  acquire  the  velocity  o,  if  p  continue  to  adt  on 
that  body  during  a  second,  and  the  whole  quantity  of 
motion  will  be  m  v,  the  proper  measure  of  the  force  ji« 
The  forces  actually  exerted  in  the  different  particles  are 
not,  strictly  speaking,  all  equal;  for,  on  the  contrary, 
the  force  exerted  in  the  particle  to  which  p  is  immedi* 
ately  applied,  is  equal  to  the  whole  force  p.  But  by  far 
the  greatest  part  of  the  force  exerted  in  it  is  employed  in 
pressing  the  particles  with  which  it  is  immediately  cohe- 
rent, sufficiently  near  to  the  particles  beyond  them  for 
exerting  the  necessary  forces  in  them,  to  be  expended  in 
like  manner  in  pressing  those  still  more  remote;    and 

there  remains  only  a  portion  — ,   sufficient    for    giving 

In 

this  particle  the  velocity  v.  This  will  appear  very  di- 
stinctly, by  considering  backwards  from  tlie  most  remote 
iwnes  of  particlea.    These  receive  only  as  much  pressure 
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as  suffices  for  giving  them  this  velocity^)  and  they  react  a^ 
much  on  the  penult  series.  The  particles  of  this  series 
receive,  each  of  them,  a  pressure  sufficient  for  balancing 
this  reaction,  and  a  pressure  sufficient  fpr  giving  them 
the  velocity  v.  Thus  each  series  in  succession  sustains 
more  pressure  as  it  is  nearer  to  the  particle  acted  on  by 
the  force  p.  But  in  every  particle  there  is  an  overplus  of 
force  sufficient  for  producing  the  velocity  v.  There  is  no 
mystery  or  intricacy  in  this.     For  it  is  this  overplus  alone 

that  was  the  balance  for  the  forces  —   that    we   at   first 

m 

supposed  to  be  applied  to  each  particle,  and  to  be  all  ba^ 

lanced  by  the  force  p.     There  was,  in  that  case,  the  same 

sei^ieses  of  forces,  greater  and  greater  as  we  approach  the 

point  to  which  p  is  applied;  but  these  are  all  employed 

in  connecting  the  particles,  and  keeping  them  in  that 

state  of  strain  that  is  necessary  for  the  excitement  of  that 

force  in  each  particle  which  immediately  balances  the  ex> 

ternal  force  —  applied  to  each.    All  these  connecting 

Tfl 

forces  vanish,  or  cease  to  act,  the  instant  that  tlie  force 
p  is  annihUated,  and  the  body  moves  with  the  velocity  v. 
For,  in  that  instant,  the  strain  being  removed,  the  par- 
ticles all  resume  their  natural  distances,  in  which  they  are 
inactive,  and  the  body  continues  to  move  with  the  velo- 
city already  acquired.  This  indeed  is  not  strictly  true, 
because  when  the  particles  spring  back  to  their  natural 
distances,  .they  commonly  overpass  them  a  little,  as  a 
pendulum  let  go  from  an  oblique  position  does  not  stop  at- 
its  natural  position  in  the  vertical,  but  passes  to  the  other 
side,  and  oscillates  some  time,  till  it  is  brought  to  rest  by 
various  obstructions.  The  particles  of. the  impelled  body 
do  the  same  thing,  and  vibrate  a  little  on  each  side  of 
their  natural  places,  till  this  ceases,  by  the  imperfection 
of  tlieir  elasticity.  That  this  is  really  the  case,  may  be 
j^ily  perceived  by  striking  away  a  small  bell  or  other 


<. 
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elastic  body.  It  may  be  heard  ringing  all  the  while  it 
flies  through  the  air.  It  may  sometimes  be  more  dis- 
tinctly perceived  in  a  child'^s  plaything  wliigh  imitates  a 
mouse  jumping  out  of  a  box.  If  this  be  so  placed  on  the 
floor  as  that  the  mouse  springs  out  along  the  floor,  the 
spiral  wire  that  is  attached  to  it  will  sometimes  be  seen 
to  expand  and  contract  several  times  as  it  runs  along  the 
floor. 

The  other  circumstance  to  be  observed  in  this  motion 
is,  that  it  is  merely  progressive,  without  any  rotation. 
This  must  be  the  case,  since  every  particle  has  the  same 
velocity  v,  no  one  gains  upon  another,  and  therefore, 
whatever  position  or  bearing  they  have  in  the  beginning, 
they  retain  it  during  the  whole  motion.  The  same  pro- 
gressive motion,  free  from  all  rotation,  will  be  produced 
if  the  equivalent  of  any  number  of  forces  be  in  a  line 
which  passes  through  the  centre  of  position.  For  a  force 
equal  and  opposite  to  this  equivalent,  and  applied  in  a  line 
also  passing  through  the  centre,  will  balance  those  forces. 
Let  the  intensity  of  this  equivalent  be  p,  and  let  m  be 
the  number  of  particles  in  the  body.  ,  Then  if  a  force 

—  be  applied  to  each  particle,  they'  will  balance  this 

equivalent,  and  be  balanced  by  it.  The  effect,  therefore, 
of  the  primitive  external  forces  being  equal,  and  opposite 
to  the  force  J9,  which  balances  their  equivalent,  and  this 

P 
being  equivalent  with  a  force  equal  and  opposite  to  — 

in 

applied  to  each  particle,  the  effect  of  the  primitive  extem 

nal  forces  is  to  impress  this  force  —  on  each  particle,  and 

m 

therefore  it  will  cause  the  whole  body  to  advance  alike, 

without  rotation.     It  is  very  obvious  that  this  permanent 

attitude  is  peculiar  to  this  case.      For  if  the  same  force, 

acting  in  the  same  direction,  be  applied  in  a  line  which 

passes  on  one  side  of  the  centre  of  position  of  the  body,  h 
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U  eVidmi  that  tiut  Bide , will  ad vaooe,  in  the  t«iy  begin*- 
aiag  of  the  moiSiaa,  fuUr  than  the  other.  The  bodj  will 
thorefiore  ho^h  advanm .and  ixntn  roimd  •  It ii alio  ob- 
YfOUi  that  this  will  be  the  moit  g«ieral  nsidt  For  an 
•etiqn  in  it  line  paasing  throogh  the  centre  is  but  one  of 
Biillioriii  of  eaaef.  Accordingljy  it  is  Tcrj  larelj  tha^ 
yogressive  motion  is  not  combined  with  a  motion  of  ro^ 
tatipn.  In  the  great  movements  of  Nature,  the  celestial 
■lotions  we  see  those  two  kinds  of  motion  always  eon* 
joined.  All  the  planets  on  whicfa  observations  csn  be 
jnade,  tnm  round  their  axis  while  tbej  re? ol? e  round  the 
am  jor  other  central  body.  A  stone  thrown  from  the 
farid|.  a  bomb  or  cannon  ball  from  the  mnssle  of  the 
fiaee,  are  always  obserred  Iq  whii^  as  they  iy, '  It  re* 
quires  particular  contri? anoes  to  prevent  this  when  in- 
coQvenienti'  On  the  other  hand,  this  motion  of  rotation 
being  subject  to  fixed  principles,  we  ain«  modify  it  so  as 
tp  suit  any  piirpose  we  may  have  in  view.  This  will 
come  under  consideration  by  and  by ;  and  in  the  mean 
time  we  proceed  with  the  remaining  circumstances  of  pro- 
gressive motion,  as  connected  with  the  force  employed. 

335.  The  quantity  of  motion  produced  by  the  action 
of  a  force  was  taken  for  the  measure  of  that  moving  force, 
upon  every  ground  of  good  argument  (See  Dynamics.) 
If  any  force  be  necessary  for  giving  a  certain  motion  to  a 
cubic  foot  of  matter,  aj^  much  is  surely  necessary  for  giv- 
ipg  the  same  motion  to  another  cubic  foot.  Therefore  it 
is  most  reasonable  to  call  that  a  double  force  which  gives 
the  same  motion  to  a  double  quantity  of  matter.  The 
observations  which  have  been  made  on  the  way  in  which 
force  applied  to  one  part  of  a  firm  body  produces  motion 
in  the  whole,  perfectly  agrees  with  this  suggestion  of 
common  sense,  and  even  confirms  it,  by  shewing  how 
those  sensible  pressures,  which  we  call  moving  forces, 
arise  sometimes  from  the  combined  action  of  accelerating 
forces,  such  as  gravity  and  magnetism,  whose  ^action  on 
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€ach  atom  is  insensible.    The  sensible  pressure  of  a  mass 
of  lead,  used  as  the  moving  force  acting  on  a  machine,  is 
usually  considered  as  the  accumulated  gravitation  of  everj 
particle.     But  we  have  seen  that,  although  it  be  equal  to 
the  sum  of  those  gravitations,  it  is  really  the  corpuscular 
repulsion,  or  something  similar,  of  the  touching  parts  of 
the  machine  and  weight,  exerted,  or  brought  into  action 
^y  the  compression  occasioned'  by  the  heaviness  of  each 
particle.   And  we  have  seen  how  this  mutual  action  comes 
to  be  as  precisely  measured  by  the  number  of  particles  of 
another  body  which  it  puts  into  motion,  and  the  velocity 
generated  in  each,  as  the  action  of  gravity  on  the  weight 
itself  is  so  measured.     In  other  cases  of  moving  forces,^ 
such  as  that  of  a  spring,  it  cannot  be  measured  in  any 
other  way.     The  sensible  pressure  of  a  spring  is  not  the 
•accumulated  elastic  force  exerted  by  every  particle  of  the 
spring.     These  elastic  forces  are  only  ei^erted  between 
Ifie  particles  of  the  spring, ;  and  they  are  probably  not 
much  inferior  to  the  sensible  pressure  of  the  spring  on  the 
•body  moved  by  it.     The  sum  total  of  these  is  probably 
immense ;  but  it  is  unknown  to  *  us.     This  moving  force 
xaonot  be  measured  in  any  other  way  than  by  the  motion 
produced  by  it     But  although  the  force  of  a  spring,  must 
not  be  considered  as  the  sum  of  the  elasticities  of  the 
jmrticles,  it  is  still  their  combined  action.     The  sp/ing 
must  unbend  through  some  sensible  space,  that  it  may ' 
follow  the  yielding  body,  .continually  accelerating  it,  till 
the  velocity  becomes  sensible.     This  could  not  be  effected 
by  the  elasticity  of  the  touching  parts  alone;  their  up- 
most motion  is  not  the  millionth  of  the  millionth  part  of 
an  inch,  and  would  be  instantly  at  an  end  by  the  yield- 
ing of  the  body.     But  each  particle  moving  a  little,  the 
•eud  of  the  spring  is  urged  over  a  sensible  space,  and  pro- 
•duces  its  eifect.     We  have  a  clear  evidence  of  this  inter*    ' 
nal  motion  of  compression.     If  we  strike  off  any  sonorous 
|)ody,  such  as  a  metal  plate,  or  a  bell^  by  a  smart  blow^ 
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we  shall  hear  it  ringing  all  the  while  it  flies  through  the 
air.  Its  particles  were  compressed  in  succession,  till  the 
whole  was  put  into  motion,  and  quitted  the  body  which 
impelled  it,  and  then,  springing  back  to  their  natural 
distances  from  each  other,  they  overpassed  them,  as  a 
pendulum  let  go  from  an  oblique  position-  passes  the  ver«  ^ 
tical  line  which  is  its  natural  quiescent  position.  Just  so 
the  particles  vibrate  for  a  while  on  each  side  of  their  na*- 
tjiral  positions,  till  this  motion  is  extinguished  by  their 
imperfect  elasticity. 

3^6.  Thus  it  appears  that  the  force  of  a  spring,  by 
which  it  can  put  other  bodies  in  sensible  motion,  is  not 
the  sum,  nor  equal  to  the  ^um  of  the  elastic  forces  exerted 
by  each  of  its  particles,  although  the  joint  action  of  them 
•11  is  necessary  for  the  ostensible  effect.  It  is  only  is 
such  cases  as  gravity,  magnetism,  and  others  which  we 
call  attractions  or  repulsions,  that  the  ostensible  effect  is 
at  least  equal  to  the  sum  of  the  forces  acting  on  each 
particle.  Both  kinds  of  moving  forces  are  measurable  by 
the  motions  which  they  produce.  And  it  may  be  observe 
ed  here,  that  the  perfect  agreement  between  the  measure 
of  gravitation  by  considering  the  weight  or  pressure  of  a 
heavy  body  as  the  sum,  or  at  least  as  equal  to  it,  of  the 
gravitation  of  each  particle,  and  by  the  motion  which  this 
weight  will  produce  in  another  body,  is  a  proof  of  the 
propriety  of  the  Cartesian  measure  of  the  force  of 
moving  bodies.  Were  we  to  suppose  this  force  pro- 
portional to  the  square  of  the  velocity  produced,  we 
should  be  led  into  numberless  paralogisms,  as  any  one 
will  perceive  by  the  example  already  given  of  the  body 
dragged  along  a  horizontal  plane  by  another  hanging  by 
a  cord.  If  we  measure  the  force  by  its  action  in  equal 
times,  and  this  action  by  the  quantity  of  motion  generat- 
ed, we  shall  find  it  always  the  same,  as  we  have  every  rea- 
son to  think  that  it  is.  The  weight  of  the  hanging  body 
is  the  sole  moving  power,  and  it  is  always  the  same. 
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When  it  is  employed  to  give  motion  to  twice,  or  thrice, 
or  four  times  as  much  matter,  including  its  own,  it  ge- 
nerates iy  l^oT  ^  of  the  velocity,  and  always  produces  the 
same  quantity  of  motion.  But  if  we  measure  the  force 
by  the  square  of  the  velocity,  the  action  diminishes  in 
the  same  proportion  that  we  increase  the  quantity  of 
matter. 

The  values  of  the  generated  velocities  may  also  be 
considered  as  the  accelerative  powers  of  the  forces,  in  the 
circumstances  of  their  employment.  The  powers  them- 
selves are  generally  known  to  us  as  pressures,  or  as  solir 
citations  to  motion,  and  must  be  previously  known,  other- 
wise we  cannot  use  them  as  terms  of  any  proportion. 
They  must  be  estimated  by  some  measure  of  the  same 
kind.  We  can  compare  the  moving  force  of  a  bow  with 
the  action  of  gravity,  by  observing  what  weight  will  draw 
the  bow  to  a  given  height,  and  compare  this  weight  with 
the  weight  of  Jke  arrow.  In  the  same  way  we  can  com* 
pare  the  attraraon  of  a  magnet  with  the  force  of  a  stream 
of  wind,  by  balancing  both  by  weights,  and  comparing 
the  weights.  But  we  cannot  compare  the  impulsion  of  a 
moving  body  with  any  thing  but  another  impulsion.  By 
attempts  to  compare  impulsion  with  pressures  of  any- 
kind,  mechanicians  have  been  led  into  many  puzzling 
difficulties.  The  comparison  mentioned  above,  of  the 
attraction  of  a  magnet  with  the  force  of  wind,  may  be 
thought  contrary  to  this  assertion.  But  we  shall  see  that 
what  we  experience  as  the  force  of  a  stream  of  wind  or 
water,  is  not  an  impulse  but  a  pressure,  accurately  com«* 
parable  with  other  pressures. 

337.  It'  only  remains  farther  to  be  noticed,  that  in  the 
preceding  observations  on  the  action  of  forces,  we  always 
mean  to  speak  of  the  absolute  pressure,  energy,  or  strain 
really  acting  on  the  body.  It  is  frequently  necessary  to 
distinguish  this  fVom  the  whole  force  residing  in,  or  some^ 
how  attending  the  substance  employed  as  the  vehicle  of 
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the  power.  Thus,  id  the  example  already  alluded  to 
OD  several  occasions,  the  whole  gravitation  of  the 
hanging  body  seems  to  be  employed  in  dragging  At 
equal  body  along  the  table.  But  the  thread  is  only 
stretched  by  half  of  its  weight  For  it  still  descends  with 
half  of  its  natural  velocity,  and  it  only  generates  this  half 
velocity  in  the  other  body.  If  there  be  any  difficulty  in 
conceiving  this,  it  will  become  clear  by  comparing  it  with 
a  case  precisely  similar,  but  which  we  conceive  difierently. 
A  magnet  attracts  a  pennyweight  of  iron,  and  in  a  minute 
generates  in  it  a  certain  velocity.  Add  another  penny* 
weight  of  iron,  and  the  piece  of  twice  the  weight  and 
bulk  will  acquire  the  same  velocity,  just  as  a  piece  of 
two  pounds  weight  falls  as  fast  as  a  piece  of  one  pound. 
But  join  to  the  pennyweight  of  iron  a  pennyweight  of  brass, 
and  the  magnet  will  generate  but  half  of  the  velocity. 
Here  the  same  tendency  of  the  iron  toward  the  magnet 
has  to  drag  along  with  it  a  mass  whi^^s  without  any 
tendency  toward  the  magnet,  just  as  th^eavy  body  has 
to  drag  along  the  table  a  body  which  has  its  tendency 
downward  taken  away  by  the  table. 

We  must,  in  every  employment  of  the  natural  moving 
forces,  deduct  from  the  whole  force  competent  to  the  sub- 
ject employed,  the  part  which  is  expended  in  making  that 
subject  follow  up  the  yielding  body  so  as  to  continue  its 
action  on  it.  This  deduction  is  frequently  of  difficult  in- 
vestigation, particularly  when  we  employ  the  strength  of 
animals.  The  proportion  of  their  force  which  is  thus  ex- 
pended, varies  with  the  vekKity  with  which  they  must 
move,  in  order  to  continue  their  actipn.  A  certain  velo- 
city disables  the  animal  from  accelerating  the  body  any 
inore,  because  it  requires  all  its  strength  to  continue  this 
Telocity  of  its  own  body.  This  subject  will  be  particu- 
ly  considered,  when  we  are  occupied  with  the  perfor- 
of  machines. 
We  will  now  inquire  into  the  modifications  of  the 


BOSCOVICH'S  THBOBY.  349 

motion  produced  by  the  action  of  an  external  force,  when 
the  direction  of  the  force  does  not  pass  the  centre  of  gra- 
vity. Since,  in  this  case,  an  equal  accelerating  force  is 
not  exerted  in  every  particle ;  they  will  not  move  alike, 
some  will  move  faster  than  others.  As  the  body  is  sup- 
posed to  retain  its  continuity  and  its  force,  this  uneq^al 
motion  of  its  different  parts  must  constitute  a  sort  of  ro- 
tation by  which  the  body  will  change  its  attitude.  What 
in  the  beginning  was  the  uppermost,  or  the  foremost,  or 
the  nethermost,  will  not  continue  so.  It  remaiiis  therefore 
to  be  considered,  whether  this  motion  of  rotation  be  re- 
gulated  by  steady  principles,  and  what  is  the  relation 
aubsiflting  between  it  and  the  progressive  motions  which 
have  hitherto  engaged  all  our  attention,  of  what  modifi- 
cations it  is  susceptible,  and  how  we  may  be  able  to  direct 
or  modify  it. 

This  is  not  a  matter  of  mere  curiosity.  The  noblest 
mechanical  art  practised  by  man,  depends  entirely  on 
those  modifications ;  I  mean  the  art  of  working  a  ship^ 
A  ship  must  be  considered  as  a  body  at  perfect  liberty  to 
move  in  every  direction,  and  is  susceptible  of  an  infinite 
variety  of  motions  besides  the  motion  of  progression,  by 
which  she  advances  in  her  course.  She  heels  to  leeward  by 
pressure  of  the  wind  on  her  sails.  She  rolls  and  pitches 
by  reason  of  the  continual  shifling  of  her  support  by  the 
•waves.  She  is  mitde  to  yaw  from  her  course  by  various 
1)uffetings  which  the  diflferent  parts  of  the  bull  receive 
from  the  seas.  She  receives  various  motions,  round  va- 
rious axes,  according  as  the  sails  are  spread  or  trin^med, 
and  according  as  her  bows  strike  the  water  during  her 
progressive  motion.  All  these  tendencies  to  conversion, 
are  not  only  useless  but  hurtful,  and  must  be  opposed  by 
other  forces,  exerted  by  the  rudder,  in  which  ofiice  a  part 
of  its  directing  power  is  expended,  so  that  the  remainder 
is  frequently  almost  unable  to  produce  the  conversion  ab- 
solutely necessary  for  the  safety  of  the  ship.     Thus,  in  ft 
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hard  gale  of  wind,  when  it  is  necessary  to  sail  on  the 
other  tack,  it  is  very  often  impossible  to  turn  the  ship 
round  any  other  way  than  by  going  to  leeward^  which  is, 
in  all  cases,  a  great  loss;  and  in  working  off  a  lee  shore, 
highly  dangerous.     In  cases  of  this  kind,  it  requires  great 
sagacity  and  judgment  what  movements  to  make,  and  how 
to  make  them,  so  as  not  to  be  baffled  in  the  attempt. 
The  success  must  evidently  depend  on  the  knowledge  of 
the  effect  which  different  positions  of  the  sails  and  rudder 
will  have  on  the  ship,  and  also  of  the  various  beatings  of 
the  waves  upon  her  hiill,  in-  the  different  positions  which 
she  must  assume.    It  is  therefore  unquestionable  that  a 
adentific  knowledge  of  the  movements  of  conversion,  and 
the  circumstances  of  force  and  direction  which  modify 
those  movements,  must  tend  greatly  to  enable  the  seaman 
to  profit  by  his  experience,  by  bringing  every  thing  under 
general  rules  and  principles  of  easy  recollection.     Such  an 
intelligent  seaman  will  thus  learn  how  to  trim  his  sails  in 
such  a  manner  that  all  the  tendencies  to  conversion  shall 
balance  each  other,  and  then  the  action  of  the  rudder  is 
kept  ready  for  operating  in  a  moment  that  any  occasional 
conversion   may  be   necessary.      The  difference   in  the 
steerage  of  a  ship,  according  as  the  sails  are  trimmed,  is 
most  remarkable ;   when  this  is  injudiciously  done,  the 
helm  is  never  a  moment  still,   but  continually  shifting 
from  side  to  side,  to  check  the  deviations  which  the  ship 
makes  without  ceasing  from  her  course.     On  the  other 
hand,   when  an  intelligent  seaman  takes  charge  of  the 
ship,  and  has  set  and  trimmed  her  sails  to  his  mind,  the 
helm  may  he  observed  almost  without  motion,  the  helms- 
man  has  scarcely  any  thing  to  do>  and  a  child  may  steer 
the  ship. 

Were  there  no  other  rcason<<,  these  considerations 
should  recommend  this  branch  of  mechanical  philosophy 
to  the  study  of  a  Briton.  But  it  is  very  interesting  to  the 
philosopher  on  another  account.     This  earth  is  pendulous 
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in  free  space>  and  at  liberty  to  turn  and  move  In  everj 
direction.  The  oblate  figure  of  our  globe,  and  the  un- 
equal gravitation  of  its  different  parts  to  the  sun  and  the 
moon,  occasions  an  external  force,  whose  direction  does 
not  p4lss  through  the  centre  of  gravity.  By  the  action  of 
this  force,  which  is  continually  changing  both  its  direction 
and  its  intensity,  the  axis  of  diurnal  revolution  incessantly 
changes  its  position,  sometimes  pointing  to  one  star  and 
sometimes  to  another.  This  motion  is  indeed  very 
minute,  but  as  it  is  partly  continued  according  to  a  cer- 
tain rule,  it  occasions  a  continual  accumulation  of  one 
effect,  viz.  a  change  in  the  intersection  of  the  equatorial 
circle  with  the  plane  of  the  ecliptic.  This  has  made  a 
great  and  conspicuous  change  on  the  whole  appearances 
of  the  starry  heavens.  Just  now,  the  whole  heavens  seem 
to  turn  round  the  star  in  the  extremity  of  the  tail  of  the 
smaller  Bear,  ursa  minor^  whereas  in  the  days  of  Hippar- 
chus  they  turned  round  a  star  near  the  nose  of  the  Came- 
lopard,  and  all  the  stars  have  changed  their  paths  of  ^ 
diurnal  motion,  in  consequence  of  this  precession  of  the 
equinoxes. 

We  must  therefore  bestow  some  attention  on  this  sub* 
ject ;  but  in  this  course  of  elementary  instruction  it  is 
plain  that  nothing  can  with  propriety  be  noticed  but 
what  is  very  simple  and  elementary.  The  subject,  in 
general,  is  one  of  the  most  delicate  and  difficult  in  the 
whole  of  mechanical  philosophy,  and  it  is  only  the  first 
mathematicians  of  Europe  that  have  been  able  to  treat  it 
with  any  success.  It  is  enough  to* say  that  Newton 
made  mistakes  of  primary  importauce  in  his  manner  of 
treating  it. 

339.  It  is  first  incumbent  on  us  to  learn  what  change 
is  made  on  the  progressive  motion  by  this  difference  in  the 
action  of  the  moving  force ;  and  here  it  is  somewhat  re- 
markable, that  notwithstanding  that  the  progressive  mo- 
tion oj  the  body  is  accompanied  by  a  motion  of  rotatioh^ 
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in  som6  cases  extremely  rapid,  the  progresshre  tnotion  » 
the  same  as  when  the  force  acts  in  a  line  passing  through 
the  centre  of  gravity  and  produces  nd  rotation.  It  was 
demonstrated  in  dynamics,  that  if  any  body  D,  of  a  col- 
lection or  system  A,  B,  D,  be  moved  uniformly  in  a  straight 
line,  the  centre  of  gravity  moves  uniformly  in  the  same  di- 
rection, and  that  its  velocity  is  to  that  of  the  body  D  i|s  the 
matter  in  that  body  is  to  the  whole  matter  of  the  system. 
Therefore,  if  this  motion  has  been  the  effect  of  any  force, 
the  motion  of  the  centre  is  aflftcted  in  the  same  manner 
as  if  this  force  had  acted  in  the  same  direction  on  all  the 
matter  of  the  system  collected  in  that  centre.  And,  since 
this  is  equally  true  with  respect  to  each  body  of  the  sys- 
tem, it  follows  that  if  each  body  be  moving  in  any  mas- 
iier,  by  the  action  of  diiferent  forces,  the  motion  of  the 
centre  is  the  same  as  if  all  those  forces  were  applied  to 
the  whole  matter  of  the  system  collected  there.  Hence 
it  followed,  that  if  equal  and  opposite  forces  act  on  any 
two  bodies,  or  on  every  pair  of  bodies  of  the  system,  the 
motion  of  the  centre  is  not  aifected.by  those  equal  and  op- 
posite forces,  because  the  equal  and  opposite  motions  re- 
sulting from  this  action  compensate  one  another.  There- 
fore, if  a  system  of  bodies  are  moving  in  such  a  manner 
that  they  cannot  continue  their  motions  without  disturb- 
ing one  anotlier,  either  by  collision,  or  because  they  are 
joined  to  one  another  by  rods  or  strings,  this  disturbance 
consists  in  mutual  action,  each  of  which  is  accompanied 
by  an  equal  reaction  in  the  opposite  direction.  Such  a 
system  must  therefore  be  considered  as  acted  on  by  equal 
and  opposite  forces ;  and  the  motion  of  the  centre  is  the 
same  as  if  they  did  not  act  on  one  another  at  all.  If  the 
centre  was  at  rest  while  their  motions  were  not  disturbed 
by  one  another,  it  will  continue  at  rest  notwithstanding 
the  disturbance  or  total  change  of  the  individual  motions, 
.and  if  it  was  in  motion,  it  will  continue  moving  in  the 
e  direction,  and  with  the  same  velocity  as  before. 
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340.  Now  aoj  solid  or  cohering  body  is  such  a  system, 
consisting  of  parts^  which  are  so  connected  by  material  in- 
terpositions, that  one  part  cannot  move  in  any  direction 
whatever,  without  either  dragging  the  adjoining  points 
along  with  it,  or  pushing  them  before  it,  or  turning  them 
aside,  in  one  way  or  another ;  and  these  actions  of  the 
parts  or  particles  of  the  body  are  all  mutual,  equal,  and 
opposite.  In  whatever  manner  the  particle  a  affects  any 
remote  particle  p^  the  particle  p  affects  a  in  a  way  pre- 
cisely equal  and  opposite.  Therefore,  whatever  motions 
may  be  occasioned  to  the  different  parts  of  this  body  by 
their  mutual  connection,  the  motion  of  the  body,  produced 
by  the  action  of  any  external  force  or  forces,  is  not  affect- 
ed by  them,  it  being  estimated  and  measured  by  the  mo- 
tion of  the  centre.  We  have  seen  that  when  a  force  p 
acts  on  a  body  containing  the  quantity  of  matter,  or  num- 
ber of  particles,  in  a  direction  passing  through  the  cen- 
tre of  the  body,  it  causes  the  whole  body  to  advance  with 
the  Telocity  o,  generating  the  quantity  of  motion  viiv=ip. 

Every  particle  is  affected  by  the' accelerating  force  — ,  and 
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advances  with  the  velocity  v. 

Now  l6t  tfie  same  f6rce  p  ^=^  mv  act  on  the  same  body, 
but  in  A  direction  which  does  not  pass  through  the  centre. 
The  body  will  both  advance  and  turn  round  ;  some  parts 
will  be  moving  faster  than  others,  and  in  other  directions,! 
and  some  may  even  be  moving  backwards.  But  the  mo- 
tion of  the  centre  of  gravity  will  be  the  same  as  in  the  last 
case,  it  will  move  m  the  same  direction,  and  its  velocity 
will  be  V  as  before. 

It  is  plain  that  the  centre  of  gravity  will  still  describe  a 
straight  line,  but  that  the  other  parts  of  the  body  must  be 
moving  in  curve  lines,  of  various  curvature,  according  %o 
their  position  respecting  the  centre,  just  as  we  observe  in 
a  coach  wheel  rolling  along  a  smooth  road.  The  centre 
of  the  wheel  describes  a  line  parallel  to  the  road ;  but  the 
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•tber  {Arb  are  iOiii<tlmeB  abore  the  centre  and  somstlfliai 
below  it;  Bometiowa  before  it  and  aometimes  behind. 

We  must  now  endeavour  to  ascertain  this  motion  of 
dotation,  shewbg,  lsf|  The  position  of  the  axis  round 
Which  this  rotation  is  performed ;  ^d  idfy.  The  Tekdty 
df  this  rotation,  or  the  relation  snbsbting  bettreoi  it  and 
the  motion  of  progression.  , 

For  this  purpose,  we  shall  begin  with  a  case  of  such 
aim|dicity  that  we  shall  be  assisted  in  our  first  liottons  of 
the  subject  bjr  the  ordinary  suggestions  of  common  sense. 
;  341.  Let  A  and  B  (Plate  IV.  fig.  10.)  be  two  equal  balk^ 
connected  by  an  inflexible  line,  of  which  G  is  the  middle 
point,  and  consequently  the  centre  of  gravity  of  the  syi^ 
tern.  Let  AB  be  so  divided  in  P  that  AP  :  PB  =  2 :  1. 
Now  suppose  ihat  a  force  acts  on  this  system  at  the  point 
6)  at  right  angles  to  AB,  and  let  its  intensity  be  such  that 
in  a  given  moment  of  time  it  would  cause  the  system  to 
describe  the  small  space  61,  perpoidicular  to  AB.  From 
-what  has  been  already  said,  it  foUows  that  the'  two 
JmUs  will  sustain  equal  impressions,  and  will  th»«iiim 
move  equally  fast ;  and  that  at  the  end  of  the  move- 
ment)  the  system  will  have  the  position  ab  parallel  tO 
AB. 

But  let  us  now  suppose  that  the  same  force  has  acted 
on  the  system  in  the  point  P,  and  still  in  the  same  direc* 
Hion,  perpendicular  to  A6.  We  have  just  now  learned 
that  the  motion  of  the  centre  G  will  be  the  same  as  in  the 
former  case.  It  will  still  be  at  I  at  the  end  of  the  mo- 
ment, and  will  continue  to  move  uniformly  forward  in 
that  direction  GI^.  But,  in  order  to  ascertain  the  place 
of  the  two  balls  at  the  end  of  the  moment,  we  must  know 
their  motions.  And  we  must  learn  this  by  means  of  bur 
knowledge  of  the  forces  or  pressures  by  which  they  are 
urged  forward.  We  learn  this  by  inquiring  what  forces, 
'applied  to  A  and  B  in  the  opposite  direction,  will  prevent 
'them  irofix  acquiring  this  motion^  that  is^  will  just  balance 
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tbe  force  i^lied  at  P.  tiow  we  have  seen  that  these- 
forces  must  be  in  the  inverse  proportion  of  the  distances 
of  P  from  the  balls.  Therefore  the  force  or  pressure 
which  urges  B  into  motion  is  double  of  that  which  acts  on 
A  9  and  therefore  will  produce  a  double  motion.  The  in- 
cipient motion  of  B  will  be  double  of  that  of  A,  and,  at 
the  end  of  the  moment,  the  balls  will  be  in  such  positions 
that  B  /3  is  double  of  A «.  Therefore  the  line  «  ^  is  no 
longer  parallel  to  AB,  but  cuts  it  in  C,  so  that  BC  is  dou- 
ble of  AC.  But  the  centre  G  having  moved  over  the 
same  space  GI  as  in  the  former  case,  it  is  plain  that  thd 
line  fi  a  must  cut  the  position  ba  o(  the  former  case  in  the 
point  I. 

Thus  we  see  that  the  system  AB  has  changed  its  atti*^ 
tude  as  well  as  its  situation^  and  that  this  change  of  atti- 
tude is  the  beginning  of  a  rotation  round  the  point  G^ 
which  point  alone  moves  uniformly  in  a  straight  line  in 
the  direction  of  the  moving  force.  This  rotation  com- 
mences round  an  axis  which  passes  through  the  centre  of 
gravity  G,  perpendicular  to  the  plane  of  the  figure.  Tot 
the  motions  of  the  two  balls  being  parallel  to  the  direction 
FP  of  the  moving  force,  and  to  the  line  GI  described  by 
the  centre,  are  necessarily  in  the  same  plane  with  those 
lines  and  the  line  AB.  Since  they  are  motions  of  rotation 
round  an  axis,  each  ball  describing  the  circumference  of  a 
circle  round  it^  this  axis  must  be  perpendicular  to  the 
planes  of  those  circles. 

342.  Let  us  now  consider  the  momentary  rotation,  and 
its  relation  to  the  motion  of  progression.  Suppose  the 
line  BC  to  be  connected  with  the  balls,  and  to  be  turning 
along  with  them.  Since  the  motion  of  the  balls  has  been 
such  that  the  line  BC  is  not,  at  the  end  of  the  moment, 
in  the  position  &  I  c,  parallel  to  BC,  but  is  inclinied  back- 
wards so  as  to  cut  its  former  position  in  the  point  C,  it 
appears  that  the  point  c  has  been  moving  backwards  whSe 
G  was  advancing  along  GI.    If  about  the  centre  I^^with 
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the  radius  I  e,  we  describe  a  small  arch  backwards,  H  will 
sensibly  coincide  with  the  line  c  C  which  is  parallel  to  IG. ' 
The  situation  of  the  extremity  of  the  revolving  line,  in^ 
stead  of  being  in  c  will  be  (as  to  all  sense)  in  C,  so  that 
the  line  itself,  instead  of  seeming  to  have  turned  round  Gf 
seems  rather  to  have  turned  round  C.  For  the  upper  end 
of  it  is  still  in  the  same  place.  ^  This  is  actually  observed 
in  many  instances.  If  a  flat  ruler,  such  as  a  gunterls 
scale,  lying  on  a  table,  be  struck  laterally  with  a  small 
blow,  at  a  point  about  §ds  or  fths  of  its  length,  it  will  turn  in 
this  very  way,  one  end  remaining  stilL  But,  to  return  to 
the  two  balls,  we  see  in  this  momentary  motion  the  begin* 
ning  of  a  rotation,  such  that  while  G  advances  a  small 
space  GI,  C  describes  (backwards)  an  arch  of  a  circle 
'  equal  to  GI.  Suppose  this  arch  to  be  one  degree.  Then 
it  will  go  completely  round  while  G  moves  over  a  line 
360  times  greater  than  61.  We  may  therefore  state  the 
relation  of  the  rotative  and  progressive  motions  by  sayings 
that  the  system  makes  one  revolution  while  the  centre  de- 
scribes a  line  equal  to  the  circumference  of  a  circle  whos« 
radius  is  GC. 

Having  examplified  this  combination  of  motions  by  this 
very  simple  and  palpable  case,  we  shall  now  consider  the 
subject  more  generally.  But,  that  we  may  avoid  some 
part  of  that  complication  of  action  which  renders  the  con- 
sideration of  the  subject  very  intricate,  we  must  still  limit 
our  attention  to  certain  forms.  We  have  seen  that  by 
applying  the  force  at  P  below  the  centre  of  gravity,  the 
system  of  two  balls  gets  an  incipient  rotation  round  the 
point  C  above  or  beyond  the  centre.  In  like  manner,  had 
it  been  applied  to  the  right  hand  of  the  centre,  it  would 
have  produced  a  rotation  round  some  point  on  the  left 
hand  of  it.  We  therefore  confine  our  attention  at  present 
to  such  shapes  of  body  as  have  a  middle  plane,  dividing 
the  body  through  the  centre,  and  having  the  matter  simi- 
larly disposed  on  both  sides.     Such  are  all  the  solids 
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formed  by  the  revolution  of  a  plane  figure  round  an  axis. 
Such  are  all  the  regular  solids,  all  prismatic  bodies,  and  a 
great  variety  of  others.  We  shall  farther  suppose  that 
the  impelling  force  acts  in  this  dividing  plane.  Thus  we 
avoid  any  chance  of  rotation  round  an  axis  on  either  side 
of  this  plane.  Even  with  this  limitation,  we  shall  have 
the  same  internal  mechanism  as  in  the  cases  that  are  ex- 
cepted, and  shall  see  that  those  exceptions  make  no  diflfer- 
ence  in  the  general  results. 

Since  the  effect  of  a  force  applied  to  a  solid  body  in  a 
line  passing  through  its  centre  of  gravity,  is  to  impress  on 
every  particle  an  equal  accelerating  force  in  its  own  direc- 
tion, and  since  it  was  also  demonstrated  that  such  equal 
and  parallel  forces  did  not  affect  the  relative  motions  and 
actions  of  bodies,  it  follows  that  this  force,  so  applied, 
will  make  no  change  in  a^y  motion  of  rotation  that  th^ 
body  may  aliceady  have. 

Now,  let  a  solid  body,  of  the  class  which  has  been  se- 
lected for  this  introduction,  be  acted  on  by  a  force  in  th^ 
direction  FP  (Plate  IV.  fig.  4.)  in  the  plane  which  passes 
through  the  centre  of  gravity  G,  and  divides  the  body  in 
Ihe  manner  already  mentioned,  but  so  that  the  direction 
FP  does  not  pass  through  the^  centre,  7 

Let  j9  express  the  magnitude  of  the  force,  or  the  quan- 
tity of  motion  which  it  would  generate  by  acting  uniformly 
for  some  given  moment  of  time,  and  let  m  express  the 
number  of  equal  particles,  or  the  quantity  of  matter  in  the 
body.  This  force  will  communicate  to  the  centre  of  gra- 
vity G  of  this  body,  the  velocity  —,  causing  it  to  describe 

till 

some  line  GI  parallel  to  FP.  Suppose  that,  at  the  same 
instant,  an  equal  force  is  applied  to  the  centre,  in  the  op- 
posite direction.  It  is  evident  that  all  progressive  motion 
•of  the  centre  is  now  prevented.  But  it  is  as  evident  that 
there  must  be  a  rotation;  for  the  two  forces^  though 
CC[ual,  are  not  directly  opposed  to  each  other. 
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Now  let  a  third  force,  also  equal  to  p,  and  aoting-in  tiM 

same  or  a  parallel  direction,  act  on  the  centre  of  the  bodj. 

p 
This  will  cause  the  body  to  move  with  the  velocity  <=-« 

and  will  make  no  change  in  the  rotation  already  produced^ 
The  body  must  (as  I  have  said)  move  with  the  velocity 

P 

— ,  because  now  the  body  is  in  the  same  state  as  if  neif 

m  '' 

ther  force  had  been  applied  at  the  centre,  and  as  when 
the  first  force  p  alone  was  applied  at  F.  But  we  made 
use  of  those  forces  in  order  to  shew  the  certainty  of  the 
rotation,  without  making  it  diflferent  from  what  the  force 
p  alone  will  produce. 

Since  the  centre  must  advance  in  a  straight  line,  it 
does  not  partake  of  the  rotation.  This  must  therefore 
be  performed  round  the  centre,  or  round  an  axis  passing 
through  the  centre.  In  order  to  find  the  position  of 
this  axis,  we  must  recollect  that  the  rotation  is  the  same 
as  when  p  was  applied  at  F,  and  an  opposing  forc^  was 
applied  at  the  centre.  In  this  case,  the  motion  of  the 
point  F  results  from  the  action  of  the  force  in  the  direc- 
tion FP,  and  that  of  the  other  force  at  G,  propagated  in 
the  direction  GF.  The  incipient  motion  of  F  must  there- 
fore be  in  the  plane  of  these  two  forces,  that  is,  the  plane 
of  NFG,  that  is,  in  a  plane  passing  through  the  centre  of 
gravity,  in  the  direction  of  the  moving  force,  and  the  axis 
round  which  the  body  turns  is  perpendicular  to  this 
plane. 

We  shall  see,  in  due  time,  why  this  is  limited  to  the 
incipient  motion,  and  what  circumstances  make  any  change 
in  it  afterwards. 

343.  The  next  object  is  to  ascertain  the  relation  be- 
tween the  progressive  and  rotative  motions.  This  is 
most  conveniently  determined  by  the  space  described  by 
the  centre  during  one  revolution  of  the  system.  It  may 
be  enounced  in  the  following  manner. 
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Let  6P  (Plate  IV.  fig.  11.)  be  drawn  from  the  centre  of 
fcariijj  perpendicular  to  FP,  the  direction  of  the  moving 
force.  Let  m  express  anj  particle  or  portion  of  the  whole 
matter  m  of  the  body,  and  let  r  express  its  radius  vector, 
or  distance  from  the  axis  of  rotation  passing  through  the 
centre  of  gravity.  The  body  will  make  one  revolution 
while  its  centre  G  describes  a  line  equal  to  the  circumfer* 

ence  of  a  circle  whose  radius  is  CG,  = 


mGP 

For  it  is  very  obvious  that  when  a  body  both  advances 
and  turns  round  an  axis,  a  point  may  be  taken  in  a  line 
connected  with  that  axis  and  turning  with  it,  at  such  a 
8istance  from  the  axis,  that  its  velocity  of  rotation  shall  be 
equal  to  the  progressive  velocity  of  the  centre.  Therefore 
if,  in  the  line  PG  produced,  we  take  the  point  C  so  situ- 
ated, it  follows  that  the  motion  of  that  point,  by  its  rota- 
tion round  the  axis,  is  equal,  and,  in  this  instant,  is  oppo- 
site to  the  motion  of  the  centre,  and  therefore  compensates 
it,  so  that  C  is  at  rest  in  absolute  space.  With  the  centre 
G,  and  radius  GC,  describe  the  circle  CVB.  Draw  the 
radius  vector  GA,  producing  it  till  it  meet  the  circle  in  V. 
Let  GI  be  the  velocity  or  uniform  motion  of  the  centre  in 
some  small  moment  of  time.  The  motion  of  the  point 
V  is  compounded  of  the  rotation  V  z  in  the  tangent,  equal 
to  GI  and  the  progressive  motion  V  r,  also  equal  and  pa- 
rallel to  GI.  It  therefore  moves  in  absolute  space  with 
the  velocity  and  in  the  direction  V^,  the  diagonal  of  the 
rhombus  \  vy  z.  Draw  z  G,  and  from  A  draw  A  d  paral- 
lel to  V  Zy  meeting  2:  G  in  d,  and  A  b  equal  and  parallel  to 
GI,  and  produce  it  till  it  meet  CP  in  E.  Complete  the 
parallelogram  Abedy  and  draw  the  diagonal  A e,  produc- 
ing it  till  it  meet  CP  in  H.  Join  CV  arfd  CA.  It  is 
plain  that  Ae  is  the  absolute  motion  of  the  particle  A, 
being  compounded  of  the  progressive  motion  A  b  equal  to 
GI,  and  A  d  the  rotative  motion  of  A  round  the  centre  of 
gravity. 
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The  line  Vt?  being  parallel  to  GI,  is  perpendicular  to 
C6,  and  vy^  being  parallel  to  V  2r,  is  perpendicular  to  VG. 
Therefore  the  angles  V  vy  and  CGV  are  equal,  and  the 
isosceles  triangles  Vvy  and  CVG  are  similar.  There- 
fore the  angle  CVG  is  equal  to  the  angle  v  V^>  or  its 
equal  z  V  y»  Add  the  angle  GV^  to  both,  and  the  angle 
CV  y  is  equal  to  the  right  angle  G V  r,  and  CV  ii 
perpendicular  to  V^.  Again,  A  6  is  pei-pendicular  to  CG, 
and  6  e  is  perpendicular  to  AG.  Therefore  the  angle 
CGV  is  equal  to  the  angle  Abe.  Also  \b  :  be  ziz  Ab  : 
Ad,  =  Wz:Ad,  =  \G:  AG,  =  CG  :  AG.  Therefore 
the  triangles  be  A  and  GAG  are  similar,  and  the  an- 
gle CAG  is  equal  to  the  angle  Aeb  or  d  Ae.  Take 
fiway  the  common  angle  GAe,  and  the  remainder  CAe 
is  equal  to  the  remainder  d  AG,  and  is  therefore  a  right 
angle,  and  A  e  is  at  right  angles  to  AC. 

Since  what  has  now  been  demonstrated  in  relation  to  the 
particle  A  is  equally  true  of  another  particle,  it  follows 
that  the  incipient  absolute  motions  of  every  particle,  re- 
sulting from  the  composition  of  these  progressive  and  ro- 
tative motions,  are  found  to  be  at  right  angles  with  the 
lines  joining  the  particles  with  the  point  C,  or  with  an 
axis  passing  through  C,  perpendicular  to  the  plane  NFG. 
And  since  the  point  or  axis  C  is,  in  that  instant,  without 
motion,  and  yet  the  body  is  turning  round  while  moving 
forward,  the  particles  are  turning  round  the  momentary 
axis  in  C.  This  is  a  curious  example  of  the  composition 
of  motions,  and  \fie  shall  see  presently  that  it  is  of  very 
frequent  occurrence,  and  that  a  clear  conception  of  it  will 
greatly  assist  us  in  the  discussion  of  many  difficult  and 
important  questions. 

It  is  obvious  that  when  the  circle  CVB  turns  along 
with  the  body,  it  rolls  along  the  line  CC  parallel  to  GI, 
as  a  coach  wheel  rolls  along  a  level  road,  and  that  point 
of  the  circumference  which  is  in  contact  with  the  line 
CC  is,  in  that  instant,  without  motion.     This  point  of 
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contact  is  thereibre  the  momentary  centre  of  motion  for 
every  particle  of  matter  in  the  body.     They  are  all  be- 
ginning, as  it  were,  to  describe  concentric  arches'  having 
this  pointy  or  the  axis  passing  through  this  point,  for  the 
centre.     We  are  here  speaking  of  their  real  absolute  mo- 
tions in  free  space.     For,  as  the  body  is  not  supposed  to 
change  its  form,  the  particles  are  also  turning  round  the 
centre  of  gravity  G,   while  it  is  carried  forward  in  a 
straight  line.     When  we  consider  the  motions  more  par- 
ticularly, we  find  that  the  point  C  describes  a  succession 
of  cycloids,  having  the  line  CC  for  their  base,  and  that 
all  the  other  points  of  the  circumference  CVB  describe 
cycloids,  the  p  rticles  within  and  without  this  circum- 
ference describing  epicycloids,  contracted  or  elongated,  ac- 
cording to  their  situation.    The  centre  of  gravity  G  alone 
describes  a  straight  line.     In  every  position  of  the  body, 
every  particle  is  moving  at  right  angles  to  the  line  joining 
it  with  that  point  of  the  circumference  CVB  which  is  in 
contact  with  the  line  CC,  and  the  velocity  of  every  par- 
ticle is  as  its  distance  from  that  point.     For  as  V  ^  and 
A  e  are  described  in  the  same  time,  and  the  angular  mo- 
tion of  all  the  body  is  the  same,  the  angles  VC^and  ACe 
are  equal,  ancl  therefore  the  triangles  are  similar,  and 
\ y:  Ac  =  VC  ;  AC,  that  is,  the  absolute  velocity  of  the 
particles  are  as  their  distances  from  C. 

The  facts  have  now  been  stated  and  described,  and  we 
must,  in  the  next  place,  shew  how  all  these  motions  are 
produced  by  the  excentric  impulsion  of  the  moving  force, 
and  by  that  means  we  may  determine  the  situation  of  the 
axis  of  conversion  thus  assumed  by  the  body.  It  is  plain, 
in  the  first  place,  that  the  moving  force  P  is  equal  to  the 
sum  of  all  the  forces  which,  when  applied  at  F,  in  the 
direction  FP,  produce  all  these  motions.  There  is  no 
other  source  from  which  they  can  be  derived.  We  haxe 
considered  P  as  a  force  which  generates  the  quantity  of 
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3Biitioii««»  Therefore » ii  the ▼cladiy of tiit  r<iti% ty, 
'  which  it  describes  GI  in  some  moment  ef  time.  A  fee- 
tion  of  this  ioroe^  which  we  may  distinguish  As  f*pwfittf^ 
by  the  symbol  m  d,  is  employed  in  prodndng  ia  dm  ps0* 
tide  A  the  motion  A  e,  which  it  is  obsetfred  to  take^  with 
s  velocity  which  is  to  Uie  velocity  in  C  or  in  N,  thnfe  li* 
to  the  velocity  e,  as  CA  to  CG.     We  have  thsmfiiris 

CG  :  CA  =  9  :    \^    and  the  velority  c^  A  is  ezptessed 

Ij  'p^  •     The  same  symbol  will  conveniently  elioiigh 

express  the  quantity  of  motion  in  A^  if  all  the  particles  be 
iupposed  equal,  and  be  expressed  by,  unity. 

The  method  which  we  adopted  for  discovering  the 
force  excited  in  any  remote  point,  by  the  action  of  a 
known  force  at  another  point,  was  by  finding  the  propor- 
tion of  two  forces  which  would  balance  the  body  between 
fliem,  when  applied  to  those  points,  in  the  same  direc- 
tions ;  and  they  were  ascertained  to  be  inversely  as  the ' 
perpendiculars  on  their  directions,  drawn  from  the  pmht 
to  which  the  third  force  requisite  for  completing  the 
balance  was  applied.  We  make  use  of  C  as  the  third 
point  on  this  occasion,  because  it  is  really  a  fixed  point, 
remaining  at  rest,  and  contributing  to  the  excitation  of 
the  force  at  A,  which  gives  it  the  motion  A  e.  C  is  at 
rest,  in  consequence  of  the  mutual  compensation  and  ba* 
lancing  of  all  the  forces  which  are  acting  on  it  in  the  in- 
stant of  our  examination.  We  are  not,  at  present,  inte- 
rested in  knowing  the  magnitude  of  any  of  those  forces. 
It  b  enough  that  C  is  supported.     Therefore  to  find  the 

force  mv  at  F,  which  produces  the  velocity  -rrTr-   in  A, 

t).  CA 
institute  the  following  analogy,  CF  :  CA  =    j^^  imv. 

This  gives  m  r  =  ^U  ^^  :  therefore  talung  in  the  mo- 
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iioitt  9/1  all  the  particles,  we  have  m  b,  or  m  ti,  =i 

V.  /CA" 

^  Now  (Elem.  II.  12  &  13.)  We  have  CA*  » 

GA«  +  GC«  =±:  2  GC.  EG,  according  as  CE  is  greater 
or  less  than  CG. 

Thereforey*CA«  ^/GA*  +fCQ^  =i=  2  CG  .yEG< 
But  /*CG«  =  m  .  CG«,  because  CG  is  an  invariable  line* 

And  =±=  2  CG .  /*EG  is  =  ©,  because  the  sum  of  all  the 

+  EG  is  equal  to  the  sum  of  all  the  —  EG,  by  the  na*. 
lure  of  the  centre  of  sravitv. 


v.fi^A*  H-m.CG 
Therefore  we  have  m  t?  =  -^ 


CP.  CG. 
Therefore  mv.  CP.  CG  =  tj.y*GA"  +  mr.  CGS  or 

m.  CP.  CG  =y*GA«  +  m.  CGS  and 

yGA«  =  m,  CP.  CG  —  m.  CG*,  =  m.  GP.  CG, 

/GA«  ffkv^ 

Therefore,  finally,  CG  =    ^^^  ^^   >  =  ^  ^p-    • 

•  Thus  have  we  obtained  the  radius  of  the  cirde,  whose 
circumference,  unfolded,  is  the  space  described  by  the 
centre  while  the  body  makes  one  revolution. 

There  is  another  way  in  which  we  may  proceed  in  tlie 
same  investigation,  which  has  the  advantage  of  pointing 
out  something  of  the  internal  procedure  in  producing 
those  motions.  We  may  examine  how  it  happens  that 
all  the  forces  which  act  on  C  come  to  compensate  each 
other*  We  may  ascertain  CG  by  means  of  this  circuni- 
stance,  that  they  are  all  balanced  in  that  point. 

A  force  NF  is  applied  at  F,  in  the  direction  FP^  and 
we  wish  to  know  what  effect  is  produced  on  C,  in  conse- 
quence of  the  particle  A  being  dragged  into  the  motidn 
A  e  by  the  material  connection  between  the  three  pomts 
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F,  A9  and  C.  Now  the  forces  which  erf  mutuAlly  ezfeiied 
et  these  three  points  ere  such  as  would  balance,  if  appUed 
there  in  the  same  directions.  And  the  thiree  directioBi 
•re  either  parallel,  or  thej'  meet  in  one  point  In  the 
present  case,  NF  and  A  e,  which  are  two  of  the  foroesb 
meet  in  O.  Therefore  draw  OC  r.  Then  C  r  is  the  di- 
rection of  the  excitement  ia  C  I7  such  an  actiim  at  F  as 
produces  the  motion  A  e  in  A.  Draw  PK  and  PL  pev- 
pendicular  to  AO  and  CO.  Also  make  the  parallelogram 
J^g^ff  expressing  hj  Ajf  and  A^  the  strains  on  the  con- 
mecUons  with  F  and  C.  Make  F-A  =  A/,  and  complete 
the  parallelogram  k  F 1 N.  Make  C  9  =  A^,  and  com- 
plete the  parallelogram  qCpr,  Make  it  O  =  A  e,*  and 
complete  the  parallelogram  kmnO.  Lastly,  draw  h  i 
perpendicular  to  PO.  We  shall  find  from  the  process 
that  Ft  =  Cp,  and  C  r  =  On,. and  NF  =  ma 

It  is  plain,  from  the  investigations  in  a  preceding  article^ 
that  kO^Onior  k  n)  and  O  nt  are  as  the  balancing  forcee 
at  A,  C,  and  Ft  Also  k  O  was  taken  equal  to  Ae,  the 
force  at  A. 

Now        kO  :km^  sin.  COP  :  sin.  iOP,  =  PL  :  PK 
km:  tm=:  CO  :  PO,  =  CP  :  PL 

therefore kO:  tm  =i  CP :  PK. 

Now  I  m  expresses  the  force  C  r,  rednced  to  the  direction 
parallel  to  PO,  that  is,  to  the  direction  of  the  motion  of 
C  in  its  rotation  round  6.  When  all  these  forces  t  m 
balance,  C  is  at  rest  Therefore,  putting  for  k  O  the  value 

«  CA 
which  we  found  for  A «,  we  have  CP  :  PK  =:     1^^  : 

^4t?I'  =  (because  C A :  CE=HP :  PK)  ^^^   gg, 


«% 


p.CE.CF  —  CE.CH    _  t» .  CE  .  CP  —  CA«    _ 
CFTCCS  '  ~       CP.CG  '  ~ 

ihe  force  at  C,  arUing  from  the  reaction  of  A.   Therefore 
the  irhole  forces  at  C,  ariBing  from  the  reaction  of  all  the 
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particles^  is  =  CP.CCy      '  '^"^ 

of  all  the  lines  such  as  C£  is  m .  CG,  by  the  nature  of  the 
centre  of  gravity,  therefore  the  whole  forces  acting  at 

^  ^^  =  CP.CG  '  ^^         CP .  CG 

tj/cA«     ^  ,.               V  CA«  ^  .         ,      , 
CPCG*  ^^^'^'  '^  *^ ^pQQ*  Now,  we  have  ahread j 

seen  that    pirpp  ^  equal  to  m  v.    Therefore  the  forces 

acting  at  C  are  ntt?— -mr ;  that  is,  there  is  a  complete 
compensation  of  opposing  forces,  in  the  very  instant  of 
impulsion,  and  C  remains  at  rest 

On  the  other  hand,  inferring  from  the  fact  that  C  re- 
mains at  rest,  this  mutual  compensation  of  forces,  we 

,     tJ.CP.m.CG  — tj/cA«  .  ^, 

make CP   CG     ^  ^'  consequently 

mv.CF.  CG  =fv .  CAS  which  is  = .  vJ'gA^  +  mv  CG«. 
Therefore,    m  .  CP  .  CG  —  wi .  CG«  =:J^QA^,   that  is, 

m  .  GP  !  GC  = /(JAS  and  CG  =-^-^^  as  before. 

^  m.  GP 

The  manner  in  which  this  theorem  is  usually  demon* 
strated  by  the  mechanicians,  is  more  familiar,  but  it  is  not 
to  immediately  deduced  from  the  actual  state  of  things, 
viz.  a  body  in  free  space,  and  unobstructed  by  forces  of 
any  kind.  They  begin  as  we  did,  by  supposing  the  body 
impelled  at  F,  in  the  direction  FP,  and  resisted  by  an 
equal  and  opposite  force  at  the  centre  of  gravity.  The 
rotation  is  then  strictly  performed  round  that  centre,  yet 
does  not  differ  from  what  it  would  be  without  this  oppos« 
ing  force.  This  supposition  makes  A  move  in  the  direc- 
tion and  with  the  velocity  A  d,  while  G  has  the  velocity 
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GI.    We  have  GA:GVr=:Ad:  Y«(=Gt»s=:«)»n|  '^ 
tben  GV  :  GA  =i  o  :  -tt^t-,  =    /,yt  > 


/ga^ 

dbtoB^  tt  bjr  die  ether  methods,  CG  =3^  7^^ 

But  this  method  is  not  so  unexceptioaable  as  AuM 
which  we  have  followed,  the  state  of  things  being  so  verj 
difTereftt,  nor  does  it  so  immedi^ielj  suggest  the  OQn^n- 
titibn  of  the  two  motions. 

The  intelligent  reader  has  perhaps  remarked^  that  the 
investigation  of  this  theorem  now  before  him  proceed  Ml 
the  supposition  that  all  the  particles  of  the  body  are  in  tU 
plan^  of  the  figure,  whereas  some  are  above  and  some  b^* 
low  or  on  the  other  side  of  that  (dane,  and  it  may  b9 
doubted  whether  this  simplification  of  the  question  be  a^ 
missiUe.  But  a  little  reflection  will  show»  that  our  era- 
elusions  are  legitimate,  at  least  with  respect  to  the  limited 
class  of  forms  that  we  are  considering.  We  may  sa||iose  ; 
all  »uch  bodies  resolved  into  little  prismatic  elementSt  aB 
of  them  perpendicular  to  the  plane  of  the  figure,  and 
therefore  parallel  to  the  axis  of  rotation  in  C,  or  in  G^ 
which  is  also  perpendicular  to  that  plane.  The  whole  of 
one  of  those  prisms  being  equidistant  from  the  axis,  every 
atom  of  it  has  the  same  angular  motion,  and  requires  th6 
same  expenditure  m  t>  of  the  force  to  excite  it  into  motion 
as  if  it  were  in  the  plane  of  the  figure.  It  b  attached  to 
this  plane  by  its  middle,  or  its  centre  of  gravity,  and 
therefore  both  halves  of  it  will  be  equally  urged  forward. 
We  shall  se^  by  and  by  what  other  circumstances  most 
be  attended  to,  when  these  elementary  prisms  are  not  bi- 
sected by  the  plane  passing  through  the  centre  in  the  di-  . 
rection  of  the  impelling  force.  In  the  mean  time,  we 
learn  all  the  chief  properties  of  this  motion  without  the 
embarrassment  arising  from  a  farther  complication.  We 
may  now  consider  a  number  of  consequences  of  this  fun* 
damental  proposition.  : 
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Cor.  1.  The  ODgular  velocity  of  this  motion,  measured 
as  usual  by  the  number  of  revolutions  made  in  a  g^ven 
time,  or  by  the  velodty  of  some  point  whose  distance  from 
the  axis  is  unity,  is  proportional  to  the  impelling  force. 
For  the  velocity  acquired  by  the  centre  of  gravity  bdng 
the  same  as  if  the  body  had  no  rotation,  and  this  being 
proportional  to  the  force,  the  time  of  describing  the  line 
equal  to  the  drcumference  whose  radiun  is  CG  is  diminish- 
ed in  the  same  propartirm,  or  the  number  of  such  circum- 
ferences described  in  some  ^ven  time  is  augmented  in  the 
same  proportion ;  therefore  the  number  of  revolutions  made 
in  a  given  time  is  increased  in  that  proportion. 

Cor.  %  The  angular  velocity  is  also  proportional  to  the 
distance  GP  from  the  axis  of  gravity  at  which  the  body  is 
impressed  by  the  moving  force.  For  CG,  and  consequent- 
ly the  circumference  to  be  described  during  one  revolution, 
is  inversely  as  GF.     Because,  when  the  body  is  ^ven,  the 

quantity  /GA'  is  invariable,  in  whatever  point  P  the  power 
shall  act.     Since  m .  GC  .  GP  is  equal  to  this  constant 

quantity  /G A*,  GC  must  be  inversely  as  GP.    Therefore 

the  space  described  in  the  time  of  one  revolution,  and  con- 
sequently the  time  of  describing  it,  is  diminished  in  the 
same  proportion. 

Cor.  3.  IfGCbetaken==»/^^:^,inthelinepOTendi- 

m . GP  ^    ^ 

cular  to  FP,  the  point  C  will  remain  at  rest  in  the  first 
moment  of  the  motion.  For  this  reason  C,  determined  in 
this  manner,  is  called  the  spontaneous  centre  qfconversion. 
Cor.  4.  The  distance  CP,  between  the  point  of  impul- 
sion and  the  spontaneous  axis  of  conversion  ip  <:qual  to 

/PA*  /  CA* 

< — J—   or  icr- — -_.     For  it  is  easy  to  see,  as  before, 

that  /'pa*  =fGA}  +  m .  GP*,  and  therefore,  •^-^^ 
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be  shown  above 

CA*  =  PA*  +  CP=t:2CP.PE 

fCA'—fPA:'  +  TO  .  CP  .  CP  —  CP  .  2  GP.    And 

«» .  CG .  CP  —J'CA*. 

therefijrew.Cr.  CG=ytA«+«i.CP.CP— m .  CF.«GP 

andyVA»  =  m .  CP.  CG  +  wi .  CP .  2GP— m.  CP  .CP 
or  J*FA^  =  m.CF  (CG+2GP— CP)  =  w .  CP .  GP 

thorefore4/^;  =  CP. 
m.GP 

It  is  also  plain  that/j^'  =J-^Mr 

iw.GP       m.CG 

Cor.  B.  Wealso  have  GP  =dj^    so  that  if  C  be 

m  .GC 

madc^the  point  of  impulsion,  P  becomes  the  spontaneous 

centre  of  conversion  corresponding  to  it.* 


*  When  the  author  had  arrived  at  this  part  of  the  article  Rota- 
tion, he  was  unable  to  proceed,  in  consequence  of  a  severe  illness, 
fiiom  which  he  never  recovered.  The  reader  is  therefore  referred  to 
the  article  Rotation  in  the  Encyclopedia  Britannica,  for  any  far* 
thcr  information  on  tliis  suligect  that  he  might  have  expected  under 
the  present  article.— En. 
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844<.  Strsngth  of  Materials,  in  MecJuinicSy  is  a  subject  of 
so  much  importance,  that  in  a  nation  so  eminent  as  this  for 
invention  and  ingenuity  in  all  species  of  manufactures,  and 
in  particular  so  distinguished  for  its  improvements  in  ma- 
chinery of  every  kind,  it  is  somewhat  singular  that  no 
writer  has  treated  it  in  the  detail  which  its  importance  and 
difficulty  demands.  The  man  of  science  who  vbita  our 
great  manufactories  is  delighted  with  the  ^enuity  which 
he  observes  in  every  p^rt,  the  iqnMmerable  inventions 
which  come  even  from  individual  artisans,  ai^  ttie  deter- 
mined purpose  of  improvement  and  refinement  whidi  he 
9ees  in  every  workshop.  Every  cotton-mill  appears  an 
academy  of  mechanical  science ;  and  mechanical  invention 
is  spreading  from  these  fountains  over  the  whole  kingdom : 
but  the  philosopher  is  mortified  to  see  this  ardent  spirit  so 
cramped  by  ignorance  of  principle,  and  many  of  these  ori- 
ginal and  brilliant  thoughts  obscured  and  dogged  with 
needless  and  even  hurtful  additions,  and  a  complication  pf 
machinery  which  checks  improvement  even  by  its  appear- 
ance of  ingenuity.  There  is  nothing  in  which  this  want  of 
scientific  education,  this  ignorance  of  prindple,  is  so  fre- 
quently observed  as  in  the  injudicious  proportion  of  Ae 
parts  of  machines  and  other  mechanical  structures ;  pro- 
portions and  forms  of  parts  in  which  the  strength  and  jkwi- 
tion  are  nowise  regulated  by  the  strains  to  which  they  are 
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ezpofledy  and  wh»e  repeated  failures  have  been  the  only 
lessons. 

It  cannot  be  otherwise.  We  have  no  means  of  instnie- 
tion,  except  two  very  short  and  abstracted  treatises  of  llie 
late  Mr  Emerson  on  the  strength  of  materials.*  We  do 
not  recollect  a  performance  in  our  language  from  wfaadh 
our  artists  can  get  infOTmation.  Treatises  written  eipiesB- 
ly  on  diSRsrent  branches  of  the  mechanical  arts  are  lotally 
silent  on  this,  which  is  the  ba^  and  onjyj^rindpb  of  their 
performances.  Who  would  imagine  that  Paics^s  British 
Carprntsr,  the  work  of  the  first  reputation  in  tlus  oomi- 
try,  and  of  which  the  sole  aim  is  to  teach  the  carpenter  to 
erect  sc^d  and  durable  structures,  does  not  contain  one 
pn^position  or  one  reason  by  which  one  form  of  a  tlung  csR 
be  shown  to  be  stronger  or  weaker  than  another  ?  We 
doubt  very  much  if  one  carpenter  in  an  hundred  can  give  a 
reason  to  convince  his  own  mind  that  a  joist  is  stronger 
when  laid  on  its  edge  than  when  laid  on  its  broad  ude.  We 
speak  in  this  strong  manner  in  hopes  of  exdting  some  man 
of  science  to  publish  a  system  of  instruction  on  thb  su1:9€eL 
The  limits  of  our  work  will  not  admit  of  a  detail :  but  we 
think  it  necessary  to  point  out  the  leading  principles,  and 
to  give  the  traces  of  that  systematic  connexion  by  which  all 
the  knowledge  already  possessed  of  this  subject  may  be 
brought  together  and  properly  arranged.  This  we  shall 
now  attempt  in  as  brief  a  manner  as  we  are  able. 

The  strength  of  materials  arises  immediately  or  ultimate- 
ly from  the  cohesion  of  the  parts  of  bodies.     Our  examina- 

*  Since  this  article  was  published,  several  sets  of  experiments  of 
Tery  considenible  importance  have  been  made  on  the  strength  of  ma<- 
terials.  The  reader  is  particnlarly  referretl  to  the  article  C a  bpentjly, 
in  the  Eoinbuxoh  £mcyclopj:dia,  vol.  V*  p.  494,  Mr  Barlow's 
ingenioas  Estay  on  ike  Strength  of  Timlter,  and  Mr  Trcdgold's  Efe^ 
menianf  PrimcipleM  of  Carpentrtf  (Lond.  18fO), — a  work  of  great 
practical  utility.— Ed. 
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tioii  of  tins  property  of  tangible  matter  has  as  jet  been 
very  partial  and  imperfect,  and  by  no  means  enables  us  to 
Bupplj  mathematical  calculations  with  precisiaii  and  success. 
The  various  modifications  of  cohesion,  in  its  different  ap- 
pearances of  perfect  softness,  plasticity,  ducdHty,  elastid^» 
hardness,  have  a  mighty  influence  on  the  strength  of  bo> 
dies,  but  are  hardly  susceptible  of  measurement  Their 
texture  also,  whether  uniform  like  glass  and  ductile  me- 
tals, crystallised  or  granulated  like  other  metals  and  free* 
stone,  or  filmnis  like  timber,  is  a  circumstance  no  less  im- 
portant ;  yet  even  here,  although  we  derive  some  advan<- 
tage  from  remarking  to  which  of  these  forms  of  aggrega- 
tion a  substance  belongs,  the  fud  is  but  small  All  we  can 
do  in  this  want  of  general  principles  is  to  make  experiments 
on  every  class  of  bodies.  Accordingly  philoscqphers  have 
endeavoured  to  instruct  the  public  in  this  particular.  The 
Royal  Society  of  London  at  its  very  first  institution  made 
many  experiments  at  their  meetings,  as  raiay  be  seen  in  the 
first  registers  o£  the  Society.  Several  individuals  havcadd* 
ed  their  experiments.  The  most  numerous  collection  in 
detail  is  by  Muschenbroek,  professor  of  natural  philosc^y 
at  Leyden.  Part  of  it  was  published  by  himself  in  his 
Es$ai$  de  Physique^  in  two  vols  4to ;  but  the  full  collec- 
tion is  to  be  found  in  his  System  of  Natural  Philosophy, 
published  after  his  death  by  Lulofs,  in  three  vols  44a 
This  was  translated  from  the  Low  Dutch  into  French  by 
Sigaud  de  la  Fond,  and  published  at  Paris  in  1760,  and 
is  a  prodigious  collection  of  physical  knowledge  of  all 
kinds,  and  may  almost  suffice  for  a  library  of  natural  phi- 
losophy. But  this  collection  of  experiments  on  the  cohe- 
sion of  bodies  is  not  of  that  value  which  one  expects.  We 
presume  that  they  were  carefully  made  and  faithfully  na^- 
rated  ;  but  they  were  made  on  such  small  specimens,  that 
the  unavoidable  natural  inequalities  of  growth  or  texture 
produced  irr^ularities  in  the  results  which  bore  too  griest 
a  proportion  to  the  whole  quantities  observed. .  We  mi^ 
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make  tfie  same  rannk  on  the  experimento  of  Conpkly 
Pitot)  De  la  Hire,  Du  Hamd,  and  others  of  the  Frendi 
academy.  In  short,  if  we  except  the  cxperimenta  of  Biifc 
fim  on  the  strength  of  timber,  made  at  the  public  ejipe— 
on  a  lai^  scale,  there  is  nothing  to  be  met  with  bam 
which  we  can  obtain  absolute  measures  which  may  be  aas* 
ployed  with  confidence ;  and  there  is  nothing  in  the  Eiig>* 
lish  language,  except  a  umple  list  by  Emerson,  wfaidi  v 
merely  a  set  of  affirmations,  without  any  narratioa  of  ciiv 
cumstances,  to  enable  us  to  judge  of  the  validity  of  his 
oondusions :  but  the  character  of  Mr  Smerson,  as  m 
of  knowledge  and  integrity,  gifes  even  to  these 
lions  a  considerable  value. 

But  to  make  use  of  any  experiments,  there  must  be 
ployed. some  general  principle  by  which  we  can  generahae 
their  results.  They  will  otherwise  be  only  narnUioiiB  ef 
detached  £Bu;ts.  We  must  have  some  notion  of  that  iatep- 
medium,  by  the  intervention  of  which  an  external  ibree  ap- 
plied to  one  part  of  a  lever,  joist,  or  pillar,  ocoawoiia  • 
strain  on  a  distant  part  This  can  be  nothing  but  the 
hesion  between  the  parts.  It  is  this  connecting  force 
is  brought  into  action,  or,  as  we  more  shortly  express  it, 
exdted.  This  action  is  modified  in  every  part  by  the  laws 
of  mechamcs.  It  is  this  action  which  is  what  we  call  the 
strength  of  that  part,  and  its  effect  b  the  strain  on  the  adr 
joining  parts ;  and  thus  it  is  the  same  force,  differently 
viewed,  that  constitutes  both  the  strain  and  the  strength. 
When  we  conader  it  in  the  light  of  a  resistance  to  fracture, 
we  call  it  strength. 

We  call  every  thing  ajbrce  which  we  observe  to  be  ever 
accompanied  by  a  change  of  motion;  or,  more  Strictly 
speaking,  we  infer  the  presence  and  agency  of  a  force  wbere- 
ever  we  observe  the  state  of  things  in  respect  of  motion 
difierent  from  what  we  know  to  be  the  result  of  the  action 
of  all  the  forces  which  we  know  to  act  on  the  body.  Thus 
when  we  observe  •  nqie  prevent  a  body  fran  falling,  we 
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iof^  a  moviiig  fisroe  inherent  in  the  n^  with  as  nudi 
oonfidenoe  as  when  we  observe  it  drag  the  body  aloog  the 
ground.  The  immedUOe  action  of  this  foroe  is  undoubted- 
ly exerted  between  the  immediately  adjcnning  parts  of  the 
rope.  The  immediate  eflSsct  is  the  keeping  the  particles  of 
the  rope  together.  They  ought  to  separate  by  any  exter- 
nal force  drawing  the  ends  of  the  rope  c<mtrariwise ;  and 
we  ascribe  their  not  doing  so  to  a  mechanical  force  really 
opposmg  this  external  force.  When  deared  to  g^ve  it  a 
name,  y/e  name  it  from  what  we  conceive  to  be  its  effect, 
and  tlierefore  its  characteristic,  and  we  call  it  cobifsion. 
This  is  merely  a  name  for  the  fact ;  but  it  is  the  s^une 
thing  in  all  our  denominations.  We  know  nothii^  of  tlie 
causes  but  in  the  effects ;  and  our  name  for  the  cause  is  in 
fact  the  name  of  the  effect,  which  is  cohesion.  We  mean 
nothing  else  by  gravitation  or  magnetism.  What  do  we 
mean  when  we  say  that  Newton  understood  thoroughly  the 
nature  of  gravitation,  of  the  force  of  giavitation?  or  that 
Franklin  understood  the  nature  of  the  electric  force  ?  No- 
thing but  this :  Newton  conaidere4  with  patient  si^gacity 
the  general  buds  of  gravitation,  and  has  described  and 
classed  them-with  the  utmost  precision.  In  like  manner, 
we  shall  understand  the  nature  of  cohe^on  when  we  have 
discovered  with  equal  generality  the  laws  of  cohesion,  or 
general  facts  which  are  observed  in  the  appearances,  and 
when  we  have  described  and  classed  them  with  equal  ac- 
curacy. 

Let  us  therefore  attend  to  the  more  simple  and  obvious 
phenomena  of  cohesion,  and  mark  with  care  every  drciuo- 
stance  of  resemblance  by  which  they  may  be  classed^  Let 
us  reorive  these  as  the  laws  of  cohesion,  characterisUc  of  its 
supposed  cause,  the  force  of  cohesion.  We  cannot  pretend 
to  enter  on  this  vast  research.  The  modifications  are  in- 
numerable :  and  it  would  require  the  penetration  of  more 
than  Newton  to  detect  the  circumstance  of  similarity  amidst 
millions  of  discriminating  dfcumstanoes.    Yet  this  is  the 
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colj  waj  of  disoofering  which  axe  the  prioiary  ftcti  cfafr 
ncteiutic  of  the  feroe,  and  which  are  the  modiBeatiaoL 
The  stud  J  is  immense,  but  by  no  means  despente ;  and 
we  eaCertain  great  hopes  that  it  will  ere  long  be  suooessfull^ 
prosecuted :  but,  in  our  particular  predicament^  we  quist 
content  oursdves  with  selecting  such  general  laws  as  seem 
to  give  us  the  most  immediate  informatioii  of  the  cirsum* 
stances  that  must  be  attended  to  by  the  mechamdan  in  hb 
constructions,  that  he  may  unite  strength  with  simphatj, 
economy,  and  energy. 

145. 1*  Then,  it  is  a  matter  of  fiut,  that  all  bodies  are  in 
•  certain  degree  perfectly  elastic;  that  is,  when  their  fivm 
or  bulk  is  changed  by  certain  moderate  compresoons  or 
distractions,  it  requires  the  continuance  of  the  **lM»«yiy 
fiirce  to  continue  the  body  in  this  new  state ;  and  when 
the  force  is  removed,  the  body  recovers  its  original  fonn. 
We  limit  the  assertion  to  certain  moderaie  changes :   for 
instance,  takealeadwireof  one-fifleenth  of  an  inch  in  dia- 
meter, and  ten  feet  long ;  fix  one  end  firmly  to  the  ceilings 
and  let  the  wire  bang  perpendicular ;  afiix  to  the  lower  end 
an  index  like  the  hand  of  a  watch  ;  on  some  stand  imm^ 
diately  below  let  there  be  a  circle  divided  into  degrees,  with 
its  centre  corresponding  to  the  lower  point  of  the  wire : 
now  turn  this  index  twice  round,  and  thus  twist  the  wire. 
When  the  index  is  let  go,  it  will  turn  backwards  again,  by 
the  wire^s  untwisting  itself,  and  make  almost  four  revolu- 
tions before  it  stop^ ;  after  which  it  twists  and  untwists 
many  times,  the  index  "going  backwards  and  forwards  round 
the  circle,  diminishing  however  its  arch  of  twist  each  time^ 
till  at  last  it  settles  precisely  in  its  original  position.     This 
may  be  repeated  for  ever.  Now,  in  this  motion,  every  part 
of  the  wire  partakes  equally  of  the  twist     The  particles 
are  stretched,  require  force  to  keep  them  in  their  state  of 
extension,  and  recover  completely  their  relative  positions. 
These  are  all  the  characters  of  what  the  mechanician  calls 
Tfirfni  elastidCy.    This  is  a  quality  quite  familiar  in  many 
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cases ;  as  in  glass,  tempoced  steel,  be*  but  was  thought  in^ 
competent  to  lead,  which  is  generally  oonadered  as  haying 
little  or  no  elasticity.  But  we  make  the  assertion  in  the 
most  general  terms,  with  the  limitation  to  moderate  de- 
nngement  of  form.  We  have  made  the  same  experiment 
on  a  thread  of  pipe-day,  made  by  forcing  soft  day  through 
the  small  hole  of  a  syringe  by  ineans  of  a  screw ;  and  we 
found  it  more  elastic  than  the  lead  wire :  (or  a  thread  of 
one-twentieth  of  an  inch  diameter  and  seven  feet  long  al- 
lowed the  index  to  make  two  turns,  and  yet  completely  re- 
covered its  first  portion. 

S46.  ft.  But  if  we  turn  the  index  of  the  lead  wire  four 
times  round,  and  let  it  go  again,  it  untwists  again  in  the 
same  manner,  but  it  makes  little  more  than  four  turns  back 
agun  ;  and  after  many  oscillations,  it  finally  stops  in  a  po- 
sition almost  two  revolutions  removed  from  its  original  po- 
sition. It  has  now  acquired  a  new  arrangement  of  ports, 
and  this  new  arrangement  is  permanent  like  die  former ; 
and,  what  is  of  particular  moment,  it  is  perfectly  elastic. 
This  change  is  familiarly  known  by  the  denomination  of  a 
SBT.  The  wire  is  said  to  have  taken  a  sept.  When  we 
attend  minutdy  to  the  procedure  of  nature  in  this  pheno- 
menon, we  find  that  the  partides  have  as  it  were  slid  cm 
each  other,  still  cohering,  and  have  taken  a  new  pomtion, 
in  which  their  connecting  forces  are  in  equilibrio :  and  in 
this  change  of  relative  situation,  it  appears  that  the  con- 
necting forces  which  maintained  the  particles  in  their  first 
situation  were  not  in  equilibrio  in  some  position  interme- 
diate l)etween  that  of  the  first  and  that  of  the  last  form. 
The  force  required  for  changing  this  first  form 'augmented 
with  the  change,  but  only  to  a  certttn  degree;  and  during 
this  process  the  connecting  forces  always  tended  to  the  re- 
covery of  this  first  form.  But  after  the  diange  of  mutual 
position  has  passed  a  certain  magnitude,  the  union  has  been 
partiy  destroyed,  and  the  partides  have  been  brought  into 
new  situations;  sudi,  that. the  forces  which  now  connect 
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each  with  its  neighbour  tend,  not  to  the  lecoverj  of  the 
first  arnmgement,  but  to  push  them  farther  firom  it,  into  a 
new  ntuatiott,  to  which  they  now  verge,  and  require  fotes 
to  prevent  them  from  acquiring.  The  wire  is  noW  in 
fieict  again  perfectly  elastic;  thai  is,  the  forces  wUeh 
now  connect  the  particles  with  their  ndghbours  augmort 
to  a  certain  degree  as  the  derangement  from  this  new  po» 
sition  augments.  This  is  not  reasoning  from  any  theory. 
It  b  narrating  facts,  on  which  a  theory  is  to  be  founded. 
What  we  have  been  just  now  saying  is  evidently  a  descrip* 
tion  of  that  sensible  form  of  tangible  matter  which  we  caH 
ductUUg.  It  has  every  gradation  of  variety,  from  the  soft* 
ness  of  butter  to  the  firmness  of  gold.  All  these  bodies 
have  some  elastidty ;  but  we  say  they  are  not  perfectly 
elastic,  because  they  do  not  completely  recover  their  origi- 
nal form  when  it  has  been  greatly  damaged.  The  whole 
gradation  may  be  most  distinctly  observed  in  a  piece  of 
glass  or  hard  sealing-wax.  In  the  ordinary  form  glass  is 
perhaps  the  most  completely  elastic  body  that  we  know, 
and  may  be  bent  till  just  ready  to  snap,  and  yet  complete- 
ly recovers  its  first  form,  and  takes  no  set  whatever ;  but 
when  heated  to  such  a  degree  as  just  to  be  visible  in  the 
dark,  it  loses  its  brittlenesSi  and  becomes  so  tough  that  it 
cannqt  be  broken  by  any  blow ;  but  it  is  no  longer  elastic, 
takes  any  set,  and  keeps  it.  When  more  heated,  it  becomes 
as  plastic  as  clay ;  but  in  this  state  is  remarkably  distin- 
guished from  clay  by  a  quality  which  we  call  viscidity, 
which  is  something  like  elasticity,  of  which  clay  and  other 
bodies  purely  plastic  exhibit  no  appearance.  This  is  the 
joint  operation  of  strong  adhesion  and  softness.  When  a 
rod  of  perfectly  soft  glass  is  suddenly  stretched  a  little,  it 
does  not  at  once  take  the  shape  which  it  acquires  after  some 
little  time.  It  is  owing  to  this,  that  in  taking  the  impres- 
aon  of  a  seal,  if  we  take  off  the  seal  while  the  wax  is  yet 
very  hot,  the  sharpness  of  the  impression  is  destroyed  im- 
Each  part  drawing  its  neighbour,  and  each 
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part  yiekHng,  the  prominent  pttts  are  ptdled  down  and 
blunted,  and  the  riiarp  hollows  are  pulled  upwards  and 
also  blunted.  The  seal  must  be  kept  on  till  all  has  become 
not  onl  J  stiff  but  hard. 

This  visddity  is  to  be  observed  in  all  plastic  bodies 
which  are  homogeneous.  It  is  not  observed  in  daj,  be- 
cause it  is  not  homogeneous,  but  consists  of  hard  partidea 
of  argillaceous  earth  sticking  together  by  their  attraction 
for  water.  Something  like  it  might  be  made  of  finely  pow- 
dered glass  and  a  clammy  fluid  such  as  turpentine.  Vis- 
cidity  has  all  degrees  of  softness  till  it  degenerates  to  ropy 
fluidity  like  that  of  olive  oil.  Perhaps  something  of  it  may 
be  found  even  in  the  most  perfect  fluid  that  we  are  ac- 
quainted with,  as  we  observed  in  the  experiments  for  as* 
certaining  specific  gravity. 

There  is  in  a  late  volume  of  the  Philosophical  Transac- 
tions a  narrative  of  experiments,  by  which  it  appears  that 
the  thread  of  the  spider  is  an  exception  to  our  first  general 
law,  and  that  it  is  perfectly  ductile.  It  is  there  asserted, 
that  a  long  thread  of  gossamer,  furnished  with  an  index, 
takes  any  portion  whatever;  and  that  though  the  index 
be  turned  round  any  number  of  times  (even  many  him- 
dreds),  it  has  no  tendency  to  recover  its  first  form.  The 
thread  takes  completely  any  set  whatever.  We  have  not 
had  an  opportunity  of  repeating  this  expl^riment,  but  we 
have  distinctly  observed  a  phenomenon  totally  inconsistent 
with  it.  If  a  fibre  of  gossamer  about  an  inch  long  be  held 
by  the  end  horizontally,  it  bends  downward  in  a  curve, 
like  a  slender  slip  of  whalebone  or  a  hmr.  If  totally  devoid 
of  elasticity,  and  perfectly  indifferent  to  any  set,  it  would 
hang  down  perpendicularly  without  any  curvature. 

When  ductility  and  elasticity  ar6  combined  in  different 
proportions,  an  immense  variety  of  sensible  modes  of  ag- 
gregation may  be  produced.  Some  degree  of  both  are  pro- 
bably to  be  observed  in  all  bodies  of  complex  constitution ; 
that  is,  which  oonost  of  pttrtideB  made  up  of  many 
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ent  Idadi  of  atOBM.  Soi&aociiitiliitioB  of  AjboAjtflMl 
siRNil  niny  ntiutioiii  pemmKoty  bnt  oomIj  dtiai^gidd«i»»^ 
Ib  all  theoe  changeo  of  dnpoatioii  wtixh  taktt.fhw 
among  the  particles  of  a  ductile  body^  tJ^partidfonMt 
•ooh  a  distanoe  that  thejr  still  cohere.  The  bed^^^M|fl9 
streCdied  a  little ;  and  cm  lemoving  the  exlbmdjmg  lfav% 
the  body  shrinks  into  its  &st  fbniL  It  also  roiiits  landag 
rate  compresnons ;  and  when  the  compressing  fime  iB:i% 
BMived,  the  body  swdls  out  again.  Now  the  corpiimnlar 
JbdhaeiMf  that  the  particles  are  acted  on  by  attiacliaiii 
and  repuMon^  wludi  balance  each  c^er  when  no  iiifswi. 
fixoe  is  acting  on  the  body,  and  whidli  augment  aa  tfte^pss^ 
tides  are  mad^  by  any  external  cause,  to  recede  finBt:tljs 
tttuation  of  mutual  inactivity;  for.nnoe  foroe  iareqidiils 
to  produce  either  the  dilatation  or  the  comproisian,  tod^lo 
maintain  it,  we  are  obliged,  by  the  oonstitudon  of  oar 
minds,  to  infer  that  it  is  opposed  by  a  force  acrompanyajg 
or  inherent  in  erery  particle  of  dilatable  or  ccaqprewblB 
matter;  and  as  this  necessity  of  employing  force  to  prodluoe 
a  change  indicates  the  agency  of  these  corpuscular  foroes^ 
and  marks  their  kind,  according  as  the  tendendes  of  the 
particles  appear  to  be  toward  each  other  in  dilatation,  or 
from  each  other  in  compression ;  so  it  also  measures  the 
degrees  of  their  intenaty.  Should  it  require  three  tuna 
the  force  to  produce  a  double  compression,  we  must  reckon 
the  mutual  repulsions  triple  when  the  compression  is 
doubled ;  and  so  in  other  instances.  We  see  from  all  this 
that  the  phenomena  of  coheuon  indicate  some  rdation  be^ 
tween  the  centres  of  the  particles.  To  discover  this  rela- 
tion is  the  great  problem  in  corpuscular  mechanism,  as  it 
was  in  the  Newtonian  investigation  of  the  force  of  gravita^ 
tioo.  Could  we  discover  this  law  of  action  betweoi  the 
corpusdes  with  the  same  certunty  and  distinctness,  we 
might  with  equal  confidence  say  what  will  be  the  result  of 
any  position  which  we  give  to  the  particles  of  bodies;  but 
ll^  is  bejnmd  our  hopes.  The  lawof  gravitation  is  so  simple. 
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that  thediaooferjordetectioaaf  it  amid  the  Tflriety  of  ce» 
lestial  {dienoineiia  required  but  one  step ;  and  in  its  own 
nature  its  possible  eombinations  still  do  not  greatly  exceed 
the  powers  of  hliman  research.  One  is  almost  disposed  to 
say  that  the  Supreme  Being  has  exhiUted  it  to  our  reason- 
ing powers  as  sufficient  to  employ  with  success  our  utmost 
eflbrtS,  but  not  so  abstruse  as  to  discourage  us  from  the 
Boble  attempt  It  seem&  to  be  otherwise  with  respect  to 
coheaoon.  Mathematics  informs  us,  that  if  it  deviates 
sensibly  from  the  law  of  gravitation,  the  simplest  combini^ 
tions  will  make  the  joint  action  of  several  particles  an  al- 
most impenetrable  mystery.  We  must  therefore  content 
ourselves,  for  a  long  time  to  come,  with  a  careful  observa^ 
tion  of  the  amplest  cases  that  we  can  propose,  and  with 
the  discovery  of  secondary  laws  of  action,  in  which  many 
pairticles  oomlnne  th^  influence.  In  pursuance  of  this 
plan,  we  observe, 

847.  S.  That  whatever  is  the  ^tuation  of  the  particles  of  a 
body  with  respect  to  each  other,  when  in  a  quiescent  state, 
tfiey  are  kept  in  these  rituations  by  the  balance  of  (q)poate 
forces.  This  cannot  be  refused,  nor  can  we  form  to  our- 
selves any  other  notion  of  the  state  of  ^he  particles  of  a 
body.  Whether  we  suppose  the  ultimate  particles  to  be  of 
certain  magnitudes  and  shapes,  touching  each  other  in 
single  points  of  cohesion ;  or  whether  we  (with  Boscovich) 
connder  them  as  at  a  distance  from  each  other,  and  acting 
on  each  other  by  attractions  and  repulsions-— we  mus£  ac* 
knowledge,  in  the  first  place,  that  the  centres  of  the  parti- 
cles (by  whose  mutual  distances  we  must  estimate  the  dis- 
tance of  the  particles)  may  and  do  vary  their  distances 
from  each  other.  What  dse  can  we  say  when  we  observe 
a  body  increase  in  length,  in  breadth,,  and  in  thickness,  by 
heating  it,  or  when  we  see  it  diminish  in  all  these  dimen- 
sions by  an  external  compressicm  ?  A  particle,  therefore, 
ntuated  in  the  midst  of  many  others,  und  remaining  in 
that  stuatioB,  miMt  be  cooosived  as  maintained  in  it  by 
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the  mtitoal  balancing  of  all  the  fbrcet  which  comieet  iC  widt 
its  neighbours.     It  is  like  a  ball  kept  in  its  plaee  bj  the 
opposite  action  of  two  springs.     This  illustration  nerita  a 
more  particular  application.     Suppose  a  number  cf  bdk 
ranged  on  the  table  in  the  angles  of  equilateral  tiiangla^ 
and  that  each  ball  is  connected  with  the  m  which  lie  around 
it  by  means  of  an  elastic  wire  curled  like  a  coik-serew; 
suppose  such  another  stratum  of  balls  above  this,  and  pik* 
rallel  to  it,  and  so  placed  that  each  ball  of  the  upper  stiih 
tum  is  perpendicularly  over  the  centre  of  the  equilateni 
triangle  below,  and  let  these  be  connected  with  the  balls  cf 
the  under  stratum  by  similar  spiral  wires.     Let  there  be  a 
third  and  a  fourth,  and  any  number  of  such  strata,  all  ocxk 
nected  in  the  same  manner.     It  is  plain  that  this  may 
tend  to  any  size  and  fill  any  space. — Now  let  this 
blage  of  balls  be  firmly  contemplated  by  the  imagination, 
and  be  supposed  to  shrink  continually  in  all  its  dimensions^ 
till  the  balls,  and  their  distances  from  each  other,  and  the 
connecting  wires,  all  vanish  from  the  sight  as  discrete  indi* 
vidual  objects.     All  tliis  is  very  conceivable.     It  will  now 
appear  like  a  solid  body,   having  length,  breadth,  and 
thickness ;  it  may  be  compressed,  and  will  again  resume 
its  dimensions ;  it  may  be  stretched,  and  will  again  shrink; 
it  will  move  away  when  struck ;  in  short,  it  will  not  dilFer 
in  its  sensible  appearance  from  a  solid  elastic  body.     Now 
when  this  body  is  in  a  state  of  compression,  for  instance,  it 
is  evident  that  any  one  of  the  balls  is  at  rest,  in  conse- 
quence of  the  mutual  balancing  of  the  actions  of  all  the 
spiral  wires  which  connect  it  with  those  around  it.     It 
will  greatly  conduce  to  the  full  understanding  of  all  that 
follows  to  recur  to  this  illustration.     The  analogy  or  re- 
semblance between  the  effects  of  this  constitution  of  things 
and  the  effects  of  the  corpuscular  forces  is  very  great ;  and 
wherever  it  obtains,  we  may  safely  draw  conclusions  from 
what  we  know  would  be  the  condition  of  a  body  of  com- 
mon tangible  matter.    We  shall  just  give  one  instrucUve 
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eKample,  and  then  have  done  with  this  hypothetical  bodj. 
We  can  suppose  it  of  a  long  sbapei  resting  on  one  pcnnt ; 
we  can  suppose  two  weights  A|  B,  suspended  at  the  eXh 
tremitiesy  and  the  whole  in  equilibrio.    We  commonly  ex* 
press  this  atate  of  things  by  saying  that  A  and  Bare  in 
equilibrio.  .  This  is  very  inaccurate.    A  is  in  &ct  in  equi- 
librio with  the  united  action  of  all  the  spiings  which  ooa- 
nect  the  ball  to  which  it  is  applied  with  the  adjoining  balls. 
These  springs  are  brought  into  action,  and  each  is  in  equi- 
librio with  the  joint  action  of  all  the  rest     Thus  through 
the  whole  extent  of  the  hypothetical  body,  the  springs  |ure 
brought  into  action  in  a  way  and  in  a  degree  which  mathe- 
matics can  easUy  investigate.     We  need  not  do  this :  it  b 
enough  fur  our  purpose  that  our  imagination  readily  dis- 
covers that  some  springs  are  stretched,  others  are  compress- 
ed»  and  that  a  pressure  is  excited  on  the  middle  point  of 
support,  and  the  suppcnrt  exerts  a  reaction  which  precisely 
balances  it ;  and  the  other  weight  is,  in  like  manner,  in  im^- 
mediate  equiUhrio  with  the  equivalent  of  the  actions  of  all 
the  springs  which  connect  the  last  ball  with  its  neighbours. 
Now  take  the  analo^cal  or  resembling  case,  an  oUong 
piece  of  soUd  matter,  resting  on  a  fulcrum,  and  loaded 
with  two;v7eights  in  equihbrio.     For  the  actions  of  the  con- 
necting springs  substitute  the  corpuscular  forces,  and  the 
result  will  resemble  that  of  the  hypothesis. 

Newton  had  said,  that,  as  the  great  movements  of  the 
solar  system  were  regulated  by  forces  operating  at  a  dis- 
tance, and  varying  with  the  distance,  so  he  strongly  sus- 
pected (vcUde  au^picor)  that  all  the  phenomena  of  cohesion, 
with  all  its  modifications  in  the  different  sensible  forms  of 
aggregation,  and  in  the  phenomena  of  chemistry  and  phy- 
siology, resulted  from  the  similar  agency  of  forces  varying 
with  the  distance  of  the  particles.  The  learned  Boaoovich, 
in  hb  celebrated  Theory  of  Natural  Philosophy,  pur- 
sued thb  thought ;  and  has  shown,  that  if  we  suppose  an 
uttiroate  atom  of  matter  endowed  with  powers  of  attraction 
and  repulrion^  varying,  both  in  kind  and  degree,  with  the 
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distaiioe,  and  if  this  faice  be  the  Mme  in  eroy  aton^'  it 
may  be  regulated  by  such  a  relatxm  to  the  dintance  fivn 
the  neighbouring  atom,  that  a  ooliection  of  such  may  hcie 
all  the  sensible  appearance  of  bodies  in  their  diliereni  IbnM 
of  solids,  liquids,  and  vapours,  elastic  or  unelastic,  aBdcn* 
dowed  with  all  the  propaties  which  we  peroeive,  hjwbom 
immediate  operation  the  phenomena  of  motion  by  iwipulafy 
and  all  the  phenomena  of  chemistry,  and  of  animal  and 
▼^[etable  economy,  may  be  produced.     He  shows,  that 
notwithstanding  a  perfect  sameness,  and  even  a  great  on- 
plidty  in  this  atomical  constitution,  there  will  result  from 
this  union  all  that  unspeakable  variety  of  form  and  proper* 
ty  which  diversify  and   embellish  the    face  of  nature 
Having  already  given  an  account  of  this  celebrated  work,  we 
mention  it  only,  by  the  bye,  as  far  as  a  general  notion  of  il 
will  be  of  some  service  on  the  present  occasion.  For  this  pur- 
pose, we  just  observe  that  Boscovich  concrives  a  partideof 
any  individual  species  of  matter  to  consist  of  an  unknown 
number  of  particles  of  simpler  constitution ;  each  of  wUdi 
particles,  in  their  turn,  is  compounded  of  particles  still  more 
umply  constituted,  and  soon  through  an  unknown  nmnber 
of  orders,  till  we  arriveat  the  simplest  possible  constitution  of 
a  particle  of  tangible  matter,  susceptible  of  length*  breaddi, 
and  thickness,  and  necessarily  consisting  of  four  atoms  of 
matter.    And  he  shows  that  the  more  complex  we  suppose 
the  constitution  of  a  particle,  the  more  must  the  sensible 
qualities  of  the  aggr^ate  resemble  the  observed  qualities 
of  tangible  bodies.     In  particular,  he  shows  how  a  particle 
may  be  so  constituted,  that  although  it  act  on  one  othor 
particle  of  the  same  kind  through  a  considerable  interval, 
the  interpoffltion  of  a  third  particle  of  the  same  kind  may 
render  it  totally,  or  almost  totally,  inactive ;   and  therefore 
an  assemblage  of  such  particles  would  form  such  a  fluid  as 
air.     All  these  curious  inferences  are  made  with  incontro- 
vertible evidence ;  and  the  greatest  encouragement  is  thus 
given  to  the  mathematical  philosopher  to  hope,  that,  by 


STBBNQTH  OF  MATBBULS.  SgS 

cautbos  and  patient  proceeding  in  this  way,  we  may  gra- 
dually approach  to  a  knowledge  of  the  laws  of  cohesion, 
that  will  not  shun  a  comparison  even  with  the  PHncipia 
of  Newton.  No  step  can  be  made  in  this  invesdgation,  but 
by  observing  with  care,  and  generalizing  with  judgment, 
the  piienomena,  which  are  abundantly  numerous,  and 
much  more  at  our  command  than  those  of  the  great  and 
sensible  motions  of  bodies.  Following  this  plan,  we  ob- 
serve, 

348. 4.  It  is  matterof  fact,  that  every bodyhas  somedegree 
of  compressibility  and  dilatability ;  and  when  the  changes 
of  dimension  are  so  moderate  that  the  body  completely 
recovers  its  original  dimensions  on  the  cessation  of  the 
changing  force,  the  extensions  or  compressions  are  sensibly 
proportional  to  the  extending  or  oompresdng  forces ;  and 
therefore  the  connecting Jbrces  are  proportional  to  the  dia-^ 
iances  of  ihe  particles  Jrom  their  quieaceniy  neutral^  or 
inactive  poeUions.  This  seems  to  have^been  first  viewed 
as  a  law  of  nature  by  the  penetrating  eye  of  Dr  Robert 
Hooke,  one  of  the  most  eminent  philosophers  of  the  last 
century.  He  published  a  cipher,  which  he  said  contained 
the  theory  of  springiness,  and  of  the  motions  of  bodies  by 
the  action  .of  springs.  It  was  this,  ceiiinosssttuu."^ 
When  explained  in  his  dissertation,  published  some  years 
after,  it  was  ut  tensio  sic  vis.  This  is  precisely  the  propo- 
rtion just  now  asserted  as  a  general  fact,  a  law  of  nature. 
This  dissertation  is  full  of  curious  observations  of  facts  in 
support  of  his  assertion.  In  his  application  to  the  motion 
of  bodies,  he  gives  his  noble  discovery  of  the  balance-spring 
of  a  watch,  which  is  founded  on  this  law.  The  spring,  as 
it  is  more  and  more  ccnled  up,  or  unwound,  by  the  motion 
of  the  balance,  acts  on  it  with  a  force  propcnrtional  to  the 
distance  of  the  baknce  from  its  quieso^it  position.  The 
balance  therefore  is  acted  on  by  ah  accelerating  force, 
which  varies  in  the  same  manner  as  the  force  of  gravity 
acting  on  a  pendulum  swinging  in  .a  cycloid.  Its  vibrations 
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therefim  must  be  performed  in  equal  tioM^  wliclkuAij 
are  wide  or  narrow.  In  the  same  iliwwitaliiij  HbolBeaB- 
tiona  all  the  facu  which  John  Bemoulfi  afiowdsflddni 
in  6U|^)ort  of  Leibnitz's  whimsical  doetrine  of  the  tatmd 
bodies  in  motion,  or  the  doctrine  of  die  mm  wim;  • 
doctrine  which  Hooke  might  justlj  have  daoMii  as  Ki 
own,  had  he  not  seen  its  futility. 

Experiments  made  since  the  time  of  Hooke  fkaw  thU 
this  kw  is  strictly  true  in  the  extent  to  whidi  we  hat 
limited  it,  viz.  in  all  the  changes  of  form  whidi  wiB  be 
completely  undone  by  the  elasticity  of  the  body.  It  9 
nearly  true  to  a  much  greater  extent.  James  Banoolli, 
in  his  dissertation  on  the  elastic  curve,  relates  sooie  csperip 
ments  of  his  own,  which  seem  to  deviate  considerably  baai 
it ;  but  on  close  examination  they  do  not.  The  finot  ex- 
periments are  those  of  Coulomb,  published  in  sooe  hie 
volumes  of  the  memoirs  of  the  Academy  of  Paris.  He 
suspended  balls  by  wires,  and  observed  their  Dotioas  of 
oscillation,  which  he  found  accurately  corresponding  vith 
this  law. 

349. 5.  It  is  universally  observed,  that  when  tbedilatatioDS 
have  proceeded  a  certain  length,  a  less  addition  of  force  is 
sufficient  to  increase  the  dilatation  in  the  same  degree. 
This  is  always  observed  when  the  body  has  been  so  &r 
stretched  that  it  takes  a  set,  and  does  not  completely  re- 
cover its  form.  The  like  may  be  generally  observed  in 
compresnons.  Most  persons  will  recollect,  that  in  violent- 
ly stretching  an  elastic  coird,  it  becomes  suddenly  weaker, 
or  more  easily  stretched.  })ut  tlicsc  phenomena  do  not 
positively  prove  a  diminution  of  the  corpuscular  force  act- 
ing on  one  particle :  it  more  probably  arises  from  the  dis- 
union of  some  particles,  whose  action  contributed  to  the 
whole  or  sensible  effect.  And  in  compressions  we  may 
suppose  something  of  the  same  kind ;  for  when  we  com- 
press a  body  in  one  direction,  it  commonly  bulges  out  in 
another ;  and  in  cases  of  very  violent  action  some  particles 
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bahnewi  pari  rf  the  eompPMring  ftwrca  Fot  the  reader 
will  iee  oo  idketioii,  that  flmoe  the  compreBflioti  in  one 
direetiDO  cauna  di#  body  to  bulge  out  in  the  tmnavcrae 
diiectaon,  and  mnoe  this  bulging  out  is  in  opposition  tx> 
the  tnnavene  fbroea  of  attraction,  it  must  emploj  aottie 
part  of  the  eompreesing  farce.  And  the  common  af^iter- 
anoes  are  in  perftot  uniformity  with  this  conception  of 
diings.  When  we  preis  a  bit  of  dryish  clay,  it  swells  out 
and  cradks  transversely.  When  a  fnllar  of  wood  is  orrer- 
loaded,  it  swells  out,  and  small  crevices  appear  in  the  (firee- 
tioB  of  die  fibres.  After  this  it  will  not  bear  half  of  die 
load.  This  the  carpenters  call  CRipPLiiro ;  and  a  know- 
ledge of  the  circumstances  which  modify  it  is  of  great  im- 
portance, and  enables  us  to  understand  some  very  para- 
doxical appearances,  as  will  be  shown  by  and  bye. 

This  partial  disuniting  of  particles  formerly  cohering  is, 
we  imagine,  the  chief  reason  why  the  totality  of  the  fbrces 
winch  really  oppose  an  external  strain  does  not  increase  in 
the  proportion  of  the  extensions  and  compressions.  But 
sirfBcient  evidence  will  also  be  ^ven  that  the  fbrces  which 
would  connect  one  particle  with  one  other  particle  do  not 
augment  m  the  accurate  proportion  of  the  change  of  dis- 
tsnee ;  that  in  extensions  they  increase  more  slowly,  and 
in  compresaons  more  rapidly. 

But  there  is  another  cause  of  this  deviation  perhaps 
equally  effectual  with  the  former.  Most  bodies  manifest 
some  degree  of  ductility.  Now  what  is  this  ?  The  fkct  is, 
that  the  ports  have  taken  a  new  arrangement,  in  which 
they  again  cohere.  Therefore,  in  the  passage  to  this  new 
arrangement,  the  senrifate  forces,  which  are  the  jmnt  result 
of  many  corpuscular  forces,  begin  to  respect  this  new  ar- 
rangement instead  of  the  former.  This  must  change  the 
ample  law  of  corpuscular  force,  diaracteristic  of  the  prtrti- 
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cuUr  speoes  of  matter  under  examinatioD.  It  does  not' 
quire  much  reflection  to  coaviDce  us  that  the  poe^ble  ar- 
rangements which  the  particles  of  a  body  may  acquire, 
without  appearing  to  change  tlicir  nature,  must  be  more 
Dumerous  according  as  the  particles  are  of  a  more  complex 
constituljon  ;  and  it  is  reasonable  to  suppose  that  the  con- 
stitution of  even  the  most  simple  kind  of  matter  that  we 
are  acquainted  with  is  feiceedingly  complex.  Our  micro- 
scopes show  us  animals  so  minute,  that  a  heap  of  them 
must  appear  to  the  naked  eye  an  uniform  mass  with  a 
grain  finer  than  that  of  the  finest  marble  or  razor  hone; 
and  yet  each  of  these  has  not  only  limbs,  but  bones,  mus- 
cular fibres,  blood-veftscls,  fibres,  and  a  blood  consisting, 
in  all  probability,  of  globules  organized  and  complex  like 
our  own.  The  imagination  is  here  lost  in  wonder ;  and 
nothing  is  left  us  but  to  adore  inconceivable  art  and  wis- 
dom,  and  to  exult  in  the  tJiought  llmt  we  are  the  only 
spectators  of  this  beautifid  scene  who  can  derive  pleasure 
from  the  view.  What  is  trodden  under  foot  witli  indif- 
ference, even  by  the  half-reasoning  elephant,  may  be  made 
by  us  the  source  of  the  purest  and  most  unmixed  pleasure. 
But  let  us  [ttoceed  to  observe, 

350. 6.  That  the  forces  which  connect  the  particles  of  tan- 
gible bodies  change  by  a  change  of  distance,  not  only  in  de- 
gree, but  also  in  Idnd.  A  panicle  B,  Fig.  1,  is  attracted  by 
A  when  in  the  eituation  C  or  E.  It  is  repeUed  by  it  when 
at  D  or  F.  It  is  not  affected  by  it  when  in  the  situation 
B.  The  reader  is  requested  carefully  to  remark,  that  this 
u  not  an  inference  founded  on  the  authmrity  of  our  mathe- 
matical figure.  The  figure  is  an  expression  (to  asust  the 
imagination)  of  facts  in  nature.  It  requires  no  force  to 
keep  the  particles  of  a  body  in  their  quiescent  situations : 
but  if  they  are  separated  by  stretching  the  body,  they  en- 
deavour (pardon  the  figurative  expresaon)  to  come  to- 
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gether  again.  If  they  are  brought  nearer  by  oampnmk^ 
ibey  endeavour  to  recede.  This  endeavour  is  manifealbBd 
by  the  necessity  of  employing  force  to  maintain  the  extea* 
non  or  condensation ;  and  we  represent  this  by  the  diflRsr^ 
ent  position  of  our  lines.  But  this  is  not  aU :  the  particle 
B)  which  is  repelled  by  A  when  in  the  situation  F  or  D, 
is  neutral  when  at  B,  and  is  attracted  when  at  C  or  £,  may 
be  placed  at  such  a  distance  AG  from  A  greater  than  AB 
that  it  shall  be  again  repelled,  or  at  such  a  distance  AH 
that  it  shall  agiun  be  attracted ;  and  these  alterations  may 
be  repeated  again  and  again.  This  is  curious  and  import- 
ant, and  requires  something  more  than  a  bare  assertion  Six 
its  proof. 

We  have  already  mentioned  the  most  curious  and  valu- 
able observations  of  Sir  Isaac  Newton,  by  which  it  appears 
that  light  is  thus  alternately  attracted  and  repelled  by 
bodies.  The  rings  of  colour  which  appear  between  the 
object-glasses  of  long  telescopes  showed,  that  in  the  small 
interval  of  in^^Qth  of  an  inch,  there  are  at  least  an  hundred 
such  changes  observable,  and  that  it  is  highly  probable 
that  these  alternations  extend  to  a  much  greater  distance. 
At  one  of  these  distances  the  light  actually  converges  to* 
wards  the  solid  matter  of  the  glass,  which  ,we  express 
shortly,  by  saying  that  it  is  attracted  by  it,  and  that  at  the 
next  distance  it  declines  from  the  glass,  or  is  repelled  by  it» 
The  same  thing  is  more  ^mply  inferred  from  the  pheno* 
mena  of  light  passing  by  the  edges  of  knives  and  other 
opaque  bodies.  We  refer  the  reader  to  the  experiments 
themselves,  the  detail  being  too  long  for  thb  place ;  and 
we  request  him  to  conader  them  minutely  and  attentively, 
and  to  form  distinct  notions  of  the  inferences  drawn  fraok 
them.  And  we  desire  it  to  be  remarked,  that  although  Sir 
Isaac,  in  his  discussion,  always  considers  light  as  a  set  of 
corpuscles  moving  in  free  space,  and  obeying  the  actions,  of 
extenud  forces  like  any  other  matter,  the  particular,  oonclu- 


dan  bt  vUeh  «e  are  just  bout  interesled  does  not  at  aB  d»> 
pend  OB  this  notion  of  the  nature  of  light.  Should  we| 
ivUh  "DcB  Cartes  or  Huygens,  suppose  light  to  be  the  ub^ 
iliilalion  of  an  elastic  n^um,  the  ccmdudion  will  be  the 
«me.  The  undulations  at  certain  distances  are  distmbed 
by  fistces  dhrected  towards  the  body,  and  at  a  greater  dia- 
Cancel  the  disturbing  fbroes  tend^otn  the  body.  * 

901.  These  and  other  6cts  already  mentioned,  are  a  Ibw  of 
many  thousanc^  by  which  it  is  unquestionably  piofed  that 
the  partktes  of  tangible  matter  are  oonneeted  by  fetces 
acting  at  a  distance,  varying  with  the  distance,  and  alter- 
natdy  attractiTe  and  repidsive.  If  we  represent  these  fcvcea 
by  theordinatesof  acurve,  it  is  evident  that  this  curve  must 
cross  the  axiiB  i^  all  those  distances  where  the  forces  qhai^je 
ftom  attractive  te  repulnve,^  and  the  curve  must  have 
faRsnches  alternately  above  and  bdow  the  axis. 

Alt  these  alternations  of  attraction  and  repulsion  tal^ 
place  at  small  and  insensible  distances.  At  all  sossiUe. 
distances  the  particles  ar^  influenced  by  the  attraction  of 
gravitation;  and  therefore  this  part  of  the  curve  musiit 

be,  a  hyperbola  whose  equation  is  $b=s=-^.      Wbalt  is    thft 

Ibrm  of  the  curve  corresponding  to  the  smallest  distance 
of  the  particles  ?  that  is,  what  is  the  mutual  actioR  between 
the  particles  just  before  their  coming  into  absolute  contact? 
AxiaHtogy  should  lead  us  to  suppose  it  to  be  repulsion  :  for 
solidity  is  the  last  and  dmplest  form  of  bodies  with  which 
we  are  acquainted.— 'Fluids  are  more  compounded,  con- 
taining fire  as  an  essential  ingredient.  We  should  con« 
dude  that  this  ultimate  repulsion  is  insuperable,  for  the 
^hardest  bodies  are  the  most  elastic.  We  are  fully  entitled 
to  say,  that  this  repelling  force  exceeds  all  that  we  have 
ever  yet  applied  to  overcome  it ;  nay,  there  are  good  rea- 
sons fbr  sayii^  that  this  ultimate  repulsicm,  by  which  the 
particles  are  kept  firom  mathematical  contact,  is  really  in- 


MitMNMe  in  its  oim  mxutty  ttid  duu  it  is  Ali  jiMabte  to 
produce  mathematical  locmtict 

We  thall  jttst  kamtkMi  otte  ttyf  thMe,  whidi  %te  ewrfder 
as  unBtwwenKMe^  iSilp|xme  hi^o  Utooi^  or  idtifiMite  pttii. 
des  of  ttiatttir  A  «fid  B.  ]UI  A  be  at  y«rt^  tfdd  B  VidVie 
U]^  to  it  with  the  tdodty  S;  bnd  let  M  Mi{^[)dM  thAt  it 
CDines  into  mathematical  edntact,  attd  itt^peb  it  (accod^B^ 
to  the  oommon  ttoce)piatioli  of  the  word).  Both  tnote  ^0t4th 
the  velocity  1.  This  i^  grtoted  by  all  to  b^  the  final  r&> 
milt  of  the  eolUiiAon.  Now  the  instant  of  time  itt  #hich 
this  oMnmuviicatioti  happens  is  no  part  eitlMt  of  this  dnm- 
tion  f^  the  solitary  motion  of  A9  nc^  of  the  jdht  Motion  off 
A  and  B :  it  is  the  separation  01-  boundtdy  between  theita. 
It  is  at  once  the  end  of  the  first,  and  the  beginning  of  thb 
iteebnd,  bdon^ng  eqUitdly  to  both.  A  was  moving  with 
the  velocity  B.  The  distinguishing  circumstance  ther^fbf^ 
of  its  mechanical  state  is,  that  it  has  a  determination  (how- 
ever incomprehensible)  by  which  it  Would  ntovi^  for  ever 
with  the  velocity  8,  if  nothing  ch&nged  it  This  it  has 
during  the  whole  of  its  sblitAi'y  motion,  Ahd  theVrfc^  ih 
the  last  instAnt  of  this  moticHi.  In  like  manner,  during 
the  whole  of  the  joint  motion,  and  therefore  in  the  first 
instant  of  this  motion,  the  atom  A  has  a  detefminatida  by 
which  it  would  move  for  ever  with  the  velocity  1.  In  one 
and  the  same  instant,  therefore,  the  atom  A  has  twd  incom- 
patible determinations.  Whatever  notion  we  can  form  ct 
this  state,  which  we  call  velocity,  as  a  distinction  of  condl* 
lion,  the  same  impossibility  of  conception  or  the  same  ab^ 
surdity  occurs.  Nor  can  it  be  avoided  in  any  othei^  WAy 
than  by  saying,  that  this  change  of  A^s  motion  is  brdtlght 
about  by  insensible  gradations ;  that  is,  thiat  A  and  B  iil* 
fluence  each  other  predsely  fis  they  wotdd  do  if  il  sletaAsif 
spring  were  interposed. 

The  two  magnets  there  spoken  of  are  good  Aie|Mregcntiii» 
tives  of  two  atoms  endowfed  With  fimtuM  powtirft  if  tepaU 
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nod ;  and  the  eomiDuiikatwn  of  modo^     aboomplUMda 
both  cases  in  precisely  the  same  manner. 

iUiS.  The  simplest  particle  which  can  be  a  ednadtnent  of 
a  body  having  length,  breadth,  and  thickn^fls,  must  consiit 
of  four  such  atoms,  all  of  which  combine  dieir  influence  on 
each  atom  of  another  such  particle.  It  is  evident  that  the 
curve  which  expresses  the  forces  that  connect  twQ  such 
.particles  must  be  totally  different  from  this  onginal  carve, 
this  hylarchic  prindple.  Supposing  the  last  known,  our 
mathematical  knowledge  is  quite  able  to  discover  the  first ; 
but  when  we  proceed  to  compose  a  body  of  particles,  eadi 
of  which  consists  of  four  such  partides,  we  may  venture  to 
say,  that  the  compound  force  which  connects  them  is  at 
most  beyond  our  search,  and  that  the  discovery  of  the  pri^ 
mary  force  from  an  accurate  knowledge  of  the  corpuscular 
forces  of  this  particular  matter  is  absolutely  out  of  our 
power. 

All  that  we  can  learn  is,  the  posability,  nay  the  certain- 
ty, of  an  innumerable  variety  of  external  sensible  forms 
and  qualities,  by  which  different  kinds  of  matter  will  be 
distinguished,  arieing  from  the  number,  the  order  of  com- 
po^tion,  and  the  arrangement  of  the  subordinate  particles 
of  which  a  particle  of  this  or  that  kind  of  matter  is  com- 
posed. All  these  varieties  will  take  place  at  those  small 
and  insensible  distances  which  are  between  A  and  H,  and 
may  produce  all  that  variety  which  we  observe  in  the  tan- 
^ble  or  mechanical  forms  of  bodies,  such  as  elasticity, 
ductility,  hardness,  softness,  fluidity,  vapour,  and  all  those 
unseen  motions  or  actions  which  we  observe  in  fusion  and 
omgelation,  evaporation  and  condensation,  solution  and 
jHrecipitation,  crystallization,  vegetable  and  animal  assimi- 
lation and  secretion,  &c.  &c.  &c.  while  all  bodies  must  be, 
in  a  certain  degree,  elastic,  all  must  gravitate,  and  all  must 
be  incompenetrable. 

This  general  and  satisfactory  resemblance  between  the 


fTBIKGTH  OF  MATBUALfL  891 


appeaianoe  of  tangible  matter  and  the  legitimate  conse- 
quence of  this  general  hjrpothetical  [uroperty  of  an  atom  of 
matter,  affords  a  eonnderable  probabili^  that  such  is  the 
origin  of  all  the  phenomena.  We  earnestly  reoosmieDd  to 
our  readers  a  cwrefvl  perusal  of  Boscovidi^s  cel^nated 
treatise.  A  careful  perusal  is  necessary  for  seeing  its^  va- 
lue ;  and  nothing  will  be  got  by  k-  hasty  look  at  it  The 
reader  will  be  particularly  pleased  with  the  facility  and 
evidence  with  which  the  ingenious  author  has  deduced  ail 
the  ordinary  [Hrinciples  of  mechanics,  and  with  the  explana- 
tion which  he  has  given  of  fluidity,  and  his  deduction  from 
thence  of  the  lamrs  of  hydrostatics.  No  part  of  the  treatise 
is  more  valuable  than  the  doctrine  of  the  propagation  of 
pressure  through  solid  bodies.  This,  however,'  is  but  just 
touched  on  in  the  course  of  the  investigation  of  the  princi- 
ples of  mechanics.  We  shall  borrow  as  much  as  will  suf- 
fice for  our  present  inquiry  into  the  strength  of  materials ; 
and  we  trust  that  our  readers  are  not  displeased  with  this 
general  sketch  of  the  doctrine  (if  it  may  be  so  called)  of 
the  cohecdon  of  bodies.  It  is  curious  and  impcnrtant  in  it- 
self, and  is  the  foundation  of  all  the  knowledge  we  can  ac- 
quire of  the  present  article.  We  are  sorry  to  say  that  it  is 
as  yet  a  new  subject  of  study ;  but  it  is  a  very  promising 
one,  and  we  by  no  means  despair  of  seeing  the  whole  of 
chenustry  brought  by  its  means  within  the  pale  of  medbani^ 
cal  science.  The  great  and  distinguishing  agency  in  die* 
mistry  is  heat,  or  fire  the  cause  of  heat;  and  one  of  its 
most  nngular  effects  is  the  conversion  of  bodies  into  dastic 
vapour.  We  have  the  clearest  evidence  that  this  is  brought 
about  by  mechanical  forces :  for  it  can  be  opposed  or  pre- 
ventecl  by  external  pressure,  a  very  familiar  mechanical 
force.  We  may  perhaps  find  another  mechanical  force 
which  will  prevent  funon. 

Having  now  made  our  readers  foniliar  with  the  mode 


398  STUBHOTH  OP  MAWKUt^ 

^aotioD  ia  which  oohenoa  openitai  in  -gtrng  utMOgth.  Id 
•(did  bodiefl^  ve  prooeed  to  ooouder  the  stnins  to  wbidi 
thia  atrengtb  is  of^pcMed* 

A  piece  of  aolid  matter  is  exposed  to  fiMir  kinda  of  itiwi^ 
pretty  different  in  the  manner  of  thdr  operation. 

1.  It  may  be  tarn  asunder^  as  in  the  case  of  nofm^ 
stretchens  king-posts^  tye-beams^  &;& 

2.  It  may  be  crushedt  as  in  the  case  of  [HUars^  pnlsb 
and  trusB*beams. 

8L  It  may  be  broken  acrosi^  as  hj^ipens  to  a  joist  or 
lever  of  any  kind. 

4.  It  may  be  wrenched  or  twisted,  as  in  the  case  of  the 
soda  of  a  wheel,  the  nail  of  a  press,  &c. 

I.  It  mat  be  fulled  asukdeb. 

S59h  This  is  the  simplest  of  all  strains,  and  tiieotharaiie 
indeed  modifications  of  it.  To  this  the  force  of  cohesion  is 
direcifif  ofqiosed,  with  very  little  modification  of  its  action 
by  any  particular  circumstances. 

When  a  long  cylindrical  or  prismatic  body,  such  aa  a 
rod  of  wood  or  metal,  or  a  rope,  is  drawn  by  one  end,  it 
must  be  resisted  at  the  other,  in  order  to  bring  its  cohesiim 
into  action.  When  it  is  fastened  at  one  end,  we  cannot 
conceive  it  any  other  way  than  as  equally  stretched  in  all 
its  parts ;  £3r  all  our  observations  and  experiments  on  na« 
tural  bodies  concur  in  showing  us  that  the  forces  which 
connect  their  particles,  in  any  way  whatever,  are  equal  and 
opposite.  This  is  caUed  the  third  law  of  motion  ;  and  we 
admit  its  universality,  while  we  affirm  that  it  is  purely  ex- 
perimental (see  Physics).  Yet  we  have  met  with  disser- 
tations by  persons  of  eminent  knowledge,  where  proposi- 
tions  are  maintained  inconsistent  with  this.  During  the 
dispute  about  the  communication  of  motion,  some  of  the 
ablest  writers  have  said,  that  a  spring  compressed  or 
stretched  at  the  two  ends  was  gradually  less  and  less  com- 
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prcncd  ov  stretoncd  fitNn  the  cxtretidti68  towaras  the  mid- 
dle: but  tbe  same  imten  ackmnrledged  the  umvenMd 
equality  of  action  and  reaction,  whidb  is  qipte  faiDompadble 
irith  tUs  state  of  the  spring.  No  sudi  inequality  of  com- 
presoon  or  dilatadon  has  ever  been  observed ;  uid  a  litde 
reflection  will  show  it  to  be  impossible,  in  oonnstency  with 
the  equality  of  acdon  and  reaction. 

Since  all  parts  are  thus  equally  stretched,  it  follows, 
that  the  strain  in  any  transverse  section  is  the  same,  as 
also  in  every  pcnnt  of  that  section.  If  therefore  the  body 
be  supposed  of  a  homogeneous  texture,  the  ooheaon  of  the 
parts  is  equable ;  and  ance  every  part  is  equally  stretched, 
the  particles  are  drawn  to  equal  dBstances  from  their  quies' 
cent  positions,  and  the  forces  which  are  thus  excited,  and 
now  exerted  in  opposition  to  the  straining  force,  are  equal. 
This  external  force  may  be  increased  by  degrees,  which 
will  gradually  separate  the  parts  of  the  body  more  and 
more  from  each  other,  and  the  connecting  forces  increase 
with  this  increase  of  distance,  till  at  last  the  cohesion  of 
some  particles  is  overcome.  This  must  be  immediately 
followed  by  a  rupture,  because  the  remaining  forces  are 
now  weaker  than  before. 

It  is  the  united  force  of  cohe^on,  immediately  before 
the  <£sumon  of  the  first  particles,  that  we  call  the  stbemotr 
of  the  section.  It  may  also  be  properly  called  its  abso^ 
LUTE  STRENGTH,  being  excrtcd  in  the  amplest  form,  and 
not  modified  by  any  relation  to  other  circumstances. 

354.  If  the  external  force  has  not  produced  any  perma- 
nent change  on  the  body,  and  it  therefore  recovers  its  former 
dim^ifflons  when  tiie  force  is  withdrawn,  it  is  plain  that 
this  strmn  may  be  repeated  as  often  as  we  please,  and  the 
body  which  withstands  it  once  will  always  withstand  it 
It  is  evident  that  this  should  be  attended  to  in  all  eon* 
structions,  and  that  in  all  our  investigations  on  this  subject 
this  should  be  kept  strictly  in  view.    When  we  treat  a 
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piaee  of  loft  daj  in  diis  mannar,  and  with  this  pncMotiBBv 
the  ibix»  empbjed  must  be  yay  smalL  If  we.ezoeeiLdn% 
we  produce  a  pennanent  change.  The  rod  of  day  ianot 
indeed  torn  aiunder ;  but  it  has  become  somewhat  mm 
slender :  the  number  of  particles  in  a  cross  section  is  now 
smaller;  and  therefore,  although  it  will  again^  in  this.nev 
form,  suffer,  or  allow  an  endless  repetition  of  a  eerkm 
strain  without  any  farther  permanent  change^  tUs  iteain  is 
smaller  than  the  former. 

Something  of  the  same  kind  happens  in  all  bodies  whkii 
receive  a  sstt  by  the  strain  to  which  they  are  exposed. 
All  ductile  bodies  are  of  this  kind.  But  there  are  many 
bodies  which  are  not  ductile.  Such  bodies  break  com- 
pletely whenever  they  are  stretched  beyond  the  limit  of 
thmr  perfect  elasticity.  Bodies  of  a  fibrous  structure  ez- 
hilut  very  great  varieties  in  their  cc^esion.  In  some  the 
fibres  have  no  lateral  cohesion,  as  in  the  case  of  a  rope. 
The  only  way  in  which  all  the  fibres  can  be  made  to  unite 
their  strength  is,  to  twist  them  together.  This  causes  them 
to  bind  each  other  so  fast,  that  any  one  of  them  will  break 
before  it  can  be  drawn  out  of  the  bundle.  In  other  fibrous 
bodies,  such  as  timber,  the  fibres  are  held  together  by  some 
cement  or  gluten.  This  is  seldom  as  strong  as  the  fifare. 
Accordingly  timber  is  much  easier  pulled  asunder  in  a  di- 
rection transverse  to  the  fibres.  There  is,  however,  every 
possible  variety  in  this  particular. 

In  stretching  and  breaking  fibrous  bodies,  the  visible  ex- 
tension is  frequently  very  considerable.  This  is  not  solely 
the  increasing  of  the  distance  of  the  particles  of  the  cohe- 
ring fibre :  the  greatest  part  chiefly  arises  from  drawing  the 
crooked  fibre  straight.  In  this,  too,  there  is  great  diveraty; 
and  it  is  accompanied  with  important  differences  in  their 
power  of  withstanding  a  stridn.  In  some  woods,  such  as  fir, 
the  fibres  on  which  the  strength  most  depends  are  very 
straight.     Such  woods  are  commonly  very  elastic,  do  not 
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take  a  flett^and  break  abrupdy  when  overstnuned :  otben, 
such  as  oak  and  birch^  have  thdr  reastbg  fibres  Tcry  un- 
dulating and  crooked,  and  stretch  Tery  sensibly  by  a  strab. 
They  are  Tery  liable  to  take  a  sett,  and  they  do  not  break 
so  suddenly,  but  give  warning  by  complainingy  as  the  car- 
penters call  it ;  that  is,  by  giving  visible  ngns  of  a  derange- 
ment of  texture.  Hard  bodies  of  an  uniform  glassy  struc 
ture,  or  granulated  like  stones,  are  elastic  throu^  the 
whole  extent  of  their  cohesion,  and  take  no  sett,  but  break 
at  once  when  overloaded. 

Notwithstanding  the  immense  variety  which  nature  ex- 
hibits in  the  structure  and  cohesion  of  bodies,  there  are 
certain  general  factA  of  which  we  may  now  avail  ourselves 
with  advantage.     In  particular, 

355.  The  absolute  coheaon  is  proportional  to  the  area  of 
the  section.  This  must  be  the  case  where  the  texture  is  per- 
fectly uniform,  as  we  have  reason  to  think  it  is  in  glass  and  ' 
the  ductile  metals.  The  oc^enon  of  each  particle  being 
alike,  the  whole  cohesion  must  be  proportional  to  their 
number,  that  is,  to  the  area  of  the  section.  The  same 
must  be  admitted  with  respect  to  bodies  of  a  granulated 
texture,  where  the  granulation  is  regular  and  uniform. 
The  same  must  be  admitted  of  fibrous  bodies,  if  we  sup- 
pose their  fibres  equally  strong,  equally  dense,  and  similarly 
disposed  through  the  whole  section;  and  this  we  must  either 
suppose,  or  must  state  the  diversity,  and  measure  the  co- 
hesion accordingly. 

We  may  therefore  assert,  as  a  general  proportion  on 
this  subject,  that  the  absolute  strength  in  any  part  of  a 
body  by  which  it  resisti  being  pulled  asunder,  or  the  force 
which  must  be  employed  to  tear  it  asunder  in  thcU  part^  is 
proportional  to  the  area  of  the  section  perpendicular  to  the 
extending  force. 

Therefore  all  cylindrical  or  prismatical  rods  are  equally 
strong  in  every  part,  and  will  break  aUke  in  any  part ; 
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and  bodin  wbiA  have  ifciieq[tud  teodons  will  dbMifB  krtdl 
in  the  ibodttest  put  ThalengChortfiAlsr^iidirartriMi 
hn  no  dBect  on  the  tkrength  $  and  the  tmlgnr  noliaii^  tlht 
it  it  eader  Id  break  a  veiy  kmg  ttype  thia  a  flhnrt  0114  llii 
Terj  great  mistake.  Abo  the  abeolate  stiengtha  ef  faodhi 
whidi  have  omikr  tecdont  are  ptoportiDnfed  to  the  a|Qatii 
of  their  diameten  or  homologous  ttdes  of  die  aeeto. 

The  weight  of  the  body  itself  may  be  emplojrBd  Id  slndll 
it  and  to  break  it.  It  is  evident,  that  a  rope  Ikiay  be  id* 
long  as  to  break  by  its  own  wdght  When  the  npe  k 
hanging  perpendicularly,  although  it  is  equally  stnaig  b 
every  pert,  it  will  break  towards  the  upper  end,  because  die 
strain  on  any  part  is  the  weight  of  all  that  is  below  it  Its 
BBLATivE  STBXKGTH  in  any  part,  or  power  of  withsHild- 
ing  the  strain  which  is  actually  laid  on  it,  is  inversdy  as 
the  quantity  bdow  that  part 

856.  When  the  rope  is  stretched  horiaontally ,  as  in  towing 
ship)  the  strain  arising  irom  its  weight  often  bettH  a  vefy 
sensible  proportion  to  its  whole  strength. 

Let  AEB  (Fig.  8.)  be  any  portion  of  such  a  rope,  and 
AC,  BC  be  tangents  to  the  curve  into  which  its  gravity 
bends  it  Complete  the  parallelogram  ACBD.  It  is  wdl 
known  that  the  curve  is  a  catenaria,  and  that  DC  is  per- 
pendicular to  the  horizon ;  and  that  DC  is  to  AC  as  the 
weight  of  the  rope  AEB  to  the  strain  to  A. 

In  order  that  a  suspended  heavy  body  may  be  equally 
able  in  every  part  to  carry  its  own  weight,  the  section  in 
that  part  must  be  proportional  to  the  solid  contents  of  all 
that  is  below  it  Suppose  it  a  conoidat  spindle,  formed  by 
the  revolution  of  the  curve  Aae  (Fig.  4.)  round  the  axis 
CE.  We  must  have  AC*  :ac'  —  AEB  sol.  :  «  E  &  sd. 
This  condition  requires  the  logarithmic  curve  for  A  a  f ,  of 
which  C  c  is  the  axis. 

These  are  the  chief  general  rules  which  can  be  safely  de- 
duced firom  our  clearest  notions  of  the  echelon  of  bodies. 
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In  arder  to  make  my  praoUceU  uae  of  tboi^s  it  i»  pfopeY  to 
haYe  foiBe  nieasurca  cf  the  oobeikMi  of  f^  l)Qdie9  hq  Am 
oommonly  empbjred  in  our  meciiaiuc^  w^  oU^  itruciturfi^ 
where  they  «re  espoaed  to  thb  kind  of  strain*  Tbes^  must 
be  deduced  solely  firom  experim^t  Therefore  thqy  mu$t 
be  oausidered  as  no  mcure  than  general  values^  or  99  tb^ 
aTorages  of  many  particular  triabu  The  irregutaiitioa  are 
▼ery  great,  because  none  of  the  substances  are  constant  In 
their  texture  and  firmness.  Metals  differ  by  a  thousand 
circumstances  unknown  to  us,  according  to  their  purity,  to 
the  heat  with  which  .they  were  mehed,  to  the  moulds  in 
which  they  were  cast,  and  the  treatment  they  have  after- 
wards receiyed,  by  forging,  wire-drawing,  tempering,  &c. 

It  is  a  very  curious  and  inexplicable  fact,  that  by  fi^rg- 
ing  a  metal,  or  by  frequently  drawing  it  through  a  smooth 
hole  in  a  steel  plate,  its  cohesion  is  greatly  increased.  This 
operation  undoubtedly  deranges  the  natural  situation  of 
the  particles.  They  are  squeezed  closer  together  in  one 
direction ;  but  it  is  not  in  the  direction  in  which  they  re- 
sist the  fracture.  In  this  direction  they  are  rather  separat- 
ed to  a  greater  distance*  The  general  density,  however,  is 
augmented  in  all  of  them  except  lead,  which  grows  rather 
rarer  by  wire-drawing :  but  its  cohesion  may  be  more  than 
tripled  by  this  operation.  Gold,  silver,,  and  brass,  have 
their  cohesion  nearly  tripled ;  copper  and  iron  have  it  more 
than  doubled.  In  thia  OfiimLtion  they  alao  grow  much 
harder.  It  is  proper  to  heat  them  to  redness  after  draw- 
ing  a  Kitle.  This  is  called  nectltng  or  a/rmealing.  It 
soflem  the  metal  again,  and  reanders  it  sasceptible  of  an- 
other drawing  without  the  risk  of  cracking  in  the  opera- 
tion. 

We  do  not  pretend  to  g^ve  any  explanation  of  this  re- 
markable and  very  important  fact,  which  has  something 
resenblijQg  k  ia  woods  and  other  fibrous  bodies,  as  will  be 
mentioned  afterwards. 
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The  Tariedes  in  the  coheaon  of  stonet  and  oCfaer  niA- 
eralfl,  and  of  v^etaUe  and  animal  substances,  aie  haidl]^ 
stisoeptible  of  any  description  or  classification. 

S57.  We  shall  take  for  the  measure  of  cohesion  the  nmi- 
ber  of  pounds  avoirdupois  which  are  just  sufficient  to  tear 
asunder  a  rod  or  bundle  of  one  inch  square.  From  this  it 
will  be  easy  to  compute  the  strength  corresponding  to  any 
other  dimension. 


Ist,  Metals. 


Gold,  cast^ 
Silver,  cast 


Copper,  cast  ^ 


Iron,  cast 


Iron,  bar 


Steel,  bar. 


Japan 
Barbary 
Hungary 
Anglesea 
,  Sweden 


Ordinary         .        -        - 
Stirian        -         -         - 
Best  Swedish  and  Russian 
Horse-nails 

fSoa 

\  Razor  temper 


{ 


lb. 
(20,000 
(84,000 
f  40,000 
(43,000 
19,500 
2»,000 
31,000 
34,000 
37,000 
4S,000 
59,000 
68,000 
75,000 
84,000 
71,006* 
120,000 
150,000 


•  This  was  an  experiment  by  Muachenbroek,  to  examine  the  Tol- 
gar  notion  that  iron  forged  from  old  hone-nails  was  stronger  dun 
all  others,  and  shows  its  &lsitT< 


Tin^  cast 


firaurOTH  OF  lfATEBIA14k  800 

Malacca            •            .  8»100 

Banca           -                     -  3,600 

Block         .        -           .  3,800 

English  block            -  5,200 

■             grain       -        -        -  6,500 

Lead,  cast            -            ^            -            -  860 

Regulus  of  antimony            ...  1,000 

Zinc            .            .            ...  2,600 

Bismuth            .            .           .            .  2,900 

358.  It  is  very  remarkable  that  almost  all  the  mixtures  of 
metals  are  more  tenadous  than  the  metals  themselves. 
The  change  of  tenacity  depends  much  on  the  proportion 
of  the  ingredients,  and  the  proportion  which  produces  the 
most  tenacious  mixture  is  different  in  the  different  metals. 
We  have  selected  the  following  from  the  experiments  of 
Muschenbroek,  The  proportion  of  ingredients  here  se- 
lected is  that  which  produces  the  greatest  strength. 

Two  parts  of  gold  with  one  of  silver           -        -  28,000 

Five  parts  of  gold  with  one  of  copper            -  50,000 

Five  parts  of  ulver  with  one  of  copper       -        •  48,500 

Four  parts  of  silver  with  one  of  tin        -        -  41,000 

Six  parts  of  copper  with  one  of  tin            -          -  41,000 

Five  parts  of  Japan  copper  vnth  one  of  Banca  tin  57,000 

Six  parts  of  Chili  copper  with  one  of  Malacca  tin  60,000 

Six  parts  of  Swedish  copper  with  one  of  Malacca  tin  64,000 
Brass  conusts  of  copper  and  zinc  in  an  unknown 

proportion ;  its  strength  is  ...  51,000 
Three  parts  of  block  tin  with  one  part  of  lead  -  10,200 
Eight  parts  of  block  tin  with  one  part  of  zinc  •  10,000 
Four  parts  of  Malacca  tin  with  one  part  of  ren- 
ins of  antimony  .....  12,000 
Eight  parts  of  lead  with  one  of  zinc  -  -  4^500 
Four  parts  of  tin  with  one  of  lead  and  one  of  zinc  18,000 

1 


400  tnnraTH  op  mavouu. 

Theie  nmnben  are  of  oonsidenUe  uie  in  the  ml». 
The  Buztures  of  oofqper  and  tin  no  pavtiouIaKly  intewiU 
ing  in  the  &bric  of  great  guns.  Wa  aea  that,  by  namg 
copper  whose  greatest  [strength  does  not  exceed  STjjOOIl^ 
with  tin  whidi  does  not  exceed  6000^  we  pcodooe  ft  metsi 
whose  tenacity  is  ahnost  doubly  at  the  same  time  that  k 
18  harder  and  more  eaaly  wrought.  It  is,  honaiu^  aMSe 
fufflb]e,  which  is  a  great  inconvenienoe.  We  dm  sea  tihat 
a  very  small  addition  of  zinc  almost  doubles  the  tenaoff 
of  tin,  and  increases  the  tenaci^  of  lead  five  timeat  nda 
small  addition  of  lead  doubles  the  tenacity  of  tin*  These 
are  eomomical  mixtures.  This  is  a  tery  valuable  infimaa- 
tioQ  to  the  plumbers  for  augmenting  the  strength  of  waiev- 
pipes. 

By  having  recourse  to  these  tables^  tiie  en|^iieer  can 
proportion  the  thickness  of  his  pipes  (of  whatever  aafital) 
to  the  pressures  to  which  they  are  exposed. 

Itdy  Woods. 

.   359«  We  may  premise  to  this  port  of  the  table  the  fol- 
lowii^  general  observations : 

1.  The  wood  immediately  surrounding  the  jnth  or  heart 
of  the  tree  is  the  weakest,  and  its  inferiority  is  so  much 
more  remarkable  as  the  tree  is  older.  In  this  assertkm, 
however,  we  speak  with  some  hesitation.  MuscbenbiDek^s 
deiail  of  experiments  is  decidedly  in  the  afiinnative.  Mr 
BufRm,  on  the  other  hand,  says,  that  his  experience  has 
taught  him  that  the  heart  of  a  sound  tree  is  the  strongest ; 
but  he  gives  no  instances.  We  are  certain,  from  many  dl>- 
servations  of  our  own,  on  very  large  oaks  and  fir^  that  die 
heart  is  much  weaker  than  the  exterior  parts. 

2.  The  wood  next  the  bark,  commonly  called  tiie  tohiie 
or  Mm,  is  also  weaker  than  the  rest;  and  the  wood  gra- 
duaDy  increases  in  strength  as  we  recede  from  the  centre 
totheUea. 
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3*  The  wood  is  stronger  in  the  middle  of  the  trunk 
than  at  the  springing  of  the  branches  or  at  the  root ;  and 
the  wood  of  tlie  branches  is  weaker  than  that  of  the 
trunk. 

4.  The  wood  of  the  north  srde  of  all  trees  which  grow 
in  our  European  climates  is  the  weakest,  and  that  of  the 
jouth-east  side  is  the  strongest;  and  the  difference  is  most 
l^markable  in  hedge-row  trees,  and  such  as  grow  singly. 
The  heart  of  a  tree  is  never  in  its  centre,  but  always 
nearer  to  the  north  side,  and  the  annual  coats  of  wood  are 
thinner  on  that  side.  In  conformity  with  this,  it  is  a  ge* 
nerai  opinion  of  carpenters  that  timber  is  stronger  whose 
annual  plates  are  thicker.  The  trachea  or  air-vessels  are 
weaker  than  the  simple  ligneous  fibres.  These  air-vessels 
are  the  same  in  diameter  and  number  of  rows  in  trees  of 
the  same  species,  and  they  make  the  visible  separation  be^ 
tweeti  the  annual  plates. .  Therefore  when  these  are  thicker^ 
they  contain  a  greater  propoition  of  the  simple  ligneous 
fibres. 

5.  All  woods  are  more  tenacious  while  green^  and  lose 
very  considerably  by  drying  after  the  trees  are  felled; 

The  only  author  who  has  put  it  in  our  power  to  judge 
of  the  propriety  of  his  experiments  is  Muschenbroek.  He 
has  described  his  method  of  trial  minutely,  and  it  seems 
unexceptionable.  The  woods  were  all  formed  into  slips 
fit  for  his  apparatus,  and  part  of  the  slip  was  cut  away 
to  a  parallelopiped  of  ^th  of  an  inch  square,  and  therefore 
,^;th  of  a  square  inch  in  section.  The  absolute  strengths 
of  a  square  inch  were  as  follows : 


lb. 

, 

lb. 

>1.  Locust  tree 

20,100 

Mulberry    . 

12,500 

Jujeb     .     . 

18,500 

Willow  .    . 

12,500 

Beech,  oak  . 

17,300 

iVsb    .     . 

12,000 

Orange   .    . 

15,500 

rium      .     . 

11,800 

Alder      .    . 

13,900 

Elder      .   .. 

10,000 

Elm  .    .    . 

13,200 

Potaegranate 

9,750 

TOL.  t. 
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lb. 

Lemon     . 

.     9,230 

Quince 

.     6,750 

Tamarind 

.     S,750 

Cypress     . 

.     6,000 

Fir.    .    . 

:    8,330 

Poplar      . 

.     S,50O 

Walnut    . 

.     6,130 

Cedar  .    . 

.     4,880 

Pitcli  pine 

.     7,650 

^  Mr  Muschenbroek  has  given  a  verj'  minute  detail  of  the 
experiments  on  the  ash  and  the  walnut,  stating  the  weights 
which  were  required  to  tear  asunder  slips  taken  from  the 
four  sides  of  the  tree,  and  on  each  side  in  a  regular  pro- 
gression from  the  centre  to  the  circumference.  The  num- 
bers of  this  table  corresponding  to  these  two  timbers  may 
therefore  be  considered  as  the  average  of  more  than  30 
trials  made  of  each  ;  and  he  says  that  all  the  others  were 
made  with  the  same  care.  We  cannot  therefore  see  any 
reason  for  not  confiding  in  the  results ;  yet  they  are 
considerably  Iiigher  than  those  given  by  some  other  writ- 
trs.  Mr  Pilot  says,  on  the  authority  of  his  own  experi- 
ments, and  of  tho5e  of  Mr  Parent,  that  60  pounds  will 
just  tear  asunder  a  square  line  of  sound  oak,  and  that  it 
will  bear  50  with  safety.  This  gives  Sti-M)  for  the  utmost 
strength  of  a  square  inch,  which  is  much  inferior  to  Mu»- 
chenbroek's  valuation. 
We  may  add  to  these, 

.   362.  Ivotj 16,270 

Bone 5,350 

Horn 8,750 

Whalebone 7,500 

Tooth  of  sea-calf  ....  4,075  , 
363.  The  reader  will  surely  observe,  that  these  numben 
express  something  more  than  the  utmost  cohesion ;  for 
the  weights  are  such  ks  will  very  quickly,  tbet  is,  in  a 
minute  or  two,  tear  the  rods  asunder.  It  may  be  said 
in  general,  that  two>tbirds  of  these  weights  will  sensibly 
impair  the  strength  after  a  considerable  while,  and  that 
flUe-luilf  ii  the  atnunt  that  can  remain  suspended  at  them 
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without  risk  for  ever ;  and  it  is  this  last  allotment  that 
the  engineer  should  reckon  upon  in  his  constructions. 
There  is,  however,  considerable  diflference  in  this  respect. 
Woods  of  a  very  straight  fibre,  such  as  fir,  will  be  less  im- 
paired by  any  load  which  is  not  sufficient  to  break  them 
immediately. 

According  to  Mr  Emerson,  the  load   which  may  be 
safely  suspended  to  an  inch  square  is  as  follows : 


crab 


Iron  .... 

Brass 

Hempen  rope 

Ivory 

Oak,  box,  yew,  plum-tree 

Elm,  ash,  beech 

Walnut,  plum     . 

Red  fir,  holly,  elder,  plane, 

Cherry,  hazle 

Alder,  asp,  birch,  willow 

Lead 

Freestone   . 

He  gives  us  a  practical  rule,  that  a  cylinder  whose  dia« 
meter  is  d  inches,  loaded  to  one-fourth  of  its  absolute 
strength^  will  carry  as  follows  : 

Iron        ; 
Good  rope 
Oak 
Fir 


76,400 

35,600 

I9,ei00 

15,700 
7,850 

6,070 

6,360 

6,000 

4,760 

4,290 

430 

914 


1351 
22  I 
14  f 

9j 


dwt. 


The  rank  which  the  diffetent  woods  hold  in  this  list  of 
Mr  Emerson^s  is  very  different  from  what  we  find  in 
Muschenbroek'^s.  Biit  precise  measures  must  not  be  ex- 
pected in  this  matter.  It  is  wonderful  that  in  a  matter 
of  such  unquestionable  importance  the  public  has  not  en-^ 
abled  some  persons  of  judgment  to  make  proper  trials. 
They  are  beyond  the  abilities  of  private  persons^ 
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364.  It  u  of  equal,  perhaps  gmter, 
eke  itrain  which  mar  be  laidoo  Bolid 
of  cruthiDg  them.   POIan  and  posts  of  aOknidi 
to  this  strain  in  its  simplest  form ;  and  there  are 
the  strain  b  enormous,  Tia.  where  it  ariieifraaiAe  ob- 
lique position  of  the  parts ;  as  in  the  strats, 
trusses,  which  occur  rerj  frequentlj  in  our  grest 

It  is  therefore  most  desirable  to  hart  aooK 
knowledge  of  the  principle  which  determines  Ae  Ae^gtk 
of  bodies  in  exposition  to  this  kind  of  strain.  But  wlbr- 
tunatdj  we  are  much  more  at  a  loss  in  this  thM  ia  the 
last  case.  The  mechanism  of  nature  is  much 
plicated  in  the  present  case.  It  must  be  in 
tons  waj  that  compression  can  hare  anj  tendcnqr  to  tctf 
asunder  the  parts  of  a  solid  bodj,  and  it  is  wtrj  dificolt 
to  trace  the  steps. 

If  we  suppose  the  particles  insuperably  hard  and  in  con- 
tact, and  disposed  in  lines  which  are  in  the  diredioii  of 
the  external  pressures,  it  does  not  appear  how  anj  pressure 
can  disunite  the  particles ;   but  this  is  a  gratuitous  siqipH 
sition.     There  are  infinite  odds  against  this  precise  sr^ 
rangement  of  the  lines  of  particles  ;  and  the  compresubi- 
lity  of  all  kinds  of  matter  in  some  degree  shows  that  the 
particles  are  in  a  situation  equivalent  to  distance.    This 
being  the  case,  and  the  particles,  with  their  interrals,  or 
ivhat  b  equivalent  to  intervals,  being  in  situations  that  are 
oblique  with  respect  to  the  pressures,  it  must  follow,  that 
by  squeezing  them  together  in  one  direction,  they  are  made 
to  bilge  out  or  separate  in  other  directions.     This  may 
proceed  so  far  that  some  may  be  thus  pushed  laterally  be* 
yond  their  limits  of  cohesion.     The  moment  that  this 
Aappens  the  resistance  to  compression  is  diminished,  and 
the  body  will  now  be  crushed  together.     We  may  form 
■Otoe  notion  gf  thb  by  supposing  a  number  of  spherules, 
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like  small  shot,  sticking  together  by  means  of  a  cement: 
Compressing  this  in  some  particular  direction  causes  the 
spherules  to  act  among  each  other  like  so  many  wedges^ 
each  tending  to  penetrate  through  between  the  three 
which  lie  below  it :  and  this  is  the  simplest,  and  perhaps 
the  only  distinct  notion  we  can  have  of  the  matter.  We 
have  reason  to  think  that  the  constitution  of  very  home- 
geneous  bodies,  such  as  glass,  is  not  very  different  from 
thb.  The  particles  are  certainly  arranged  symmetrically 
in  the  angles  of  some  regular  solids.  It  is  only  such  an 
arrangement  that  is  consistent  with  transparency,  and 
with  the  free  passage  of  light  in  every  direction. 

365.  If  this  be  the  constitution  of  bodies,  it  appears 
probable  that  the  strength,  or  the  resistance  whieh  they 
are  capable  of  making  to  an  attempt  to  crush  them  to 
pieces,  is  proportional  to  the  area  of  the  section  whose 
plane  is  perpendicular  to  the  external  force;  for  each  par- 
ticle being  similarly  and  equally  acted  on  and  resisted, 
the  whole  resistance  must  be  as  their  number ;  that  is,  as 
the  extent  of  the  section. 

Accordingly  this  principle  is  assumed  by  the  ftw  writers 
who  have  considered  this  subject ;  but  we  confess  that  it 
appears  to  us  very  doubtful.  Suppose  a  number  of  brittle 
or  friable  balls  lying  on  a  table  uniformly  arranged,  but 
not  cohering  nor  in  contact,  and  that  a  board  is  laid  over 
them  and  loaded  with  a  weight ;  we  have  no  hesitation  in 
saying,  that  the  weight  necessary  to  crush  the  whole  col- 
lection is  proportional  to  their  number  or  to  the  area  of 
the  section.  But  when  they  are  in  contact  (and  still  more 
if  they  cohere),  we  imagine  that  the  case  is  materially 
altered.  Any  individual  ball  is  crushed  only  in  conse- 
quence of  its  being  bulged  outwards  in  the  direction  per- 
pendicular to  the  pressure  employed.  If  this  could  be 
prevented  by  a  hoop  put  round  the  ball  like  an  equator, 
we  cannot  see  how  any  force  can  crush  it.  Any  thing 
therefore  which  makes  this  bulging  outwards  more  diffi- 
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cult,,  makes  a  greater  foite  necesstfy.  No#  floa  'effect 
will  be  produced  by  the  mere  contact  of  tbe  bttlb  bdfare 
tbe  pressure  b  applied ;  for  tbe  central  ball  canmit  m«ll 
outward  laterally  without  pushing  away  the  brils  on  all 
tides  of  it.  This  is  prevented  by  the  friction  on  the  taldc 
and  u|^r  board,  which  is  at  least  equal  to  one'thiid  4tf 
the  pressure.  Thus  any  interior  ball  becomes  .ftrooger 
by  the  mere  vicinity  of  the  others ;  and  if  we  farther  sap» 
pose  them  to  cohere  laterally,  we  think  that  its  strength 
will  be  still  more  increased. 

The  analogy  between  these  balls  and  the  cohering  par* 
tides  of  a  friable  body  is  very  jierfect.  We  should  thers- 
fore  expect  that  the  strength  by  which  it  resists  bong 
crushed  will  increase  in  a  greater  ratio  than  that  of  tbe 
aection,  or  the  square  of  the  diameter  of  similar  fections; 
and  that  a  square  inch  of  any  matter  will  bear  a  gicaler 
weiglit  in  proportion  as  it  makes  a  part  of  a  greater  sec- 
tion. Accordingly,  this  appears  in  many  ezperindeftts,  as 
will  be  noticed  ailerwards.  Muschenbroek,  Enter,  and 
some  others,  have  supposed  the  strength  of  columns  to  be 
as  the  biquadrates'of  their  diameters.  But  Euler  deduced 
this  from  formula  which  occurred  to  him  in  the  course!  of 
his  algebraic  analysis ;  and  he  boldly  adepts  it  as  a  prin- 
ciple, without  looking  for  its  foundation  in  the  physicsl 
flissumptions  which  he  had  made  in  the  beginning  of  his 
investigation.  But  some  of  his  original  assumptions  were 
as  paradoxical,  or  at  least  as  gratuitous,  as  these  results : 
and  those,  in  particular,  from  whith  this  proportion  of  the 
strength  of  columns  was  deduced,  were  almost  foreign  to 
the  case;  and  therefore  the  inference  was  of  no  value. 
Yet  it  was  received  as  a  principle  by  Muschenbroek,  and 
by  the  academicians  of  St  Petersburgh.  We  make  these 
very  few  observations,  because  the  subject  is  of  great 
practical  importance ;  and  it  is  a  great  obstacle  to  im- 
provements when  deference  to  a  great  name,  joined  to 
incapacity  or  indolence,  causes  authors  to  adopt  his  care- 
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less  reveries  *as  principles  from  which  they  are  afterwards 
to  draw  important  consequences.  It  must  be  acknow- 
ledged that  we  have  not  as  yet  established  the  relation 
between  the  dimensions  and  the  strength  of  a  pillar  qn 
solid  mechanical  principles.  Experience  plainly  contra- 
dicts the  general  opinion,  that  the  strength  is  propor- 
tional to  the  area  of  the  section ;  but  it  is  still  more  in- 
consistent with  the  opinion,  that  it  is  in  the  quadruplicate 
ratio  of  the  diameters  of  similar  sections.  It  would  seem 
that  the  ratio  depends  much  on  the  internal  structure  of 
the  body;  and  eiperiment  seems  the  only  method  for 
•ascertaining  its  general  laws. 

366.  If  we  suppose  the  body  to  be  of  a  fibrous  texture, 
•having  the  fibres  situated  in-  the  direction  of  the  pressure, 
and  slightly  adhering  to  each  other  by  some  kind  of  ce- 
ment, such  a  body  will  fail  only  by  the  bending  of  the 
•fibres,  by  which  they  will  break  the  cement  and  be  de- 
tached from  each€bther.  Something  like  this  9iay  be 
supposed  in  wooden  pillars.  In  such  cases,  too,  it  would 
.appear  that  the  resistance  must  be  as  the  number  of 
•equally  resisting  fibres,  and  as  their  mutual  support, 
jointly,  and  therefore  as  some  function  of  the  area  of 
the  section.  The  same  thing  iQUst  happen  if  the  fibres 
are  naturally  crooked  or  undulated,  as  is  observed  in 
many  woods,  &c.  provided  we  suppose  some  similarity  in 
their  form.  Similarity  of  some  kind  must  always  be. sup- 
posed, otherwise  we  need  never  aim  at  any  general  infe- 
rences. 

In  all  cases  therefore  we  can  harcUy  r^use  admitting, 
that  the  strength  in  opposition  to  compression  is  propor- 
tional to  a  funotion  of  the  area  of  the  section. 

As  the  whole  length  of  a  cylinder  or  prism  is  equally 
pressed,  it  does  not  appear  that  the  strength  of  a  pillar  is 
at  all  afifected  by  its  length.  If  indeed  it  be  si^pposed  to 
bend  under  the  pressure,  the  case  is  greatly  changed,  be* 
eause  it  is  then  exposed  to  a  transverse  strain ;  and  this 
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increases  with  the  length  of  the  pillar.  Bat  tKia  will  be 
eoaMdered  with  due  attention  un'der  the  taext  class  of 
strains. 

Few  experiments  have  been  made  on  this  spedea  of 
strength  and  strain.  Mr  Pitot  says,  that  his  experimeBtSy 
and  those  of  Mr  Parent,  show  that  the  force  necesaaij  for 
crushing  a  body  is  nearly  equal  to  that  which  will  tear  it 
asnnder.  He  says  that  it  requires  something  *  more  thaa 
60  pounds  on  every  square  line  to  crush  a  piece  of  sound 
oak.  But'  the  rule  b  by  no  means  general :  Glass,  for 
instance,  teill  carry  a  hundred  times  as  mUch  as  oak  in 
this  way,  that  is,  resting  on  it ;  but  will  not  suspend  above 
four  or  five  times  as  much.  Oak  will  suspend  a  great 
deal  more  than  fir ;  but  fir  wOl  carry  twice  as  much  as  a 
pillar.  Woods  of  a  soft  texture,  although  consisting  of 
Very  tenacious  fibres,  are  more*  easily  crushed  by  their 
load.  This  softness  of  texture  is  chiefly  owing  to  their 
fibres  not  being  straight  but  undulatA,  and  t^ere  being 
considerable  vacuities  between  them,  so  that  they  are 
easily  bent  laterally  and  crushed.  When  a  post  is  ovos 
strained  by  its  load,  it  is  observed  to  swell  sensibly  in 
diameter.  Increasing  the  load  causes  longitudinal  cracks 
or  shivers  to  appear,  and  it  presently  after  gives  way. 
This  is  called  crippling. 

In  all  cases  where  the  fibres  lie  oblique  to  the  strain  the 
strength  is  greatly  diminished,  because  the  parts  can  then 
be  made  to  slide  on  each  other,  when  the  cohesion  of  the 
cementing  matter  is  overcome. 

Muschenbroek  has  given  some  experiments  on  this  sub- 
ject ;  but  they  are  cases  of  long  pillars,  and  therefore  do 
not  belong  to  this  place.  They  will  be  considered  after- 
wards. 

The  only  experiments  of  which  we  have  seen  any  de* 
tail  (and  it  is  useless  to  insert  mere  assertions)  are  those 
of  Mr  Gauthey,  in  the  4th  volume  of  Rozier'*s  Journal  dt 
Physique.    This  engineer  exposed  to  great  pressures  small 
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rectangular  parallelopipeds,  cut  from  a  great  variety  of 
stones,  and  noted  the  weights  which  crushed  them.  The 
following  table  exhibits  the  medium  results  of  many  trials 
on  two  very  uniform  kinds  of  ^'reestone,  one  of  them 
among  the  hardest  and  the  other  among  the  softest  used 
in  building. 

367.  Column  1st  expresses  the  length  of  the  sec- 
tion in  French  lines  or  12ths  of  an  inch;  column  2d  ex^ 
presses  the  breadth ;  column  3d  is  the  area  of  the  sec- 
tion in  square  lines ;  column  4th  is  the  number  of  ouncei 
required  to  crush  the  piece ;  column  5th  is  the  weight 
which  w^  then  borne  by  each  square  line  of  the  section ; 
and  column  6th  is  the  round  numbers  to  which  Mr  Gau« 
they  imagines  that  those  in  column  5th  approximate. 


Hard  Sloru 

Ko.of  Length  Breadth 
JLxp,    of  the    of  the 
Section  Section* 

Area  of  the 
Section. 

Ounces  ne- 
cessary to 
crush  it. 

Weight  borne 
by  each  square 
inch. 

1        8 

8 

64 

736 

11,5 

12 

2        8 

12 

96 

2625 

27,3 

24 

3        8 

16 

128 

Soft  Stone. 

4496 

1 

35,1 

36 

4        9 

16 

144 

560 

3,9 

4 

^        9 

18 

162 

848 

6,3 

4.5 

6      18 

18 

324 

2928 

9 

9 

7      18 

24. 

432 

5296 

12,2 

1? 

Little  can  be  deduced  from  these  experiments :  The 
1st  and  3d,  compared  with  the  5th  and  6th,  should  fur- 
nish similar  results ;  for  the  ist  and  5th  are  respectively 
half  of  the  3d  and  6th :  b«t  the  3d  is  three  times  stronger 
(that  is,  a  line  of  the  3d)  than  the  first,  whereas  the  6th 
is  only  twice  as  strong  as  the  5th. 

It  is  evident,  however,  that  the  strength  increases  much 
faster  than  the  area  of  the  section,  and  that  a  square  line 
fan  carry  more  and  more  weight,  according  as  it  m^ei^a 
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part  of  a  larger  and  larger  section.  In  tbe  stries  of  *tx^ 
periments  on  the  soft  stone,  the  individual  strength  of  a 
square  line  seems  to  increase  nearly  in  the  proportion  of 
the  section  of  which  it  makes  a  part. 

Mr  Gauthej  deduces,  from  the  whole  of  his  nnnicliiui 
experiments,  that  a  pillar  of  hard  stone  of  Gi?rj,  whose 
section  is^a  square  foot,  will  bear  with  perfect  m£etj 
£64*,000  pounds,  and  that  its  extreme  strength  is  871,000^ 
and  the  smallest  strength  observed  in  any  of  liis  experi- 
ments was  460,000.  The  soft  bed  of  Givry  stone  had  for 
its  smallest  strength  187,000,  for  its  greatest  S11,00Q» 
and  for  its  safe  load  249,000.  Good  brick  will  carry  with 
safety  320,000 ;  chalk  will  carry  only  9000.  The  boldest 
piece  of  architecture  in  this  respect  which  he  has  seen  is 
a  pillar  in  the  church  of  All- Saints  at  Angers.  It  b  84 
feet  long  and  1  i  inches  square,  and  is  loaded  with  60,000^ 
which  is  not  i^th  of  what  is  necessary  for  crushing  it. 

368.  We  may.  observe  here  by  the  way,  that  Mr  Gau- 
they^s  measure  of  the  suspending  strength  of  stone  is 
Tastly  small  in  proportion  to  its  power  of  supporting  a 
load  laid  above  it.  Ue  finds  that  a  prism  of  the  hard  bed 
of  Givry,  of  a  foot  section,  is  torn  asunder  by  4600 
pounds;  and  if  it  be  firmly  fixed  horizontally  in  a  wall, 
it  will  be  broken  by  a  weight  of  56,000  suspended  a  foot 
from  the  wall.  If  it  rest  on  two  props  at  a  foot  distance, 
it  will  be  broken  by  206,000  laid  on  its  middle.  These 
experiments  agree  so  ill  with  each  other,  that  little  use 
can  be  made  of  them.  The  subject  is  of  great  import- 
ance, and  well  deserves  the  attention  of  the  patriotic  phi- 
losopher. 

369.  A  set  of  good  experiments  would  be  very  valu- 
fible,  because  it  is  against  this  kind  of  strain  that  we 
must  guard  by  judicious  construction  in  the  most  de- 
licate and  difficult  problems  which  come  through  the 
hands  of  the  civil  and  military  engineer.  The  con- 
struction of  stone  arches^  and  great  wooden  bridges,  and 
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particularly  the  constraciion  of  the  frames  of  «rpentiy 
called  centres  in  the  erection  of  dtone  bridges,  are  the  most 
difficult  jobs  that  occur.  *  In  the  cpntres  on  which  the 
arches  of  the  bridge  of  Orleans  were  built,  some  of  the 
pieces  of  oak  were  carrjring  upwards  of  two  tons  on  evecj 
square  inch  of  Iheir  scantling.  All  who  saw  it  said  that 
it  was  not  able  to  carry  the  fourth  part  of  the  intended 
ioad.  But  the  engineer  und!;rsto6d  the  principles  of  faii 
arty  and  ran  the  risk :  and  the  result  completely  justified 
his  confidence ;  for  the  centre  did  not  complain  in  any 
part,  only  it  was  found  too  supple ;  so  that  it  went  out 
of  shape  white  the  haunches  on\y  of  the  arch  were  laid  on 
it.  The  engineer  corrected  this  by  loading  it  at  the 
crown,  and  thus  kept  it  completely  in  shape  during  the 
progress  of  the  work. 

In  the  old  Memoirs  of  the  Academy  6t  Petersburgh 
for  1778,  there  is  a  dissertation  by  Euler  on  this  subject, 
but  particularly  limited  to  the  strain  on  columns,  in  which 
the  bending  is  taken  into  the  account.  Mr  Fuss  has 
treated  the  same  subject  with  relation  to  carpentry  in  a 
subsequent  volume.  But  there  is  little  in  these  papers 
besides  a  dry  mathematical  disquisition,  proceeding  on 
assumptions  which  (to  speak  favourably)  are  extremely 
gratuitous.  The  most  important  consequence  of  the 
compression  is  wholly  overlooked,  as  we  shall  presently 
^e.  Our  knowledge  of  the  mechanism  of  cohesion  is 
as  yet  Far  too  imperfect  to  entitle  us  to  a  confident  ap- 
plication of  mathematics.  Experiments  should  be  mul* 
tiplied. 

370.  The  only  way  we  can  hope  to  make  these  experi- 
ments useful  is  to  pay  a  careful  attention  to  the  manner 
in  which  the  fracture  is  produced.  By  divscovering  the 
general  resemblances  in  this  particular,  we  advance  a  step- 
in  our  power  of  introducing  mathematical  measurement. 
Thus,  when  a  cubical  piece  of  chalk  is  slowly  crushed  he* 
tween  the  chaps  of  a  vice,  we  see  it  uniformly  split  in  i| 
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fuiface  oblique  to  the  pressure,  and  the  two  puts  thea 
•lide  along  the  surface  of  fracture.  This  should  lead  m 
to  examine  mathematically  what  relation  there  is  between 
this  surface  of  fracture  and  the  necessary  force ;  then  we 
should  endeavour  to  determine  experimentailj  the  pod* 
tion  of  this  surface.  Having  discovered  some  general  law 
or  resemblance  in  this  circumstance,  we  should  try  what 
mathematical  hypothesis  will  agree  with  this.  Having 
found  one,  we  may  then  apply  our  simplest  notions  of 
cohesion,  and  compare  the  result  of  our  computations 
with  experiment.  We  are  authorised  to  say,  that  a  series 
of  experiments  have  been  made  in  this  way,  and  that 
their  results  have  been  very  uniform,  and  therefore  satia* 
factory,  and  that  they  will  soon  be  laid  before  the  public 
as  the  foundation  of  successful  practice  in  the  construction 
•f  arches. 


III.    A  BODY  MAY  BE  BROKEN  ACROSS. 

S71.  The  most  usual,  and  tlie  greatest  strain,  to  which 
materi^s  are  exposed,  is  that  which  tends  to  break  them 
transversely.  It  is  seldom,  however,  that  this  is  done  in 
a  manner  perfectly  simple ;  for  when  a  beam  projects  ho* 
rizontally  from  a  wall,  and  a  weight  is  suspended  from 
its  extremity,  the  beam  is  commonly  broken  near  the 
wall,  and  the  intermediate  part  has  performed  the  func- 
tions of  a  lever.  It  sometimes,  though  rarely,  happens 
that  the  pin  in  the  joint  of  a  pair  of  pincers  or  scissars  is 
cut  through  by  the  strain ;  and  this  is  almost  the  only 
case  of  a  simple  transverse  fracture.  Being  so  rare,  we 
may  content  ourselves  with  saying,  that  in  this  case  the 
strength  of  the  piece  is  proportional  to*  the  area  of  the 
section. 

372.  Experiments  were  made  for  discovering  the  re- 
sistances made  by  two  bodies  to  this  kind  of  strain  in  the 
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following  manner:  Two  iron  bars  were  disposed  hori- 
x6ntally  at  an  inch  distance ;  a  third  hung  perpendicu- 
larly Jlietween  them,  being  supported  by  a  pin  made  of 
the  substance  to  be  examined.  This  pin  was  made  of  a 
prismatic  form,  so  as  to  fit  exactly  the  holes  in  the  three 
bars^  which  were  made  very  exact,  and  of  the  same  size 
and  shape.  A  scale  was  suspended  at  the  lower  end  of 
the  perpendicular  bar,  and  loaded  till  it  tore  out  that 
part  of  the  pin  which  filled  the  middle  hole.  This  weight 
was  evidently  the  measure  of  the  lateral  cohesion  of  two 
sections.  The  side-bars  were  made  to  grasp  the  middle 
bar  pretty  strongly  between  them,  that  there  might  be 
no  distance  imposed  between  the  opposite  pressures. 
This  would  have  combined  the  energy  of  a  lever  with'  the 
purely  transverse  pressure.  For  the  same  reason  it  was 
necessary  that  the  internal  parts  of  the  holes  should  be 
no  smaller  than  the  edges.  Great  irregularities  occurred 
in  our  first  experiments  from  this  cause,  because  the  pins 
were  somewhat  tighter  within  than  at  the  edges;  but 
when  this  was  corrected  they  were  extremely  regular. 
We  employed  three  sets  of  holes,  viz.  a  circle,  a  square 
(which  was  occasionally  made  a  rectangle  whose  length 
was  twice  its  breadth),  and  an  equilateral  triangle.  We 
found  in  all  our  experiments  the  strength  exactly  pro- 
portional to  the  area  of  the  section,  and  quite  indepen- 
dent of  its  figure  or  position,  and  we  found  it  consider- 
ably above  the  direct  cohesion  ;  that  is^  it  took  consider- 
Mf  more  than  twice  the  force  to  tear  out  this  middle 
piece  than  to  tear  the  pin  asunder  by  a  direct  pull.  A 
piece  of  fine  freestone  required  305  pounds  to  pull  it  AU 
rectly  asunder^  and  575  to  break  it  in  this  way. 

373.  The  difference  was  very  constant  in  any  one  subs tance^ 
but  varied  from  |ds  to  §ds  in  different  kinds  of  matter,  be- 
ing smallest  in  bodies  of  a  fibrous  texture.  But  indeed  we 
could  not  make  the  trial  on  any  bodies  of  considerable 
cob^ioB^  because  they  required  such  forces  as  our  appa*^ 
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ratus  could  not  support  Chalk,  clay  baked  in  the  auo, 
baked  sugar,  brick,  and  freestone,  were  the  strangest  that 
we  could  examine. 

But  the  more  common  case,  where  the  energy  of  a 
lever  intenrenes,  demands  a  minute  examination. 

374.  Let  DABC  (Plate  V.  fig.  1.)  be  a  vertical  section 
of  a  prismatic  solid  (that  is,  of  equal  size  throoghoot), 
projecting  horizontally  from  a  wall  in  which  it  is  firmly 
fixed ;  and  let  a  weight  P  be  hung  on  it  at  B,  or  let  any 
power  P  act  at  B  in  k  direction  perpendicular  to  A& 
Suppose  the  body  of  insu|)erable  strength  in  every  part 
except  in  the  vertical  section  DA,  perpendicular  to  its 
length.  It  miist  break  in  this  section  only.  Let  the  co» 
hesion  be  uniform  over  the  whole  of  this  section ;  that  is, 
let  each  of  the  adjoining  particles  of  the  two  parts  cohere 
with  an  equal  force  f. 

There  are  two  ways  in  which  it  may  break.  The  part 
ABCD  may  simply  slide  down  along  the  surface  of  frac* 
ture,  provided  that  the  power  acting  at  B  is  equal  to  the 
accumulated  force  which  is  exerted  by  every  particle  of 
the  section  in  the  direction  AD. 

But  suppose  this  effectually  prevented  by  something 
that  supports  the  point  A.  The  action  at  P  tends  to 
make  the  body  turn  round  A  (or  round  a  horizontal  line 
passing  tlirough  A  at  right  angles  to  AB)  as  round  a 
joint.  This  it  cannot  do  without  separating  at  the  line 
DA.  In  this  case  the  adjoining  particles  at  D  or  at  £ 
will  be  separated  horizontally.  But  their  cohesion  reslsta 
this  separation.  In  order,  therefore,  that  the  fracture 
may  happen,  the  energy  or  momentum  of  the  power  P, 
acting  by  means  of  the  lever  AB,  must  be  su[)erior  to  the 
.accumulated  energies  of  the  particles.  The  energy  of 
each  depends  not  only  on  its  cohesive  force,  but  also  on 
jts  situation ;  for  the  supposed  insuperal)Ie  firmness  of  the 
rest  of  the  body  makes  it  a  lever  turning  round  the  ful- 
eriim  A,  and  the  cohesion  of  each  particle^  such  as  D  o9 
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E,  acts  by  means  of  the  arm  DA  or  £A.  The  energy  of 
each  particle  will  therefore  be  had  by  multiplying  the 
force  exerted  by  it  in  the  instant  of  fracture  by  the  arm 
of  the  lever  by  which  it  acts. 

Let  us  therefore  first  suppose,  that  in  the  instant  of 
fracture  every  particle  is  exerting  an  equal  force  /.  The 
energy  of  D  will  be/x  DA,  and  that  of  E  will  be/x  EA, 
and  that  of  the  whole  will  be  the  sum  of  all  these  pro^ 
ducts.  Let  the  depth  DA  of  the  section  be  called  JL,  and 
let  any  undetermined  part  of  it  £A  be  called  x,  and  the» 

the  space  occupied  by  any  particle  will  be  x.  The  cohe^ 
sion  of  this  space  may  be  represented  hyfx,  and  that  of 

the  whole  by /A     The  energy  by  which  each  element  x 

of  the  line  DA,  or  rf,  resists  the  fracture,  will  befx  x,  and 

the  whole  accumulated  energies  will  hefx  fx  x.      This 

we  know  to  be/x4d*,  or  fdxi  d.  It  is  the  same 
therefore  as  if  the  cohesion  fdoi  the  whole  section  had 
been  acting  at  the  point  G,  which  is  in  the  middle  of 
DA. 

The  reader  who  is  not  familiarlj  acquainted  with  the 
fluxionary  calculus  may  arrive  at  the  same  conclusion  in 
another  way.  Suppose  the  beam,  instead  of  projecting 
horiEontally  from  a  wall,  to  be  hanging  from  the  ceiling,' 
in  which  it  is  firmly  fixed.  Let  us  consider  how  the 
equal  cohesion  of  every  part  operates  in  hindering  the 
lower  part  from  ^  separating  from  the  upper  by  opening 
roqnd  tlie  joint  A.  The  equal  cohesion  operates  just  as 
equal  gravity  would  do,  but  in  the  opposite  direction. 
Now  we  know,  by  the  most  elementary  mechanics,  that 
the  effect  of  this  will  be  the  same  as  if  the  whole  weight 
were  concentrated  in  the  centre  of  gravity  G  of  the  line 
Da,  and  that  this  pmnt  G  is  in  the  middle  of  DA^  Now 
the  number  of  fibres  being  as  the  length  d  of  the  line^ 
and  the  cohesion  of  each  fibre  being  :=^  the  cohesion  of 
the  whole  line  is  /x  d  or/i 
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The  accumulated  energj  therefor^  of  the  coherfoD  bl 
the  instant  of  fracture^  is  fdx  i  d.  Now  this  nmil  bt 
eqiial  or  just  inferior  to  the  energjr  of  the  power  empkf* 
ed  to  break  it.  Let  the  length  AB  be  called  / ;  then 
P  X  /  is  the  corresponding  energy  of  the  power.  This 
gives  us/i{  I  d  =  jp  /  for  the  equation  of  equiiihriiiai  eor» 
respondin^g  to  the  vertical  section  ADGB. 

SuQpose  now  that  the  fracture  is  not  permitted  at  DA^ 
but  at  another  section  )  «  more  remote  from  B.  The  bodj 
being  prismatic^  aU  the  vertical  sectioiis  areeqaal^  and 
therefore  fd^d  is  the  same  as  before.  But  the  eneigj 
of  the  power  is  by  this  means  increased,  being  now 
==  P  X  B  a,  instead  of  P  x  BA :  Hence  we  see  that  when 
the  prismatic  body  is  not  insuperably  strong  in  all  its 
parts,  but  equally  strong  throughout,  it  must  break  dos^ 
at  the  wall,  where  the  strain  or  energy  of  the  power  is 
greatest.  We  see,  too,  that  a  power  which  is  just  able 
to  break  it  at  the  wall  is  unable  to  break  it  anywhere 
eke;  also  an  absolute  cohesion  /d,  which  can  withstand 
the  power  p  in  the  section  DA,  will  not  withstand  it  in 
the  section  ) «»  and  will  withstand  more  in  the  section 
d'  a\ 

This  teaches  us  to  distinguish  between  absolute  and 
I  relative  strength.  The  relative  strength  of  a  section  has 
a  reference  to  the  strain  actually  exerted  on  that  section. 
This  relative  strength  is  properly  measured  by  the  power 
which  is  just  able  to  balance  or  overcome  it,  when  ap- 
plied at  its  proper  place.    Now  since  we  had/d  hd^pl^ 

we  have  p  =r- — - —  for  the  measure  of  the  strength  of 

tiie  section  DA,  in  relation  to  the  power  applied  at  B. 

If  the  solid  is  a  rectangular  beam,  whose  breadth  is  A, 
it  is  plain  that  all  the  vertical  sections  are  equal,  and  that 
AG  or  i  d  is  the  same  in  all.  Therefore  the  equation 
i^zpressing  the  equilibrium  between  the  momentum  of  the 
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Rternal  force  and  the  accumulated  momenta  of  cohfluon 
millhepl^fdbx^d. 

The  product  d  b  evidently  expresses  the  area  of 
the  section  of  fracture^  which  we  maj  call  «,  and  we 
may  express  the  equilibrium  thus,  p  Izzf^  ^  d^  and 
2  I :  d  =y «  :  p' 

Now  fs  is  a  proper  expression  of  ihe.absolute  cohesion 
4rf  the  section  of  fracture,  and  p  is  a  proper  measure  of  its 
strength  in  relation^  to  a  power  applied  at  B.  We  may 
therefore  say,  that  twice  the  length  of  a  rectangular  beam  i^ 
to  the  depih  as  the  absohUe  cohesum  to  the  rdative  ttrengiK    , 

Since  the  action  of  equable  cohesion. is  similar  to  the 
action  of  equal  gravity,  it.  follows,  that  whatever  is  the 
figure  of  the  section j  the  relative  strength  will  be  the  same 
as  if  the  absolute  cohesion  of  all  the  fibres  were  acting  at 
the  centre  of  gravity  of  the  section.  Let  g  be  the  diflh 
tance  between  tlie  centrie  of  gravity  of  the  section  and  the 
axis  of  Gtadure,  We  shall  havep  /  ==/«  jg^  and  / :  jg  =/» :  fu 
It  ff iQ  be  very  useful  to.  recollect  this  analogy  in  words : 
^'  The  length  of  a  primaiic  beam  of  any  shape  is  t6  the  height 
of  the  ceidrt  of  gravity  above  the  longer  side^  as  the  absobtit 
cohesion  to  the  strength  rebaiite  to  this  length.'" 

Because  the  relative  strength  of  a  rectangular  beam  U 

^- Y —  or'^^y-,  it  follows,  that  the  relative  strengths 

of  different  beams  are  }H!oportional  to  the  absolute  cohe- 
sion of  the  particles,  to  the  breadth^  and  to  the  squttre  of 
the  depth  directly,  and  to  the  length  inversely ;  also  in 
prisma  whose  sections  are  similar^  the  strengths  are  ais  ti|e 
cubes  of  the  diameters. 

375.  Such  are  the  more  general  results  of  the  mecha- 
nism of  this  transverse  strain,  in  the  hypothesis  that  dl 
the  particles  are  exerting  equal  forces  in  the  instrat  of 
frsfcture.  We  are  indebted  for  this  doctrine  to  the  cele- 
brated Galileo ;  gsnd  it  was  one  of  the  first  qiecimena  of 
the  application  of  mathematics  to  the  science  of  naturf» . 

veil,  h  .  2d 
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We  faftve  not  included  in  the  preceding  inTestigaUmi 
that  action  of  the  external  force  by  which  the  solid  is  drawn 
ndewise,  or  tends  to  slide  along  the  surface  of  fracture. 
We  have  supposed  a  particle  £  (fig.  1.)  to  be  pulled  only 
in  the  durection  E  e,  perpendicular  to  the  section  of  fnM> 
ture,  by  the  action  of  the  crooked  lever  BAE.  But  it  is 
also  pulled  in  the  direction  EA ;  and  its  reaction  is  in 
some  direction  i  £,  compounded  of  i^^  by  whidi  it  re» 
sists  being  pulled  outwards;  and  i  e,  by  which  it  rensts 
being  pulled  downwards.  We  are  but  imperfectly  ac- 
quainted with  the  force  i  e,  and  only  know  that  their  ae» 
Cumulated  sum  is  equal  to  the  force  p :  but  in  all  impor- 
tant cases  which  occur  in  practice,  it  is  unnecessary  to 
attend  to  this  force ;  because  it  is  so  small  in  comparsion 
4)£  the  forces  in  the  direction  E  e,  as  we  easily  conclude 
^Tom  the  usual  smalUiess  of  AD  in  comparison  of  AB. 

376.  The  hypothesis  of  equal  cohesion,  elerted  by  all 
-the  particles  in  the  instant  of  fracture,  is  not  conformable 
to  nature:  for  we  know,,  that  when  a  force  is  applied 
transversely  at  B,  the  beam  is  bent  downwards,  becoming 
convex  on  the  upper  side ;  that  side  is  therefore  on  the 
stretch.     The  particles  at  D  are  farther  removed  from 
each  other  than  those  at  £,  and  are  therefore  actually  ex- 
erting  greater  cohesive  forces.     We  cannot  say  with  cer- 
tainty and  precision  in  what  proportion  each  fibre  is  ex- 
tended.    It  seems  most  probable  that  the  extensions  are 
proportional  to  the  distances  from  A.     We  shall  suppose 
this  to  be  fealjy  the  case.     Now  recollect  the  general  law 
'which  we  formerly  said  was  observed  in  all  moderate  ex- 
tensions, vis.  that  the  attractive  forces  exerted  by  the 
dilated  particles  were  proportional  to  their  dilatations. 
■  Suppose  now  that  the  beam  is  so  much  bent  that  the  par- 
ticles at  D  are  exerting  their  utmost  force,  and  that  this 
.fibre  b  just  ready  to  break  or  actually  breaks.    It  is  plain 
•  that  a  total  fracture  must  immediately  ensue;  because 
the  force  which  was  superior  to  the  full  cohesion  of  the 
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particle  at  D,  and  a  certaia  portion  of  the  cohesion  of  all 
the  rest,  will  be  more  than  superior  to  the  full  cohesion 
of  the  particle  next  within  D,  and  a  smaller  portion  of 
the  cohesion  of  the  remainder. 

Noiv  let  F  represent^  as  before,  the  full  force  of  the  ex- 
terior fibre  D,  which  is  exerted  by  it  in  the  instant  of  its 
breaking,  and  then  the  force  exerted  at  the  same  instant 
by  the  fibre  £  will  be  had  by  this  analogy  AD  :  AE,  or 

fx 
d  :  X  :=  f  ',—j  and  the  force  really  exerted  by  the  fibre 

a 

Eis/xf 

The  fbrce  exerted  by  a  fibre  whose  thiclcness  is  oe^  iii 

therefore '^-j- ;  but  this  force  resists  the  strain  by  acting 
by  means  of  the  lever  EA  or  x.    Its  energy  or  momen* 

turn  i^  ^efefore*^— J-,  and  the  accumulated  momenta 

a 

of  all  the  fibres  in  ihe  line  AE  will  be  /*  x  sum  of  — r-. 

This,  when  t  is  taken  equal  to  d^  n^ill  express  the  mo- 
mentum of  the  whole  fibres  in  the  line  AD.     This,  there- 

fore,  is/  ^— ,  or/  \  d*,  or/d  X  J  d.     Now  fd  expresses 

the  absolute  cohesi6n  of  the  whole  line  AD.  The  acCii- 
mulated  momentum  is  therefore  the  same  as  if  the  abid^ 
lute  cohesion  of  the  whole  lirfe  were  exerted  lit  ^d  cff  AD 
from  A. 

377.  From  these  premisfes  it  follo^i^s  that  the  eqiTation 
expressing  the  equilibrium  Of  the  stfain  and  cohesion  is 
p  I  ^  f  d  X  \  d ;  find  hence  We  deduce  the  analogy,  *«  As 
thrice  the  length  is  to  ihe  depth,  so  is  the  absolute  cohesion  to 
the  relative  strength^ 

This  equation  and  this  proportion  wilt  equally  apply  to 
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rectangnliir  beami  whose  breadtk  is  ft ;  for  we  riudi  thai 

We  abo  see  that  the  relative  strength  is  prcqportiooal 
to  the  absolute  cohesion  of  the  particles,  to  tiie  bnadchy 
and  to  the  square  of  the  depth  directl j,  and  to  the  ksgth 
inversely :  for  p  is  the  measinre  of  the  force  ¥rith  wUch 

it  IS  resisted,  and  p  ^'^ — 7    .'^^T*  Ripect, 

therefore,  this  hypothesis  agrees  with  the  Galilean ;  but 
*  it  assigns  to  every  beam  a  smaller  proportion  of  the  ab- 
solute cohesion  of  the  section  of  fracture,  in  the  prcqioc- 
tion  of  3  to  2.  In  the  Galilean  hypothesis  thi^  section 
has  a  momentum  equal  to  |  of  its  ahfolute  strength,  but 
in  the  other  hypothesis  it  is  only  ^d.  In  beams  of  a  dif- 
fsrent  form  the  proportion  may  be  different. 

As  this  is  a;  most  important  proposition,  aAd  the  foun- 
dation of  many  practical  maxims,  we  are  anxious  to  have 
^t  clearly  comprehended,  and  its  evidence  perceived  by  alL 
Our  better  informed  readers  will  therefore  indulge  us 
while  we  endeavour  to  present  it  in  another  point  of  view, 
where  it  will  be  better  seen  by  those  who  are  not  fami*- 
liarly  acquainted  with  the  ftuxionary  calculus. 

378.  Fig.  3.  of  Plate  V.  is  a  perspective  view  of  a  three 
sided  beam,  projecting  horizontally  from  a  wall,  and 
loaded  with  a  weight  at  B  just  sufficient  to  break  it 
DABC  is  a  vertical  plane  through  its  highest  point  D, 
in  the  direction  of  its  length,  a  D  a  is  another  verticd 
oection  perpendicular  to  AB.  The  piece  being  supposed 
of  insuperable  strength  everywhere,  except  in  the  section 
a'D  a,  and  the  cohesion  being  also  supposed  insuperable 
^ong  the  line  a  A  a,  it  can  break  nowhere  but  in  this  sec- 
tion, and  by  turning  round  a  A  a  as  round  a  hinge.  Make 
D  d  equal  to  AD,  and  let  D  d  represent  the  absolute  co- 
hesion of  the  fibre  at  D,  which  absolute  cohesion  we  ex* 
.pressed  by  the  symbol/.  Let  a  plane  a  da  he  made  to 
pass  through  a  a  and  d^  and  let  ({ a  V  be  another  cross  see« 
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lion.  It  is  plain  that  the  pritmatic  solid  eontaiiied  be* 
tween  the  two  sections  a  Da  and  a'  da!  will  represent  tfae 
full  cohesion  of  the  whole  section  of  fracture ;  for  we  tDBj 
eoncetre  thb  prism  as  made  up  of  lines  sudh  as  F^  equal 
and  parallel  to  Dd  representing  the  absolute  cohesion  of 
each  particle  such  as  F.  The  pyramidal  solid  d  D  o  a,  cut 
effbjr  the  plane  daaf  will  represent  the  cohesions  actually 
exerted  by  the  different  fibres  in  the  instant  of  fracture^ 
For  take  any  point  E  in  the  surface  of  fracture,  and  draw 
£  e  parallel  to  AB,  meeting  the  plane  a  da  in  f ,  and  let 
e  AE  be  a  vertical  plane.  It  is  evident  that  D  d  is  to  £  c 
as  AD  to  AE ;  and  therefore  (since  the  forces  exerted  by 
the  different  fibres  are  as  their  extension,  and  their  exten- 
sion  as  their  distances  from  the  axis  of  fracture)  £  e  will 
represent  the-  force  actually  exerted  by  the  fibre  in.E 
while  D  is  exerting  its  full  force  D  d. .  In  like  manner, 
the  plane  F  Vff  expresses  the  cdiesion  exerted  by  all  the 
fibres  in  the  line  F  F,  and  so  on  through  the  whole  sur- 
face. Therefore  the  pyramid  d  a  a  D  esfiresses  the  acofr* 
mulated  exertion  of  the  w6ele  surface  of  fracture. 

Farther,  suppose  the  beam  to  be  held  perpendicular  to 
the  horison,  with  the  end  B  uppermost,  and  that  the 
weight  of  the  prism  contained  betweep  the  two  sections 
0 D a  and  a^ da'  (now.  horiaontal)  is  ju^t  able  to  over- 
come the  full  cohesion  of  the  section  of  fracture.  The 
weight  of  the  pyramid  dDan  will  also  be  just  able  to 
overcome  the  cohesions  adwalty  exerted  by  the. different 
fibres  in  the  instant  -of  fracture,  because  the  weight  of 
each  fibre,  such  as  £  c,  is  just  superior^  to  the  cohesion  ac- 
tually exerted  at  K 

Let  o  be  the  centre  of  gravity  of  the  pyramidal  aoUd, 
and  draw  oO  perpendicular  to  the  plane  a  Do.  The 
whole  weight  of  the  solid  d  Do  a  may  be  conceived tfu. ac- 
cumulated in  the  plnnt  o,  and  as  acting  on  the  point  O, 
end  it  will  have  the  aame  tendency  to  separate  the  two 

as  when  each  fibre  is  baagiog  by  its  r^ 
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spective  point.  For  this  reason  the  point  O  may  be  called 
the  cfft^re  of  actual  effort  of  the  unequal  forces  of  cohesion.* 
The  momentum,  therefore,  or  energy  by  which  the  coher- 
ing surfaces  are  separated,  will  be  properly  measured  by. 
the  weight  of  the  solid  dDaa  multiplied  by  OA ;  and 
this  product  is  equal  to  the  product  of  the  weight  p  multi- 
plied by  BA,  or  by  L  Thus,  suppose  that  the  cohesion 
along  the  line  AD  only  is  cotisidered.  The  whole  cohe- 
sion will  be  represented  by  a  triangle  ADd.  I>d  repre- 
sents/^ and  AD  is  d,  and  A  dis  x.  Therefore  A  Dd  is  4 
fd.  The  centre  of  gravity  o  of  the  triangle  A  D  d  is  in 
the  intersection  of  a  line  dr&vrn  from  A  to  the  middle  of 
D  d  with  a  line  drawn  from  d  to  the  middle  of  AD  ;  and 
therefore  the  line  o  O  will  make  AO  =  $  of  A  d.  There- 
fore the  actual  momentum  of  cohesion  is/xidx$d,= 
/xdx  5  d  =fd  xl  dy  or  equal  to  the  absolute  cohesion 

d 
acting  by  m^ans  of  the  lever  — .     If  the  section  of  frac- 

ture  is  a  rectangle,  as  in  a  common  joist,  whose  breadth 
o  a  is  =  &,  it  is  plain  that  all  the  vertical  lines  will  be 
equal  to  AD,  and  their  cohesions  will  be  represented  by 
triangles  like  ADd;  and  the  whole  actual  cohesion  wiU 
be  represented  by  a  wedge  whose  bases  are  vertical  planes, 
and  which  is  equal  to  half  of  the  parallelupiped  AD  x  D  d 
Xaa,  and  will  therefore  be=^/6d;  and  the  distance 
AO  of  its  centre  of  gravity  from  the  horizontal  line  AA 
will  be  g  of  AD.  The  momentum  of  cohesion  of  a  joist 
will  therefore  be  ifbdx  §  d,  qrfbd  J  d,  as  we  have  de- 
termined in  the  other  way. 

The  beam  represented  in  the  figure  is  a  triangular 
'  prism.  The  pyramid  D  a  a  d  is  J  of  the  prism  a  a  D  d  a'a\ 
•  If  we  make  a  represent  the  surface  of  the  triangle  a  D  a, 
the  pyramid  is  ^  ofy*^.  The  distance  AO  of  its  centre  of 
gravity  from  the  horizontal  line  A  A'  is  ^  of  AD,  or  ^  d. 
Therefore  the  momentum  of  actual  cohesion  is  ^/^x^  d,  = 
f8}di  that  is^  it  b  the  sam^  as  if  the  full  cohesion  of  ajfl 
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the  fibres  were  accumulated  at  a  point  I  whose  distance* 
from  A  is  ^  of  AD  or  d;  or  (that  we  may  see  its  value  in 
every  point  of  view)  it  is  J  of  the  momentum  of  the  fuU 
coh^ion  of  all  the  fibres  when  accumulated  at  the  point 
D,  or  acting  at  the  distance  d=r  AD. 

This  is  a  very  convenient  way  of  conceiving  the  mo^. 
mentum  of  actual  cohesion,  by  comparing  it  with  the  mo« 
mentum  of  absolute  cohesion  applied  4t  the  distance  AD 
from  the  axis  of  fracture.  The  momentum  of  the  absolute 
cohesion  applied  at  D  is  to  the  momentum  of  actual  cohe<r 
sion  in  the  instant  of  fracture  as  AD  to  AI«  Therefor^ 
the  length  of  AI,^or  its  proportion  to  ACi»  is  a  sort  of  uiH 
dex  of  the  strength  of  the  be$ni.  We  shall  cail  it  the 
Index,  and  express  it  by  the  symbol  t. 

Its  value  is  easily  obtained.  The  product  of  the  absolute 
cohesion  by  AI  must  be  equal  to  that  of  the  actual  c<h 
hesion  by  AO.  Therefore  say,  "  as  the  prismatic  solid 
a'aD  id  a'  is  to  the  pyramidal  solid  a  a  D  d^  so  is  AO  to 
AL^  We  are  assisted  in  this  determinaition  by  a  v^ 
convenient  circumstance.  Ip  this  hypothesis  of  the  a^ 
tual  cohesions  being  as  the  distances  of  the  fibres  from  At 
the  point  O  is  the  centre  of  oscillation  or  percussiop  of 
Uie  sulfate  D  a  a  turning  round  the  axis  a  4 ;  for  the  mor 
mentum  of  cohesion  of  th«  line  FF  b  FF  x  F/X  £A  == 
FF  X  EAS  because  F/is  equal  to  £A.  Now  AO,  bj 
the  nature  of  the  centre  of  gravity,  is  eqiial  to  the  sum  of 
all  these  momenta  divided  by  the  pyran(ud  aa-Dd;  that 
is,,  by  the  sum  of  all  the  FF  x  F/;  that  is,  by  the  sum  of 

11 4U    1717     v  A     mil     t       Kf\      »"»«*  of  FF  X  EA^ 

all  the  FF  x  EA.    Therefore  AO  = ?-== — ^^^r-i 

sum  of  FF  X  EA : 

which  is  just  the  value  x>f  the.  distance  of  the  centre  of 
pei*cussion  of  the  triangle,  a  a  D  from  A-  Moreover,  if 
G  be  the  centre  of  gravity  of  the  triangle  a  D  a,  we  shall 
have  DA  to  6A  as  the  absolute  cohesion  to  the  sum  of 
the  cohesions  actually  exerted  in  the  instant  of  fracture.; 
fpr^  by  the  nature  of  this  centre  of  gravity,  .AG  is.equal  ]pO 
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sumofFFxEA         .   ,  ,  ^„       .„   . 

— --T--....  -    1  and  the  sum  of  FF  x  AG  is  equal  to 

sum  oi  r  1' 

the  sum  of  FFxEA.  But  the  aumof  all  the  linea  FF  U 
the  triangle  a  Da,  and  the  sum  of  all  the  FFxEA  is 
the  sum  of  all  l!ie  lectangtes  FF//;  that  is,  the  pyra- 
mid ti  Da  a.  Therefore  a  prism  whose  base  is  the  tri- 
angle rt  D  a,  and  wliose  height  is  AG,  is  equal  to  the  py- 
ramid, or  will  express  the  sum  of  the  actual  cohesions  ; 
and  a  prism,  whose  base  is  the  same  triangle,  and  whose 
height  is  D  rf  or  Da,  expresses  the  absolute  cohesion. 
Therefore  DA  is  to  G  A  as  the  absolute  cohesion  to  the 
sum  of  the  actual  cohesions. 

Conaetiueiitiy  we  have  DA  :  GA  =  OA  :  lA. 

Therefore,  whatever  be  the  form  of  the  beam,  that  is, 
whatever  be  the  figure  of  its  section,  find  the  centre  of 
oscillation  O,  and  the  centre  of  gravity  G  of  this  section. 
Call  their  distances  from  the  axis  of  fracture  o  and  g.    Then 

AI  or  I  =   —J    >  snd  the  momentum  of  cohesion  is/*  x 

d   ' 

This  index  is'  easily  determined  in  all  the  cases  which 
generally  occur  in  practice.  In  a  rectangular  beam  AI  is 
i  dot  AD ;  in  a  cylinder  (circular  or  elliptic)  AI  is  j^gtlis 
C^AD.  &c. 

In  this  hypothesis,  that  the  cohesion  actually  exerted  bj 
mdi  fibre  is  as  its  extension,  and  that  the  extensions  of 
the  fibres  are  as  their  distances  from  A  (Plate  V.  fig.  I.), 
it  is  plain  that  the  forces  exerted  by  the  fibres  D,  K, 
&c.  will  be  represented  by  the  ordinates  Dtf,  £f,  &c.  to  a 
■tniigbt  line  A  d.  And  we  learn  from  the  principles  of 
KoTATioN  that  the  centre  of  percussion  O  is  in  the  ordi- 
nate which  passes  through  the  centre  of  gravity  of  the  tri- 
angle AD  d,  or  (if  we  consider  the  whole  section  having 
breadth  as  well  as  depth)  through  the  centre  of  gravity  of 
-  the  solid  bounded  by  the  planes  DA,  d  A ;  and  we  fountl 
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that  this  point  O  was  the  centre  o.f  effort  of  the  cohesions 
actuaUy  exerted  in  tlie  instant  of  fracture,  and  that  I  was* 
the  c^tre  of  an  ct^a/ 'moment^iiiii  Whidh' wottld^be  pffo» 
diiced  if  all  the  fibres  were  acctmialat^  (Siere  ami  inserted 
their  Jl&tf  cohesion. 

This  tonsidiera  tion  ettables  ti»  to  d^tfrttiife,'  wMk  ^^Uat 
fiiciiity  and  neatness,  the  stren^h  of' a^b^tn  fe  latty  hfpo*> 
thesis  of  forces.  The  above  bjrj^eiisr  ^  was  intttldttceA 
with  a  cautions  limitation  to  Mod^tte  strains, '  Wbidi 
produced  no  permanent  change  of  form,  or  no  sett  as  the 
artists  call  it :  and  this  suffices  for  all  purposes  of  practice^ 
seeing  that  it  would  be  imprudent  to  expose  maUirials- to 
more  violent  strains.  But  when  we  compare  this  ikeorj 
With  experiments  in  Which  th6  pieces  are  teiilly -broken^ 
considerable  deviatioits  maj  be  Mpected,  becauM  it  is^veiy 
probable  that  in  theiricinity  of  rup^e  the' forces  are  no 
longer' proportiddd^to  the  e^ijtenliens, 

379.  That  no  dcltibt  may  remain  as  tb^fkb  jfMnies's  anA 
completeness  of  the  theory,  we  must  shew  how  the  teioh 
tive  strength  may  he  determined  in  ■Unf  dther  hy{k>thesis. 
Therefore  suppose  that  it 'has'been'e^tisEbthhed'by^etperil' 
meftit  on  any  kind  of  solid  matter,  that  the  forces  actually 
exerted  in  the  instant  of  fracture  by  the  fibres  at  D,  £, 
&c.  are  as  the  ordinate  jyi\  £  e'i  &c;  of  mf  ^vrve  Hm 
A  €'  cf .  We  are  supposed  to  know  the  fi^rm  of  this  'awes, 
and  that  of  the  idlid  Which  is  iMAiaded  by  lb(B*^Micri 
plane  through  ADi  and  by  the  -  surface  <  Wh^eb  i^imm 
Ihrough  this  etirve  A  e^iT  perpendie^lariytoHhe  Im^^of 
the  beam.  We  knoW  the  "place  -of^  the  centre  df  >  jgittHlgr 
of  thb  curve^urface  or  solid,  and  ikitt  drawtf  Htt^thrragb 
tt  parallel  to  AB,  afnd  dittitig  the  suHbce  of  Araietttre  in 
^ome  point  O.  Thiitf  poirit  is  also  the' centre  off 'effbvt^ 
all  the  cohesioM  iHctually  exerts  ;'Biad  the'pi'odiiet'tf  sftOii 
ahd  of  the  solid  which  expresses  fhe  ttbtttal  «ohteliiii^'  win 
'^ve  the  niomentiiiirbC'fcdiettoiieqtdyflffedt' tb  tt^ 
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ft  —§-■  Or  we  may  find  an  index  AI,  by  making  AI 
a  fourth  proportional  to  the  full  cohesion  of  the  surface 
of  fracture,  to  the  accumulated  actual  cohesions,  and  to 
AO ;  and  then /«  x  i  (=  AI)  will  be  the  momentum 
of  cohesion;  and  we  shall  still  have  I  for  the  point  in 
which  all  the  fibres  may  be  supposed  to  exert  their  full 
cohesion  f^  and  to  produce  a  momentum  of  cohesion  equal 
to  the  real  momentum  of  the  cohesions  actually  exerted, 

fsi 
uid  the  relative  strength  of  the  beam  will  still  be  p  =  =— j— 

or  -^  .    Thus,  if  the  forces  be  as  the  squares  of  tbe  extea- 

gioRS  (still  supposed  to  be  as  the  distances  from  A),  the 
curve  A  c'  a'  tvill  be  the  common  parabola,  having  A  B  for  its 
axis  and  AD  for  the  tangent  at  its  vertex.  The  area 
AD  d'  will  be  Jd  AD  x  D  J ;  and  in  the  case  of  a  rectan- 
gular beam,  AO  will  be  Jths  AD,  and  AI  will  be  ^tb  of 
AD, 

Wc  may  observe  here  in  general,  that  if  the  forces  ac- 
tually exerted  in  the  instant  of  fracture  be  as  any  power  q 

AD 

of  the  distance  from  A,  the  index  AI  will  be  = 

9  +  8 
for  a  rectangular  beam,  and  the  momentum  of  cohesion 
will  always  be  (ceteris  parous)  as  the  breadth  and  as  the 
•quare  of  tbe  depth;  nay,  this  wilj  be  the  case  whenever 
tbe  action  of  the  fibres  D  and  £  ia  expressed  by  any  «mi- 
larjunclioni  of  d  and  x.  This  is  evident  to  every  reader 
acquainted  with  the  fluxionary  calculus. 

,  As  far  as  we  can  judge  from  experience,  no  simple  al- 
gebraic power  of  tbe  distance  will  express  tbe  actual 
cohesions  of  the  fibres.  No  curve  which  has  either  AD 
or  AB  for  its  tangent  will  suit.  The  observations  which 
we  made  in  the  beginning  show,  that  although  the  cwve  of 
f  L  m.  fig.  li  must  be  sensibly  straight  in  the  vicinity  of  the 
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points  of  intersection  with  the  axis,  in  order  to  agree  with 
our  observations  which  show  the  moderate  extensions  to 
be  as  the  extending  forces,  the  curve  must  be  concave  to- 
wards the  axis  in  all  its  attractive  branches,  because  it 
cuts  it  again.  Therefore  the  curve  Ac  d'  of  Plate  V.  fig.  1. 
must  make  a  finite  angle  with  AD  or  AB,  and  it  must,  int 
all  probability,  be  also  concave  fowards  AD  in  the  neigh« 
bourhood  of  d'.     It  may  however  be  convex  in  some  part 
of  the  intermediate  arch.     We  hare  made  experiments 
on  the  extensions  of  different  bodies,  and  find  great  di- 
Versities  in  this  respect :     But  in  all,  the  moderate  ex* 
tensions  were  as  the  forces,  and  this  with  great  accuracjr 
till  the  body  took  a  sett,  and  remained  lo;iger  than  form- 
erly when  the  extending  force  was  removed.  > 
>  We  must  now  remark,  that  this  correction  of  the  Gali* 
lean  hypothesis   of  equal   forces   was  suggested  by  the 
bending  which  is  observed-  in  all  bodies  which  are  8train4 
ed  transversely.    Because  they  are  bent,  the  fibres  on  the 
convex  side  have  been   extended.     We  cannot  say  in 
what  proportion  thb  obtains  in  tlie  different  fibres.    Ouv 
most  distinct  notions  pf  the  internal  equilibrium  between 
the  particles  render  it  highly  probable  that  their  exten** 
sion   is  proportional   to   their  distance  frpm   that^  fibre 
which  retains  its  foriner  dimensioQS.     But  by  whatever 
law  this  is  regulated)  we  see   plainly  that  the  actions  of 
the  stretched  fibres  must  follow  the  proportions  of  some 
function  of  (bis  dbtai^ce,  and  that  therefore  the  relative 
strength  of  a  b^api  b  in  all  case9  susceptible  of  mathemn- 
tical  determination.                                                       ,     t 
380.  We  also  i|ee  an  in(imat^  conneetion  between  the 
strain  and  the  curvature.     This  suggested  to  the  celebrat- 
.  ed  James  Bernpuili  the  problem  of  the  Elastic  Curve, 
.  t.  €•- the  curve  into  which  an  extensible  rigid  body  will  be 
bent  by  a  transverse  itraio:    Hb  solution  in  the  Acta 
i^giue  1694  and  1605  b  a  very  beautiful  specinien  of  oif- 
thematical  dbcussiou  ;    and  we  recommend  it  to  the 


perusal  of  the  curious  reader.  He  will  find  it  very  per- 
spicuously treated  in  the  first  volume  of  his  works, 
published  after  his  death,  where  the  wide  steps  which  he 
had  talcen  in  liis  investigation  are  explained  so  as  to  be 
easily  comprehended.  His  nephew  Dan.  Bernoulli  has 
^ven  an  elegant  abridgment  in  the  Fetersburgh  Memoirs 
for  172D.  The  problem  is  too  intricate  to  be  fully  dis- 
cussed in  a  work  like  this ;  but  it  is  also  too  intimately 
connected  with  our  present  subject  to  be  entirely  omitted. 
We  must  content  ourselves  with  showing  the  leading 
mechanical  property  of  tliis  curve,  from  which  the  mathe- 
matician may  dt-duce  all  its  geometrical  properties. 

3S1.  When  a  bar  of  uniform  deptii  end  breadth,  and 
of  a  given  length,  is  bent  into  an  arch  of  a  circle,  the  ex- 
tension of  the  outer  fibres  is  proportional  to  the  curvature; 
for,  because  the  curves  formed  by  the  inner  and  outer 
sides  of  the  beam  are  similar,  the  circumferences  are  ai 
the  radii,  and  the  radius  of  the  inner  circle  is  to  (he  liW- 
ference  of  the  radii,  as  the  length  of  the  inner  circumfer- 
ence is  to  the  diflVrcnce  of  the  circumferences.  The  dif- 
ference of  the  radii  is  the  depth  of  the  beam,  the  diffra^ 
«nce  of  the  circumferences  is  the  extension  of  the  outer 
fibres,  and  the  inner  circumference  is  supposed  to  be  the 
primitive  length  of  the  beam.  Now  the  tiecood  and  third 
quantities  of  the  above  analogy,  viz.  the  depth  and  length 
of  the  beam,  are  constant  quantities,  as  is  also  their  pro- 
duct. Therefore  the  product  of  the  inner  radius  and  the 
-extension  of  the  outer  fibre  is  also  a  constant  qoantity, 
and  the  whole  extension  of  the  outer  fibre  is  iavnwly  a* 
the  radius  of  curvature,  <»*  ia  directly  as  the  curvature  of 
the  beam. 

The  nathemattcat  reader  will  readily  see,  that  into 
whatever  curve  the  elastic  bar  ij  bent,  the  whole  exten- 
-sioR  of  the  outer  fibre  is  equal  to  the  length  of  a  similar 
wrvej  having  the  same  proportion  to  the  thickness  of  the 
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ft 

beam  that  the  length  of  the  beam  has  to  the  radios  of 
curvature. 

Now  let  ADCB  (PI.  V.6g.a)  be  such  a  rod^  of  uniform 
breadth  and  tfaicknesS)  firmly  fixed  in  a  vertical  position, 
and  bent  iikto  a  curve  AEFB  by  a  weight  W  suspended 
at  B,  and  of  such  a  magnitude  that  the  extireknity  B  has  its 
tangent  perpendicular  to  the  action  of  the  weight,  or 
parallel  to  the  horizon.    Suppose  too  that  the  extensions 
are  proportional  to  the  extending  forces*    From  any  two 
points  E  and  F  draw  the  horizontal  ordinates  EG,  FH. 
It  is  evident  that  the  exterior  fibres  of  the  sections  E  e 
and  Ffare  stretched  by  forces  which  are  in  the  propor- 
tion of  EG  to  FH  (these  being  the  long  arms  of  the 
levers,  and  the  equal  thicknesses  E  e,  F/ being  the  short 
arms).     Therefore  (by  the  hypothesis)  their  extensions 
are  in  the  same  proportion.    But  because  the  extensions 
are  proportional  to  some  similar  functions  of  the  distance 
from  theiisies  of  fi^acture  E  and  F,  the  extension  of  any 
fibre  in  the  section  E  e  is  to  the  contemporaneous  extend 
sion  of  the  similarly  situated  fibre  in  the  section  F  y^  as 
the  eirtension  of  the  exterior  fibre  in  the  section  E  e  is  to 
the  extension  of  the  exterior  fibre  in  tfie  section  F /: 
therefore  the  whole  extension  of  E  «  is  to  the  whole  ex* 
tension  of  F/  as  £G  to  FH,  and  EG  is  to  FH  as  the 
curvature  in  E  to  the  curvature  in  F. 

Here  let  it  be  remarked,  that  this  proportionality  of 
the  curvature  to  the  extension  of  the  fibres  is  not  limited 
to  the  hypothesis  of  the  proportionality  of  the  extensions 
to  the  extending  forces.  It  follows  from  the  extension  in 
the  diifer^t  sections  being  as  some  similar  function  of  the 
distance  from  the  axis  of  fracture ;  an  assumption  which 
cannot  be  i*efused. 

This  then  is  the  fundamental  property  of  the  elastic 
curve^  from  which  Its  equation,  or  relation  between  tbe 
absdssa  and  ordinate,  may  be  deduced  in  the  usual  forma^ 
and  all-  its  other  geonsetrieaF  properties.    The^  are  f^-* 
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reign  to  our  purpose  i  ami  we  sliall  notice  only  sucTi  pro- 
perties as  liave  an  immediate  relation  lo  the  strain  and 
strength  of  the  dilTfrent  parts  ul'  a  llexible  body,  and 
which  in  particular  serve  to  explain  some  difficulties  in 
the  valuable  experimenls  of  Mr  Bull'un  on  the  Strength  of 
Beams. 

3S2.  We  observe,  in  the  first  place,  that  the  elastic 
curve  cannot  be  a  circle,  but  is  gradually  more  incurvaled 
S3  it  recedes  from  the  point  of  application  B  of  the  strain- 
ing forces.  At  B  it  has  no  curvature;  and  if  the  bar 
were  extended  beyond  B  there  would  be  no  cunature 
there.  In  like  manner,  vhen  a  beam  is  supported  at  the 
ends  and  loaded  in  the  middle,  the  curvature  is  greatest 
in  the  middle;  but  at  the  props,  or  beyond  them,  if  the 
beam  extend  farther,  there  is  no  curvature.  Therefore 
when  a  beam  projecting  30  feet  from  a  wall  is  bent  to  a 
certain  curvature  at  the  wall  by  a  weight  suspended  at 
the  end,  and  a  beam  of  the  same  size  projecting  20  feet 
is  bent  lo  the  very  same  curvature  at  the  wall  by  a  greater 
weight  at  10  ftet  distance,  the  figure  and  the  mechanical 
state  of  the  beam  in  the  vicinity  of  the  wall  is  different  in 
these  two  casesf  though  the  curvature  at  the  very  wall  ia 
the  same  in  both.  In  the  first  case  every  part  of  the 
beam  is  incurvated ;  in  the  second,  all  beyond  the  10  feet 
is  without  curvature.  In  the  Srst  experiment  the  curva- 
ture at  the  distance  of  five  feet  from  the  wall  is  |ths  of 
the  curvature  at  the  wall ;  in  the  second,  the  curvature 
at  the  same  place  is  but  i  of  that  at  the  wall.  This  must 
weaken  the  long  beam  in  this  whole  interval  of  five  feet, 
b;ecause  the  greater  curvature  is  the  result  of  a  greater 
extension  of  the  fibres. 

383.  In  the  next  place,  we  may  remark,  that  there  is  a 
certain  determinate  curvature  for  ever)'  beam  which  can- 
.  aot  be  exceeded  without  breaking  it ;  for  there  is  a  cer- 
tain separation  of  two  adjoining  particles  that  puts  an  end 
to  their  cohesion.     A  fibre  can  therefore  be  extended 
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only  a  certain  proportion  of  its  length.  The  ultimate 
extension  of  the  outer  fibres  must  bear  a  certain  deter« 
minate  pn^rtion  to  its  length,  and  this  proportion  is  the 
same  with  that  of  the  thickness  (or  what  we  have  hither- 
to called  the  depth)  to  the  radius  of  ultimate  curvatui^e^ 
which  is  therefore  determinate. 

384.  A  beam  of  uniform  breadth  and  depth'  is  there- 
fore most  incunrated  where  the  strain  is  greatest,  and  will 
break  in  the  most  incurrated  part  But  by  changing  ita 
form,  so  as  to  make  the  strength  of  its  different  sections 
in  the  ratio  of  the  strain,  it  is  evident  thai  the  curvature 
may  be  the  same  throughout,  or  may  be  made  to  vary 
according  to  any  law.  This  is  a  remark  worthy  of  the 
attention  of  the  watchmaker.  The  most  delicate  pro- 
blem in  practical  mechanics  is  so  to  taper  the  balance- 
spring  of. a  watch  that  its  wide  and  narrow  vibrations 
may  be  isochronous.  Hookers  principle  ut  tetuio  ncvisiB 
not  suflScient  when  we  take  the  inertia  and  motion  of  the 
spring  itself  into  the  account  The  figure  into  which  it 
bends  and  unbends  has  also  an  influence.  Our  readers 
will  take  notice  that  the  artist  aims  at  an  accuracy  which 
will  not  admit  an  error  of  f  smooth,  and  that  Harrison 
and  Arnold  have  actually  attained  it  in  several  Instances. 
The  taper  of  a  spring  is  at  present  a  nostrum 'in  the 
hands  of  each  artist,  ^d  he  is  careful  not  to  impart  his 
secret. 

Again,  since  the  depth  of  the  beamjs  thus  proportional 
to  the  radius  of  ultimate  curvature,  this  ultimate  or  break- 
ing curvature  is  inversely  as  the  depth.  It  may  be  ex- 
pressed by  — • 

385.  When  a  weight  is  hung  on  the  end  of  a  prismatic 
beam,  the  curvature  is  nearly  as  the  weight  and  the  length 
directly,  and  as  the  breadth  and  the  cube  of  the  depth  in- 

versely ;  for  the  strength  is  =  /  -^-j-.     Let  us  suppose 


that  this  produces  the  ultimate  curvature  ~j.  Now  let 
the  beam  be  loaded  with  a  smaller  weight  to,  and  let  the 
currature  produced  be  C,  we  have  this  analogy/— y  :  w 

=  ^  :  C,  and  C  =  —r-r  .     It  is  evident  that  this  is  also 
d  fhd^ 

true  of  a  beam  supported  at  the  ends  and  loaded  between 

the  props ;  and  we  see  how  to  determine  the  curvature  in 

its  dilTcrent  parts,  whether  arising  from  the  load,  or  front 

its  own  weight,  or  from  both. 

386.  When  a  beam  is  thus  loaded  at  the  end  or  mid- 
dle, the  loaded  point  is  pulled  down,  and  the  space 
through  which  it  is  drawn  may  be  called  the  dkflectid.v. 
This  may  be  considered  as  the  sub-tense  of  the  angle  of 
contact,  or  as  the  versed  sine  of  the  arch  into  which  the 
beam  is  bent,  and  is  therefore  as  the  curvature  when  the 
length  of  the  arches  is  given  (the  flexure  being  moderate), 
and  as  the  square  of  the  length  of  the  arch  when  the  cur- 
vature is  given.  The  deflection  therefore  is  as  the  curva- 
ture and  as  the  square  of  the  length  of  the  arch  jointly ; 

that  is,a»-7. ,--;,■  X  /',  or  as  -r-^rr-   The  deflection  from 
J  0  a  J  "  d' 

the  primitive  shape  is  therefore  as  the   bending  weight 

and  the  cube  of  the  length  directly,  and  as  the  breadth 

and  cube  of  the  depth  inversely. 

387.  In  b«ams  just  ready  to  break,  the  curvature  is  as 
'  the  depth  inversely,  and  the  deflection  is  as  the  square  of 

the  length  divided  by  the  depth.;  for  the  ultimate  curva- 
ture at  the  breaking  part  is  the  same  whatevfr  is  the 
length ;  and  in  this  case  the  deflection  is  aa  the  square  of 

'  llie  length. 

We  have  been  the  more  particular  in  our  consideration 
of  thia  Butyect,  because  the  resulting  theorems  afford  us 

.  the  finest  methods  of  examining  the  laws  of  corpuscular 
action,  that  h,  for  discovering  th<;  variation  of  the  force 
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bf  cohesion  bjr  a  change  of  distances  It  is  true  it  is  not 
the  atomical  lair,  or  HtLARCuic  PaiMciriiK,  as  it  amj 
justly  be  called,  which  i&  thus  made  accessiUei  but  the 
specific  law  of  the  particles  of  the  substance  or  kind  of 
matter  under  exiunination.  But  even  this  is  a  Very,  great 
pddnt ;  and  coincidences  in  this  respect  amoiig  the  diffe- 
rent kinds  of  matter  are  of  great  moment  We  may  thiM 
learn  the  nature  6f  the  corpuscular  action  of  different 
substances^  and  perhaps  iqpproach  to  a  discovery  of  th^ 
fnechaniam  of  chemiical  aflSoities.  For  that  diemidd  no- 
tions  are  insensible  cases  of  local  motion  is  utideniable^ 
and 'local  motion  is  the  province  of  mechanical  diseus^n^ 
nay,  we  see  that  these  hidden  changes  are  produced  by 
mechanical  forces  in  many  important  cases;  for  we  see 
them  promoted  or  prevented  by  means  purely  mei^hanicaL 
The  conversion  of  bodies  into  elastic  vapour  by  heat  can 
at  all  times  be  prevented  by  a  $nj/tcieni  external  pressure. 
A  strong  solution  of  Glattbei^s  salt  will  congeal  in  an  in* 
stent  by  agitation,  giving  out  its  latent  heat;  and  it  will 
remain  fluid  for  ever,  and  return  its  latent  heat  in  a  dose 
vessel  which  it  completely  fillsl  Even  water  will  by  such 
treatment  freeze  in  an  instant  by  agitation,  or  remain 
fluid  for  ever  by  confinement  We  knew  that  heat  if 
produced  or  extricated  by  friction,  that  certain  com- 
pounds, of  gold  or  silver  with  saline  matters  explode  with 
irresistible  violence  by  the  smallest  pressure  or  agitatioiK 
Such  facts  should  rouse  the  mathematical  philosopher^  and 
excite  him  to  foUow  out  the  conjectures  of  the  illustnoua 
Newton^  encouraged  by  the  ingenious  attempts  of  Boseo^ 
vich ;  and  the  proper  beginning  of  this  stii^  u  to  attend 
to  the  laws  of  attraction  and  repulsion  exerted  by  the 
particles  of  cohering  ^bodies,  discoveraUe  by  experiments 
made  on  their  actual  extensions  and  compressions.  '  Tte 
experiments  of  simple  extensions  and  compressions  'are 
qiiite  insufficient,  because  the  total  stretefaiitg  of  a  #he  ia 
so  small  ai  quantity,  thatihe  mistake  of  the  lOOOth  fart 
VOL*  I.  2  a 
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^  of  ad  inch  occaaionf  m  irregularitjr  which  derangw  any 
progression  so  as  to  make  it  useless.  But  hj  the  bendiag 
of  bodies,  a  distension  of  ^^^th  of  an  inch  may  be  easilj 
magnified- in  the  deflection  of  the  spring  ten  thousand 
times.  We  know  that  the  investigation  is  intricate  and 
diflBcuU,  but  not  beyond  the  reach  of  our  present  matbe^ 
matical  attainments;  and  it  will  gire  very  fine  oppor- 
-tunities  of  employing  all  the  address  of  analysis.  In  the 
-last  century  and  the  begtnnmg  of  the  present  this  vas  a 
auffident  excitement  to  the  first  geniuses  of  Europe. .  The 
icydoid,  the  catenaria,  the  ehutic  curve,  the  velaria,  the 
jcaustics,  were  reckoned  an  abundant  recompense  for  much 
study ;  and  James  Bernoulli  requested,  as  an  honourable 
monument,  that  the  logarithmic  spiral  might  be  inscribed 
jon  hb  tombstone.  The  reward  for  the  study  to  which 
.we  now  presume  to  incite  the  mathematicians  is  the  al- 
most uidimited  extension  of  natural  science,  important  in 
every  particular  branch.  To  go  no  further  than  our  pre- 
sent subject,  a  great  deal  of  important  practical  know- 
ledge respecting  the  strength  Of  bodies  is  derived  from 
the  single  observation,  that  in  the  moderate  extelisibns 
which  happen  before  the  parts  are  overstrained,  the  forced 
are  nearly  in  the  proportion  of  the  extensions  or  separa- 
tions of  the  particles.     To  return  to  our  subject. 

3A8.  James  Bernoulli,  in  his  second  dissertation  on  the 
elastic  curve,  calls  in  question  this  law,  and  accommodates 
his  investigation  to  any  hypothesis  concerning  the  relation 
'  of  the  forces  and  extensions.  He  relates  some  experi- 
ments of  lute  strings  where  the  relation  was  considerably 
different.     Strings  of  three  feet  long, 

Stretched  by  2,    4,     6,    8,  10  pds. 

Were  lengthened     9,  17^  23,  27,  30  lines. 
But  this  is  a  most  exceptionable  form  of  the  experiment. 
The  strings  were  twisted,  and  the  mechanism  of  the  ex- 
tensions is  here  exceedingly  complicated,  combined  with 
Cposprossions  and  with  transverse  twists,  &c.     We  made 
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(^experiments  on  fine  slips  of  the  gum  «aoutcboUe,  a^d  on 
the  juice  of  the  berries  of  the  white  bryony,  of  which  a 
single  grain  will  draw  to  a  thread  of  two  feet  long,  and 
again  return  into  a  perfectly  round  sphere.-  We^  measured 
the  diameter  of  the  thread  by  a  microscope  With  a  micro* 
meter,  and  thus  could  tell  in  every  state  at  extensiop  the 
proportional  number  of  particles  in  tlie  sections.  .-We 
found,  that  though  the  whble  range'in  which  .the  distance 
of  the  particles  was  changed  iif  the  proportion  of  13  to  1^ 
the  extensioiis  did  not  sensibly  deviate  from  the  propor« 
tion  of  the  forces^  The  same  thing  was  observed  ip  the 
camitcbouc  as  long  as  it  perfcKrtly  recovered  its  first  di« 
mensions.  And- it  is  on  the  authority  of  these  experi* 
ments  that  we  presume  to  announee  this  as  a  law  of  na- 
ture. 

369.  Br  Robert  Hooke  was  undorubtedly  the  fir^t  itho 
attended  to  this  ftibject,  and  assumed  thii  as  a  law  of 
nature.  Mariotte  indeed .  was  the  first  who  .  expressly 
Hsed  it  for  determining  the  strength  of  beamrf  tt^ishe 
did  about  the  1679,  correcting  the  simple  thecTry  of  Gajr 
lileo.  Leibnitz  indeed,  in  bis  dissertation  de  i7fstf(eit/us 
Solidorwni  in  the  Ada  Eruditorum  1684^  introduces  this 
consideration,  and  wishes  to  be  regarded  as  the  dtseo^ 
verer ;  and  he  is  always  acknowledged  as  sueh  by  the 
Bernoullis  and  others  who  adhered  to  bis  peculiar. doe- 
trines.  But  Mariotte  had  published  the  doctrine  in  the- 
most  express  terms  long  before;  and  Bulfinger,  io  the 
Comment  FetropoL  1729,  completely  vindicates  bb  claim.  • 
But  Hooke  was  unquestionably  the  discoverer  of  this  law- 
It  made  theToundation  of  his  theory  ^f  springs,  announ*-. 
oed  to  the  Boyal  Society  about  the  year  1661,  and  read- 
in  1666^  On  this  occasion  be  meiilions  many  things  on* 
the  strength  of  bodies  as  quite  familiar,  to  his  thoughts, 
which  are  immediate  deductions  firom  this  principle ;  and 
among  these  all  the  facts  which  John  Bernoulli  adduces 
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in  mppott  of  LeibniU^s  notions  about  the  foree  of  bodies 
in  motion. 

S90.  But  even  with  this  first  correction  of  Mariottet 
the  mechanism  of  transverse  strain  is  not  fuUj  nor  jostty 
explained.  The  force  acting  in  the  direction  BP  (Plate  V. 
fig.  1.),  and  bending  the  bodj  ABCD,  not  onljr  stretdiefl 
the  fibres  on  the  side  opposite  to  the  axis  of  fracture,  but 
compresses  the  side  AB,  which  becomes  concave  bj  the 
strain.  Indeed  it  cannot  Ao  the  one  without  d<mig  the 
other :  For  in  order  to  stretch  the  fibres  at  D,  there  must 
be  some  fulcrum,  some  support,  on  which  the  Tirtnal 
lever  BAD  maj  press,  that  it  may  tear  asunder  the 
stretched  fibres.  This  fulcrum  must  sustain  both  the 
pressure  arising  from  the  cohesion  of  the  distended  fibres, 
and  also  the  action  of  the  external  force,  which  immedi« 
ately  tends  to  cause  the  prominent  part  of  the  beam  to 
alide  along  the  section  DA.  Let  BAD  therefore  be 
considered  as  a  crooked  lever,  of  which  A  is  the  ftiI-> 
cnim.  Let  an  external  force  be  applied  at  B,  in  the  di- 
rection BP,  and  let  a  force  equal  to  the  accumulated  co« 
liesion  of  AD  be  applied  at  O  in  the  direction  opposite  to 
AB,  that  is,  perpendicular  to  AO;  and  let  these  two 
forces  be  supposed  to  balance  each  other  by  the  interven- 
tion of  the  lever.  In  the  first  place,  the  force  at  O  must 
be  to  the  force  at  B  as  AB  to  AO :  Therefore,  if  we 
make  AK  equal  and  opposite  to  AO,  and  AL  equal  and 
opposite  to  AB,  the  common  principles  of  mechanics  in- 
form us  that  the  fulcrum  A  is  afTectecl  in  the  same  man- 
ner as  if  the  two  forces  AK  and  AL  were  immediately 
^  applied  to  it,  the  force  AK  being  equal  to  the  weight  P, 
and  AL.equal  to  the  accumulated  cohesion  actually  ex- 
ertefl  in  the  instant  of  fracture.  The  fulcrum  is  there- 
for^ really  pressed  in  the  direction  AM,  the  diagonal  of 
ihfi  parallelogram,  and  it  must  resist  in  the  direction  and 
with  the  force  MA ;  and  this  power  of  resistance,  this 
support^  must  be  furnished  by  the  repulsive  forces  exerted 
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by  those  particles  only  which  are  in  a  state  of  actual  com- 
pression. The  force  AE,  which  is  equal  to  the  external 
force  P,  must  be  resisted  in  the  dirtetion  KA  by  the  late* 
ral  cohesion  of  the  whole  particles  between  D  and  A  (the 
particle  D  is  not  only  drawn  forward  but  downward). 
This  prevenU  the  part  CDAB  from  sliding  down  along 
the  section  DA. 

391.  This  is  fuUy  Terified  by  experiment.  If  we  at* 
tempt  to  break  a  long  slip  of  cork,  or  any  such  rery  com- 
pressible body,  we  always  observe  it  to  bulge  out  on  the 
concave  side  before  it  cracks  on  the  other  side.  If  it  is  a 
body  of  fibrous  or  foliated  texture,  it  seldom  fails  splin- 
tering off  on  the  concave  side ;  and  in  many  cases  thtt 
splintering  is  very  deep,  even  reaching  half  way  through 
the  piece.  In  hard  and  granulated  bodies,  such  as  a  piece 
of  freestone,  chalk,  dry  day,  sugar,  and  the  Kke,  we  ga- 
nerally  see  $,  considerable  splinter  or  shiver  fly  off  from 
the  hollow  side.  If  the  fracture  be  slowly  made  by  a  force 
at  B  gradually  augmented,  the  formation  of  the  spUnter 
is  very  distinctly  seen.  It  forms  a  triangular  piece  like 
«  I  i,  which  generally  toeaks  in  the  middle.  We  doubt 
not  but  that  attentive  observation  would  show  that  tbe 
direction  of  the  crack  on  each  side  of  I  is  not  very  diffe- 
rent firom  the  direction  AM  and  its  correspondent  on  tbe 
other  side.  This  is  by  no  means  a  ciiynmistance  of  idle 
curiosity,  but  intimately  connected  with  the  mechanism 
of  cohesion.  « 

S92.  Let  us  see  what  consequences  result  from  this 
state  of  the  case  respecting  the  strength  of  bodiea.  Lei  D 
A  KC  (Plate  V.  fig.  4.)  represent  a  vertical  section  of  a  prism 
of  compressible  materials,  such  at>a  piece  of  timber*  Sup- 
pose it  loaded  with  a  weight  P  hung  at  its  extremity. 
Suppose  it  also  of  such  a  constitution  that  all  tbe  fibres  in 
AD  are  in  a  state  of  dibi^tion,  while  those  in  A6  arein  a 
state  of  compression.  In  the  instant  of  fractui^^  -the  par- 
ticles at  D  and  £  are  witl^held  \fj  forces  X>  4^  £  ^  and 
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the  particles  at  A  and  £  repel»  resist,  or  sopport,  wHh 
forces  A  )>  £  «, 

Some  line,  such  as  ^ «  A  i  ^  will  limit  all  tfaese  CNrdio- 
ates,  which  represent  the  forces  actually  exerted  in  the 
instant  of  fracture.  If  the  forces  are  as  the  exteaimws 
and  .compressions,  aa  we  have  great  reason  to  belie?e» 
de  A  and  A  1 1  will  be  two  straight  lines.  They  will 
.form  pRf '  straight  line  d  At^  if  the  forces  which  resist  a 
certain  dilatation  are  equal  to  the  forces  which  rerist  an 
equal  compression^  But  this  is  quite  accidental,  and  is 
not  strictly  true  in  any  body.  Ir  most  bodies  which 
have  any  considerable  firmness,  the  compressions  ifiiiada 
,by  any  external  force  are  not  so  great  as  the  dilatatioas 
which  the  same  force  would  produce ;  that  is,  the  repul- 
aions  which  are  excited  by  any  supposed  degree  of  cosi^ 
pressfon  are  greater  than  the  attractions  excited  by  the 
same  degree  of  dilatation.  Hence  it  will  generally  foUow, 
that  the  angle  d  ADib  less  than  the  angle  )  A  a,  and  the 
ofdinates  D  d^  £  e,  be.  are  less  than  the  corresponding 
ordinate^  A  I,  i^  i,  be 

But  whatever  be  the  nature  of  the  line  d  A  ^  we  are 
certain  of  thb,  that  the  whole  area  A  D  d  is  equal  to  the 
whole  area  A  A  k  for  as  the  force  at  B  is  gradually  in^ 
creased,  and  the  parts  between  A  and  D  are  more  ex.- 
tended,  and  greater  cohesive  forces  are  excited,  tliere  is 
always  such  a  degree  of  repulsive  forces  excited  in  the 
particles  between  A  and  A  that  the  one  set  precisely  ba- 
lances the  dther.  The  force  at  B,  acting  perpendicularly 
to  AB,  has  no  tendency  to  push  the  whole  piece  closer  on 
the  part  next  the  wall  or  to  pull  it  away.  The  sum  of 
the  attractive  and  r^^lsi^^  forces  actually  excited  must 
therefore  be  equal.  These  sums  are  represented  by  the 
two  triangular  areas,  which  are  therefore  equal. 

The  greater  we  suppose  the  repulsive  forces  correspond- 
-ing  to  any  degree  of  compression,  in  comparison  with  the 
.(it^i(ctive  (pqM  co^reqpoadipg  to  the  same  degree  of 
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tension,  the  smaller  will  A  A  be  in  comparison  of  AD. 
In  a  piece  of  cork  or  sponge,  A  A  maj  chance  to  be  equal 
to  AD,  or  even  to  exceed  it;  but  in  a  piece  of  marble, 
A  A  will  perhaps  be  rerj  small  in  comparison  of  AD. 

393.  Now  it  is  erident  that  the  repulsive  forces  excited 
between  A  and  A  have  no  share  in  preventing  the  frac- 
ture. They  rather  contribute  to  it,  by  furnishing  a  ful- 
crum to  the  lever,  by  whose  energy  the  cohesion  of  the 
particles  in  AD  is  overcome.  Hence  we  see  an  important 
consequence  of  the  compressibility  of  the  body.  Its  power 
of  resisting  this  transverse  strain  is  diminished  by  it,  and 
so  much  the  more  diminished  as  the  stuff  is  more  com^ 
pressible. 

This  is  fully  verified  by  some  very  curious  experiments 
made  by  Du  Hamel.  He  took- 16  bars  of  willow  2  feet 
long  and  ^  an  inch  square,  and  supporting  them  by  props 
under  the  ends,  he  broke  theni  by  weights  hung  on  the 
middle.  He  broke  4  of  them  by  weights  of  40,  41,  47 
and  52  pounds :  the  mean  is  45.  He  then  cut  4  of  them 
^d  through  on  the  upper  side,  and  filled  up  the  cut  with 
a  thin  piece  of  harder  wood  stuck  in  pretty  tight  These 
were  broken  by  48,  54,  50,  and  58  pounds ;  the  mean  of 
which  is  51.  He  cut  other  four  i  through,  and  they  were 
broken  by  47,  49,  50,  46 ;  the  mean  of  which  is  48*  'The 
remaining  four  were  cut  fds ;  and  their  mean  strengtti/ 
was  42. 

Another  set  of  his  experiments  is  still  niore  remark- 
able. 

Six  battens  of  willow,  36  inches  long  and  H  square, 
were  broken  by  5S5  pounds  at  a  medium.   - 

Six  bars  were  cut  Jd  through,  and  the  cut  filled  with  a 
wedge  of  hard  wood  stuck  in  with  a' little  force:  these 
broke  with  551. 

Six  bars  were  cut  half  through,  and  the  cut  was  filled 
in  the  same  manner:  they  broke  with  542.  •     .    . 

Six  bars  were  cut  fths  throiigh ;  these  broke  with  530. 

e 
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A  batten  cut  f  ths  through,  and  loaded  till  nearljr  bro« 
ken,  was  unloaded,  and  the  wedge  taken  out  of  the  cut 
A  thicker  wedge  was  put  in  tight,  so  as  to  make  the  bat- 
ten straight  again  bj  fillbg  up  the  space  left  hy  the 
compression  of  the  wood:  this  batten  broke  with  |f77 
pounds. 

From  this  it  is  plain  that  more  than  f  ds  of  the  thid[- 
ness  (perhaps  nearly  fths)  contributed  nothing  to  the 
atrength. 

The  point  A  is  the  centre  of  fracture  in  this  eaae ;  and 
in  order  to  estimate  the  strength  of  the  piece,  we  may 
suppose  that  the  crooked  lerer  virtually  concerned  in  the 
strain  is  DAB*  We  must  find  the  point  I,  which  is  the 
centre  of  effort  of  all  the  attractive  forces,  or  that  point 
where  the  full  cohesion  of  AD  must  be  applied,  so  as  ta 
have  a  momentum  equal  to  the  accumulated  momenta  of 
all  the  Variable  forces.  We  must  in  like  manner  find  the 
centre  of  effort  t  of  the  repulsive  or  supporting  forces  ex- 
erted by  the  fibres  lybg  between  A  and  A. 

It  is  plain,  and  the  remark  is  importapt,  that  this  last 
centre  of  effort  is  the  real  fulcrum  of  the  lever,  although 
A  is  the  point  where  there  is  neither  extension  nor  con« 
traction ;  for  the  lever  is  supported  in  the  same  manner 
as  if  the  repulsions  of  the  whole  line  A  A  were  exerted  at 
that  point.  Therefore  l^t  S  represent  the  surface  of  frac- 
ture from  A  to  D,  and  f  represent  the  absolute  cohesion 
of  a  fibre  at  D  in  the  instant  of  fracture.  We  shall  have 
jfSxI  +  i=/>/,  or/:I  +  t  =/S  :  p ;  that  is,  the  length 
AB  is  to  the  distance  between  the  two  centres  of  effcMrt  I 
and  t,  as  the  absolute  cohesion  of  the  section  between  A 
fmd  D  i9  to  the  relative  strength  of  the  section. 

It  would  be  perhaps  more  accurate  to  make  AI  ^d  A  t 
equal  to  the  distances  of  A  from  the  horizontal  lines  pas- 
sing through  the  centres  of  gravity  pf  the  triangles  dAD 
«nd  3  A  A.  It  is  only  in  this  construction  that  the  points 
I  and  I  are  the  centres  of  real  effort  of  the  accumulated 
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attractions  and  repulsions.  But  I  aud  »»  detenqLined  as 
we  have  done,  are  the  points  where  the  full,  equal,  actions 
me^j  be  al)  applied,  so  as  to  produce  the  sanie  moments. 
The  final  results  are  the  same  in  both  cases.  The  atten- 
tive and  duly  informed  reader  will  see  that  Mr  Bulfinger, 
in  a  very  elaborate  dissertation  on  the  strengUi  of  beam^ 
in  the  CmiimtiU.  Ptiwpolikm*  1789,  has  comniitted  several 
mistakes  in  his  estimation  of  the  actions  of  the  fibres.  We 
mention  this  because  his  reasonings  are  quoted  and  ap* 
pealed  to  as  authorities  by  Muschenbroek  and  other  au« 
thors  of  note.  The  subject  has  been  considered  by  numy 
authors  on  the  continent.  We  recommend  to  the  reader^f 
perusal  the  very  minute  discustions  in  the  Memoirs  of  th^ 
Acadeniy  of  Paris  for  1708  by  Varignon,  the  Memoirs 
for  1708  by  Parent,  and  particularly  that  of  Coulomb  in 
the  Mem.  par  Its  Sfavatu  Eirt^ngcr^t  tom.  yiL 

It  is  evident,  from  what  has  been  ^aid  abbve,  that  if  S 
and  «  represent  the  surfaces  pf  the  sections  above  and  be- 
)ow  A,  and  if  Q  and  g  kre  the  distances  of  thdr  centres  of 
gravity  firom  A,  and  O  and  p  the  distances  of  their  centrei 
of  oscillation,  and  D  and  d  their  whqle  depths,  the  mo- 
mentum of  cohesion  wil  be*^  .  ^ r—^—-  =  p  '. 

If  (as  is  most  likely)  the  forces  are  proportional  to  the 
extensions  and  compressions,  the  distances  AI  aiid  A  t^ 

which  are  respectively  zz  -rr—  and  ^-j—  nro  respect- 
ively =:  I  DA,  and  ^  A  A ;  and  when  taken  together  are 
=  ^  D  A.  If,  moreover,  the  extensions  ar^  eqnai  to  th^ 
compressions  in  the  instant  of  fracture,  and  the  body  is  a 
rectangular  prism  like  a  common  joist  or  beani,  then  DA 
and  A  A  are  i^so  equal ;  und  therefore  the  momentum  of 

"fb  d* 

cohesionis/ixidx  Jd=  ^^-g — 9  =fbdxld:=:pl 
Hence  y(e  obtain  this  analogy,  *<  Six  times  $be  length  is  t% 
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the  depth  as  the  absolute  cohesion  of  the  section  is  to  its 
relatiFe  strength/^ 

394.  Thus  we  see  that  the  compressibilitj  of  bodies  has 
a  very  great  influence  on  their  power  of  withstanding  a 
transvei'se  strain*  We  see  that  in  the  most  faTOurable 
supposition  of  equal  dilatations  and  compressions,  the 
strength  in  reduced  to  one  half  of  the  value  of  what  it 
would  have  been  had  the  body  been  incompressible.  This 
is  by  no  means  obvious ;  for  it  does  not  readily  appear 
how  compressibility,  which  does  not  diminish  the  cohe- 
sion of  a  single  fibre,  should  impair  the  strength  of  the 
whole.  The  reason,  however,  is  sufficiently  convincing 
when  pointed  out.  In  the  instant  of  fracture  a  smaller 
portion  of  the  section  is  actually  exerting  cohesive  forces, 
whil^  a  part  of  it  is  only  serving  as  a  fulcrum  to  the  lever, 
by  whose  means  the  strain  on  the  section  is  produced. 
We  see*  too  that  this  diminution  of  strength  does  not  so 
much  depend  on  the  sensible  compressibility,  as  on  its 
proportion  to  the  dilatability  by  equal  forces.  When  this 
proportion  is  small,  A  A  is  small  in  comparison  of  AD, 
and  a  greater  portion  of  the  whole  fibre  is  exerting  attrac- 
tive forces.  The  experiments  already  mentioned  of  Du 
Hamel  de  Monceau  on  battens  of  willow,  shew  that  its 
compressibility  is  nearly  equal  to  its  dilatability.  But 
the  case  is  not  very  different  in  tempered  steel.  The  fa- 
mous Harrison,  in  the  delicate  experiments  which  he 
made  while  occupied  in  making  his  longitude  watch,  dis- 
covered that  a  rod  of  tempered  steel  was  nearly  as  much 
diminished  in  its  length,  as  it  was  augmented  by  the  same 
external  force.  But  it  is  not  by  any  means  certain  that 
this  js  the  proportion  of  dilatation  and  eompression  which 
obtains  in  the  very  instant  of  fracture.  We  rather  ima* 
gine  that  it  is  not.  The  forces  are  nearly  as  the  dilata- 
tions till  very  near  breaking ;  but  we  think  that  they  di- 
jninj^h  when  the  body  is  just  going  to  break.    But  it 
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eeeros  certain  that  the  forces  which  resist  compression  in-r 
crease  faster  than  the  compressions,  even  before  fracture. 
We  know  inconteitablj  that  the  ultimate  resistances  to 
compression  are  insuperable  by  any  force  which  we  can 
employ.  The  repulsive  forces  therefore  (in  their  whole 
extent)  increase  faster  than  the  compressions^  and  are 
expressed  by  an  asymptotic  branch  of  the  Boscovichian 
curve  formerly  explained.  It  is  therefore  probable,  espe- 
cially in  the  more  simple  substances,  that  they  increase 
faster,  even  in  such  compressions  as  frequently  obtain  iu 
the  breaking  of  hard  bodies.  We  are  disposed  to  think 
that  this  is  always  the  case  in  such  bodies  as  do  not  fly  off 
in  splinters  on  the  concave  side ;  but  this  must  be  underr 
stood  with  the  exception  of  the  permanent  changes  which 
piay  bjB  made  by  compression,  when  the  bodies  are.crippled 
by  it.  This  always  increases  the  compression  itself,  and 
causes  the  neutral  point  to  shift  still  more  towards  D. 
The  effect  of  thjs  is. sometimes  ver^  great  and  fatal, 

Experiment  alone  can  help  us  to  discover  the  propor* 
tion  between  the  dilatability  and  compressibility  of  bodies. 
The  strain  npytr  under  consideration  seems  the  best  calcuv 
lated  for  this  research.  Thus,  if  we  find  that  a  piece  of 
lypod  an  inch  square  requiri^  12,000  pounds  to  tear  it 
asunder  by  a  direct  pull,  and  that  200  pounds  will  break 
it  transversely  by  acting  10  inches  from  the  section  of 
fracture,  we  must  conclude  that  the  neutral  point  A  is  in 
the  middle  of  the  depth,  and  that  the  attractive  and  re- 
pulsive forces  are  equal.  Any  notions  that  we  can  form 
of  the  constitution  of  such  fibrous  bodies  as  timber,  mak^ 
us  imagine  that  the  senBibk  compressions,  including  what 
arises  from  the  bending  up  of  the  compressed  fibres,  is 
mnch  greater  than  the  real  -corpuscular  extensions.  One 
may  get  a  general  conviction  of  this  unexpected  proposi. 
tion  by  reflecting  -on  what  must  happen  during  the  frac- 
ture. An  undulated  fibre  can  only  be  drawn  straight,  and 
then  the  corpuscular  extension  begins  ;  but  it  may  be 
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heal  up  by^  compression  to  any  degree,  the  corpuscul&r 
compression  being  little  afFected  all  the  while.  Thia  ob- 
Bervation  ia  very  important ;  and  though  the  forces  of  cor- 
puscular  repulsion  may  be  almost  insuperable  by  any  com- 
pression that  we  can  employ,  a  unsible  compression  may 
be  produced  by  forces  not  enormous,  sufficient  to  cripple 
the  beam.  Of  this  we  shall  see  very  important  instances 
afterwards. 

395.  It  deserves  to  be  noticed,  that  although  the  rela- 
tive strength  of  a  prismatic  solid  is  extremely  diflTerent  in 
the  three  hypotheses  now  considered,  yet  the  proportional 
strengths  of  different  pieces  follow  the  same  ratio ; 
namely,  the  direct  ratio  of  the  breadth,  the  direct  ratio  of 
the  square  of  the  depth,  and  the  inverse  ratio  of  the  length. 
In  the  first  hypothesis  (of  equal  forces)  the  strength  of  a 


live  forces  proportional  to  the  extensions)  it  was  ".^-7 — • 
and  in  the  third  (equal  attractions  and  repulsions  propor- 

fhd' 
tioDRl  to  the extentioBS  and  compresuons)  it  waa-  ■    — ,or 

more  generdly  ^ — j— »  where  m  expresses  the  unknown 

proportion  between  the  attractiooi  and  repulsioiu  corres- 
ponding to  an  equal  extension  and  compression. 

396.  Hence  we  derive  a  piece  of  useful  ioformatioB, 
which  is  confirmed  by  unexcepted  experience,  that  the 
strength  of  a  piece  depends  chiefly  on  its  depth,  that  is, 
on  that  dimension  which  is  in  the  direction  of  the  strain. 
^  bar  of  timber  of  one  inch  in  breadth  and  two  inches  in 
depth  is  four  times  as  strong  as  a  bar  of  only  one  inch 
deep,  and  it  is  twice  as  strong  as  a  bar  two  inches  hro«4 
and  one  deep ;  that  is>  a  joist  or  lever  ia  always  strongest 
when  laid  on  its  edge. 

397.  There  is  therefore  a  choice  in  the  manner  in  which 
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the  cohesion  is  opposed  to  the  strain.  The  general  aim 
must  be  to  put  the  centre  of  effort  I  as  far  from  the  ful- 
crum or  the  neutral  point  A  as  possible^  so  as  to  give  the 
greatest  energy  or  momentum  to  the  cohesion.  Thus,  if 
a  triangular  bar  projecting  from  a  wall  is  loaded  with 
a  weight  at  its  extremity,  it  will  bear  tiirice  as  much 
when  one  of  the  sides  is  uppermost  as  when  it  is  under- 
most. '  The  bar  of  Fig.  2.  would  be  three  times  as 
strong  if  the  side  AB  were  uppermost  and  the  edge  DC 
undermost. 

308.  Hence  it  follows  that  the  strongest  joist  that  can 
be  cut  out  of  a  round  tree  is  not  the  one  which  has  the 
greatest  quantity  of  timber  in  it,  but  such  that  the  pro- 
duct of  its  breadth  by  the  square  of  its  depth  shall  be  the 
greatest  possible.  Let  ABCD  (fig.  5.)  be  the  section  of 
this  joist  inscribed  in  the  circle,  AB  being  the  breadth 
and  AD  the  depth.  Since  it  is  a  rectangular  section,  the 
diagonal  BD  is  a  diameter  of  the  circle,  and  BAD  is  a 
right  angled  triangle.  Let  BD  be  called  a  and  BA  b6 
called  x;  then  AD  is  =  */ a*-— »*.  Now  we  must  have 
AB  X  AD%  or  «  X  a*  —  x%  or  a*  ap— «*,  a  maximum.  Its 
fluxion  a*  X  —  So^x  must  be  made  =  o,  or  a*  =  3  x\  or 

•a* 
x^  =  — .    If  therefore  we  make  D£  =  J  DB,  and  draw 

EC  perpendicular  to  BD,  it  will  cut  the  circumference  in 
the  point  C,  which  determines  the  depth  BC  and  the 
breadth  CD. 

Because  BD :  BC  =  CD :  CE,  we  have  the  area  of  the 
section  BCCD  =  BDCE.  Therefore  the  different  sec- 
tions having  the  same  diagonal  BD  are  proportional  to 
their  heights  CE.  Therefore  the  section  BCDA  is  less 
than  the  section  B  c  D  a,  whose  four  sides  are  equal.  The 
joist  so  shaped,  therefore,  is  both  longer,  lighter,  and 
cheaper. 

399.  The  strength  of  ABCD  is  to  that  of  a  B  c  D 
as  10,000  to  9186,  and  the  weight  and  expence  as 


Ik 
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10,000  to  10,607 ;  so  that  ABCD  is  prefiBirable  to  •  BeD 
in  the  proportion  of  10,607  to  9186*  or  ■earlj  l|6lo 
100. 

From  the  same  principles  it  follows  that  a  hollovr.triie 
is  stronger  than  a  solid  rod  containing-  the  same  quantity 
of  matter.     Let  Fig.  6.  represent  the  section:  of  a  cjlin* 
dric  tul>e,  of  which  AF  and  BE  are  the  etterior  and  in* 
terior  diameters  and  C  the  ■  centre.    Draw  Wt  pmieni- 
dicular  to  BC,  and  join  DC.    Then,  lifecause  BD*=  CD' 
— -  CB%  BD  is  the  radius  of  a  circle  containing  the  same 
quantity  of  matter  with  the  ring.'    If  we  estimate  the 
strength  br  the  first  hypothesis,  it  is  evident  that  the 
strength  of  the  tube  wil)  be  to  tt»t  of  the  scdid  cjlindo', 
whose  radius  is  BD,  as  BD>  x  AC  to  BD'x  BD ;  that  is^  ^ 
as  AC  to  BD  3  for  BD^  expresses  the  cohesion  of  the 
ring  or  the  circle,  and  AC  and  BD  are  equal'  10  the 
distances  of  the  centres  of  effort  (the  same  with  the  oen« 
tres  of  gravity)  of  the  ring  and  circle  from  the  axis  of 
fracture^ 

The  proportion  of  these  strengths  will  be  different  in 
the  other  hypotheses,  and  is  not  easily  expressed  by  a  ge* 
neral  formula ;  but  in  both  it  is  still  more  in  favour  of  the 
ring  or  hollow  tube. 

The  following  very  simple  solution  will  be  readily  un- 
derstood by  the  intelligent  reader.-  Let  O  be  the  centre 
of  oscillation  of  the  exterior  circle,  o  the  centre  of  oscilla- 
tion of  the  inner  circle,  and  iv  the  centre  of  oscillation  of 
the  ring  included  between  them.  Let  M  be  the  quantity 
ef  surface  of  the  exterior  circle,,  m  that  of  the  inner  circle, 
and  A^that  of  the  ring. 

WebaveFic^  = ,  = ^^ ,  and 

the  strength  of  the  ring  =  '^^^^ >  and  the  strength  of 

the  sarnie  quantity  of  matter  in  the  form  of  a  solid  cylin- 
der ia//»  X  i  BD  ;  so  that  the  strength  of  the  ring  is  to 
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that  of  the  solid  rod  of  equal  weight  as  F  tef  to  |  BD,  or 
nearly  as  FC  to  BD.    This  will  easily  appear  by  recoK 

1     .      1     ^rx.      sum  of  p.  T*^        1    1    .    t  ^ 
IectingthatFOis= .  JL,  .    ,  and  that  the  momentum 

of  cohesion  is  * iTTJF, = 1^ for  the  inner  cir- 

c\e,  &c. 

Emerson  has  giten  a  rery  inaccurate  approsiimation  to 
this  value  in  his  Mtehanics^  4to. 

400.  This  property  of  hollow  tubes  is  accompanied' also 
with  greater  stiffness ;  and  the  superiority  in  strength  and 
stiffness  is  so  much  the  greater  as  the  surrounding  shell  is 
thinner  in  proportion  to  its  diameter. 

401.  Here  we  see  the  admirable  wisdom  of  the  author 
of  nature  in  forming  the  bones  of  animal  limbs  hollow. 
The  bones  of  the  arms  and  legs  have  to  perform  the  of« 
fice  of  levers,  and  are  thus  opposed  to,  very  great /trans- 
verse str^iA..  By  this  form  they  become  incomparably 
stronger  and  stifTer,  and  give  more  room  for  the  insertion 
of/ muscles,  while  they  are  lighter  and  therefore  more 
agilf ;  and  the  same  wisdom  has  made^use  of  this  hollow 
for  other  valuable  purposes  of  .the  animal  economy.  In 
like  manner,  the  quills  in  the  wings  of  birds  acquire  by 
their  thinness  the  very  great  strength  which  is  necessary, 
while  they  are  so  light  as  to  give  suflBcient  buoyancy  to 
the  animal  in  the  rare  medium  in  wbich  it  must  live  and 
fly  about.  The  stalks  of  many  plants,  such  as  all  the 
grasses^  and  many  reeds,  are  in  like  manner  hollow^  and 
thus  possess  an  extraordinaiy .  strength.  Our  best  engi« 
neers  now  begin  to  imitate  nature  by  mafciitg  many  parts  of 
their  machines  Jidilow,  such  as  their  axles  of  cast  iron,  &c. ; 
and  modern  philosophical  instrument  makers  now  fortki 
the  axes  and  framings  of  4heir  grqat  astronomical  iqstrU'^ 
ments  in  the  same  manner. 

In  the  supposition  of  homogeneous  texture,  it  is  jriiain 
that  the  fracture  happens  .as  soon  as.  the  particles  at  I)  are 
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ieparated  beyond  their  utmost  limit  of  ocdienoa.  *thiM  u 
a  determined  quantity,  and  the  piece  be&dt  tiD  thk  defree 
of  extension  is  produced  in  the  outermost  fibre.  It  foL 
lows  that  the  smaller  we  suppose  the  dtstinee  between  A 
and  D,  the  greater  will  be  the  currature  which  the  beem 
lirill  acquire  before  it  breaks.  Greater  depth  therefore 
makes  a  beam  not  only  stronger  but  also  stiffer.  But  if 
the  parallel  fibres  can  slide  on  each  other,  both  the 
strength  and  the  stiffness  will  be  diminished.  TtTierefore 
if,  instead  of  one  beam  t)  A  KCj  we  suppose  two,  DABC 
and  A  A  KB,  not  cohering,  each  of  them  will  beod»  Mid 
the  eztenuofa  of  the  fibres  AB  of  the  under  beam  will  not 
hinder  the  compression  of  the  adjoining  fibres  AB  of  the 
upper  beam. 

402.  The  two  together  therefore  will  not  be  mxOt 
jDian  twice  as  strong  as  one  of  them  (supposing  DA 
=  A  a)  instead  of  being  four  times  as  strong;  and  they  will 
bend  as  much  as  either  of  them  alone  would  %end  by  half 
the  load4  This  may  be  prevented^  if  it  were  possible  to 
mite  the  two  beams  all  along  the  seam  AB,  so  that  the 
one  shall  not  slide  on  the  other.  This  may  be  done  in 
small  works,  by  gluing  them  together  with  a  cement  as 
strong  as  the  natural  lateral  cohesion  of  the  fibres.  If 
this  cannot  be  done  (as  it  cannot  in  large  works),  the 
sliding  is  prevented  by  jogglino  the  beams  together ;  thai 
is,  by  cutting  down  several  rectangular  notches  in  the  upper 
side  of  the  lower  beam,  and  making  similar  notches  in  the 
under  side  of  the  upper  beam,  and  filling  up  the  square 
spaces  with  pieces  of  very  hard  wood  firmly  driven  in,  as 
represented  in  Fig.  7.  Some  employ  iron  bolts  by  way  of 
joggles.  But  when  the  Joggle  b  much  harder  than  the 
wood  into  which  it  b  driven,  it  is  very  apt  to  work  loose, 
by  widening  the  hole  ioto  which  it  is  lodged.  The  same 
thing  b  sometimes  done  by  scarfing  the  one  upcm  the 
other,  as  represeifted  in  Fig.  8. ;  but  this  wastes 
more  timber,  and  b  not  so  strong,  because  the  mutual 

1 
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iiooka  which  thismethod  forms  on  each  beam  arfe  very  Bft 
to  tear  each  other  up.  By  one  or  other  of  these  methods^ 
or  somethin^imilar,  may  a  compound  beam  be  fbrmed, 
of  any  depths  which  will  be  almoit  as  stiff  and  strong  aa 
an  entire  piece. 

403..  On  the  other  hahdf  we  may  combine  strength  witU 
pUableness^  by  co^iposing  our  beam  of  several  thin  planka 
laid  on  each  other,  till  they  make  a  proper  depth,  and 
leaving  them  at  full  liberty  to  slide  on  each  other.  It  ia 
in  this  manner  that  ooach-springs  are  formed^  as  is  repre* 
sentcd  in  f^ig.  9.  In  this  assemblage  there  must  be  nd 
joggles  nor  bolts  of  any  kind  put  through  the  planks  or 
plates ;  for  this  would  hinder  their  mutual  sliding.  They 
must  be  kept  together  by  straps  which  surround  them,  or 
by  something  equivalait. 

44)4  The.  preceding  observations  shcfw  the  propriety  of 
aom^  maxims  of-constructioiij  whic^  the  artists  have  de^ 
rived  from  long  experience. 

Thus,  if  a  mortice  ia  to  be  cut  out  of  a  piece  which  ia 
expoaed  to  a  cross  stl^,'  it  should  be  cut  out  from  that 
side  which  becomes  concBve  by  the  strain^  as  in  Fig.  10. 
but  by  no  means  as  in  Fig.  11. 

If  a  piece  is  to  be  strengthencfd  by  the  adcUtioli  of  ano- 
ther, the  added  piece  must  be  joined  to  the  side  which 
growjB  convex  by  the  strain,  as  in  Fig.  18.  and  13. 

Before  we  go  any  farther,  it  will  be  convenient  to 
recal  the  reader^s  attention  to  the  analogy  between 
the  strain  on  a  beam  projecting  from  a  wall^  aahi^load* 
ed  at  the  extfemity^  and  a  beam  supported  at  both 
ends  >  and  loaded  in  some  intermediate  point  It  ia 
sufficient  on  this  occasion  to  read  attentively  what  ia 
delivered  in  oor  iirticle  on  Roovs.  We  learn  there 
that  the  strain  on  the  middle  point  C  Fig.  13.  of  a 
rectangular  beam  AB,  supported  cm  props  at  A  and 
B^  is  the  same  as  if  the  part  C  A  projected  firodd  a  waH» 
and  were  loaded  with  the  half  c^  the  w^ght  W  sus« 
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pemjed  at  A.    The  momentum  of  the  ttrun  is  therefore 

i  W  X  i  AB,  =WxiAB=pi/,  or^.^vthemomen- 

torn  of  cohesion  must  be  equal  to  this  ii^  every  hypo^ 
thesis. 

Having  now  considered  in  sufficient  detldl  the^drcum- 
stances  which  affect  the » strength  of  any  section  of  a  soli4^ 
body  that  is  strained  transversely,  it  is  necessary  to  take 
notice  of  some  of  the  chief  modifications  of  the  strain  itself. 
We  shall  consider  only  those  that  occur  most  frequently 
in  our  constructions. 

The  strain  depends  on  the  external  force,  and  also  on 
the  lever  by  which  it  acts. 

405.  li  is  evidently  of  importance,  that  since  the  strain 
is  exerted  in  any  section  by  means  of  the  cohesion  of  the 
parts  intervening  between  the  section  under  consideration 
and  the  point  of  application  of  the  external  force,  the 
body  must  be  able  in  all  these  intervening  parts  to  propa- 
gate or  excite  the  strain  in  the  remote  section.  In  every 
part  it  must  be  able  to  resist  the  strain  excited  in  that 
part  It  should  therefore  be  equally  strong ;  and  it  is 
useless  to  have  aiiy  part  stronger,  because  the  piece  will 
nevertheless  break  where  it  is  not  stronger  throughout ; 
and  it  b  useless  to  make  it  stronger  (relatively  to  its  strain) 
in  any  part,  for  it  will  nevertheless  equally  fail  in  the 
part  that  is  too  weak. 

Suppose  then,  in  the  first  place,  that  the  strain  arises 
fit>m  a  weight  suspended  at  one  extremity,  while  the 
other  end  is  firmly  fixed  in  a  wall.  Supposing  also  the 
cross  sections  to  be  all  rectangular,  there  are  several  ways 
of  shaping  the  beam  so  that  it  shall  be  equally  strong 
throughout.  Thus  it  may  be  equally  deep  in  every  part, 
the  upper  and  under  surfaces  being  horizontal  planes. 
The  condition  will  be  fulfilled  by  making  all  the  horizon- 
tal sections  triangles,  as  in  Fig.  14.  The  two  sides  are 
Tertical  plataes  meeting  in  an  edge  at  the  extremity  L. 
For  the  equation  expressing  the  balance  of  strain  and 


STRENGTH  OF  MATERIALS.  45i 

strength  is  pl=fbd^.  Therefore  since  d*  is  the  same 
throughout,  and  also  p,  we  must  have /A  =  /,  and  b  (the 
breadth  AD  of  any  section  ABCD)  must  be  proportional 
to  /  (or,  AL),  which  it  evidently  is.        .    ^ 

Or,  if  the  beam  be  of  uniform  breadth,,  we  must  Jiave 
d^  everywhere  proportional  to  /.  This  will  be  obtained 
by  making  the  depths  the  ordina^  of  a  common  parabola, 
of  which  L  is  the  vertex  and  thmength  is  the  axis.  The 
upper  or  under  side  may  be  a  straight  line,  as  in  Fig..  15* 
or  the  middle  line  may  be  straight^  and  then  both  upper 
and  under  surfaces  will  be  curved.  It  is  almost  indiffer- 
ent what  is  the  shape  of  the  upper  and  under  surfacesi  pro- 
vided the  distances  between  them  in  every  part  be  as  the 
ordinates  of  a  common  parabola. 

Or,  if  the  sections  are  all  similar,  such  as  circles,  squares^ 
or  any  other  similar  polygons,  we  must  have  d^  of  &'  pro** 
portional  to  /,  and  the  depths  or  breadths  must  be. as  the 
ordinates  of  a  cubical  parabola. 

406.  It  is  evident  that  these  are  also  the  proper  forms 
for  a  lever  moveable  round  a  fulcrum,  and  acted  on  by  a 
force  at  the  extremity.  The  force  comes  in  the  place  of 
the  weight  suspended  in  the  cases  already  considered; 
and  as  such  levers  always  are  connected  with  another 
arm,  we  readily  see  that  both  arms  should  be  fashioned 
in  the  same  manner.  Thus  in  Fig.  14.  the  piece  of  timber 
may  be  supposed ,  a  kind  of  steelyaril,  moveable  round  a 
horizontal  axis  OP,  in  the  front  of  the  wall,  and  having 
the  two  weights  F  and  <r  in  equilibrio.  The  strain  occa- 
sioned by  eaeh  at  the  section  in  which  the -axis  OF  ia 
placed  must  be  the  same,  and  each  arm  OL  and  O  x.  must 
be  equally  strong  in  all  its  parts.  The  longitudinal  sec- 
tions of  each  arm  must  be  a  triangle,  a  common  parabola, 
or  a  cubic  parabola^  according  to  the  conditions  previously- 
given. 

And,  moreover,  all  these  forms  are  equally  stronj;:  For 
any  ooe  of.  them  is  ^equally  strong  in  all  its  par^  'Wd 
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ihrf  Are  alt  supposed  to  have  the  same  aectiofi  at  the 
front  of  the  wall  or  at  the  ftdcrum.  Thej  are  not,  how- 
i^er,  ecjttallj  stiff.  The  first,  repres^ted  in  Fig.  14. 
will  bend  least  upon  the  \rhoIe,  and  the  one  formed  hy 
thef  cubic  parabola  will  bend  most.  But  their  carrature 
at  the  rery  futcrum  will  be  the  same  in  all. 

It  is  alM>  plain^  thal^f  the  lever  is  of  the  seeond  or 
third  kind,  that  is,  haraig  the  fulcrum  at  cme  extremity, 
it  most  still  be  of  the  same  shape ;  for  in  abstr^urt  meditf* 
Ikies  it  is  indiflfbrent  which  of  the  three  points  is  cov&si- 
dered  as  the  axb  of  motion.  In  every  lever  th^  two 
ibrees  at  the  extremities  act  in  one  direction,  and  the 
Ibrcein  the  middle  acts  in  the  opposite  direction,  and 
the  great  strain  is  always  at  that  point.  Therefore  a  lever, 
<0ttcfa  as  Fig.  14.  moveable  round  an  axis  passing  hori- 
Mdiltally  titfough  x,  and  acting  against  an  obstacle  at  OP, 
h  e^udty  able  in  all  its  parts  to  fesist  the  strains  excited 
in  those  parti. 

*  T'he  same  principles  and  th^  same  construction  will  ap- 
fily  to  beams,  such  as  joists,  supported  at  the  ends  L  land 
X  Fig.  14.,  and  loaded  at  some  intermediate  part  OP. 
•This  will  appear  evident  by  merely  inverting  the  direc- 
tion* of  the  forces  at  these  three  points,  or  by  referring 
to  our  article  on  Roofs. 

407.  Hitherto  we  have  supposed  the  external  strain- 
ing force  as  acting  only  in  one  point  of  the  beam.  But 
it  may  be  uniformly  distributed  all  over  the  beam.  To 
HMke  a  beam  in  such  circumstances  equally  strong  in  all 
its  parts,  the  shape  must  be  considerably  different  from 
th^  former. 
-     408.  Thus  suppose  the  beam  to  project  from  a  wall. 

If  it  be  of  equal  breadth  throughout,  its  sides  being 

.vertical  planes,  parallel  to  each  other  and  to  the  length, 

the  vertical  section  in  the  direction  of  its  length  must  be 

a  triangle  instead  of  a  common  parabola ;  for  the  weight 

•Mtfornily  distributed  over  the  part  lying  beyond  any  sec- 
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tioo,  is  as  the  kngth  beyond  that  s^tiop :  and  since  it 
may  all  be  conceived  as  collected  at  its  centre  of  gravity*, 
which  is  the  middle  of  that  jength,  the  lever  by  which 
this  load  acts  or  strains  the  section  is  also  {uroportional  to. 
the  same  length.  The  strain  on  the  section  (or  momen- 
tum of  the  load)  is  as  the  9qiiare  of  that  length.  The 
section  must  have  strength  In  thie  same  praportion.  tU 
strength  being  as  the  breadth  and  the  square  of  the  deptb» 
and  the  breadth  being  constant,  the  square  of  the  depth 
of  any  section  must  be  as  the  square  of  its  distance 
from  the  end,  and  the  depth  must  be  as  that  distance ; 
^nd  therefore  the  longitudinal  vertical  section  must  be  % 
triangle. 

But  if  all  the  transverse  sections  are  circle?,  square?,  pr 
any  other  similar  figures,  the  strength  of  every  section,  pr 
the  cube  of  the  diameter,  must  be  aa  the  isquare  pf  the 
lengths  beyond  that  section,  or  the  square  of  its  distance 
from  the  end ;  and  the  sides  of  the  beam  must,  be  a  semi* 
cubical  parabola. 

If  the  upper  and  under  surfaces  are  horizontal  planes,  i^ 
is  evident  that  the  breadth  must  be  as  the  square  of  the 
distance  from  the  end,  and  the  horizontal  sections  may  he 
formed  by  arches  of  the  common  parabola^  having  the 
length  for  their  tangent  at  the  vertex. 

By  recurring  to  the  analogy  so  often  quoted  between  a 
projecting  beam  and  a  joist,  we  may  determine  the  proper 
form  of  joists  which  are  uniformly  loaded  through  their 
whole  length. 

409.  This  is  a  frequent  and  important  cas^,  being  the 
oflSce  pf  joists,  ittfters,  &c.  and  there  are  sopoecircnw- 
stances  which  must  he  particularly  noticed,  because  th^y 
are  not  so  obvious,  and  have  been  misunderstood.  Wl^m 
a  beam  AB  Fig.  1^.  is  supported  at  the  ends,  .and  a 
weight  is. laid  on  any  point  P,  a  strain  is  excited  in  every 
part  of  the  beam.  The  load  on  P  causes  the  h^ixa  to 
press  on  A  and  B^  and  the  propp  react  with  forces  equal 
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dn<j  opposite  to  these  pressures.  The  load  at  P  is  to  the 
,  pressures  at  A  and  B  as  AB  to  PB  and  PA,  ami  the  pres- . 
mires  at  A  is  to  that  at  B  as  I'B  to  PA ;  the  beam  there- 
fore is  in  the  same  state,  wiih  respect  to  strain  in  every 
part  of  it,  as  if  it  were  resting  on  a  prop  at  P,  and  were 
loaded  at  the  ends  with  weights  equal  to  the  two  pressures 
On  the  props;  and  observe,  these  pressures  are  such  as 
trill  balunee  each  olher,  being  inversely  as  their  distances 
'   ftom  P.     Let  P  represent  the  weight  or  load  at  P.     The 

PA 

pressure  oa  the  prop  P  nnusl  be  P  x  'rrr-    This  is  tliere- 

'  fbre  the  reaction  of  the  prop  B,  and  is  the  weight  which 
we  may  suppose  suspended  at  B,  when  we  conceive  the 
beam  resting  on  a  prop  at  P,  and  carrying  the  balancing 
weights  at  A  and  B. 

'the  itrain  occasioned  at  any  other  point  C,  by  tJie  load 
^  at.P,  is  the  some  with  the  strain  at  C,  by  the  weight 

PA 

P  X  -T^  hanging  at  B,  when  the  beam  rests  on  P,  in  the 

manner  now  supposed  ;  and  it  is  the  same  if  the  beam,  in- 
stead of  being  balanced  on  a  prop  at  P,  had  its  part  AP 
fixed  in  a  wall.     This  is  evident.     Now  we  have  shewn 

PA 

at  length  that  the  strain  at  C,  by  the  weight  P  x  -Td* 

PA 

banging  at  B,  is  F  x  -p=  x  BC.    We  desire  it  to  be  p^ir- 

ticularly  remarked  that  the  pressure  at  A  has  do  influ- 
ence on  the  strain  at  C,  arising  from  the  action  of  any 
load  between  A  and  C;  for  it  is  indiflerent  how  the 
part  AP  of  the  projecting  beam  PB  is  supported.  The 
weight  at  A  just  performs  the  same  office  with  the  wall 
in  which  we  suppose  the  beam  to  be  fixed.  We  are  thus 
particular,  because  we  hare  seen  even  persons  not  unac- 
customed  to  discussions  of  this  kind  puzzled  in  their  con- 
ceptions of  this  strain. 
~    Now  let  the  load  P  be  laid  on  some  point  p  between  C 
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and  P.  The  same  reasoDing  shows  us  that  the  point  is 
(with  respect  to  strain)  in  the  same  state  aa  if  the  beam 
were  fixed  in  a  wall,  embracing  the  part  p  B^  and  a  wdght 

=  F  X  ^^  were  hung  on  at  A,  and  the  strain  at  C  ii 
Px^xAC. 

410.  In  general,  therefore,  the  strain  on  any  point  C, 
ansing  from  a  load  F  laid  on  another  point  P,  is  propor- 
tional to  the  rectangle  of  the  distances  of  P  and  C 

from  the  ends  nearest  to  each.    It  is  P  x  — Tr —  >  ■  " 

F  X  - — j^ — 1  according  as  the  load  lies  between  C  and 
A  or  between  C  and  B. 

Cor.  I.  The  strains  which  a  load  on  any  |ioint  P  OCCI" 
sions  on  the  points  C,  c,  lying  on  the  same  side  of  F,  are 
as  the  distances  of  these  points  from  the  end  B.  In  like 
manner  the  strains  on  £  and  e  are  as  £A  and  eA.. 

Cor.  2.  The  strain  which  a  load  occasions  in  the  patt  OD 
which  it  rests  is  as  the  rectangle  of  the  parts  on  each  side. 
Thus  the  strain  occasioned  at  C  by  a  load  is  to  tliat  at  D 
by  the  same  load  as  AC  x  CB  to  AD  x  DB.  It  is  there- 
fore  greatest  in  the  middle. 

411.  Let  us  now  consider  the  str&in  on  any  point  C 
ftrising  from  a  load  unifbrmly  distributed  along  the  beam. 
Let  AP  be  represented  by  x^  and  FpbyJct  and  the  whole 
weight  on  the  beam  by  a.     Then 


The  weight  on  P;i  is     -    -    -    =  i 


HW 


pres.  on  B  by  the  whole  wt.  on  AC  =  a     "l^^   ~*9~aS» 
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AC  X  BC 


Strain  at  C  hy  the  weight  on  AC  = 
Strain  at  C  by  the  weight  on  BC  = 
Do.  by  the  nfanle  weight  on  AB  =  a 


BC*  X  AC 


a  AB" 
AC'xBC  +  BC'xAC, 


2  AB- 
AC xBC 


8AB»  '  2AB    '  , 

Thus  we  see  thot  the  strain  is  proportional  to  the  rec- 
tangle of  the  parts,  in  the  same  manner  as  if  the  load  a 
had  been  laid  directly  on  the  point  (',  and  is  indeed  equal 
to  one  hair  of  the  strain  which  would  he  produced  at  C  by 
the  load  a  laid  on  there. 

419,  It  was  necessary  to  he  thus  particular,  because  we 
see  in  some  elementary  treatises  of  mechanics,  published 
by  authors  of  reputation,  mistakes  which  are  very  plau- 
sible, and  mislead  the  learner.  It  is  there  said,  that  the 
pressure  at  B  from  a  weight  uniformly  diffused  along  AB 
is  the  same  as  if  it  were  collected  at  its  centre  of  gravity, 
^hich  would  he  the  middle  of  AB ;  and  then  the  strain 
ftt  C  is  said  to  be  thi.^  pressure  at  B  multiplied  by  BC. 
But  surely  it  is  not  difficult  to  see  the  difference  of  these 
strains.  It  is  plaio  that  the  pressure  of  gravity  down.. 
wards  on  any  point  between  the  end  A  and  the  point  C 
has  no  tendency  to  diminish  the  strain  at  C,  arising  from 
tbe  upward  reaction  of  the  prop  B ;  whereas  the  pressure 
of  gravity  between  €  and  B  is  almost  in  direct  opposition 
to  it,  and  must  diminish  it.  We  may  however  avoid  the 
fiukionary  calculus  with  safety  by  the  consideratioa  of 
the  centre  of  gravity,  by  supposing  the  weights  of  AC 
and  BC  to  be  collected  at  their  respective  centres  of  gra-' 
vity  ;  and  the  result  of  this  computation  will  be  the  same 
^3  above;  and  we  may  pse  either  method,  although  the 
weight  is  not  uniformly  distributed,  provided  only  that 
yi^  know  in  wtiat  matiner  it  is  distribute^. 
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This  inirestigatioii  is  evidentl/  of  imp^rtenee  in^epracr 
lice  of  the  engineer  and  architect,  informing  them  what 
support  18  neceBSiiy  in  the  difFereat  pArtt^oC  4heir  oon- 
•tnictions.  We  shall  CMuiiler  aoaie  cases  of  thia  kind  in 
the  Article  Hoops. 

413.  It  is  now  easj  to  form  a  Joist,  so  that  it  shaU  bav^ 
the  same  relative  strength  in  all  ito  parts. 

I.  To  make  it  equally  able  in-aU  its  parts  to  cany  ^ 
given  weight  laid  onsanjr  point  C  taken  at  random,  or  uni- 
formly diffused  over  the  whole  length,  the  strength  of  the 
aection  at  the  point  C  must  be  as  AC  x  CB.     Tber^on^ 

I.  If  the  sides  are  parallel  vertical  planes,  the  square  of 
the  depth  (which  is  the  only  variable  dimension)  or  CD^^ 
must  be  as  AC  x  CB,  and  the  depths  must  be  ordinate^  of 
an  ellipse. 

2»  If  the  ^transverse  sections  are  aimilaii^  weiBust  mak/nt, 
CD^  as  AC  X  CB. 

3.  If  the  upper  isnd  under  surlaces  «re'  panallel,  the 
breadth  must  be  as  AC  x  -CB. 

II.  If  the  beam  is  necessarily  loaded  at  some  give^ 
point  C,  and  we  would  have  the  beam  equally  able  in  aU 
its  parts  io  resist  the  strain  arising  from  the  weight  at  C, 
we  must  make  the  strength  of  every  transverse  seetioo 
between  C  and  either  end  fts  its  diatanceiram  that  cond* 
Therefore, 

1.  If  the  sides  are  parallel  vertical  planes,  we  nuiat 
make  CD«  :  EF«  =  AC :  AE. 

2.  If  the  sections  are  siaular,  tlien  CD'  :  £F'  :t:  AC :  AK 

3.  If  the  Mpper  and  under  surlaces  are  pardUd^f  tftueOs 
breadth  at  C  :  breadth  ^  £  £=  AC  :  A£. 

414.  The  same- prineiples  enable  us  to4etemiine  the 
strain  and  strength  of  tquare  or  circular  plates,  of  cKffii» 
rent  extent,  but  e<|pial  thickness.  This  may  be  eompre- 
hended  in  this  general  proposition. 

Similar  plates  of  equal  thickness  supported  aUrffousid 
WiH  9arry  the  same  ^bM^i^  iim^^^^^vMfmtAf^^^ 
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bated,  Or  resting  on  similar  points,  whalcrrei^u  tli8ir«z» 

tent 

Sufipose  two  similar  oblong  plates  of  -  equal  ihkkmn^ 
and  let  their  lengths  and  breadths  be  L,  /,  and  B^  i.  Lei 
their  strength  or  momentum  of  cohesion  be  C,  e,  and  dtt 
strains  from  the  weights  W,  10,  be  S,  s. 

Suppose  the  plates  supported  at  the  ends  onlj,-  and  re- 
listing  fracture  transversely.  The  strains,  being  as-  the 
weights  and  lengths,  are  as  WL  and  10  ^  but  tbdr  eoha> 
non  are  as  the  breadths ;  and  since  thejr  are  of  eqoal  re- 
lative strength,  we  have  WL  :  w  /=  B :6,  and  WL>s 
w  IB  and  L :  /  =  w  B  :  W  6 :  but  since  they  are  of  simi^ 
lar  shapes  L :  i  =  B :  ft,  and  therefore  w  =;?  W. 
•  The  same  reasoning ,  holds  again  when  they  are  also 
supported  along  the  sides,  and  therefore  holds  when  tbej 
lare  supported  all  round  (in  which  case  the  strength  is 
doubled). 

And  if  the  plates  are  of  any  other  figure,  such  as  circles 
or  ellipses,  we  need  only  conceive  similar  rectangles  w> 
scribed  in  them.  These  are  supported  all  round  by  the 
continuity  of  the  plates,  and  therefore  will  sustain  equal 
weights ;  and  the  same  may  be  said  ot  the  segments  which 
lie  without  them,  because  the  strengths  of  any  similar  seg- 
ments are  equal,  their  lengths  being  as  their  breadths. 

Therefore  the  thickness  of  the  bottoms  of  vessels  hold* 
ing  heavy  liquors  or  grains  should  be  as  their  diameters, 
and  as  the  square  root  of  their  depths  jointly. 

Also  the  weight  which  a  square  plate  will  bear  is  to 
that  which  ai  bar  of  the  same  matter  and  thickness  will 
bear  as  twice  the  length  of  the  bar  to  its  breadth. 

415.  There  is  yet  another  modification  of  the  strain 
which  tends  to  break  a  body  transversely,  which  is  of  very 
frequent  occurrence,  and  in  some  cases  must  be  very  care- 
fully attended  to,  viz.  the  strain  arising  from  its  own 
weight. 

WhcA  a  beam  prpjects-  from  a  wall,  every  section  b 
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strained  by  the  weight  of  all  that  projects  beyond  it.  This 
may  be  considered  as  all  collected  at  its  centre  of  gravity. 
Therefore  the  strain  on  any  section  is  In  the  joint  ratio 
ef  the  weight  of  what  projects  beyond  it,  and  the  distance 
of  its  centre  of  gravity  from  the  section. 

416.  The  .  deterniination  of  this  strain,  and  of  the 
strength  necessary  for  withstanding  it,  must  be  more  com- 
plicated than  the  former,  because  the  form  of  the  piece 
which  results  from  this  adjustment  of  strain  and  strength 
influences  the  strain.  The  genei:al  principle  must  evi* 
dently  be,  that  the  strength  or  momentum  of  cohesion  of 
every  section  must  be  as  the  product  of  the  weight  be- 
yond it,  multiplied  by  the  distance  of  its  centre  of  gravity. 
For  example : 

Suppose  the  beam  DLA  Fig.  17.  to  project  from  the 
wall,  and  that  its  sides  are  parallel  vertical  planes,  so  that 
the  depth  is  the  only  v^friable  dimension.  Let  LB=;idP 
and  B  6  =  ^.  Tl^e  element  B  6  c  C  is  =  ^  or.  Let  6;be 
the  centre  of  gravity  of  the  part  lying  without  B  i,  andg 
be  its  distance  from  the  extremity  L.  Then  x  -— g*  is  th^ 
arm  of  the  lever  by  which  the  strain  is  excited  in  the 
section  B  ft.    Let  B  6  or^  be  as  some  power  m.of  LB; 

that  is,  let  v  =  jc^.     Then  the  contents  of  L  B  &  is • 

wi+l 

The  momentum  of  gravity  round  a  horizontal  axis  at  L 

isyxai  =  x^'^^x,  and  the  whole  momentum  /"ound  the 

axis  is  — -^*     The  distance  of  the  centre  of  gravity  from 

L  is  had  by  dividing  this  momentum  by  the  whole  weight, 

which  is -.     The  quotient  or  g  is  — — -—    And  th^ 

distance  of  the  xrentre  of  gravity  from  the  section  B  b 

xxm+l         xxm+2 — xxm+l  x  rru      c 

IS  x -:r-,  = ,  =  —7^.     Therefore 

m+2  *  111+2  wi+2 

the  strain  on  the  section  B  6  is  had  by  muUiplymg  -— r 
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by  — ^.    The  product  is         ^ ,      --■    ThU  must  be  M 

the  square  of  the  depth,  or  as  y*.  Buty  is  as-x**,  mad  jr^ 
as  «'M.  Therefore  we  have  m-f  2=:2iii,  and  «ts2 ;  that 
is,  the  depth  must  be  as  the  square  of  die  diatatiee  ffiNB 
the  extremity,  and  the  curve  L  ft  A  is  a  pandbola  ioucb- 
lAg  the  horisontal  line  in  L. 

417.  It  is  eaSj  to  see  that  a  conoid  formed  hj  tbe  io» 
tation  of  this  figure  round  DL  will  also  be  equallj  able 
in  every  section  to  bear  its  own  weight. 

We  need  not  prosecute  this  farther.  When  the  Bgatt 
of  the  piece  is  given,  there  is  no  difficulty  in  finding  the 
strain ;  and  the  circumstance  of  equal  strength  to  rerist 
this  strain  is  chiefly  a  matter  of  curiosity. 

418.  It  is  evident,  from  what  has  been  already  said, 
that  a  projecting  beam  becomes  less  able  to  bear  its  own 
weight,  as  it  projects  farther.  Whatever  may  be  the 
strength  of  the  section  DA,  the  length  may  be  such  that 
it  will  break  by  its  own  weight.  If  we  suppose  two  beans 
A  and  B  of  the  same  substance  and  similar  shapes,  thsi 
is,  having  their  lengths  and  diameters  in  the  same  pro- 
portion ;  and  farther  suppose  that  the  shorter  can  just 
bear  its  own  weight ;  then  the  longer  beam  will  not  be 
able  to  do  the  same :  IPot  the  strengths  of  the  sections  are 
as  the  cubes  of  the  diameters,  while  the  strains  are  as  the 
biquadrates  of  the  diameters  ;  because  the  weights  are  as 
the  cubes,  and  the  levers  by  which  these  weights  act  in 
producing  the  strain  are  as  the  lengths  or  as  the  diame- 
ters. 

419.  These  considerations  show  us,  that  in  all  cases 
where  the  strain  is  affected  by  the  weight  of  the  parts  of 
the  machine  or  structure  of  any  kind,  the  smaller  bodies 
are  more  able  to  withstand  it  than  the  greater ;  and  there 
seems  to  be  bounds  set  by  nature  to  the  size  of  machines 
constructed  of  any  given  materials.  Even  when  the 
V^ei^ht  of  the  parts  of  the  machine  is  not  taken  into  the 
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mccount,  we  camiot  enlarge  them^in  the  same  proportioA 
in  all  their  parts.  Thus  a  steam^engme  cannot  be  doiibied 
in  all  its  parts,  so  as  to  be  still  efficient  The  pressure 
on  the  piston  is  quadrupled^  If  the  lift  of  the  punipbe 
also  doubled  in  height  while  it  is  doubled  in  diameter^ 
the  load  will  be  increased  eight  times,  and  will  thei^fore 
exceed  the  power.  The  depth  of  lift,  therefore;  must 
remain  unchanged ;  and  io  this  case  the  machine  will  be 
of  the  same  relative  strength  as  before,  independent  of  its 
own  weight.  For  the  beam  being  doubled  in  all  its 
dimensions,  its  momentum  of  cohesion  is  eight  times 
greater,  which  is  again  a  balance  for  a  quadruple  load 
acting  by  a  double  lever. — But  if  we  now  consider  the 
increase  of  the  weight  of  the  machine  itself,  which  must 
be  supported,  and  which  must  be  put  in  motion  by  the 
intervention  of  its  cohesion,  we  see  that  the  large  machine 
is  weaker  and  less  efficient  than  the  small  one. 

There  is  a  similar  limit  set  by^nature  to  the  size  of 
plants  and  animals  formed  of  the  same  matter.  The  co- 
hesion of  an  herb  could  not  support  it  if  it  were  increased 
to  the  size  of  a  tree,  nor  could  an  oak  support  itself  if  40 
or  50  times  bigger,  nor  could  an  animal  of  the  make  of  a 
long-legged  spider  be  increased  to  the  size  of  a  man  ;  the 
articulations  of  its  legs  could  not  support  it 

420.  Hence  may  be  understood  the  prodigious  superi* 
ority  of  the  small  animals  both  in  strength  and  agility* 
A  man  by  falling  twice  his  own  height  may  break  bis 
firmest  bones.  A  mouse  may  fall  20  times  its  height 
without  risk ;  and  even  the  tender  mite  or  wood-louse 
may  fall  unhurt  from  the  top  of  a  steeple.  But  their 
greatest  superiority  is  in  respect  of  nimbleness  and  agi- 
lity. A  flea  can  leap  above  500  times  its  own  length, 
while  the  strength  of  the  human  muscles  could  not  raise 
the  trunk  from  the  ground  on  limbs  of  the  same  construc- 
iBon. 

The  angular  motions  of  small  animals,  (in  which  con- 
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stats  their  nlmblenesa  or  agililj)  must  be  greater  than 
those  of  large  animala,  supposttig  tlie  force  of  the  muscu- 
lar fibre  to  be  the  same  in  both.  For  supposing  thera 
siiaitar,  the  number  of  equul  ^bres  will  be  an  the  square 
of  their  linear  dimcosioiis;  and  the  levers  by  which  they 
act  are  as  their  linear  dimensions.  The  energy  therefore 
of  the  moving  force  is  as  the  cube  of  these  dimensioiu. 
But  the  momentum  of  inertia,  or  fp  r',  is  as  the  4ili 
power:  Therefore  the  angular  velocity  of  the  greater 
nnimals  is  smaller.  The  number  of  strokes  which  a  fly 
makes  with  its  wings  in  a  second  is  astonishingly  great; 
yet,  being  voluntary,  they  are  the  efTects  of  its  agility.  - 
We  have  hitherto  confined  our  attention  to  the  sim- 
plest form  in  which  this  transverse  strain  can  be  produ- 
ced. This  was  quite  sufHcient  for  showing  us  the  mecha- 
nism of  nature  by  which  the  strain  is  resisted ;  and  a  very 
slight  attention  is  sufficient  for  enabling  us  to  reduce  to 
(his  every  other  way  in  which  the  strain  can  be  pro- 
duced. We  shall  not  take  up  the  reader's  time  with 
the  application  of  the  same  principles  to  other  cases  of 
this  strain,  but  refer  him  to  the  article  Roofs.  In 
that  article  we  have  shown  the  analogy  between  the 
strain  on  the  section  of  a  beam  projecting  from  a  wall  and 
loaded  at  the  extremity,  and  the  strain  on  the  same  see- 
tion  of  B  beam  simply  resting  on  supports  at  the  ends, 
and  loaded  at  some  intermediate  point  or  points.  The 
strain  on  the  middle  C  of  a  beam  AB  Fig.  18.  so  sup- 
ported, arising  from  a  weight  laid  on  there,  is  the  same 
with  the  strain  which  half  that  weight  hanging  at  B 
would  produce  on  the  same  section  C  if  the  other  end  of 
the  beam  were  fixed  in  a  wall.  If  therefore  1000  pounds 
hung  on  the  end  of  a  beam  projecting  10  feet  from  a  wall 
will  just  break  it  at  the  wall,  it  will  require  VX)0  pounds 
on  its  middle  to  break  the  same  beam  resting  on  two  props 
10  feet  asunder.     We  have  also  shonii  in  that  article  the 
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additional  streDgth  which  wift  be  given  to  t&i^  beam  hf 
extending  both  ends  beyond  the  |nrop»)  and  there  feamtog 
it  firmly  into  other  pillars  or  supports. 

421.  We  can  hardly  add  any  thing  to  what  has  been 
said  in  that  article,  except  a  few  observations  t>n  ;the  ef- 
fects of  the  obliquity  of  the  external  force:  We  hare 
hitherto  supposed  it  to  act  in  the  direction  BP  Fig.  A 
perpendicular  to  the  length  of  the  ^  beam.  Suppose  it  to 
act  in  the  direction  BB%  oblique  to  BA.  In  the  artide 
Roof  we  supposed  th^  strwi  to  be  the  same  as  if  the  force 
p  acted  at  the  distance  AB',  but  still  perpendicular  to 
AB :  so  it  is.  But  the  strength  of  the  section  A  A  is  not 
the  same  in  both  cases ;  for  by  the  obliquity  of  the  action 
the  piece  DCKa  is  pressed  to  the  other.  We  are  liet 
sufficiently  acquainted  with  the  corpuscular  forces  to  say 
precisely  what  will  be  the  effect  of  the  prdwure  arising 
from  this  obliquity ;  but  we  eaadeariy  see,  in  general, 
that  the  point  A,  which  in  the  instant  of  fracture  is  aei- 
ther  stretched  nor  compressed,  must  now  be  farther  up, 
or  nearer  to  D;  and  therefore  the. number  of  particles 
which  are  exerting  cohesive  forces  is  smaller,  and  there- 
fore the  strength  is  diminished.  Therefor^  when  we 
endeavour  to  proportion  the  strength  of  a  beam  to  the 
strain  arising  from  an  external  force  acting  obliquely,  we 
make  too  liberal  allowance  by  increasing  this  external 
force  in  the  ratio  of  AB  to  AB'.  We  acknowledge  our 
inability  to  assign  the  proper  correction.  But  this  cir« 
cumstance  is  of  very  great  influence.  In  many  machines, 
and  many  framings  of  carpentry,  this  oblique  action  of 
the  straining  force  is >  unavoidable;  and  the  most  enor- 
mous strains  to  which  materials  are  exposed  are  generally 
of  tliis  kind.  In  the  frames  set  up  for  carrying  the  ring- 
stones  of  arches,  it  is  hardly  possible  to  avoid  them:  for 
although  the  judicious  engifiee^  disposes  his  beams  sq  ks 
to  sustain  only  pressures  in  the  direction  of  their  lengths, 
tending  either  to  crush  tfaem^r  to  tear  them  asuinter,  it 
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fteqnmfly  Kappest  ihat»  bj  the  sttlDfly  of  Ohm*  imak^ 
ihe  piccei  come  to  check  end  beev  on  eedi  other  tan^ 
▼erseljT,  tending  to  breefc  eaeh  other  ecRMH  •  Tfaii  we 
lure  remarked  upon  in  the  article  Room^-  witik  reqiect 
to  a  tmaB  by  Mr  Price.  Now  when  a  CRNi  tftmfat  ii 
thofl  combined  with  an  enormous  preMure-tB*tfaa  diiee* 
tion  of  tlie  length  of  the  beam^  it  it  i»  the  ntmott 
danger  of  snapping  suddenly  across.  This  <  is  onei  great 
fMise  of  the  carrying  away  of  mastsi  They  are  gob* 
pressed  in  the  direction  of-  their  length  by  the  miitsd 
Jerce  of  the  shrouds,  and  in  this  state  the  transvene  afr 
tion  of  the  wind  soon  competes  the  fracture* 

4a8»  When  considering  the  compressing  atraias  te 
which. materials  are  exposed,  we  deferred  the  disenssioa 
of  the  strain  on  columns,  obsenring  that  it  was  not^  ia 
the  cases  which  usually  occur,  a  simple  compreaskmy  hit 
^  was  combined  with  a  transverse  strain,  arising  from  the 
bending  of  the  column.  When  the  column  ACS  Fig.  19. 
resting  on  the  ground  at  B,  and  loaded  at  top  with  a 
Wright  Ar  acting  in  the  vertical  direction  AB,  is  bent 
into  a  curve  ACB,  so  that  the  tangent  at  C  is  perpendi- 
cular to  the  boriaon,  its  condition  somewhat  resembles 
that  of  a  beam  firmly  fixed  between  B  and  C,  and  strong- 
ly pulled  by  the  end  A,  so  as  to  bend  it  between  C  and 
A,  Although  we  cannot  conceive  how  a  force  aoting  on 
a  straight  column  AB  in  -  the  direction  AB  can  bend  if, 
we  may  suppose  that  the  force  acted  first  in  the  horiaon- 
tal  direction  A  i,  till  it  w^  bent  to  this  degree^  and  thst 
the  rope  was  then  gradually  removed  from  the  direction 
A  &  to  the  direction  AB,  increasing  the  force  as  much 
as  is  necessary  for  preserving  the  same  quantity  of 
flexure. 

423.  The  first  author  (we  believe)  who  considered  this 
important  subject  with  scrupulous  attention  was  the^ce- 
lebrated  Euler,  who  published,  in  the  Berlin  Memoirs 
for  1767,  his  Theory  of  the  Strength  of  Columns.    Tb^ 


Btrepgtb  of  priinntioM  «Q)uiBm  is  l^.the  4iimt  qii«4nH 
plioite  ittUa  of  tbii^  4i4nf  term  a«4  the  ^r?f^  4v|itiMt«i 

r«Uo  of  their  Uiagth*.  Hf  pioaeimtfd  (Us  m$kiw\  in  the 
Feterahuitgh  Cmnmoit^ei  Tor  177A»  e9Bfiiiiiiiig  hU  kurn 
toer  theory.  W«  da  Mt  fivd  thtt  (uifr  other  iwthor  hM 
hestowed  muph  littenMoa  m  iU  ell  eeomfog  to  aeqvtfsfa 
in  the  dMenniiiiitMt  of  Euier^  and  to  fimtider  the  subft 
jeet  M  of  verf  great  difficuhy,  roqHuriiig  the  lyiplieetioii 
of  the  moit  refined  miithematifst.  Mnedienbroelc  hot 
iDompand  the  tb^j  with  esperiment ;  but  the  c9Ri|N|n 
rison  bpM  been  virjr  unaatisfiictory,  the  diflforenoe  from 
the  theory  being  wo  enonnoos  aa  to  afford  no  argument 
for  its  jnstneta.  But  the  e&porimente  do  not  eontcadiel 
it»  fiir  they  are  io  anomalous  aa  to  aflbrd  no  eonclutioii 
or  general  rule  trhalerer. 

To  lay  the  tnith»  the  theory  ean  be  itnttidered  in  M 
other  |i|^t  than  as  o  spedmen  of  ingenioua  and  tnry  art* 
ftti  algebraie  analy^  Euliv  was  uaqueationaUy  ib$  first 
analyst  in  Europe  fnr  nsomnce  and  addness.  Bo  knov 
this,  and  enjoyed  his  soperbrity,  and  without  icmidf 
admitted  any  pbjrsic^  assuniptions  whi^i  gare  him  an 
opportunity  of  dispkying  his  sfcilL  Tlio  inconsistenoy 
ot*  his  assumptiiMis  with  the  known  laws  of  mechanism 
gave  him  no  opneom  ;  and  when  his  algebfoic  processes 
led  liim  to  any  conclusion  which  would  make  his  readorf 
stare,  being  contrary  to  all  our  usual  notions,  he  frank^ 
pwned  the  paradox,  but  went  on  in  his  analysis,  safiogt 
*^  Sed  anafyii  magi$  JitimiumT  Mr  Asbios  has  gives 
some  v^  risible  instances  of  this  confidence  in  hie  anor 
lysis.  Nay,  so  fond  was  he  of  this  kind  of  aniusementt 
that,  after  having  published  an  untenaUe  Tbeoiy  of  l^ight 
end  Coloursi  he  puUbhed  several  meinoirs»  explaining 
the  aberration  of  the  heav^y  bodiesi  and  dodocing  soino 
very  wonderful  consequences,  fully  confirmed  bjT  tJ^lh 
rience,  fimn  the  M^wtonian  principlest  which  wem  (qipOv 

VOL.  I.  So 


46(^  STEBNGTU  OP  MATBHULS; 

Ate  and  totally  inconsisteiit  with  his  own  theory,  tnereff 
because  the  Newtonian  theory  gave  him  ^*  oeetuionem  ama^ 
fyeeoe  pnmwenda,'^  We  are  thus  severe  in  our  observa* 
tions,  because  his  theory  of  the  strength  of  columni  is 
one  of  the  strongest  instances  of  this  wanton  kind  of 
proceeding,  and  because  his  followers  in  the  Academy  of 
St  Fetersburgh,  such  as  Mr  Fuss,  Lezell,  and  others, 
adopt  his  conclusions^  and  merely  echo  his  words.  We 
are  not  a  little  surprised  to  see  Mr  Emerson,  a  consido:- 
abie  mathematician,  and  a  man  of  very  independent 
spirit,  hastily  adopting  the  same  theory,  of  which  we 
doubt  not  but  our  readers  will  easily  see  the  falsity. 

Euler  considers  the  column  ACB  Fig.  19.  as  in  a  condi- 
tion precisely  similar  to  that  of  an  elastic  rod  bent  into  the 
curve  by  a  cord  AB  connecting  its  extremities.  In  this  he 
is  not  mistaken.  But  he  then  draws  CD  perpendicular  to 
'AB,  and  considers  the  strain  on  the  section  C  as  equal  to 
the  momentum  or  mechanical  energy  of  the  weight  A 
acting  in  the  direction  DB  upon  the  lever  «  c  D,  mofe- 
able  round  the  fulcrum  c,  and  tending  to  tear  asunder  the 
particles  which  cohere  along  the  section  c  C  «.  This  b 
the  same  principle  (as  Euler  admits)  employed  by  James 
Bernoulli  in  his  investigation  of  the  elastic  curve  ACB» 
Euler  considers  the  strain  on  the  section  c  »  as  the  same 
with  what  it  would  sustain  if  the  same  power  acted  in 
tHe  horizontal  direction  £F  on  a  point  E  as  far  removed 
ffpm  C  as  the  point  D  is.  We  have  reasoned  in  the  same 
manner  (as  has  been  observed)  in  the  article  Roofs, 
where  the  obliquity  of  action  was  inconsiderable.  But  in 
the  present  case,  this  substitution  leads  to  the  greatest 
mistakes,  and  has  rendered  the  whole  of  this  theory  false 
and  useless.  It  would  be  just  if  the  column  were  of  ma- 
terials which  are  incompressible.  But  it  is  evident,  from 
what  has  been  said  above,  that  by  the  compression  of  the 
parts  th^  real  fulcrum  of  the  lever  shifts  away  from  the 

ii|t  c,  so  much  the  more  as  the  compression  is  greater. 


^ 


ISTKBNGtH  pF  MAtJEHlAlJi;  ^Bf" 

tn  the  grest  tompreMioot  of  loaded  columns^'. and  thft! 
almost  immeasurable  coihpressioiis  of  the  tnisi  beams  ui 
the  centres  of  bridges,  and  otheif  cases  of  chief  imports 
ance,  the  fiilcrum  is  shifted  far  over  towards  n,  so  thai 
▼erjr  few  fibres  resist  tlie  fracture  by  thrir  cohesion ;  and 
these  few  hare  a  yerjr  feeble  energj  Or  momentum,  ov 
aiicount  of  the  short  arm  of  the  lever  by  which  thcj  act^. 
This  is  a  most  important  consideration  in  carpentiy^  yet: 
it  makes  no  elenient  V>f  Eulet^s  theory.  The  consequencd. 
of  this  is^  that  a  very  small  degree  of  curvature  is  stiffly 
cient  to  cause  the  column  <ir  strutt  to  snap  in  an  instant^ 
as  is  well  known  to  every  aperienoed  carpenter.  The 
experiment  by  Muschenbrotk,  which  Euler  makes  use  of- 
in  order  to  obtain  .a  measure  of'  strength  in.  a  particular 
instance,  from  which  he  might  deduce  all  others  by  hia 
theorem,  is  an  incontestible  proof  of  thisi  The  force 
which  broke  the  column  is  not  the  twentieth  part  of  what 
is  necessary  for  breaking*,  it  liy  iacting  at  E  inthe  idired* 
tion  EF. '  Euler  takes  no  notke  of  this  immense  disere^ 
palbcy,  because  it  must  have  caused  him  to  abandon  the 
speculation  with  which  he  .was.  then  amesing  himself^ 

4S4.  We  cannot  find  room  at  pftsent  to  enter  minute* 
ly  upon  the  refutation  of  this  theorf;  but  we  can  easily 
show  its  uselessness,  by  its  total  inconsistency  with  cook 
mon  observation*  It  results  legitimati^ly  from  this  theory^ 
that  if  CD  have  no  magnitude,  the  weight  A  can  hatei 
no  momentum,  and  the  column  Cannot  be  broken.  Tnie» 
it  cdnnot  be  broken  in  this  wa/,  snapped  by  a.  trans^, 
verse  fracture,  if  it  do  not  bend  ;  but. we  know  very  wett 
that  it  can  be  crlislied  or  crippled,  and  we  see  this  fre* 
quently  happen^  This  circumstance  or  event  does  nol^ 
enter  into  Euler^s  investigation,  and  therefore  the  theory^ 
is  imperfect  at  least,  and  useless.  Had  this  crippling  been: 
introduced  in  the  form  of  a  physical  assumption,  every* 
topic  of  reasoning  employed  in  the  process  must  havi) 
been  laid  aside,  «s  the  iptelligent  reader  will  eviljT  >^« 


16S  STIBNGTH  OP  H  ATEHIALS.' 

Bot  Che  tbeorjr  is  not  only  imperfect,  but  fSeiMe*  Tbe  ar^ 
dipaiy  reader  wtU  be  eonTinced  of  thii  by  another  le* 
giliiiiate  eonsequenoe  of  it.  Fig.  20.  is  the  same  with 
Kg.  106.  of  EmersotCs  AftAauieSf  where  this  subject  ii^ 
treated  on  Euler^s  prineiples,  and  represents  a  erooked 
piece  of  matter  resting  on  the  ground  at  F,  and  loaded  at 
A  with  a  wagfat  acting  in  the  vertical  direction  AF.  It 
icaults  from  EulerVi  theory  that  the  strains  at  A,  B,  D^ 
Ey  he.  are  as  i  cj  BC,  DI,  EK,  be  Therefore  the  strains 
at  6  and  H  are  nothing ;  and  this  is  asserted  by  Emer- 
son and  Euler  as  a  serious  truth ;  and  the  piece  may  km 
thinned  ad  infinitum  in  these  two  places,  or  even  cut 
through,  without  any  diminution  of  its  strtogth.  The 
absurdity  of  this  assertion  strikes  at  first  hearing,  Euler 
asserts  the  same  thing  with  respect  to  a  point  of  contrary 
flexure.    Farther  discusMon  b,  we  apprehend,  needless. 

425.  Thie  theory  must  therefore  be  given  upw  Yei 
these  dissertations  of  Euler  in  the  Petersburgh  Comment 
taries  deserve  a  perusal,  both  as  very  ingenious  specimens 
of  analysis,  and  because  they  contain  maxims  of  practice 
which  are  important  Although  they  give  an  erroneous 
measure  of  the  comparative  strength  of  columns,  they 
^ow  the^  immense  importance  of  preventing  all  bendings, 
and  point  out  with  accuracy  where  the  tendencies  to  bend 
are  greatest,  and  how  this  may  be  prevented  by  very 
small  forces,  and  what  a  prodigious  accession  of  force 
this  gives  the  column.  There  is  a  valuable  paper  in  the 
same  volume  by  Fuss  an  the  Strains  oa  framtd  Carpentry^ 
which  may  also  be  read  with  advantage. 

426.  It  will  now  be  asked,  what  shall  be  substituted  in 
place  of  this  erroneous  theory  ?  What  is  the  true  propor- 
tion of  the  strength  of  columns  ?  We  acknowledge  our 
inability  to  give  a  satisfactory  answer.  Such  can  be  ob* 
tained  only  by  a  previous  knowledge  of  the  proportion 
between  the  extensions  and  compressions  produced  by 
e^ual. forces,  by  tbe  knowledge  of  the  absolute  compres^ 


•ions  producible  by  a  given  force,  aiid  b/  a  knowledge  of 
the  degne  of  tbal  denmgement  of  perte  wUok  b  tennedl 
crippling.  These  eireemslencee  ere  hot  hnperfeqtj!^ 
knovm  to  Us,  and  there  lies  before  ns  a  wide.fleld  of  ei^ 
perimental  iaqnirj.  S^ortonately  the  flone  leqiiiske  for 
crippling  a  beam  is  prodigious,  and  a  very  smaB  latetal 
support  is  sufficient  to  pverent  that  bending  which  puts 
the  beam  in  imminent  dangtr.  A  judicions  efigtneer  if  ill 
always  employ  transverse  bridles,  as  they  ai^caOed,  to 
stay  the  middle  of  long  beaess,  which  ire  employed  ae 
piOars,  strotts,  or  truss  beams,  and  are  ea^posed,  by  thjeir 
position,  to  enormous  pressures  in  fke  ^Krectton  of  Ussir 
lengths.  Such  stays  may  be  observed^  disposed  with 
great  judgment  and  economy,  fai  the  centM  employed 
by  Mr  Perronet  in  the  erection  of  his  great  stone  ai;cbes. 
He  was  obliged  to  correct  thb  omisdon  made  by  his  In- 
genious '  predecessor  in  Ae  beautiful  oeiitita  b^  the  bridge 
of  Orleans, '  which  we  have  no  heskataoli  m  affirming;  to 
be  the  finest  piece  of  carpentiy  in  the  wof  Id^ 

It  only  reHMins  on  tMs  beid  to  cinq^ate  4hes^  tbeore* 
iicel  deductions  with  eaperiment  » 

427.  Experiments  on  the  trwsvene  strength  of  bodies 
are  easily  made,  and  accondiagly  sM  vety  nimetolis, 
especially  those  made  on  timber,  which  is  the  case  most 
common  and  most  inter^tiag»  But  in  this  greai  num- 
ber of  ezperimeab  there  are  very  few  from  which  we  ean 
draw  much  practical  iafonpation.  The  elqperhnents  h^ve 
in  general  been  made  on  sueh  small  scsntlings,  tkat  the 
unavoidable  natural  inequalities  beir  too  gtMt  i  |Mptir- 
tion  to  the  strength  of  the  whde  piece.  Accordingly, 
when  we  compare  the  experiments  of  different  aothflirs, 
we  find  them  difer  enormously,  and  even  the  experi- 
ments by  the  same  author  are  very  anomalous.  _  l^e 
completest  series  that  we  have  yet  seen  is  that  detailed 
by  Belidor  in  his  Sdemt  dulngmnmt.  Thqr'are  ttn- 
tainedin  the  M^minK.  table,    Tiie  picees  ifrere' apuiid» 
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ereD-gnuned  oak.  The  column  b  coDtains  the  breads 
ai  the  pieces  in  inchea ;  the  column  d  contaim  Uwir 
depths ;  the  column  /  contaios  their  lengths ;  column  p 
eoDtains  the  weights  (in  pounds)  which  broke  them  when 
hung  on  their  middles ;  and  n  is  tbe  column  of  aTcragei 
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The  ends  lying  looao. 
The  ends  finnl^  fixed* 


428.  By  comparing   Experiments   1st    and  3d,    the 
itl^Dgth  appears  proportional  to  the  breadth. 
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' '  ExperitoeDts  3d  and  4Ui  shew  the  strength  propor* 
tional  to  Ihe  square  of  the  depth. 

Ezperimeiits  1st  ud  6th  ^ew  the  strei^th  nearly  in 
the  inverse  proportioB  of  the  lengths^  but  with  a  sensible 
in  the  longer  pieces* 

6th  and  7th  shew  the  rtrengths  prD|K)r- 
tional  to  the  breadths,  and  the  square  of  the  depth. 

Experiments  1st  and  7th  shew  the  same  things  cwi'* 
pounded  with  the  inverse  proportion  of  the  length:  the 
deficiencj  relative  to  the  length  is  not  so  lemaricable 
•bere. 

Experiments  1st  and  2d»  and  experiments  5th  and  eth, 
shew  the  increase  of  strength,  by  fastening  the  ends,  to 
l)e  in  the  proportion  of '2  to  3.  The  theory  gives  the 
proportion  of  2  to  4.  But  a  difference  in  the  manner  of 
fixing  may  produce  this  deviation  from  the  theory,  which 
.  only  supposed  tbem  to  be  held  down  at  places  beyond 
the  props,  as  when  a  joist  is  held  in  the  walls,  and  also 
rests  on  two  pillars  between  the  walls.  (See  what  b  aaid 
on  this  subject  under  the  article  Roof.) 

The  chief  source  of  irregularity  in  such  experiments  is 
the  fibrous,  or  rather  plated  texture  t»f  timber.  It  coin 
sists  of  annual  additions,  whose  cohesion  with  each  other 
is  vastly  weaker  than  that  of  their  own  fibres.  Let  Fjg. 
.21.  represent  the  section  of  a  trc«,  and  ABCD,  /ih  ed 
the  section  of  two  battens  that  are  to  be  cut  out  of  it  for 
experiment,  and  let  AD  ^md  ad  be  the  depths,  and  DC, 
d  c  the  breadUis.  The  batten  ABCD  will  be  the  strong- 
est, for  the  same  reason  that  an  assemblage  of  plankv  set 
edgewise  will  form  a  stronger  joist  than  planks  laid  above 
each  other  like  the  plates  of  a  coach-spring..  Mr  Buffbn 
found  by  many  trials  that  the  strength  of  ABCD  was  to 
that  of  id  ft  c  d  (in  oak)  nearly  as  8  to  7.  The  authors  of 
.the  different  experiments  were  not  careful  that  their,  bat- 
tens had  their  plates  all  disposed  similarly  with  respec)^ 
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Id  the  striiili.  BiH  eveii  with  this  (MttiitiM.tiqr  wiuU 
not  bsTe  afforded  rare  grbtHUb  df  MttipittfttiM  ft#  kttgfc 
'  Wdrks ;  for  gMit  brains  dcduflj  nIttriM  If  iMIk  Iht  witok, 
«f  thl§  sMibii  of  (he  trM  3  taU  (hM  thii  H  he*  iMypenfed 
that  their  strength  is  less  Uliui  ih  pit^pBtAkkio  tiMit  ^f  a 
HMll  liktti  4M*  iMttM^:  Ih  shdrt,  #e  Ml  tHM  lid  Hperi- 
ments  bllt  fttr^h  lul  hiir^  bMi  dUmM  «  llil|;«  iMwii. 
Thfese  ihvftt  iMs  vftrf  rai^  for  tttSj  ai^  IMM  ttpUuve 
Ud  hilwribiis,  and  exceed  the  AMKties  bf  IMit  0^  tlWfe 
tirho  ere  dis|)6sM  to  #tiidy  this  nktter. 

But  we  are  not  wholly  without  sueh  authoritj.  Ifr 
ftaffbn  and  Mir  Du  H^kmel,  two  of  the  fim  j^oaa^ers 
ind  mechatiiMiis  of  the  age»  tAhei^  directed  hj,pmtk- 
ttedt  tb  make  exjierknents  dn  thb  tfnbjeet^  ittd  irte%  si^ 
yiied  WiUi  afnple  Atnd^  ttd  apikurattift.  Hie  irellitiiNi  of 
tteif  ezperikbeiits  ik  to  beibund  III  ibt  Mttwinnf  ills 
li^rendi  Acadtaijr  fdr  1740, 1741^  174t,  ll96\  Hk  alidiii 
Xhi  HaineTs  taloabte  [[^MbHnikncte  Mt  rEupkOoHm  iH 
jtfiftBf  ct  Mh  fa Cofte^HxilfitHI  M  k  MrUtUpori  dt  B(0i$i  W^ 
eamestlj  reeommtod  these  diskerUitions  td  the  perttUtl  of 
our  readers,  as  containing  ihitch  useful  information  rela- 
tive to  the  strength  of  titnber,  and  the  best  nethckk  M* 
etnploying  it  We  shall  here  gire  An  abstlriN^t  Of  Mr  Baf- 
fen^s  experiments. 

429.  He  relates  a  ifreat  number  which  he  had  prose- 
cuted during  t#6  years  on  sbiall  battens.  He  found  thiAt 
tiie  odds  of  a  single  tay^,  or  part  of  a  lay^l*,  more  or 
less,  or  even  a  different  disposition  of  thetti^  had  such  ill* 
iluence  that  he  was  obliged  to  abatidon  this  method,  imd 
to  have  recourse  to  the  iai^t  beams  thl^t  he  was  a(ble  to 
break.  The  ftdiowlhg  table  exhibit!  one  series  of  expe- 
riinents  on  bars  of  soobd  oak,  clear  of  knots,  and  four 
inches  square.    This  is  a  specimen  of  all  the  rest. 

(Column  Ist  is  the  length  of  the  bat  in  feet  clear  b^ 
tween  the  supports 


Column  2d  is  the  weight  of  the  bar  (the  second  day 
hSier  it  was  ftlled)  in  pdunds.  Tviro  bars  were  tried  of 
each  length.  Endi  of  the  first  th^ee  paini  consisted  of 
two  cuts  of  the  same  tr^.  The  ohe  fciext  the  root  was 
always  found  the  heaviest,  stifTest)  and  strongest.  In- 
deed Mr  BuftTon  ^js  Ihdt  this  was  invariably  true,  that 
the  heaviest  was  nhrsjk  the  Strongest;  ahd  he  recom« 
mends  it  as  a  cettliitk  tr  iute  tnie  tbt  %hii  choice  of  tim- 
ber.  He  finds  th4t  this  is  always  the  ease  #hen  the  Urn* 
ber  has  grown  vigoi'ously,  formin|r  Verjr  thidk  annual  lay. 
ers.  But  he  also  oteertes  that  this  is  only  during  the 
advances  of  the  tree  ta  maturity ;  fbr  the  strength  of 
the  different  circles  approaches  gradulilly  tb  equality  du- 
ring the  tree^s  healthy  growth,  and  then  it  decays  in  these 
-parts  iii  a  contrary  ordeh  Our  loohaAk^rs  assert  the 
same  thing  with  respect  t6  beech  i  yet  4  contrary  opinkm 
is  Vi^  previkiit;  and  Wood  with  a  fine,  that  is^  a  anidi 
grain,  is  frequentljr  |)rtf erred.  Perhape  na  peradi  btti 
ever  made  the  trial  wilh  slich  fdintMeiicta  aa  Mr  Bafibai^ 
and  we  think  that  much  defereniee  is  jdaa  to  his  opi- 
nion. 

Column  3d  is  the  number  of  pott&da  neci^alaiy  for 
breaking  the  tree  in  the  course  ef  ti  few  mla«tefl. 

Column  4th  is  the  inches  which  it  bedt  dotvn  befbre 
breaking. 

Coluhui  5th  is  die  ttfitfe  bt  iHlkh  it  bfoke. 
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The  esperiments  on  other  sisei  were  made  in  the 
maj.  A  pair  at  leaat  of  each  length  and  aise  wai  tdkoi 
The  mean  results  are  contained  in  the  following  tahk. 
The  beams  were  all  square,  and  their  sijws  in  indies  at 
placed  at  the  bead  <ji  the  colamns,  and  jtbeir  lengths  it 
•leet  are  in  the  first  column. 
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Mr  BufTon  had  found  hj  numerous  trials  that  oak-tim- 
ber lost  much  of  its  strength  in  the  course  of  drjing  or 
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seasoning;  and  therefore,  in  order  to  secure  unifornditj?^ 
his  trees  were  ail  felled  in  the  same  season  of  the  year, 
were  squared  the  day  after,  and  tried  the  third  day.  Try- 
ing them  in  this  green  state  gave  him  an  opportunity  of 
observing  a  very  carious  and  unaccountable  phenomenon. 
When  the  weights  were  laid  briskly  on,  nearly  sufficient 
to  break  the  log,  a  very  sensible  smoke  was  observed  to 
issue  from  the  two  ends  with  a  sharp  hissing  noise.  Thia 
continued  all  the  while  the  tree  was  bending  and  crack- 
ing.  This  shows  that  the  log  is  affected  or  strained 
through  its  whole  length ;  indeed  this  must  be  inferred 
from  its  bending  through  its  whole  length.  It  also  shows 
fis  the  great  effects  of  the  compression.  It  is  a  pity  Mr 
fiuffon  did  not  take  notice  whether  this  smoke  issued 
from  the  upper  or  compressed  half  of  the  section  only^  or 
whether  it  came  from  the  wholcv 

430.  We  must  now  make  some  observations  on  these 
(experiments,  in  order  to  compare  them  with  the  theory 

which  we  have  endeavoured  to  establish. 

> 

Mr  Buffon  considers  the  experiments  with  the  $  inch 
bars  as  the  standard  of  comparison,  having  both  extended 
these  to  greater  lengths,  and  haviag  tried  more  pieces  of 
each,  length. 

Our  theory  determines  the  relative  strength  of  bars  of 
the  same  section  to  be  inversely  as  their  lengths.  But 
(if  We  except  the  6ve  experiments  in  the  first  column) 
we  find  a  very  great  deviation  from  this  rule.  Thus  the 
5-inch  bar  of  28  feet  long  should  have  half  the  str^igth 
of  that  of  14  feet,  or  26&0 ;  whereas  it  is  but  1775.  The 
bar  of  14  feet  should  have  half  the  strength  of  that  of  7 
feet,  or  5762 ;  whereas  it  is  but  5900.  In  like  manner, 
the  fourth  of  11525  is  2881 ;  but  die  real  strength  of  the 
fiS  feet  bar  is  1775.  We  hare  added  a  column  A,  which 
£:fchibits  the  strength  which  each  of  the  5-inch  bars  ought 
to  have  by  the  theory.  This  deviation  is  most  distinctly 
i^ep  in  Fig.  29*  where  BK  is  the  jicale  of  lengths,  B  beii^ 


47ft  fnumttf  or  uatnuMm 

it  th6  poiiit  7  of  tiM  teak  tuid  K  st  flt.    Tlia 

CBIs  tt  llfitS^  ind  tbt  lyther  ordiiMlif  IXEy  OXf  Iml 

7  CB 
are  respectively  =  f^l^iih '    ^^  '"'^  ^^'  ^^'  '^  ''* 

mtile  3±i  MfiO,  1775,  Iw.  cKpreidiig- the  atyMgtIii  giMi 
tijr  ezpMirieiit.  The  10 ftet  bar  sad  the  M  ftcl  Imrm 
YMiafkaMy  anoiiialmn.  fiat  all  are  d«fieie»t»  «ad  tift 
lleftct  has  aa  erideAt  progretrim  firoiti  the  flM  ta  tin 
test  Hie  tame  thiag  may  be  Aown  of-tha  Mirtr  «i» 
iMlfM,  ahd  erM  of  the  flrit,  tfaeugh  H  b  TSff  aattB  ia 
ihat  eolitmn.  It  miy  abo  b^  dbeerved  in  thfe  eapai'lMMli 
of  Belidor,  and  in  all  that  we  have  eeen^  Wo  eaaaal 
doubt  thei^ore  of  it«  beittg  a  law  of  notoro^  dapMdiag 
on  the  troe  princifrfes  of  eohesioo,  acid  the  him^  of  wm^ 
ehaatc^ 

Bat  it  ie  rery  paxaling,  aad  we  eanflot  pretend  to  ghn 
t  iotttfilctoijr  nplMation  of  the  dUBeOlty.  The  oiAfit^ 
fieiei  which  we  can  eonceite  the  length  of  a  betta  t«lwp% 
18  to  increase  the  strain  at  the  seetkm  of  flraotttfo  by.Mi^ 
ploying  the  intenrening  beam  as  a  lever^  Bot  we  do  not 
distinctly  see  what  change  this  can  fnrodace  in  the  madt 
of  action  of  the  fibres  in  this  section,  so  as  either  to  ebMigt 
their  cohesion  or  the  place  of  its  centre  of  eflfbvt:  yet 
aemethiog  of  this  kind  mast  happen. 

We  l«e  indeed  some  circumstances  which  most  oontiik 
bote  to  make  a  smaller  weight  sufficient^  in  Mr  Bnflba^ 
%xperiiiients,  to  break  a  long  beam  than  in  the  etect  i» 
verse  proportion  of  its  lengths 

In  the  first  place,  the  weight  of  the  beaaoi  itsetf  ong^ 
ments  the  strain  as  much  as  if  half  of  it  were  added  a  the 
form  of  a  weight.  Mr  Bufibn  has  given  the  weights  ef 
every  beam  on  which  he  made  experiments,  which  is  vcfy 
nearly  74  pounds  per  cubic  foot.  But  they  are  much  loO 
small  to  accouot  fbr  the  deviation  from  the  theory*  The 
half  woghts  of  the  5-inch  beams  of  7,  14v  and  88  feet 
Irogth  are  ofily  46^  91^  and  IM  pounds ;  ^  which 
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ths  real  strdn^  in  the  experiaeiita  11560,  fiSSO,  and 
I0S6 ;  which  are  far  bma  having  the  proportioaa  of  4^  2^ 
and  1. 

Buffon  8a7§  that  healthy  trees  are  univeraallj  rtrongest 
at  the  root  ead ;  therefore  when  we  use  a  longer  beaai» 
its  middle  point,  where  it  is  broken  in  the  esqierimentt  is 
10  a  weaker  part  of  the  tree.  But  the  trials  of  the  4-inek 
beams  show  that  the  difference  from  this  cause  is  almost 
iasensibfe. 

The  length  must  have  tome  mechanical  ioflueace  which 
the  theory  we  have  adopted  has  not  yet  explained.  It 
may  not  however  be  inadequate  to  the  task.  The  vety 
ingenious  investigation  of  the  elastic  curve,  by  James  Berw 
oouUi  and  other  celebrated  mathematicians,  is  perhaps  aa 
refined  an  application  of  mathematical  analysis  bb  we 
know.  Yet  in  this  investigation  it  was  necessary,  in 
#rder  to  avoid  almost  insuperable  difficulties,  to  take  tha 
simplest  possiUe  case,  vis.  where  the  thickness  is  exceeds 
ingly  small  in  comparison  with  the  lengtL  If  the  thick* 
ness  be  considerable,  the  quantities  n^lected  in  the  ealc»v 
lus  are  too  great  to  permit  the  conclusion  to  be  accurate, 
or  very  nearly  so.  Without  being  aUe  to  define  the  form 
into  which  an  elastic  body  of  considerable  thickness  will 
be  bent,  we  can  say  with  confidence,  that  i^  an  extreme 
efo^j  where  the  oempression  in  the  concave  side  b  very 
great,  the  curvature  diffiers  considerably  from  the  Bernoul^ 
Uan  curve.  But,  as  our  investigation  is  incompl^  and 
very  long,  we  do  not  offer  it  to  the  reader. 

43] .  The  following  more  familiar  considerations  will, 
we  apprehend,  render  it  highly  probable  that  the  relative 
strength  of  beams  decreases  faster  tl^ui  in  the  inverse 
ratio  of  their  length.  The  curious  observation  by  Mjp 
Buffon  of  Uie  vapour  which  issued  with  a  hissing  noise 
irom  the  ends  of  a  beam  of  green  oak,  while  it  was  break* 
ing  by  the  load  on  its  middle,  shows  that  the  whole  length 
of  the  piece  was  affe^ed;.  JAde^d  it  must  ^^  since  H^  h 
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bent  throughout*  We  hare  shown  abore^  that  a  ctftiuP 
definite  curvature  of  a  beam  of  a  given  form  is  alwajs'ae' 
companied  by  rupture.  Now  suppose  the  beam  A  of  1& 
feet  long^  and  the  beam  B  of  SO  feet  long,  bent  to  the 
lame  degree,  at  the  plaeeof  their  fixture  in  the  wall ;  the 
weight  which  hangs  on  A  is  nearly  double  of  tbat  which 
must  hang  on  B.  The  form  of  any  portion,  snppaae  i 
feet,  of  these  two  beams,  immediately  adjoining  to  the 
wall,  is  considerably  different.  At  the  distance  of  6  feet 
the  curvature  of  A  is  i  of  its  curvature  at  the  wall.  The 
curvature  of  B  in  the  corresponding  point  is  fths  of  thc 
same  curvature  at  the  wail.  Through  the  whole  of  tba 
intermediate  6  feet,  therefore,  the  curvature  of  B  is  greateP 
than  that  of  A.  This  must  make  it  weaker  thronghostr 
It  must  occasion  the  fibres  to  slide  more  on  each  other 
(that  it  may  acquire  this  greater  curvature),  and  thoa 
affect  their  lateral  union ;  and  therefore  those  which  are 
stronger  will  not  assist  their  weaker  neighbours.  To  this 
we  must  add,  that  in  the  shorter  beams  the  force  witk 
which  the  fibres  are  pressed  laterally  on  each  other  ia 
double.  This  must  impede  the  mutual  sliding  of  the  fibres 
which  we  mentioned  a  little  ago ;  nay,  this  lateral  com« 
pression  may  change  the  law  of  longitudinal  cohesion  (as 
will  readily  appear  to  the  reader  who  is  acquainted  with 
Boscovich'^s  doctrines),  and  increase  the  strength  of  the 
very  surface  of  fracture,  in  the  same  way,  however  inex* 
plicable,  as  it  does  in  metals  when  they  are  hammered  or 
drawn  into  wire. 

The  reader  must  judge  how  far  these  remarks  are  worthy 
of  his  attention.  The  engineer  will  carefidly  keep  in  mind 
the  important  fact,  that  a  beam  of  quadruple  length,  in-> 
stead  of  having  ^th  of  the  strength,  has  only  about  ^th  ;• 
and  the  philosopher  should  endeavour  to  discover  the  cause 
of  this  diminution,  that  he  may  give  the  artist  a  more  ac- 
curate rule  of  computation. 

432.  Our  ignorance  of  the  law  by  which  the  cohesion 
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of  the  particles  changes  by  a  change  of  distance^  hinders 
lis  from  discovering  the  precise  relation  between  the  cur^ 
▼ature  and  the  momentum  of  cohesion ;  and  all  we  can  dof 
is  to  multiplj  experiments,  upon  which  we  ouKf  eilablith  ^ 
some  empirical  rules  for  calculating  the  stCiBglh  of  solids. 
Those  from  which  we  must  reason  al  present  are  too  ttm 
and  too  anomalous  to  be  the  fimadatioA  of  such  an  emju- 
rical  formula.  We  mmf^  howerer,  observe,  that  Mr  Bu£> 
fon^s  experimei^  give  us  considerable  assistance  in  this 
pattieulflr :  For  if  to  each  of  the  numbers  of  the  column 
for  the  &*uieh  beams,  corrected  by  adding  half  the  weight 
of  the  beam,  we  add  the  constant,  number  1245,  we  shall 
have  a  set  of  numbers  which  are  very  nearly  reciprocals,  of 
the  lengths.  Let  1845  be  called  c,  and  let  the  weight 
which  is  known  by  experiment  to  be  necessary  for  break- 
ing the  5-inch  beam  of  the  length  a  be  called  P.    Wo 

shall  have -. —  c  =  p.    Thus  the  weight  neces* 

•ary  for  breaking  the  7-foot  bar  is  11560.    This  added 


to  1245,  and  the  sum  multiplied  by  7,  gives  P+cxa=i 

89635.    Let  /  be  18 ;  then  ^^^  —  1245  =  3725,  =p, 

which  diiSfers  not  more  than  ,\^th  from  what  experiment 
gives  us.  This  rule  holds  equally  well  in  all  the  other 
lengths  except  the  10  and  24  foot  beams,  which  are  very 
anomalous.  Such  a  formula  is  abundantly  exact  for  prac- 
tice, and  will  answer  through  a  much  greater  variety  of 
length,  though  it  cannot  be  admitted  as  a  true  one ;  be« 
cause,  in  a  certain  very  great  length,  tiie  strength  will  be 
nothing.  For  other  sixes  the  constant  number  must 
change  in  the  proportion  of  d',  or  perhaps  of  j^. 

433.  The  next  comparison  which  we  have  to  make  with 
the  theory  is  the  relation  between  the  strength  and  the 
square  of  the  depth  of  the  section.  This  is  made  by  com* 
paring  with  aach  other  tb#  numbers  in, any  horizontal 


KnortheteUe.  In  pafctog  tliii  B^|MriiM  wm^mkJki 
suniiitn  of  tke  Jkiaoh  ban  naifannlf  tgnstar  tkiBitlt 
vwt.  W«  ioiagiiie  that  there  is  ImmatMag  ftrnHwr  tt 
tbfMlMn:  T^  «m  in  geMiml  liMvfav  tlMii  Jii  IIm  !*•» 
pbrtioa  •f  Ibtn*  moUob^  ImI  koI  io  niiicb  m  t^'wdklnft 
fiftr  all  their  Miperi^iilT.  Weimagtaa  that  tiui  ailaf  eo»* 
pqwieots,  intendttd  aa  a  atandavd  fbr  tha  ratty  km 
BMde  at  one  time,  and  that  die  setaon  haa  had  a 
able  iafluenoe.  The  fact  hovrerer  is,  that  if  Ah| 
ha  kcft  aat,  ar  the  aamheia  whieh  repreteat  thaatraaglfci 
be  nnifonnly  diminished  abeut  ^tbf  the  fiflarant  aiaM 
will  deriata  veFy  little  from  the  ratio  of  tba  aqnara  if 
the  daptih  as  detennined  by  theory.  Thene  ia,  hoaraaa^ 
aenall  defidenoy  in  the  larger  beams* 
-  Wa  hare  been  thus  aaxious  in. the  eiqaniaatioii  af 'thase 
azperimentSy  beeanse  ti^y  are  the  oaly  anaa  which  hift 
been  related  in  sufficient  detail,  and-  ma4^'  an  a  pnmr 
tade  for  gtring  ns  data  from  whIeh  we  c^n  deduce  enafr 
(jhailiiJ  maxims  for  pryu:Uqs..  '|'l|ey  ^re  ao  trouWeajmif 
and  expensive  that  we  hare  little  hopes  of  seeing  their 
number  greatly  increased ;  yet  surely  our  navy  board  wOuld 
do  an  unspeakable  service  to  the  ptibliq  by  appropriatiag  § 
fund  for  such  experiments  under  the  management  of  some 
nan  of  science. 

434.  There  remains  another  comparison,  which  is  of 
chief  importance,  namely,  the  proportion  between  the  li* 
soLUTB  eoHBsioH  and  the  relativb  strbmoth.  It  may  be 
guessed,  from  the  very  nature  of  the  thing,  that  this  must 
be  very  uncertain.  Experiments  on  the  absolute  strength 
must  be  confined  to  very  small  pieces,  by  reason  of  the 
very'  great  forces  whieh  are  required  for  tearing  them 
asunder.  The  values  therefore  deduced  from  them  must 
be  subject  to  great  inequalities.  Unfortunately  we  have 
got  no  detail  of  any  experiments ;  all  that  we  have  to  de- 
pend on  is  two  passages  of  Muschenbroek^s  Essaia  de  Ph/^ 
9ijue ;  in  onie  of  whieh  he  says^  that  a  piece  of  souad  oak 
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iV^^hs  of  an  inch  aqnare  b  torn  asuDder  by  1  IfiQ  pounds ; 
and  in  tbe  other,  that  an  oak  plank  12  inches  broad  and  1 
thick  will  just  suspend  189,163  pounds*  These  give  for 
the  cohesion  of  an  inch  square  15,755  and  15^763  pounds. 
Bouguer,  in  his  Traitef  iu  Nanirt^  says,  that  it  is  very  Well 
known  that  a  rod  of  sound  oak  |th  of  an  inch  square 
will  be  torn  asunder  by  lOOO  pounds.  This  gives  16,000 
for  the  cohesion  of  a  square  inch.  We  shall  take  this  as  a 
round  number,  easily  used  in  our  computations.  Let  Uf 
compare  this  with  Mr  Buffbn^s  trials  of  beams  four  inches 
Square, 

The  absolute  cohesion  of  this  section  is  16,000  x  16  =: 
856,000.  Did  every  fibre  exert  H9  whole  force  in  the  in- 
stant of  fracture,  the  momentum  of  cohesion  would  be  the 
same  as  if  it  had  all  acted  at  the  centre  of  gravity  of  the 
section  at  2  inches  from  the  axis  of  fracture,  and  is  there- 
fore  512,000.  The  4-inch  beam,  7  feet  long,  was  broken 
by  5312  pounds  hung  on  its  middle.  The  half  of  this,  or 
2656  pounds,  would  have  broken  it,  if  suspended  at  its  ex« 
tremity,  projecting  3^  feet  or  42  inches  from  a  wall.  The 
momentum  of  this  strain  is  therefore  2656  x  42,  =  1 1 1552. 
Now  this  is  in  equilibrio  with  the  actual  momentum  of  co- 
hesion, which  is  therefore  111552  instead  of  512000. 
The  strength  is  therefore  diminished  in  the  proportion  of 
512000  to  111552,  or  very  nearly  of  459  to  1. 

As  we  are  quite  uncertain  as  to  the  place  of  the  centre 
of  effort,  it  is  needless  to  consider  the  full  cohesion  as 
acting  at  the  centre  of  gravity,  and  producing  the  momen- 
tum 512^000;  and  we  may  convert  the  whole  into  a  sim- 
ple multiplier  m  of  the  length,  and  say,  as  m  tinus  the 
length  is  to  the  dtptk^  so  is  the  absolute  cohesion  of  the  section 
to  the  relative  strength.  Therefore  let  the  absolute  cohesion 
of  a  square  inch  be  called  f  the  breadth  b,  the  depth  d, 
and  the  length  <  (all  in  inches),  the  relative  strength^  or  tbe 

VOL.  I.  2  H 
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tzternal  force />»  which  balances  it,  is  "l         » <or  in  roxini 

numbers  ^        ■ ;  for  ot  =  2  x  4,69. 

This  great  diminution  of  strength  cannot  be  whoHj  ac- 
counted for  by  the  inequality  of  the  cohesiTe  forces  ex« 
Crted  in  the  instant  of  fracture ;  for  in  this  case,  we  know 
that  the  centre  of  effort  is  at  one  third  of  the  height  in  & 
rectangular  section  (because  the  forces  really  exerted  are 
is  the  extensions  of  the  fibres).    The  relattre  strength 

would  be  ^^-^ — ,  and  p  would  have  been  8187  instead 

of265({. 

We  roust  ascribe  this  diminution  (which  is  three  times 
greater  than  that  produced  by  the  inequality  of  the  cohe- 
sive forces)  to  the  compression  of  the  under  part  of  the 
beam ;  and  we  must  endeavour  to  explain  in  what  manner 
this  compression  produces  an  effect  which  see\ns  so  little 
explicable  by  such  means. 

As  we  have  repeatedly  observed,  it  is  a  matter  of  nearly 
universal  experience  that  the  forces  actiudly  exerted  by 
the  particles  of  bodies,  when  stretched  or  compressed,  are 
▼ery  nearly  in  the  proportion  of  the  distances  to  which 
the  particles  are  drawn  from  their  natural  positions.  Now, 
although  we  are  certain  that,  in  enormous  compressions, 
the  forces  increase  faster  than  in  this  proportion,  this . 
makes  no  sensible  change  in  the  present  question,  be- 
cause the  body  is  broken  before  the  compressions  have 
gone  so  far ;  nay,  we  imagine  that  the  compressed  parts 
are  crippled  in  most  cases  even  before  the  extended  parts 
are  torn  asunder.  Muschenbroek  asserts  this  with  great 
confidence  with  respect  to  oak,  on  the  authority  of  his 
own  experiments.  He  says,  that  although  oak  will  sus- 
pend half  as  much  again  as  fir,  it  will  not  support,  as  a 
pillar,  two-thirds  of  the  load  which  fir  will  support  in  that 
form. 


^ 


We  imagine  therefore  that  the  mechanism  in  the  present 
base  is  nearly  as  follows : 

Let  the  beam  DCK  a  (fig.  23.)  be  loaded  at  itd  ex- 
tremity with  the  wieight  P,  acting  in  the  direction  KP> 
perpendicular  to  DC.  L^t  D  A  be  the  seetioH  of  fracture. 
Let  DA  be  about  ^d  of  D  A.  A  will  be  the  particle  or 
fibre  which  is  neither  extended  or  compressed.  Make 
A  J  :  D  d  =  DA  :  A  A. ,  The  triangles  DAd,  A  A),  will 
represent  the  accumulated  attracting  and  repelling  forces. 
Make  AI  and  Ai=  Jd  DA  and  ^d  A  A.  The  point  t 
infill  be  that  to  which  the  full  cohesion  D  d  or/ of  the  par* 
tides  in  AD  must  be  applied^  so  as  to  produce  the  sam^ 
momentum  which  the  variable  forces  at  I,  D,  &c.  realljr 
produce  at  their  several  points  of  application.  In  like 
manner,  i  is  the  cUtitre  of  similar  effort  of  the  repulsive 
forces  excited  by  the  compression  between  A  and  a,  and 
it  is  the  real  fulcfum  of  a  bended  lever  1 1  Ar,  by  which 
the  whole  effect  is  produced.  The  dfect  is  the  same  as  if 
the  full  cdhesioU  of  the  stretched  fibred  in  AD  were  accu- 
mulated in  I,  and  the  full  repulsion  of  all  the  compressed 
fibres  in  A  A  were  accumulated  in  t.  The  forces  which 
are  balanced  in  the  operation  are  the  weight  P,  acting  bjr 
the  arm  ki^  and  the  full  cohesion  of  AD  acting  by  thfe 
arm  1 1.  The  forces  exerted  by  the  compressed  fibres  be- 
tween A  and  a  only  serve  to  give  support  to  the  lever^ 
that  it  may  exert  its  strain. 

We  imagine  that  this  doed  not  differ  much  from  tlife 
real  procedure,  of  nature;  The  position  of  the  point  A 
may  be  difierent  from  what  we  have  deduced  from  Mr 
Buffon^s  experiments,  compared  with  Mudchenbroek^a 
value  of  the  absolute  cohesion  of  a  square  inch.  If  this 
last  should  be  only  12000,  DA  must  be  greater  than  we 
have  here  made  it,  it.  the  proportioti  of  12000  to  16000. 
For  I  {  must  still  be  made  =  Jd  A  A^  supposing  the 
forces  to  be  proportional  to  the  extensions  and  compires- 
iions,    There  can  ba  no  doubt  that  a  part  only^of  the 
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fMdwtiOB  •£  D  A  operates  ia  reusti^g  the  fcactore  in  aO 
substances  which  have  any  compressibility ;  and  it  is  cob* 
Armed  by  tbe  eXperimcBts  of  Mr  Da  Hamel  on  willow, 
and  the  iaferenees  are  by  no  means  confined  to  that 
species  of  timber.  We  say,  therefore,  that  when  tbe 
lieaai  is  broken,  the  cohesion  of  AD  alone  is  exerted,  and 
ihat  each  fibre  exerts  a  force  proportional  to  its  extension ; 
nnd  the  accumulated  momentum  b  the  same  as  if  the  fiiU 
cohesion  of  AD  were  acting  by  the  lerer  1 1  =s  {d  ef 
Da. 

It  may  be  said,  that  if  only  ^d  of  the  coherion  of  oak 
lie  exerted,  it  may  be  cut  §d$  tbrough  without  weakening 
it.  But  this  cannot  be,  because  the  cohesion  of  the  whole 
is  employed  in  presenting  the  lateral  slide  so  often  men- 
tioned. We  hare  no  eiperiraents  to  determine  that  it 
"majf  no^  be  cut  through  ^d  without  loss  of  its  strength. 

This  must  not  be  considered  as  a  subject  of  mere  spe- 
culative curiosity :  It  is  intimately  connected  with  all  the 
practical  uses  which  we  can  meke  of  this  knowledge ;  ibr 
it  is  almost  the  only  way  that  we  can  learn  the  compres- 
sibility of  timber.  Experiments  on  the  direct  cohesion 
sure  indeed  difficult,  and  exceedingly  expensive  if  we  at- 
iempt  them  in  larg^  pieces.  But  experiments  on  com- 
jiression  are  almost  impracticable.  The  most  instmo- 
tive  experiments  would  be,  first  to  establish,  by  a  great 
number  of  trials,  tbe  transverse  force  of  a  modem  bat- 
ten -;  and  then  to  make  a  great  number  of  trials  of  the  di- 
minution of  its  strength,  by  cutting  it  through  on  the  con- 
cave side.  This  would  very  nearly  give  us  the  proportion 
of  the  cohesion  which  really  operates  in  resisting  frac- 
tures. Thus,  if  it  lie  found  that  one  half  of  the  beam  may 
be  cut  on  the  under  side  without  diminution  of  its  strength 
(taking  care  to  drive  in  a  slice  of  harder  wood)  we  may 
conclude  that  the  point  A  is  at  the  middle,  or  somewhat 
jabove  it 

Much  lies  before  tbe  curious  mechanician,  and  we  are 
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as  yet  rery  fiur  from  a  scieiitific  knowledgeef  the  itrengtb 
of  timber. 

481.  In  the  mean  time,  we  may  derive  from  these  ex- 
periments of  Boffcm  a  very  itseftil  practical  rule»  without 
relyinf  oo  any  ralae  of  the  ahsolate  cehesioii  of  oak.  We 
see  that  the  strength  is  nearly  aa  the  breadth,  as  the 
square  of  the  depth,  and  as  the  inverse  of  the  length.  It 
b  most  convenient  to  measare  the  breadth  and  depA  of 
the  beam  in  inches,  and  its  length  in  feet.  Since,  then^  a 
beam  four  inches  square  and  seven  feet  between  the  sup* 
ports  is  broken  by  5312  pounds,  we  must  can^de  that  a 
hatteft  one  inch  square,  and  one  foot  between  the  soppotts, 
will  be  broken  by  581  pounds.  Then  the  strength  erf  ai^ 
other  besam  of  oak,  or  the  weight  which  will  jusi  break  it 

when  hung  on  if  middle,  is  68i  *41. 

Bat  we  have  aeen  that  there  is  a  very  GonsideraUe  de* 
viation  from  the  inverse  proportion  of  the  lengths,  and  wa 
must  endeavour  to  accommodate  our  rule  to  Hub  devia- 
tion. We  found,  that  by  adding  1846  to  each  of  the  «r« 
dinatee  or  mmibert  in  the  column  of  the  &»inch  barsf 
we  had  a  set  of  numbers  very  nearly  reciprocal  of  the 
fengths ;  and  if  we  make  a  similar  addition  to  the  other 
columns  in  the  proportion  of  the  cubes  of  the  si^Ks^  we 
have  nearly  the  same  result  The  greatest  error  (except 
in  the  case  of  experiments  whidi  are  very  irregular)  does 
not  exceed  ^^^h  of  the  whole.  Thorefere,  for  a  radical 
number,  add  to  the  53 J  2  the  number  640,  which  ia  to 
1245  very  nearly  as  4^  to  5'.  This  gtvea  fiftSfl.  The 
64th  of  this  is  93,  which  corresponds  to  a  bar  of  one  inch 
square  and  seven  feet  long.  Therefore  93  x  7  will  be  the 
reciprocal  corre^nding  to  a  bar  of  one  foot.  This  if 
651.    Take  Dram  this  the  present  empirical  correctiMi, 

.    A  40 
which  is  -i-p,  or  10,  and  there  remains  641  for  the 

0^ 
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strength  of  the  bar.  This  gives  us  ibr  a  general  ruh 
|,  =  651-j 10ft  d*. 

c 

Exampk.  Required  the-  weight  necessary  to  break  aa 
oak  beam  eight  inches  square  and  20  feet  between  the 

props,p  =  651x?^— 10x8x8«.     This  is  11544, 

whereas  the  exjperiment  gives  11487.  The  error  b  verj 
small  indeed.  The  rule  is  most  deficient  in  comparisoki 
with  the  five-inch  bars,  which  we  have  already  said  appear 
stronger  than  the  rest. 

The  following  process  is  easily  remembered  by  such  ai 
are  not  algebraists. 

Multiply  the  breadth  in  inches  twice  by  the  depth,  and 
call  this  product/.  Multiply/ by  651,  and  divide  by  the 
length  in  feet.  From  the  quotient  take  10  times/  The 
remainder  is  the  number  of  pounds  which  will  break  the 
beam. 

We  are  not  sufficiently  sensible  of  our  principles  to  be 
confident  that  the  correction  10  /  should  be  in  the  pro- 
portion of  the  section,  although  we  think  it  most  probable. 
It  is  quite  empirical,  founded  on  fiuflbn^s  experiments. 
Therefore  the  safe  way  of  using  this  rule  is  to  suppose 
the  beam  square,  by  increasing  or  diminishing  its  breadth 
till  equal  to  the  depth.  Then  find  the  strength  by  this 
rule,  and  diminish  or  increase  it  for  the  change  which 
has  been  made  in  its  breadth.  Thus,  there  can  be  no 
doubt  that  the  strength  of  the  beam  given  as  an  example 
is  double  of  that  of  a  beam  of  the  same  depth  and  half 
the  breadth. 

The  reader  cannot  but  observe  that  all  this  calculation 
relates  to  the  very  greatest  weight  which  a  beam  will 
bear  for  a  very  few  minutes.  Mr  Bufibn  uniformly  found 
that  two»thirds  of  thb  weight  sensibly  impaired  its 
strength,  and  frequently  broke  it  at  the  end  of  two  of 
t|ire^  months.    One  half  of  thb  weight  brought  the  beam. 
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to  a  certain  bend, .  which  did  not  increase  after  the  -first 
minute  or  two,  and  may  be  borne  by  the  beam  for  any 
length  of  time.  But  the  beam  contracted  a  bend,  of 
which  it  did  not  recover  any  considerable  portion.  One- 
third  seemed  to  have  no  pernuuitent  effect  on  the  beam^ 
l)ut  it  recovered  its  rectilineal  shape  completely,  evep 
after  having  been  loaded  several  months,  provided  thai 
the. timber  was  seasoned  when  fli^t  loaded;  that  is  to. say, 
one-third  of  the  weight  which  would  quickly  brjeak  a  se^ 
soned  beam,  of  one-fourth  of  what  would  break  one  just 
felled,  may  lie  on  it  for  ever  without  giving  the  beami  • 
sett 

We  have  no  detail  of  'experiments  on  the  strength  of 
other  kinds  of  timber ;  only  Mr  Buffon  says,  that  fir  hiis 
about.  Y%ths  of  the  strength  of  oak ;  Mr  Parent  makes  \i 
JJths;  EmersOn,  |ds,  &c. 

,  We  have  been  thus  minute  in  our  examination  of  the 
mechanism  .of  this  transverse  strain,  because  it  is  the 
greatest  tp  which  the  parts  of  our  machines  are  exposed. 
We  wish  to  impress  on  the  minds  of  artists  the;  necessity 
of  avoiding  this  as  much  as  possible.  They  are  improv- 
ing in  this  respect,  as  may  be  seen  by  comparing  the 
centres  on  which  stone  arches  of  great  span  are  now 
turned  with  those  of  former  times.  They  were  formerly 
a  load  of  mere  joists  resting  on  a  multitude  of  posts, 
which  obstructed  the  navigation,  and  were  frequently 
losing  their  shape  by  some  of  the  posts  sinking  into  the 
ground*  Now  they  are  more  generally  trusses,  where  the 
'  beams  abutt  on  each  other,  and  are  relieyed  from  trans- 
verse strains.  But  many  performances  of  eminent  artists 
are  still  very  injudiciously  exposed  to  cross  strains.'  We 
may  instance  one  which  is  considered  as  a  fine  work,  vi^, 
the  bridge  at  Walton  on  Thames*  Here  every  beam  of 
the  great  arch  is  a  joist,  and  it  hangs  together  by  framing. 
The  finest  piece  of  carpentry  that  we  have  seen  is  the 
centre,  employed  in  turning  the  arches  of  the  bridge  at 
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QrhNuif»  deicrilMd  bj  PttroMt    In  tki  wlMik^  tkm  il ' 
lot  one  cnm  ttrmhi.    The  been,  tmh  of  HonbhmWli 
.ileelB-engiiie  is  nxj  aaeiitificeiij  conilnicled. 

488.  IV.  The  bit  epedee  of  etrafai  «4idi  we  oro  ti 
esemiiie  » ihet  produeed  bj  twitting.  This  takee  plUi 
In  all  exlei  whfcb  ANmeet  the  working  pertv  of  iih- 

Althon^  we  eennot  pretnd  to  hove  a  rerj  MMmt 
enneiptiob  of  that  modificatioB  nT  the  oehedon  of  m  haif 
hy  wliich  it  feeistf  tfaii  kind  of  strain,  we  can  have  no 
ionbt  that,  when  ail  the  partielet  act  alike,  the  reeiitnaie 
must  lie  |iroportional  to  the  number.  Therefore  if -#e 
anppow  the  two  paru  ABCD;  ABFfi  Fig.  M.  of  the 
ho^7  BFCD  Id  be  of  insopenUe  strength,  bot  cilM^ 
Ing  more  weakly  in  the  common  snrfaee  ABs  nnl 
that  <me  part  ABCD  b  pushed  kterallyin  the  directtw 
AB,  there  can  be  no  donbt  that  it  will  yield  only  then^ 
and  that  the  resistanoe  will  be  proportional  to  the  sav* 
Ihoe. 

483.  In  like  manner,  we  .can  coneeire  a  thin  cylindri- 
cal tube,  of  which  KAH  Fig.  3&  is  the  section,  as  cohep- 
ipg  more  weakly  in  that  section  than  anywhere  dse. 
Suppose  it  to  be  grasped  in  both  hands,  and  the  two 
IMurts  twisted  ronnd  the  axis  in  opposite  directions,  as  we 
would  twist  the  two  joints  of  a  flute,  it  is  pimn  that  it 
will  first  fail  in  this  seotbn,  which  is  the  circumSn'enee  of 
a  circle,  and  the  particles  of  the  two  parts  which  are  con- 
tiguous to  this  circumference  will  be  drawn  from  eadi 
o^er  laterally.  The  total  resistance  will  be  as  the  num* 
ber  of  equally  resisting  particles,  that  is,  as  the  circum- 
ference (for  Uie  tube  being  supposed  very  thin,  there  can 
be  no  sensible  difference  between  the  dilatation  of  the 
external  and  internal  particles).  We  can  now  suppose 
another  tube  within  this,  and  a  third  within  the  second, 
and  so  on  till  we  readi  the  centre.  If  the  particles  of 
mdx  ring  exertpd  the  same  force  (by  suffering  the  same 
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dilatation  in  the  direction  of  the  circumftrenee),  tlie  re^ 
•istance  of  each  ring  of  the  section  would  be  as  its  cii^ 
cumference  and  its  breadth  (suppoifed  indefinitely  smail)^ 
and  the  whole  resistance  would  be  as  the  surface;  apd 
this  would  represent  the  resistance  of  a  solid  cylindefv  . 
But  when  a  cylinder  is  twisted  in  this  manner  bj  an  ea> 
temal  force  applied  to  its  ciixumference,  the  external 
parts  will  suffer  a  greater  circular  extension  than  the  in* 
temal ;  and  it  appears  that  this  extension  (like  the  extra- 
sion  of  a  beam  strained  transversely)  will  be  proportional 
to  the  distance  of  the  particles  fVcmi  the  axis.  We  can* 
not  say  that  this  is  demonstrable,  but  we  can  assign  no 
proportion  that  is  more  probable.  This  being  the  caie^ 
the  forces  simultaneously  exerted  by  each  particle  will  be 
as  its  dbtauce  from  the  axis.  Therefore  the  whole  force 
exerted  by  each  ring  will  be  as  the  square  of  its  radius^ 
and  the  accumulated  force  actually  exerted  will  be  as  the 
cube  of  the  radius ;  that  is,  the  accumulated  fbroe  exerted 
by  the  whole  cylinder,  whose  radius  is  CA,  is  to  the  ae» 
cumulated  force  exerted  at  the  some  time  by  the  part  whost 
radius  is  CE,  as  CA>  to  C£'. 

The  whole  cohesion  now  exerted  is  jurt  two*thirds  of 
what  it  would  be  if  all  the  particles  were  exerting  the 
same  attractive  forces  which  are  just  now  exerted  by  the 
particles  in  the  external  circumference.  This  is  plain  to 
any  person  in  the  least  familiar  with  the  fluxionary  cifl* 
cuius.  But  such  as  are  not  may  easily  see  it  in  thif 
way. 

Let  the  rectangle  AC  c  a  Fig.  85.  be  set  upri^t  on  the 
surface  of  the  circle  along  the  line  CA,  and  revolve  round 
the  axis  C  c  It  wiU  generate  a  cylinder  whose  height  is  C  c 
or  A  a,  and  having  the  circle  KAH  for  its  base.  If  tbf 
diagonal  C  a  be  supposed  also  to  revolve^  it  b  plain  that 
the  triangle  cCa  will  generate  a  cone  of  the  same  height, 
and  haying  for  its  base  the  circle  described  by  the  revo» 
lution  of  c  Oy  and  the  point  C  for  its  apex.    The  (^lj|J9>» 


Jl 


4110  avaUfOTB^OV.KIiTBBIkl*  ■ 

t 

^cftl  muhat  gmcritod  hj  A  m  wi\L  mfnm  the  .wU^ 
cDheskm  eiertod  .by  the  ciAmBfiereoee  AHKr  mmI  tIP 
cylindrical  sarfaee  gmmted  bj  £e  wiD  lepffMeirt;  Jl» 
-cohctioB  exerted  by  the  drmaifierenee  BLlf«  ud  Ai 
iolid  fenermted  by  the  triaiigle  CA  «  wiU  wprmmtjOm 
cpbeticm  exerted  by  the  whde  circle  AHK,  and  Che:^ 
linder  generated  by  the  rectangle  AC  e  «  will  leprMeirt 
the  oobetifNi  exerted  by  the  laBM  sarfaee  if  each  partiila 
had  suffered.the  extension  A  a. 

Now  it  is  plaint  in  the  first  place,  that  the  solid  g^H^ 
valed  by  the  triangle  e  EC  is  to  that  generated  by  m  AC 
as  EC*  to  AC  .In  the  next'phoet  the  solid  geao- 
fated  by  a  AC  u  twb4hirds  of  ^the  cylindeft  because*  die 
cone  genecated  bye  C  a  is  one-third  of  it. 

•  4S4w  We  may  now  suppose  the  cylinder  twisted  till  the 
paitides  in  the  external  circnmfierence  lose  their  cohesinn. 
There' can  be  no  doubt  that  it  will  now  be  wrenched 
asunder,  ail  the  inner  circles  yielding  in  soooession*  Thnswc 
obtain  one  useful  piece  of  information,  wis.  that  a  body  jaC 
homqg«ieous  texture  resists  a  «m^  twist  with  two4hirds 
of  the  force  with  which  it  resists  an  attempt  to  force  one 
part  laterally  from  the  other,  or  with  one-third  part  of 
Uie  force  which  will  cut  it  asunder  by  a  square>edged 
tool.  For  to  drive  a  square-edged  tool  through  a  piece 
of  lead,  for  instance,  is  the  same  as  forcing  a  piece  of.  the 
lead  nB  thick  as  the  tool  laterally  away  from  the  two 
pieces  on  each  side  of  the  tool.  Experiments  of  this  kind 
do  not  seem  difficult,  and  they  would  give  us  very  useful 
information, 

.485.  When  two  cylinders  AHE  and  BNO  Fig.  25.  art 
wrenched  asunder,  we  must  conclude  that  the  external 
partides  of  each  are  just  put  beyond  their  limits  of  cohe* 
sion,  are  equally  extended,  and  are  exerting  equal  forces. 
Jience  it  follows,  that  in  the  instant  of  fracture  the  sum 
total  of  the  forces  actually  exerted  are  as  the  squares,  of 
Ihe 
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For  drawiqg  the  diagonal  C  «^  it  is  plain  that  E  e,  ^sl-A  Ot 
expresses  the  distension  of  the  circumference  ELM,  and 
that  the  solid  generated  by  the  triangle  C£  «,  expressei 
the  cohesion  exerted  by  the  surface  of  the  circle  ELIVC^ 
wheii  the  particles  in  the  circumference  suffer  the  exten- 
sion £  e  equal  to  A  a.  Now  the  solids  generated  by  CA^ 
and  CE  e  being  respectively  two-thirds  of  the  correspon4* 
ing  cylinders,  are  as  the  sqjuares  of  the  diameters, 

486.  Having  thus  ascertained  the  real  strength  of  tlia 
section,  and  its\  relation  to  its  absolute  lateral  strength, 
let  us  examine  its  strength  relative  to  the  external  force 
employed  lo  break  it  This  examination  is  very  simpb 
in  Ihe  case  under  consideration,  The  straining  force 
inust  act  by  some  lever,  and  the  cohesion  mtist  oppose  at 
by  acting  on  some  other  lever.  The  centre  of  the  sec* 
tion  may  be  the  neutral  point  whose  position  is  not  dls« 
turbedt 

Let  F  be  the  force  exerted  laterally  by  an  exterior  par* 
tide.  Let  a  be  the  radius  of  the. cylinder,  a;  the  inde* 
terminate  distance  of  any  circumference,  and  x  the  in- 
definitely small  interval  between  the  concentric  archea; 
that  is,  let  x  be  the  breadth  of  a  ring  and  x  its  radius. 
.The  forces  being  as  the  extensions,  and  the  extensions  as 
the  distances  from  the  axis«  the  cohesion  actually  exerted 

at  any  part  of  any  ring  will  hef .    The  force  exerted 

by  the  whole  ring  (being  as  the  circumference  or  as  the 

radius)  will  be  f .    The  momentum  of  cohesion  of 

a  ring,  being  as  the  force  multiplied  by  its  lever,  will  be 

x^  X  . 

f  .     The  accumulated  momentum  will  be  the  sum 

•^       a 

or  fluent  off ;  that  is,  whea  x  =  a,  it  will  be  J  / — r, 
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467.  Hence  we  learn  that  the  strength  of  aa  axle,  bf 
which  it  resists  being  wrenched  asunder  by  a  force  aetu^ 
at  a  given  distance  from  the  axis,  is  as  the  eobe  of  its 
diameter. 

But  farther,  i/a*  is  =/«  •  x  i  a.  Now  fa  ■  rcpr^ 
•ents  the  full  lateral  cohesion  of  the  seoticm.  The  mo* 
mentum  therefore  is  the  same  as  if  the  full  lateral  eohe> 
don  were  accumulated  at  a  point  distant  from  the  axis 
bj  ^th  of  the  radius,  or  {th  of  the  diameter  of  the  cjGb- 
^. 

Tho^fore  let  F  be  the  number  of  pounds  which  met* 

tures  the  lateral  cohesion  of  a  circular  inch,  d  the  dia* 

meter  of  the  cylinder  in  inches,  and  /  the  length  of  the 

lever  bj  which  the  straining  force  p  is  sufqpoaed  to  aoty 

d> 
we  shall  have  Fx{d'=p/,  and  ^  gj  =  ?• 

We  see  in  general  that  the  strength  of  an  axle^  bj- 
which  it  resists  being  wrenched  asunder  bj  twisting,  is 
as  the  cube  of  its  diameter. 

488.  We  see  also  that  the  internal  parts  are  not  aeting 
so  powerfully  as  the  external.  If  a  hole  be  bored  out  of 
the  axle  of  half  its  diameter,  the  strength  is  diminished 
only  |th,  while  the  quantity  of  matter  is  diminbhed  ^th. 
Therefore  hollow  axles  are  stronger  than  solid  ones  con* 
tabling  the  same  quantity  of  matter.  Thus  let  the  dia- 
meter be  5  and  that  of  the  hollow  4 :  then  the  diameter 
of  another  solid  cylinder  having  the  same  quantity  of 
matter  with  the  tube  is  3.  The  strength  of  the  solid  cy- 
linder of  the  diameter  5  may  be  expressed  by  5'  or  125. 
Of  this  the  internal  part  (of  the  diameter  4)  exerts  64; 
therefore  the  strength  of  the  tube  is  125—64,  =  61.  But 
the  strength  of  the  solid  axle  of  the  same  quantity  of 
matter  and  diameter  3  is  3',  or  27,  which  b  not  half  of 
that  of  the  tube. 

489.  Engineers,  therefore,  have  of  late  introduced  thb 
improvement  in  their  machines^  and  the  axles  of  cast  iron 
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icre  all  miide  Mlofr  when  tbeir  sise  will  adfnit  it.  Tliej 
iiave  the  additional  advantage  of  being  much  stiffer,  aiid 
til  affording  mticli  better  fizure  for  the  flannchet,  whick 
are  uied  for  connecting  them  with  the  wheels  jor  levers 
by  which  tbey  are  tinned  and  strained.  The  sttperiority 
of  strength  of  hollow  tubes  over  solid  cylinders  is  much 
greater  in  this  kind  of  strain  than  in  the  former  or  trans- 
verse. In  this  last  case  the  strength  of  this  tube  would 
be  to  that  of  the  solid  cylinder  of  equal  weight  as  61  to 
SS^  nearly. 

490.  The  apparatus  which  we  mentioned  on  a  former 
occasion  for  trying  the  lateral  strength  of  a  square  inch 
of  solid  matter,  enabled  us  to  try  this  theory  of  twist 
with  all  desirable  accuracy.  The  bar  which  hung  dowa 
Qrom  the  pin  in  the  former  trials  was  now  placed  in  a 
liorixontal  position,  and  loaded  with  a  weight  at  the  ex- 
iremity.  Thus  it  acted  as  a  povmful  lever,  and  enabled 
«s  to  wreacb  asunder  ^ecimens  of  the  strongest  BMte- 
rials.  We  found  the  remilts  perfectly  conformable  to  Ae 
-theory,  in  as  far  as  it  determined  the  proportional 
istrength  of  different  siees  and  forms :  but  we  found  the 
Tatio  of  the  resistance  to  twisting  to  the  simple  lateral 
•resistance  considerably  different ;  and  it  was  some  time 
before  we  discovered  the  cause. 

491.  We  had  here  taken  the  simplest  view  that  is 
possible  of  the  action  of  cohesion  in  resisting  a  twist  It 
-is  frequently  exerted  in  a  very  different  way.  When,  for 
instance,  an  iron  axle  is  joined  to  a  wooden  one  by  beinj^ 
driven  into  one  end  of  it,  the  extensions  of  the  different 
circles  of  particles  are  in  a  very  different  proportion.  A 
little  consideration  will  show  that  the  particles  in  imme- 
diate contact  with  the  iron  axle  are  in  a  state  of  violent 
extension ;  so  are  the  partifles  of  the  exterior  surfhce  of 
•the  wooden  part,  and  the  intermediate  parts  are  less 
•atrained.  It  is  almost  impossible  to  assign  the  exact  pro- 
portion of  the  cohesive  foroes  exerted  in  the  different 
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ptrts.  Numberless  cases  can  be  pointed  cot  where  portr 
of  the  axle  are  in  a  state  of  compression,  and  where  it  ii 
•till  more  difficult  to  determine  the  state  of  the  otbcf 
particles.  We  must  content  ourselves  with  the  deduo^- 
tions  made  from  this  simple  case,  which.is  fortunately  thef 
ij^ost  common.  In  the  experiments  just  now  mentioned^ 
the  centre  of  the  circle  is  by  no  means  the  neutral  pointy 
and  it  is  very  difficult  to  ascertain  its  place :  but  whea 
thb  consideration  occurred  to  us^,  we  easily  freed  the-  ei^ 
periments  from  this  uncertainty,  by  extending  the  lever 
to  both  sides,  and  by  means  of  a  pulley  applied  equal 
force  to  each  arm,  acting  in  opposite  directions.  Thus 
the  centre  became  the  neutral  point,  and  the  resist- 
ance to  twist  waa  found  to'  be  §ds  of  the  simple  latcnd 
ttrengtlu 

492l  We  beg  leave  to  mention-  here  that^our  success 
in  these  experiments  encouraged  us  to  extend  them  much 
farther.  We  hoped  by  these  means  to  discover  the  ab^ 
aolute  cohesion  of  many  substances,  which  would  have 
required  an  enormous  apparatus  and  a  most  unmanage- 
able force  to  tear  them  asunder  directly.  But  we  could 
reason  with  confidence  from  the  resistance  to  twist  (which 
we  could  easily  measure),  provided  that  we  could  ascer- 
tain the  proportion  of  the  direct  and  the  lateral  strengths. 
Our  experiments  on  chalk,  finely  prepared  clay,  and 
white  bees  wax,  (of  one  melting  and  one  temperature)^ 
were  very  consistent  and.  satisfactory.  But  we  have  hi- 
therto found  great  iiregiilarities  in  this  proportion  in  bo- 
dies of  a  fijbrous  texture  like  timber.  These  are  the  moat 
important  cases,  and  we  still  hope  to  be  able  to  accom- 
plish our  project,  and  to  give  the  public  some  valuable 
information.  This  being  our  sole  object,  it  was  our  duty 
to  mention  the  method  whiciP  promises  success,  and  thus 
excite  others  to  the  task  ;  and  it  will  be  no  mortification 
to  us  to  be  deprived  of  the  honour  of  being  the  first  who 
Ihus  adds  to  the  stock  of  experimental  knowledge.    . 
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When  the  matter  of  the  axle  is  of  the  most  simple  tex* 
lure,  such  as  that  of  metals,  we  do  not  conceive  that  the 
length  of  the  axle  has  any  influence  on  the  fracture.  It 
is  otherwise  if  it  be  of  a  fibrous  texture  like  timber :  the 
fibres  are  bent  before  breaking,  being  twisted  into  spirals 
like  a  cork-screw.  The  length  of  the  axle  ha^  somewhat 
of  the  influence  of  a  lever  in  this  case,  and  it  is  easier 
wrenched  asunder  if  long.  Accordingly  we  have  found 
it  so ;  but  we  have  not  been  able  to  reduce  this  influence 
to  calculation. 

493.  The  reader  is  requested  to  accept  of  these  en« 
deavours  to  communicate  information  on  this  important 
and  diJBScult  subject.  We  are  duly  sensible  of  their  im<» 
perfection,  but  flatter  ourselves  that  we  have  in  many  in* 
stances  pointed  out  the  method  which  must  be  pursued 
for  improving  our  knowledge  on  this  subject;  and  we 
have  given  the  English  reader  a  more  copious  list  of  eib* 
periments  on  the  strength  of  materials  than  he  will  ineet 
with  in  our  language.  Many  useful  deductions  might  be 
made  from  these  premises  respecting  the  manner  of  dis- 
posing and  combining  the  strength  of  materials  in  our 
structures.  The  best  form  of  joists^  mortises,  tenons, 
scarphs ;  the  rules  for  joggling,  tabling,  faying,  fishing. 
Sec.  practised  in  the  delicate  art  of  mast*making,  are  all 
founded  on  this  doctrine:  but  the  discussion  of  these 
would  be  equivalent  to  writing  a  complete  treatise  of  car- 
pentry. We  hope  that  this  will  be  executed  by  some 
intelligent  mechanician,  for  there  is  no  mechanic  art  that 
is  more  susceptible  of  scientific  treatment.  Such  a  trea- 
tise, if  well  executed,  could  not  fail  of  being  well  received 
by  the  public  in  this  age  of  mechanical  improvement  **. 


*  For  fiu-ther  information  upon  this  fabject*  the  reader  is  referred  t« 
the  article  Caepcntry,  and  to  the  other  articles  where  this  subject  is 
ti««ted  of,  in  the  £dinhmrgh  EnqgdogctiUtt  conducted  by  Dr  Bmwstbii,  E«* 
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4Mu  CAEMmKT  if  tbe  art  of  fraaiiil^  timber  fhr  tit 
pmpotei  of  orcbitaetiirey  modiiMcy^  wd,  ia  genersl^  for 
aU  oontidtriUe  ttructures. 

It  ii  not  infaidcd  in  tfais  artldo  tt>  give  a  foil  aeoooipt 
of  curpontiy  as mmtdmniad  aity  <ir to deieribo  tiie  vani^ 
MS  wajt  of  eiecnting  iti  diffemit  works,  suited  to  tbp 
variet  j  of  materials  employed^  tbe  processes  which  asoai 
be  followed  for  fasbioning  and  framing  thein  for  oor  pw^ 
poses,  and  the  tools  which  must  be  used,  and  the  manner 
in  which  tbey  must  be ,  handled  :  This  would  be  an  oo- 
copa^ion  for  volumes ;  and  though  of  great  importance^ 
must  be  enturely  omitted  here.  Our  only  aim  at  present 
will  be  to  deduce,  from  the  principles  and  laws  of  m^ 
chanics,  and  the  knowledge  which  experience  and  judi- 
cious inferences  from  it  have  given  us  concerning  the 
strength  of  timber,  in  relation  to  tne  strain  laid  on  it, 
such  maxims  of  construction  as  will  unite  economy  with 
strength  and  efficacy. 

This  object  is  to  be  attained  by  a  knowledge,  1st,  of 
the  strength  of  our  materials,  and  of  the  absolute  strain 
that  is  to  be  laid  on  them ;  2dly,  of  the  modifications  of 
this  strain,  by  tbe  place  and  direction  in  which  it  is  ex« 
erted,  and  the  changes  that  can  be  made  by  a  proper  dis- 
position of  the  parts  of  our  structure ;  and,  3dl/>  having 


<iis[)ote(l  every  piece  in  such  a  manner  as  to  derive  the 
utmost  advantage  from  its  relative  strength,  we  must 
know  how  to  form  the  joints  and  other  connections,  id 
such  a  manner  as  to  secure  the  advantages  derived  fi^m 
this  disposition. 

495.  This  is  evidently  a  branch  of  mechanical  science 
tvhich  makes  carpentry  a  liberal  art,  constitutes  part  of  the 
learning  of  the  ENoiNEBm,  and  distinguishes  him  from 
the  workman.  Its  importance  in  all  times  and  states  of 
civil  society  is  manifest  and  great.  In  the  present  con* 
dition  of  these  kingdoms,  raised,  by  the  active  ingenuity 
and  energy  of  our  countrymen,  to  a  pitc^h  of  prosperity 
and  influence  unequalled  in  the  history  of  the  world,  a  ton* 
tfition  which  consists  c.hiefly  in  the  superiority  of  our  manu^ 
factures,  attained  by  prodigious  mliltiplication  of  engine^ 
pf  every  description^  and  for  every  species  of  labour,  the 
Sci£NCB  (so  to  term  it)  of  carpetitry  is  of  immense  con* 
sequence.  We  regret  therefore  exceedingly,  that  none 
of  our  celebrated  artists  have  done  honour  to  themselvei 
and  their  coqntry,  by  digesting  into  a  body  of  consecu* 
tive  doctrines  the  results  of  their  great  experience^  so  as 
to  form  a  system  from  which  their  pupils  might  derive 
the  first  principles  of  their  educations  The  many  to* 
lumes  called  Complbtk  iNrtRtjctoRs,  Mamuals,  Jswbls, 
^c.  take  a  much  humbler  flight,  and  content  themseives 
with  instructing  the  mere  workman,  or  sbmetimea  give 
the  master  builder  a  few  approved  forms  of  roofs  And 
other  framings,  with  the  rules,  for  drawing  them  on 
paper;  and  from  thence  forming  the  working  draughts 
which  must  guide  the  saw  and  the  chiMci  of  the  work<> 
man.  Hi^rdly  any  of  them  offer  any  tfiing  that  can  be 
called  a  principle,  applicable  to  many  particular  cases, 
with  the  rules  for  this  adaptation.  We  are  indebted  for 
the  greatest  part,  of  our  knowledge  of  this  subjeet  to  A9 
labours  of  literary  men>  chiefly  foreigners,  who  have 
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published  In  the  memoirs  of  the  learned  icademieB  diners 
tations  on  different  parts  of  what  maj  be  tenned  the 
Mcience  of  carpentry, 

496.  The  theory  of  carpentry  is  founded  on  two  dis- 
tinct portions  of  mechanical  science,  namely,  a  know* 
ledge  of  the  strains  to  which  firamiogs  of  timber  are  ex- 
posed, and  a  knowledge  of  their  rdatiot  strength. 

We  shall  therefore  attempt  to  bring  into  one  point  of 
view  the  propositions  of  medianical  science  that  are 
more  imm»liately  applicable  to  the  art  of  carpentry,  and 
are  to  be  found  in  various  parts  of  this  work,  particulariy 
under  Rwf  and  Strength  of  MaUriaU.  From  these  pro* 
positions  we  hope  to  deduce  such  principles  as  shall 
enable  an  attentive  reader  to  comprehend  distinctly  what 
is  to  be  aimed  at  in  framing  timber,  and  how  to  attain 
this  object  with  certainty :  and  we  shall  illustrate  and 
confirm  our  principles  by  examples  of  pieces  of  carpen- 
try which  are  acknowledged  to  be  excellent  in  their 
kind. 

497.  The  most  important  proposition  of  general  me- 
chanics to  the  carpenter  is  that  which  exhibits  the  com- 
position and  resolution  of  forces ;  and  we  beg  our  prac- 
tical readers  to  endeavour  to  form  very  distinct  concep- 
tions of  it,  and  to  make  it  very  familiar  to  their  mind. 
When  accommodated  to  their  chief  purposes,  it  may  be 
thus  expressed : 

1.  If  a  body,  or  any  part  of  a  body,  be  at  once  pressed 
in  the  two  directions  AB,  AC  (Plate  VI.  fig.  1 ),  and  if  the 
intensity  or  force  of  those  pressures  be  in  the  proportion 
of  these  two  lines,  the  body  is  affected  in  the  same  man- 
ner as  if  it  were  pressed  by  a  single  force  acting  in  the 
direction  AD,  which  is  the  diagonal  of  the  parallelogram 
ABDC  formed  by  the  two  lines,  and  whose  intensity  has 
the  same  proportion  to  the  intensity  of  each  of  the  other 
two  that  AD  has  to  AB  or  AC. 
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Such  6f  our  readers  as  have  studied  the  laws  of  oiotioii» 
know  that  this  is  fully  demonstrated.  We  refer  them  to 
the  article  Dynamics,  where  it  is  treated  at  some  length* 
The  practitioner  in  carpentry  will  get  more  useful 
confidence  in  the  doctrine,  if  he  will  shut  his  book, 
and  verify  the  theoretical  demonstrations  by  actual  ex* 
periments.  They  are  remarkably  easy  and  convinor 
ing.  Therefore  it  is  our  request  that  the  artist,  who  is 
not  so  habitually  acquainted  with  the  subject,  do  not 
proceed  further  till  he  has  made  it  quite  fiuniliar  to  his 
thoughts.  Nothing  is  so  conduciTe  to  this  as  the  ao> 
tual  experiment ;  and  since  this  only  requires  the  trifling 
ezpence  of  two  small  pulleys  and  a  few  yards  of  whip* 
cord,  we  hope  that  none  of  our  practical  readers  will 
omit  it. 

2.  Let  the  threads  Ad^APb,  and  AE  c  (fig.  2.)»  hart 
the  weights  d,  ft,  and  e,  appended  to  them,  and  let  tw^ 
bf  the  threads  be  laid  over  the  pulleys  F  and  £•  By  thii 
apparatus  the  knot  A  will  be  drawn  in  the  directions  ABp 
AC^  and  AK.  If  the  sum  of  the  weights  b  alid  c  b^ 
greater  than  the  'single  weight  d,  the  assemblage  will  o| 
itself  settle  in  a  certain  determined  form ;  if  you  pull  the 
knot  A  out  of  its  place,  it  will  always  return  to  it  again^ 
and  will  rest  in  no  other  position*  For  example,  if  thf 
three  weights  are  equal,  the  threads  will  always  make 
equal  angles,  of  l20  degrees  each,  round  the  knot.  If 
one  of  the  weights  be  three  pounds,  another  four,  and  the 
third  five,  the  angle  opposite  to  the  thread  stretched  b/ 
five  pounds  will  always  be  square,  &c.  When  the  kno^ 
A  is  thus  in  equilibrio,  we  must  infer,  that  the  action  of 
the  weight  d,  in  the  direction  A  d,  is  in  direct  opposition 
to  the  combined  action  of  i,  in  the  direction  AB,  and  of 
c,  in  the  direction  AC.  Therefore,  if  we  produce  d  A  tp 
any  point  D,  and  take  AD  to  represent  the  magnitude  of 
the  force,  or  pressure  exerted  by  the  weight  d,  the  prefK 
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sures  Merted  on  A  hj  the  weights  b  and  c^  in  the  direc' 
tions  AB,  AC,  are  in  fact  equivalent  to  a  pressure  acting 
in  the  direction  AD,  whose  intensity  we  have  represented 
by  AD.  If  we  now  measure  off  by  a  scale  on  AF  and 
AE  the  lines  AB  and  AC,  having  the  same  proportions 
to  AD  that  the  weights  b  and  c  have  to  the  weight  d^  and 
if  we  draw  DB  and  DC,  we  shall  find  DC  to  be  equal 
and  parallel  to  AB,  and  DB  equal  and  parallel  to  AC ; 
#0  that  AD  is  the  diagonal  of  a  parallelogram  ABDC. 
We  shall  find  this  always  to  be  the  case,  whatever  are  the 
weights  made  use  of ;  only  we  must  take  care  that  the 
Weight  which  we  cause  to  act  without  the  interventicw  of 
a  pulley  be  less  than  the  sum  of  the  other  two :  if  any 
Une  of  the  weights  exceeds  the  sum  of  the  other  tw0|  it 
will  prevail,  and  drag  them  along  with  it 
-  Now,  since  we  know  that  the  weight  d  woiild  just  ba« 
lance  an  equal  weight  g^  pulling  directly  upwards  by  the 
intervention  of  the  pulley  G ;  and  since  we  see  that  it 
just  balances  the  weights  b  and  c,  acting  in  the  directions 
AB,  AC,  we  must  infbr,  that  the  knot  A  is  affected  in 
the  same  manner  by  those  two  weights,  or  by  the  single 
weight  g*,  and  therefore,  that  two  prtssurtSj  acting  in  tkt 
directions^  and  with  the  intensities^  AB,  AC,  are  equivalent 
to  a  single  pressure  having  the  direction  and  proportion  of 
AD.  In  like  manner,  the  pressures  AB,  AE,  are  equiva- 
lent to  AH,  which  i^  equal  and  opposite  to  AC.  Also 
AK  and  AC  are  equivalent  to  AI,  which  is  equal  and  op- 
posite to  AB. 

498.  We  shall  consider  this  combination  of  pressures  a 
little  more  particularly. 

Suppose  an  upright  beam  BA  Fig.  3.  pushed  in  the 
direction  of  its  length  by  a  load  B,  and  abutting  on  the 
ends  of  two  beams  AC,  AD,  which  are  firmly  resisted  at 
their  extreme  points  C  and  D,  which  rest  on  two  blocks^ 
but  are  nowise  Joined  to  them  :  these  two  beams  can  re* 
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sist  no  way  bat  in  the  directions  C  A,  DA ;  kni  tb^rdbra 
the  pressures  which  they  sustain  from  the  b^am  B A  arrf 
in  the  directions  AC,  AD.  We  wish  to  know  how  itandt 
each  sustains  P  Produce  BA  to  £,  taking  AE  froM  a 
scale  of  equal  parts,  to  represent  the  number  of  tens  00 
pounds  by  which  BA  is  pressed.  Draw  £F  and  E<3 
parallel  to  AD  and  AC ;  then  AF,  measure  on  the  sonni 
scale,  will  give  us  the  number  of  pounds  by  which  AC 
is  strained  or  cfushed|  and  AG  will  gite  the  strain  oa. 
AD. 

It  deserves  particular  remarit  here,  that  the  length  of 
AC  or  AD  has  no  influence  on  the  strain,  arising  ^roni 
the  thrust  of  BA,  while  the  directions  remain  the  sAdl^ 
The  effects,  however,  of  this  strain  are  itiddified  by  tM 
length  of  the  fnece  on  whiek  it  is  exerted.  Thi^  strain 
compresses  the  bearb,  and  wiU  therefbre  cfompttes  a  beatft 
of  double  length  twice  lis  ttineh.  I^his  itaay  i^bange  tk« 
form  of  the  assemblage.  If  AC,  f^r  etattij^,  be  vetf 
rtiuch  shorter  than  AD,  it  ^ill  be  much  levi  Mmpre^s^i 
The  lifte  CA  Will  turn  about  the  l^^nlre  G,  while  t)A  Will 
hardly  change  its  position  ;  Md  tbe  tagle  CAD  WiHi  grow 
more  open j  the  point  A  sinking  doWil;  The  artist  #111 
find  it  of  great  conseqiience  to  pay  tt  ve^  itllnvte  atteii^ 
tioB  to  this  circumstance,  and  to  be  able  to  ^ee  clearly  ffii 
change  of  shape  which  necessarily  re^ks  from  these  ni^ 
tual  strains.  He  will  se6  in  this  tb^  (^atise  of  fdlure  111 
many  very  great  works.  By  thus  changtli^  ^i|ye,  strains 
are  often  produced  in  placed  Vrhere  there  Wlliv  dofte  b(^ 
fore,  and  frequehlly  of  the  very  Worst  kitid^  iebdihgt^ 
break  the  beams  across. 

The  dotted  lioei  of  this  figure  sheW  aiiofher  pfoittion 
of  the  beam  AD";  This  makes  a  prodi^otift  ehaA^e^  ML 
only  in  the  strain  on  AtV,  but  iiis<)  ill  Ibfti  oh  A(^.  Bolk 
of  tliem  are  much  increased ;  JIG  is  almost  dolilblM,  and 
AF  is  four  times  greater  tW  befcf^e.    Thk  tIddtliM  wat 
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made  to  the  figure,  to  shew  what  enormoiu  strains  maj 
be  produced  by  a  very  moderate  force  AE,  when  it  if 
exerted  on  a  very  obtuse  angle. 

The  4th  and  5th  figures  will^  assist  the  most  uninstmct- 
ed  reader  in  conceiving  how  the  very  same  strains  AF, 
A6»  are  laid  on  these  beams,  by  a  weight  simply  hang- 
ing from  a  billet  resting  on  A,  pressing  hard  on  AD,  and 
also  leaning  a  little  on  AC ;  or  by  an  upright  piece  AE^ 
joggled  on  the  two  beams  AC,  AD,  and  performing  the 
office  of  an  ordinary  king-post.  The  reader  will  thus  learn 
to  call  off  his  attention  from  the  means  by  whicfar  the 
strains  are  produced,  and  learn  to  consider  them  abstract- 
edly, m^ely  as  strains,  in  whatever  situation  he  finds 
ibem,  and  from  whatever  cause  they  arise. 

We  presume  that  every  reader  will  perceive,  that  the 
proportions  of  these  strains  will  be  precisely  the  same  if 
every  thing  be  inverted,  and  each  beam  be  drawn  or  pull- 
ed in  the  opposite  direction.  In  the  same  way  that  we 
liave  substituted  a  rope  and  weight  in  Fig.  4.  or  a  king* 
post  in  Fig.  5.  for  the  loaded  beam  BA  of  Fig.  3.  we  might 
have  substituted  the  framing  of  Fig.  6.  which  is  a  very 
usual  practice.  In  this  framing,  the  batten  DA  is  stretch* 
jsd  by  a  force  AG,  and  the  piece  AC  is  compressed  by  a 
force  AF.  It  is  evident,  that  we  may  employ  a  rope,  or 
an  iron  rod  hooked  on  at  D,  in  place  of  the  batten  DA, 
and  the  strains  will  be  the  same  as  before. 

This  seemingly  simple  matter  is  still  full  of  instruction; 
imd  we  hope  that  the  well  informed  reader  will  pardon 
MS,  though  we  dwell  a  little  longer  on  it  for  the  sake  of 
the  young  artist. 

By  changing  the  form  of  this  framing,  as  in  Fig.  7.  we 
produce  the  same  strains  as  in  the  disposition  represented 
by  the  dotted  lines  in  Fig.  3.  The  strains  on  both  the 
battens  AD,  AC,  are  now  greatly  increased. 
;  The  same  consequences  result  from  an  improper  change 
of  the  position  of  AC.    If  it  is  placed  as  in  Fig.  8.  the 
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strains  on  both  are  vastly  increased.  In  shorty  the  rule  i$ 
general ;  that  the  more  open  we  make  the  angle  against 
which  the  push  is  exerted,  the  greater,  are  the  strains 
which  are  brought  on  the  strutts  or  ties  which  form  the 
sides  of  the  angle. 

The  reader  may  not  readily  conceive  the  piece  AC  of 
^ig.  8.  as  sustaining  a  compression  ;  for  the  weight  B  ap- 
pears to  hang  from  AC  as  much  as  from  AD.  But  his 
doubts  will  be  removed  by  considering  whether  he  could 
employ  a  rope  in  place  of  AC.  He  cannot :  But  AD  may 
be  exchanged  for  a  rope.  AC  is  therefore  a  atruttf  and 
not  a  tie. 

In  Fig.  9.  AD  is  again  a  strutt,  butting  on  the  block  D, 
and  AC  is  a  tie :  and  the  batten  AC  may  be  replaced  by  a 
rope.  While  AD  is  compressed  by  the  force  AG,  AC  is 
stretched  by  the  force  AF. 

If  we  give  AC  the  position  represented  by  the  dotted 
lines,  the  compression  of  AD  is  now  AG',  and  the  force 
stretching  AC  is  now  AF' ;  both  much  greater  than  they 
were  before.  This  disposition  is  analogous  to  Fig.  8.  and 
to  the  dotted  lines  in  Fig.  3.  Nor  will  the  young  artist 
have  any  doubts  of  AC  being  on  the  stretch,  if  he  con- 
sider whether  AD  can  be  replaced  by  a  rope.  It  cannot^ 
but  AC  may;  and  it  is  therefore  not  compressed,  but 
stretched. 

In  Fig.  10.  all  the  three  pieces,  AC,  AD,  and  AB,  are 
ties,  on  the  stretch.  This  is  the  complete  inversion  of 
Fig.  3. ;  and  the  dotted  position  of  AC  induces  the  same 
changes  in  the  forces  AF',  AG',  as  in  Fig.  3. 

Thus  have  we  gone  over  all  the  varieties  whicli  can 
happen  in  the  bearings  of  three  pieces  on  one  point.  '  All 
calculations  about  the  strength  of  carpentry  are  reduced 
to  this  case :  for  when  more  ties  or  braces  meet  in  a  point 
(a  thing  that  rarely  happens),  we  reduce  them  to  three, 
by  substituting  for  any  two  the  force  which  results  irom 
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their  combisatbD,  dnd'  then  oombiniag  this  with  another « 
luid  so  oa. 

The  young  artist  must  be  particulairly  careful  Bot  te 
inistake  the  kind  of  strain  that  is  exerted  on  any  piece 
of  the  framing,  and  suppose  a  piece  to  be  a  brace  which 
is  really  a  tie.  It  is  very  eissy  to  avoid  all  mistakes  in 
this  matter  by  the  following  nile,  which  has  no  excep- 
tion. 

499.  Take  notice  of  the  direction  in  which  the  ptece 
acts  from  which  the  strain  proceeds.  Draw  a  line  ia  that 
direction  from  the  point  on  which  the  strain  isexeriedi 
and  let  its  length  (measured  on  some  scale  of  equal  parts) 
•xpress  the  magnitude  of  this  action  in  pounds^  hundreds, 
pr.  tons.  From  its  remote  extremity  draw  lines  parallel  t9 
the  pieces  on  which  the  strain  is  exerted.  The  line  par 
rallel  to  one  piece  will  necessarily  cut  the  other»  or  Ha 
direction  produced :  If  it  cut  the  piece  itself,  that  piede  is 
compressed  by  the  strain,  lAid  it  is  performing  the  ofice 
of  a  strutt  or  brace :  if  it  cut  its  direction  prodyecd,  tlie 
piece  is  stretched,  and  it  is  a  tie.  In  short,  the  strains  on 
the  pieces  AC,  AD^  are  to  be  estimated  in  the  direction 
of  the  points  F  and  G  from  the  strained  point  A.  Thus, 
in  Fig.  3.  the  upright  piece  BA,  loaded  with  the  weight 
B,  presses  the  point  A  in  the  direction  AE :  so  does  the 
rope  AB  in  the  other  figures,  or  the  batten  AB  in  Fig.  5. 

In  general,  if  the  straining  piece  is  within  the  angle 
formed  by  the  pieces  which  are  strained,  the  strains  which 
they  sustain  are  of  the  opposite  kind  to  that  which  it  ex- 
erts. If  it  be  pushing,  they  are  drawing;  but  if  it  be 
within  the  angle  formed  by  their  directions  produced,  the 
strains  which  tliey  sustain  are  of  the  same  kind.  All  tire 
three  are  either  drawing  or  pressing.  If  the  straining 
piece  lie  within  the  angle  formed  by  one  piece  and  the 
produced  direction  of  the  other,  its  .own  strain,  whether 
compression  or  extension,  is  of  the  same  kind  with  that 
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•f  CKe  ihost  remote  of  the  odier  tiroi^  and  dfiposite  to  thiA 
of  the  nearest.  Thus,  in  Fig.  9.  where  AB  is  drawing* 
the  remote  piece  AC  is  also  drawing,  while  AD  is  pasli« 
tng  or  resisting  compression. 

In  all  that  has  been  said  on  this  subject,  we  hare  not 
spoken  of  any  joints.  In  the  calculatioiis  with  which  we 
are  occupied  at  present,  the  resistance  of  joints  has  no 
ahare ;  and  we  must  not  suppose  that  they  exert  arty  fdree 
which  tends  to  prevent  the  angles  fVom  changing.  The 
joints  are  supposed  perfectly  flexible,  or  to  be  like  eom« 
pass  joints ;  the  pin  of  which  only  keeps  the  pieces  tdge« 
ther  when  one  or  moge  of  the  pieces  draws  or  pulls.  Tiw 
cai^nl6r  must  always  sipposQ,  them  all  Compass  jdiilts^ 
when  be  calculates  the  thrusts  and  draughts  of  the  diflfefe 
ent  pieces  of  his  frames.  The  strains  ort  joints,  and  their 
f»ower  to  produce  or  balance  them,  are  of  a  difjef^nt  liind, 
imd  require  a  very  difiereiit  examination. 

500.  Seeing  that  the  anglft  which  the  pieces  make  with 
each  other  are  of  such  importance  Co  the  magnitude  Jtbd 
the  proportion  of  the  exttted  strains,  it  is  proper  to  find 
ptit  some  way  of  readily  and  pompendiously  conceiving 
mid  expressing  this  analogy, 

In  general,  the  strata  on  any  piece  is  proportional  to 
ilie  straining  force«  This  is  evident 
.  Secondly,  the  strain  ob  any  pie6e  AC  is  proportionidle 
the  sine  of  the  angle  wUdt  the  straining  force  makes  if  ith 
the  other  piece  directly,  and  to  the  sine  of  the  angte  MfhiA 
the  pieces  make  with  each  other  inversely. 

For  it  ifl  plain,  thai  the  three  pressures  AE,  AF,  and 
AG,  which  are  exerted  at  the  point  A,  are  in  thd  pro^ 
portion  of  the  lines  AE»  AF^  and  F£>  (beeanse  F£  is 
e^ual  to  AG).  But  because  the  sides  of  a  triangle  a» 
proportional  to  the  ;Bines  of  the  opposite  angled,  the 
strains  are  propovtionid. to  the  iltfes  of  the  tni^esAFfJi 
;A£F,  aftd  FA£.  But  tbe  sine  of  AFE  is  the  saaM  witii 
.(he  sine  of  the  ang^e  CAD,  iwbicti  Cb^  two  jneces  AG  a<i4 
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AD  make  with  each  other;  and  the  sine  of  AEF  k 
the  same  with  the  sine  of  £AD,-  which  the  straining 
piece  BA  makes  with  the  piece  AC.  Therefore  we  have 
thb  analogj,  Sin.  CAD  :  Sin.  EAD : v  A£  :  AF,  and 

AF  =  AE  X  ^^—TTTFi-    Now  the  sine  of  angles  are  most 

bin.  CAD  ^ 

conreniently  conceived  as  decimal  fractions  of  the  radias^ 

which  is  considered  as  unity.     Thus,  Sin,  90^  is  the  same 

thing  with  0.5,  or  i ;  and  so  of  others.    Therefore,  to 

hare  the  stram  on  AC,  arising  from  any  load  AE  acting 

in  the  direction  AE,  multiply  AE  by  the  sine  of  EAD, 

and  divide  the  product  by  the  sine  of  CAD. 

.    This  rule  shews  how  great  the  strains  must  be  when 

fhe  angle  CAD  becomes  very  open,  approaching  to  180 

degrees.     But  when  the  angle  CAD  becomes  very  smaBy 

its  sine  (which  is  our  divisor)  is  also  very  small ;  and  we 

should  expect  a  very  great  quotient  in  this  case  also.    But 

mt  must  observe,  that  in  this  case  the  sineof  EAD  is 

also  very  small ;  and  this  is  our  multiplier.    In  audi  • 

case,  the  quotient  cannot  exceed  unity. 

But  it  is  unnecessary  to  consider  the  calculation  by 
the  tables  of  sines  more  particularly.  The  angles  are 
seldom  known  any  otherwise  but  by  drawing  the  figure 
of  the  frame  of  carpentry.  In  this  case,  we  can  always 
obtain  the  measures  of  the  strains  from  the  same  scale, 
with  equal  accuracy,  by  drawing  the  parallelogram 
AFCG. 

501.  Hitherto  we  have  considered  the  strains  excited 
at  A  only  as  they  affect  the  pieces  on  which  they  are  ex« 
erted.  But  the  pieces,  in  order  to  sustain,  or  be  subject 
'to  any  strain,  must  be  supported  at  their  ends  C  and  D ; 
and  we  may  consider  them  as  mere  intermediums,  by 
which  these  strains  are  made  to  act  on  those  points  of 
.support :  Therefore  AF  and  AG  are  also  measures  of 
the  forces  which  press  or  pull  at  C  and  D.  Thus  we 
'karn  the  supports  which  must  be  found  for  these  points. 
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^hese  may  be  infinitely  rarious.    We  shall  attend  only 
to  such  as  somehow  depend  on  the  framing  itself. 

503.  Such  a  structure  as  Fig.  11.  very  frequently  oc- 
curs, where  a  beam  BA  is  strongly  pressed  to  the  end  of 
another  beam  AD,  which  is  prevented  from  yielding,  both 
because  it  lies  on  another  beam  HD,  and  because  its  end 
D  is  hindered  from  sliding  backwards.  It  is  indifferent 
from  what  this  pressure  arises :  we  have  represented  it  as 
owing  to  a  weight  hung  on  at  B,  while  B  b  withheld 
from  yielding  by  a  rod  or  rope  hooked  to  the  wall.  The 
beam  AD  may  be  supposed  at  full  liberty  to  exert  all  its 
pressure  on  D,  as  if  it  were  supported  on  rollers  lodged  in 
the  beam  HD ;  but  the  loaded  beam  BA  presses  both  on 
the  beam  AD  and  on  HD.  Wc  wish  only  to  know  what 
strain  is  borne  by  AD  ? 

All  bodies  act  on  each  other  in  the  direction  perpen- 
dicular to  their  touching  surfaces;  therefore  the  support 
given  by  HD  is  in  a  direction  perpendicular  to  it  We 
may  therefore  supply  its  place  at  A  by  a  beam  AC,  per- 
pendicular to  HD,  and  firmly  supported  at  C.  In  this 
case,  therefore,  we  may  take  AE  as  before,  to  represent 
the  pressure  exerted  by  the  loaded  betoi,  and  draw  EG 
perpendicular  to  AD,  and  EF  parallel  tont,  meeting  the 
perpendicular  AC  in  F.  Then  AG  is  Ihe  strain  com- 
pressing AD,  and  AF  is  the  pressure  on  the  beam  HD. 

503.  It  may  be  thought,  that,  since  we  assume  as  a 
principle  that  the  mutual  pressures  of  solid  bodies  are  ex- 
erted perpendicular  to  their  touching  surfaces,  this  ba- 
lance of  pressures,  in  framings  of  Umbers,  depends  on  the 
directions  of  their  butting  joints :  but  it  does  not,  as  will 
readily  appear  by  considering  the  present  case.  Let  the 
joint  or  abutment  of  the  two  pieces  BA,  AD,  be  mitred, 
in  th^  usujU  manner,  in  the  direction/ A /^  Therefore, 
if  A  e  be  drawn  perpendicular  to  A  y^  it  will  be  the  di- 
xection  of  the  actual  pressure  exerted  by  the  loaded  beam 
SA  on  the  beam  AD*    But  the  reaction  of  AD,'  in  the 
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opposite  direction  A  #,  wiU  not  baliliee  the'  pmiire  'Of 
BA  ;  because  it  is  not  in  the  direction  piteiselj  eppoeite 
BA  will  therefore  slide  along  the  joints  and  (Mren  on  the 
beam  HD.  A£  represents  the  load  on  the  mitre  joint  A* 
Draw  Ee  perpendicular  to  Ac,  and  E/  paralM  to  it 
The  pressure  AE  will  be  balanced  bj  the  reactions  e  A 
and  /  A :  or,  the  pressure  AE  produces  the  pressures  A  e 
and  A/;  of  which  A/  must  be  resisted  bj  the  beam 
HD,  and  A  e  by  the  beam  AD.  The  pressure  A/  not 
being  perpendicular  to  HD,  cannot  be  fullj  resisted  hf 
it ;  because  (bj  our  assumed  principle)  it  reacts  onlj  iit 
a  direction  perpendicular  to  its  surface.  Therefore  drair 
fpy  fi  parallel  to  HD,  and  perpendicular  to  it.  The 
pressure  Af  will  be  resisted  bj  HD  with  the  force  p  A ; 
but  there  is  required  another  force  t  A,  to  prevent  ibe 
beam  BA  from  slipping  outwards.  This  must  be  fur- 
nished by  the  reaction  of  the  beam  DA  In  like  manneiv 
the  other  force  A  r  cannot  be  fullj  resisted  bj  the  beam 
AD,  or  rather  by  the  prop  D,  acting  by  the  interrentkm 
of  the  beam ;  for  the  action  of  that  prop  is  exerted  tbrongk 
the  beam  in  the  direction  DA.  The  beam  AD,  therefcMne^ 
is  pressed  to  the  beam  HD  by  the  force  A  f ,  as  well  as 
by  A/.  To  find  what  this  pressure  on  HD  is^  draw  eg 
perpendicular  to  HD,  and  e  o  parallel  to  it,  cutting  EG 
in  r.    The  forces  g  A  and  o  A  will  resist,  and  balance 

A  f . 

Thus  we  see,  that  the  two  forces  A  e  and  A^  which 
are  equivalent  to  AE,  are  equivalent  also  to  A  />,  A  ^ 
A  o,  and  A  g.  But  because  Af  and  e  E  are  equal  and 
parallel,  and  E  r  and  fi  are  also  parallel,  as  also  e  r  and 
fp,  it  is  evident,  that  if  is  equal  to  r  E,  or  to  o  F,  and 
t  A  is  equal  to  r  e^  or  to  Gg.  Therefore  the  four  forces 
A  g*,  A  0,  A  p,  A  t,  are  equal  to  AG  and  AF.  Conse- 
quently AG  is  the  compression  of  the  beam  AD,  or  the  force 
pressing  it  on  D,  and  AF  is  the  force  pressing  it  on  the 
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beam  HD.    The  prqioiiion  of  these  pretrares,  therefore, 
ifl  not  affected  by  the  form  of  the  joint 

This  remark  is  important ;  for  many  carpenters  think 
the  form  and  direction  of  .the  butting  joint  of  great  im« 
portance ;  and  even  the  theorist,  by  not  prosecuting  the 
general  princi|ile  tlirough  cU  its  consequences,  may  be  led 
into  an  error.  The  form  of  the  joint  is  of  no  import- 
ance, in  as  far  as  it  affects  the  strains  in  the  direction  of 
the  beams ;  but  it  is  often  of  great  consequence,  in  re* 
spect  to  its  own  firmness,  and  the  effect  it  may  have  in 
bruising  the  piece  on  which  it  acts,  or  being  crippled  by 
it      . 

604.  The  same  compression  of  AB,  and  the  same 
thrust  on  the  point  D  by  the  intervention  of  AD,  will 
obtain,  in  whatever  way  the  original  pressure  on  the  end 
A  is  produced.  Thus  supposing  that  a  chord  is  made 
fast  at  A,  and  pulled  in  the  direction  A£,  and  with  the 
aame  force,  the  beam  AD  will  be  equally  compressed, 
and  the  prop  D  must  react  with  the  same  force. 

But  it  often  happens  that  the  obliquity  of  the  pres- 
ilure  on  AD,  instead  of  compressing  it,  stretches  it ;  and 
we  desire  to  know  what  tension  it  sustains.  Of  this  we 
have  a  familiar  example  in  a  common  roof.  Let  the  two 
rafters  AC,  AD  Fig.  12.,  press  on  the  tte^beam  DC.  We 
may  suppose  the  whole  weight  to  press  vertically  on  the 
ridge  A,  as  if  a  weight  B  were  bung  on  there.  We 
may  represent  this  weight  by  the  portion  A  6  of  the 
vertical  or  plumb  line,  intercepted  between  the  ridge  and 
the  beam.  Then  drawing  b  f  and  bg  parallel  to  AD 
and  AC,  A  g  and  Af  will  represent  the  pressures  on 
AC  and  AD.  Produce  AC  till  CH  be  equal  to  Af.  The 
|K>int  C  is  forced  out  in  this  direction,  and  with  a  force 
represented  by  this  line.  As  this  force  is  not  perpend!, 
cularly  across  the  beam,  it  evidently  stretches  it;  and 
this  extending  force  mwt  be  withstood  by  an  equal  force 
pulling  it  in  the  e pposite  direction.    This  must  arise  from 
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a  similar  oblique  thrust  of  the  oppotite  rafltf  on  tW 
other  end  D.  We  concern  ourselves  onlj  with  this  en* 
tension  at  present ;  but  we  see  that  the  cohesion  of  the 
beam  does  nothing  but  supply  the  balance  to  the  extendi 
ing  forces.  It  must  still  be  supported  externally ^  that  it 
may  reaistf  and,  by  resisting  obliquely,  be  stretched. 
The  points  C  and  D  are  supported  on  the  walk,  which 
they  press  in  the  directions  CE  and  DO,  parallel  to  A  & 
If  we  draw  HE  parallel  to  DC,  and  HI  parallel  to  CK 
(that  is,  to  A  &),  meeting  DC  produced  in  I,  it  follows 
from  the  composition  of  forces,  that  the  point  C  would 
be  supported  by  the  two  forces  EC  and  IC.  In  lilce 
manner,  making  DNsA^,  and  completing  the  paral- 
lelogram DMNO,  the  point  D  would  be  supported  by  the 
forces  OD  and  MD.  If  we  draw  g  o  and/  k  parallel  t6 
DC,  it  is  plain  that  they  are  equal  to  NO  and  CK,  whik 
A  0  and  A  &  are  equal  to  DO  and  CE,  and  A  6  is  equal 
to  the  sum  of  DO  and  CE  (because  it  is  equal  to 
A  0  +  A  &.)  The  weight  of  the  roof  is  equal  to  its  nx- 
ileal  pressure  on  the  walls. 

Thus  we  see,  that  while  a  pressure  on  A,  in  the  direc- 
tion A  by  produces  the  strains  A/ and  A  g*,  on  the  pieces 
AC  and  AD,  it  also  excites  a  strain  CI  or  DM  in  the 
piece  DC.  And  this  completes  the  mechanism  of  a 
frame ;  for  all  derive  their  efficacy  from  the  triangles  of 
which  they  are  composed,  as  will  appear  more,  clearly  as 
we  proceed. 

505,  But  there  is  more  to  be  learned  from  this.  The 
consideration  of  the  strains  on  the  two  pieces  AD  and 
AC,  by  the  action  of  a  force  at  A,  only  shewed  them 
as  the  means  of  propagating  the  same  strains  in  their  own 
direction  to  the  points  of  support.  But,  by  adding  the 
strains  exerted  in  DC,  we  see  that  the  frame  becomes  an 
intermedium,  by  which  exertions  may  be  made  on  other 
bodies,  in  certain  directions  and  proportions ;  so  that  this 
frame  may  become  part  of  a  more  complicated  one,  and. 
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^  it  were,  an  element  of  its  constitution.  It  is  worth 
while  to  ascertain  the  proportion  of  the  pressures  CK  and 
DO9  which  are  thus  exerted  on  the  walls.  The  simi- 
larity of  triangles  gives  the  following  analogies : 

DO:DM  =  A6:6D 
CT,  or  DM  :  CK  =  C  J  :  A  & 
Therefore  DO  :  CK  =  C  6  :  J  D. 
Or,  the  pressures  on  the  points  C  and  D,  in  the  direction  of 
the  straining  force  A  ft,  are  reciprocally  proportional  to  thu 
portions  ofDC  intercepted  by  A  ft. 

Also,  since  A  ft  is  =  DO  +  CK,  we  have 
Aft  :  CK  =  C  ft  +  ft  D  (or  CD)  :  ft  D,  and 
Aft  :  DO  =  CD:  ft  C. 

In  general,  any  two  of  the  three  parallel  forces  A  ft, 
DO,  CK,  are  to  each  other  in  the  reciprocal  proportion 
of  the  parts  of  CD,  intercepted  between  their  directions 
and  the  direction  of  the  third* 

And  thb  •  explains  a  still  more  important  office  of  the 
frame  ADC.  If  one  of  the  points,  such  as  D,  be  sup*- 
ported,  an  external  power  acting  at  A,  in  the  direction 
A  ft,  and  with  an  intensity  which  may  be  measured  by 
A  ft,  may  be  set  in  equilibrio,  with  another  acting  at  C, 
in  the  direction  CL,  opposite  to  CK,  or  A  ft,  and  with 
an  intensity  represented  by  CK :  for  since  the  pressure 
CH  is  partly  withstood  by  the  force  IC,  or  the  firmness 
of  the  beam  DC  supported  at  D,  the  force  KC  will  com* 
plete  the  balance.  When  we  do  not  attend  to  the  sup- 
port at  D,  we  conceive  the  force  A  ft  to  be  balanced  by 
KC,  or  KC  to  be  balanced  by  A  ft.  And,  in  like  man- 
ner, we  may  neglect  the  support  or  force  acting  at  A, 
and  consider  the  force  DO  as  balanced  by  CK. 

506.  Thus  our  frame  becomes  a  lever,  and  we  are  able 
to  trace  the  interior  mechanical  procedure  which  gives  it 
its  efficacy :  it  is  by  the  intervention  of  the  forces  of  go- 
besiott^  which  connect  the  points  to  which  the  external 
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forcef  are  applied  with  ike  supported  point  or  fokriiiii, 
and  with  each  other. 

These  strains  or  pressures  A  by  DO5  and  CE,  not  be- 
ing in  the  directions  of  the  beams,  maj  be  called  Iroiu- 
vfrse.  We  see  tliat  bj  their  means  a  frame  of  c^rpentiy 
may  be  considered  as  a  solid  bodj:  but  the  example 
which  brought  this  to  our  view  is  too  limited  for  ez- 
.  plaining  the  efficacy  which  may  be  given  to  such  con- 
structions. We  shall  therefore  give  a  general  proposir 
tion,  which  will  more  distinctly  explain  the  procedure  of 
nature,  and  enable  us  to  trace  the  strains  as  they  are  pro- 
pagated through  all  the  parts  of  the  most  complicated 
framing,  finally  producing  the  exertion  of  its  most  dis- 
tant points. 

.  507.  We  presume  that  the  reader  is  now  pretty  well 
iiabituated  to  the  conception  of  the  strains  as  they  are 
)>ropagated  along  the  lines  joining  the  points  of  a  fnune^ 
and  we  shall  therefore  employ  a  very  simple  figure. 

Let  the  strong  lines  ACBD  Fig.  13.  represent  a  frame 
of  carpentry.  Suppose  that  it  is  pulled  at  (he  point  A  by 
tt  force  acting  in  the  direction  A£,  but  that  it  rests  on  a 
fixed  point  C,  and  that  the  other  extreme  |>oint  B  is  held 
back  by  a  power  which  resists  in  the  direction  BF :  It  is 
required  to  determine  the  proportion  of  the  strains  ex* 
cited  in  its  diflerent  parts,  the  proportion  of  the  external 
pressures  at  A  and  B,  and  the  pressure  which  is  prodi/ced 
on  the  obstacle  or  fulcrum  C  ? 

It  is  evident  that  each  of  the  external  forces  at  A  and 
B  tend  one  way,  or  to  one  side  of  the  frame,  and  that 
each  would  cause  it  to  turn  round  C  if  the  other  did  not 
prevent  it ;  and  that  if,  notwithstanding  their  action,  it 
is  turned  neither  vvay,  the  forces  in  actual  exertion  are 
in  equilibrio  by  the  intervention  of  the  frame.  It  is  no 
less  evident  that  these  forces  concur  in  pressing  the  frame 
on  the  prop  C.  Therefore,  if  the  piece  CD  were  away« 
and  if  the  joints  C  and  D  be,  perfectly  flexible,  the  pieces 
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iBAi  t^B  i^uld  be  lamed  round  the  propi  C,  and  tbe 
pieces  AD,  0B  would  alio  turn  with  them^  and  the 
whole  frame  change  its  form.     This,  shews,  by  the  wajTf 
and  we  desire  it  to  be  carefUly  kept  in*  mind,  that  the 
firmtiess  or  stiffiiess  df  framing  depends  entirely  on  the 
triangles  bounded  by  beams  whieh'  are  contained  jn  it. 
An  open  quadrilateral  may  always  cbange  its  shape;  the 
sides  revolving  round  the  angles;     A  quadrilaterid  may 
have  an  infinity  of  formsj  without  any  change  of  its  sides^. 
by  merely  pushing  two  opposite  angles  towards  each 
6ther,  or  drawing  them  asunder.    Biit  when  the  three 
sides  of  a  triangle  are  determined^  iU  shape  is  also  inva^ 
inably  determined;  and  if  two  angles' be  held  fast^  tber 
third  cannot  be  movedl    It  is  thus  t&^,  by  inserting  the> 
bar  CD,,  the  figure  beieomes  iinchangeable.;  atid  any  ist- 
tempt  to  change  it  by*  applying  a  force  to  an  angle  A^i 
immediatelyr  excites  forces  of  i^traction  or  repubion  4i^' 
tween  the  particles  of  the  stuff  which*  tona$'  Us  sides^ 
Thus  it  happens^  in  the  present  instance^  that  a  change 
of  shape  is  prevented  by  the  bar  CD.    The  power  at  A' 
presses  its  end' against  the  prop;  and  in  doing  this  it 
puts  the  bar  AD  on  the  stretch,  and  also  the  bar  DHL 
Their,  places  might  therefore  be  supplied  by  cords  or 
metal  wires.     Hence  it  is  evident,  that  DC  is  compressed, 
as  is  also  AC;  and,  for  the  same  reasdn,  CB  is  also  in  a 
state  of  compression ;  tor  either  A  or  B^  may  be  consi- 
dered as  the  point  that  is  impelled  or  withheld.     There* 
fore  DA  and  DB;  are-  Stretched,  and  are  resisting  with 
attractive  forces.    DC  and  CB  are  compressed^  and  are 
resisting  with  repulsive  forces.     DB  is  also  acting  with 
repulsive  forces^  being^compressed   in  like  manner :   and 
thus  the  support  of  the.  prop,  combined  with  the  firmness 
of  DC^  puts  the  frame  ADBC  into  the  conditicm  of  the 
two  frames  ih  f^ig.  8;  and  Fig.  9.    Therefore  the  external 
force  at  A  is  really  in  equilibrio  with  an  attracting  force* 
acting  in  the  direction  AD^.  and  a  repulsive  fo^  acting  . 

TOI..  1.  3  K 
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in  the  direction  AK.  And  since  all  the  connecting  foroek 
are  mutual  and  equal,  the  point  D  is  pulled  or  drawn  in 
the  direction  DA.  The  condition  of  the  point  B  is  aimU 
lar  to  that  of  A,  and  D  is  also  drawn  in  the  direction  DBL 
Thus  the  point  D,  being  urged  by  the  forces  in  the  direo* 
tions  DA  and  DB,  presses  the  beam  DC  on  the  prop,  and 
the  prop  resists  in  the  opposite  direction.  Therefore  the 
line  DC  is  the  diagonal  of  the  parallelogram,  whose  sides 
have  the  proportion  of  the  forces  which  connect  D  with  A 
and  B.  This  is  the  principle  on  which  the  rest  of  our  in- 
vestigation proceeds.  We  maj  take  DC  as  the  represent 
tation  and  measure  of  their  joint  effect.  Therefore  draw 
CH,  CG,  parallel  to  DA,  I)B,  cutting  A£,  BF  in  L  and 
O,  and  cutting  DA,  DB  in  I  and  M.  Complete  the  pa- 
rallelograms ILKA,  MONB.  Then  DG  and  AI  are  the 
equal  and  opposite  forces  which  connect  A  and  D ;  for 
6D  =  CH,  =  AI.  In  like  manner  DH  and  BM  are  the 
forces  which  connect  D  and  B. 

The  external  force  at  A  is  in  immediate  equilibrio  with 
the  combined  forces,  connecting  A  with  D  and  with  C« 
AI  is  one  of  them  :  Therefore  AK  is  the  other  ;  and  AL 
is  the  compound  force  with  which  the  external  force  at  A 
is  in  immediate  equilibrium.  This  external  force  is  there- 
fore equal  and  opposite  to  BO ;  and  AL  is  to  BO  as  the 
external  force  at  A  to  the  external  force  at  B.  The  prop 
C  resists  with  forces  equal  to  those  which  are  propagated 
to  it  from  the  points  D,  A,  and  C.  Therefore  it  resists 
with  forces  CH,  CG,  equal  and  opposite  to  DG,  DH  ; 
and  it  resists  the  compressions  KA,  NB,  with  equal  and 
opposite  forces  C  fc,  C  n.  Drnw  kl^no  parallel  to  AD» 
BD,  and  draw  C  /  Q,  C  o  P :  It  is  plain  that  it  CH  /  is  a 
parallelogram  equal  to  KAIL,  and  that  C  /  is  equal  to  AL, 
In  like  manner  C  o  is  equal  to  BO.  Now  the  forces  C  iSr, 
CII,  exerted  by  the  prop,  compose  the  force  C  Z;  and  C  n, 
CG  compose  the  force  C  o.  These  two  forces  C  /,  C  o 
are  equal  and  parallel  to  AL  and  BO ;  and  therefore  they 
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are  equal  and  opposite  to  the  external  forces  acting  at  A 
and  B.  But  they  are  (primitively)  equal  and  opposite  to 
the  pressures  (or  at  least  the  compounds  of  the  pressures) 
exerted  on  the  prop^  by  the  forces  pi'opagated  to  C  from 

A,  D,  and  B.     Therefore  the  pressures  exerted  on  the  - 
prop  are  the  same  as  if  the  external  forces  were  applied 
there  in  the  saitie  directions  as  they  are  applied  to  A  and 

B.  Now  if  we  make  CV,  CZ  equal  to  C  /  and  C  o,  and 
complete  the  parallelogram  CVYZ ;  it  is  plain  that  the 
force  YC  is  in  equilibrio  with  I C  and  o  G.  Therefore  the 
pressures  at  A,  C,  and  B,  are  such  as  would  balance  if  ap- 
plied to  one  point. 

liSStly^  in  order  to  determitie  their  proportions,-  draw 
CS  and  CR  perpendicular  to  DA  and  DB.  Also  draw 
Ad,  B/ perpendicular  to  CQ  and  CP;  and  draw  €§-9 
C I  perpendicular  to  A£,-  BF. 

The  triangles  CPR  and  BP/are  similar,  having  a  com-  • 
mon  angle  P^  and  a  light  angle  at  R  andf. 

In  like  manner  the  triangles  CQS  and  AQd  ar^  si- 
milar.    Also  the  triangles  CHR,  C6S  are  similar,  by^ 
reason  of  the  equal  angles  at  H  and  G,  and  the  right 
angles  at  R  and   S.      Hence  we  obtain  the  following 
analogies  : 

C  o  :  CP  =  On  :  PB^  =  CG  :  PB 
CP:CR=  PBi/B 

CR:CS  =e  CH:  CG 

CS  :  CQ  =  A  d  :  AQ 

CQ:  C  /  =  AQ  :  K/,  =  AQ  :  CH. 

Therefore,  by  equality, 
ColC/=  Ai:/B 

OfBO:AL=  C^:Ct. 

That  is,  the  external  forces  are  reciprocally  proi^ortional 
to  the  perpendiculars  drawn  from  the  prop  on  the  lines  of 
their  direction.  ♦ 


*  The  learned  reader  will  perceive»  that  this  analogy  is  preciseljr  thef 
same  with  that  oT  forces  which  are  in  equflibrto'  bj  the  interventkm  of  » 
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This  propositioD  (suffidenilj  general  for  our  purpose) 
is  fertile  in  consequences,  and  furnishes  many  usefiil  in* 
8^*uctions  to  the  artist  The  strains  LA,  OB,  CY»  that 
are  excited,  occur  in  many,  we  may  say  ia  all,  framings 
of  carpentry,  whether  for  edifices  or  engines,^  and  are  the 
sources  of  theur  efficacy.  It  is  also  evident,  that  the  doo- 
trine  of  the  transverse  strength  of  timber  is  contained  ia 
this  proposition  ;  for  every  piece  of  timber  may  be  con* 
sidered  as  an  assemblage  of  parts,  connected  by  forces 
which  act  in  the  direction  of  the  lines  which  join  the 
strain^  points  on  the  matter  which  lies  between  those 
points,  and  also  act  on  the  rest  of  the  matter,  exciting 
thoi^  lateral  forces  which  produce  the  inflexibility  of  the 
whole.     See  Strength  or  Materials. 

Thus  it  appears,  that  ibis  proposition  contains  the  prin- 
ciples which  direct  the  artist  to  frame  the  most  powerKil 
levers ;  to  secure  uprights  by  shores  or  braces,  or  by  ties 
and  ropes ;  to  secure  scaffoldings  for  the  erection  of  spires^ 


lever.     In  fact,  this  whole  frame  of  carpentry  is  nothing  else  than  a  fiiiil^ 
ot  framed  lever  in  equilibrio.     It  i«  aeting  in  the  same  manner  as  a  solid, 
which  occupies  the  whole  figure  compressed  in  the  firamet  or  as  a  body  of 
any  t>ize  and  shape  whateTer,  that  will  admit  the  three  points  of  appUcatkxi 
A,  C,  and  B.    It  is  always  in  equilibrio  in  the  case  first  stated ;  because 
the  pressure  produced  at  B  by  a  force  applied  to  A  is  always  such  as  b»- 
Jances  it.    The  reader  may  also  perceive,  in  this  proposition,  the  analysis 
or  tracing  of  those  internal  mechanical  forces  which  are  Indispensably  re- 
quisite for  the  functions  of  a  lever.    The  mechanicians  have  been  extreme- 
ly puzzled  to  find  a  legitimate  demonstration  of  the  equilibrium  of  a  lever 
ever  since  the  days  of  Archimedes.     Mr  Vince  has  the  honour  of  first  de- 
monstrating, most  ingeniously,  the  piinciple  assumed  by  Archimedes,  but 
without  sufficient  ground,  for  lUt  demonstration  :  but  Mr  Vince^s  demon- 
etration  is  only  a  putting  the  mind  into  that  perplexed  state  which  makes  it 
aciinowledge  the  proposition,  but  without  a  clear  perception  of  its  truth. 
The  difficulty  has  proceeded  from  the  abstract  notion  of  a  lever,  conceiving 
it  as  a  matbematica]  line— inflexible,  without  reflecting  how  it  is  inflexible 
—for  the  very  source  of  this  indispensable  quality  furnishes  the  mechanical 
connection  between  the  remote  pressures  and  the  fulcrum  ;  and  this  sup- 
plies the  demonstration  (without  the  least  difficulty)  of  the  despexate 
of  A  straightlcver  urged  by  parallel  ^rces.    See  Rotatiox. 
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and  tnany  bther  most  deliciate  problems  of  his  art.  He 
also  learns,  from  this  proposition,  how  to  ascertain  the 
strains  that  are  produced,  without  his  intention,  by  piec^ 
which  he  iatended  for  other  oflSces,  and  which,  hj  their 
transverse  actioh,  put  his  work  in  hazard.  In  short,  this 
proposition  is  the  key  to  the  science  of  his  art. 

We  would  now  counsel  the  artist,  after  be  has  made 
the  tracing  of  the  strains  and  thrusts  through  the  rarioua 
parts  of  a  frame  familiar  to  his  mind,  and  eVeh  amused 
himself  i^ith  some  complicated  fancy  framings,  to  read 
over  with  care  the  articles  Strsngtb  of  Materials  and 
Roof.  He  will  now  conceive  its  doctrines  much  more  clear- 
ly than  when  he  was  considering  them  as  abstract  theories. 
The  mutual  action  bf  the  woody  fibres  will  now  be  Easily 
comprehended,  and  his  confidence  in  the  results  will  be 
greatly  increased. 

508.  There  is  a  proposition  (see  the  article  Roof) 
which  has  been  called  in  question  by  several  very  intelli- 
gent persons ;  atad  they  say  that  Belidor  has  demonstra* 
ted,  in  his  Scibncs  dbs  IirosifiKURi,  that  a  beam  firmfy 
fixed  at  both  oids  is  not  twice  as  strong  as  when  simpFy 
lying  on  the  props,  and  that  its  strength  is  increased 
only  in  the  proportion  of  8  to  3  ;  and  they  support  this 
determination  by  a  list  of  experiments  recited  by  wlidor, 
which  agree  precisely  with  it.  Belidor  also  says,  that 
Fitot  had  the  same  result  in  his  experiments.  These  are 
respectable  authorities;  but  Belidor^s  reasoning  is  any 
thing  but  demonstration;  and  his  experiments  are  dn* 
scribed  in  such  an  imperfect  ifnanner,  that  we  cil^ot 
build  much  6n  them.  It  is  not  sM  in  what  manner  the 
battens  were  secured  at  the  ends,  any  farther  than  that  it 
was  by  chetakts.  If  by  this  word  is  meant  i  tressle,  we 
cannot  conceive  how  th^y  ivere  employed ;  but  we  see  i% 
sometimes  used  for  a  ti'edge  or  kcfy.  If  the  battetis  wei^ 
wedged  in  the  holes,  their  raistance  to  fractu^  may  be 
made  what  we  pleas^ :  Ibey  may  be  loose^  and  tbetefot^ 
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resist  little  more  thau  \i'hen  simjdy  laid  on  the  props. 
Thejr  may  be  (and  probably  were)  \iTdgcd  very  fast,  and 
bruised  or  crippled. 

Our  proposition  mentioned  distinctly  die  security  given 
to  the  ends  of  the  beams.  They  were  mortised  into  re- 
mote posts.  Our  preciic  meaning  was,  that  they  were 
.simply  kept  from  rising  by  these  mortises,  but  at  full 
liberty  to  bend  up  between  £  and  I,  and  between  G  and 
K.  Our  assertion  was  not  made  from  theory  alone  (al- 
though we  think  the  reasoning  incontrovertible),  but  was 
agreeable  to  numerous  experiments  made  io  those  pre» 
cise  circumstances.  Had  we  mortised  the  beams  firmly 
into  two  \ery  stout  posts,  which  could  not  be  drawn 
nearer  to  each  other  by  bending,  the  beam  would  have 
lx)me  a  much  greater  weight,  a^  we  have  verified  by  ex« 
periment.  We  hope  that  the  following  mode  of  conceiv- 
ing this  case  will  remove  all  doubts. 

Let  LM  be  a  long  beam,  Plate  VI.  Fig.  14.  divided  bio 
.six  equal  ports,  in  the  points  D,  B,  A,  C,  E.     Let  it  be 
.firmly  supported  at  L,  B,  C,  M.     Let  it  be  cut  through 
at   A,  and  have  compass  joints  at  B.  and  C.     Let  FB, 
GC  be  two  equal  uprights,  resting  on  B  and  C,  but  with- 
out any  connection.     Let  AH  be  a  similar  and  equal 
piece,  to  be  occasionally  applied  at  the  seam  A.     Now  let 
a  thread  or  wire  AGE  be  extended  over  the  piece  GC, 
and  made  fast  at  A,  G,  and  fl.     Let  the  same  tbin"^  be 
done  on  the  other  side  of  A.     If  a  weight  be  now  laid. on 
at  A,  the  wires  AFD>  AGE  will  be  strained,  and  may  be 
broken.     In  the  ii^stant  of  fracture  we  may  suppotte  their 
strains  to  be  represented  by  A /and  Ag.     Coni])lete  the 
l)aralleIogram,  and  ^  a  is  the  magnitude  of  the  weight. 
It  is  plain  that  nothing  is  concerned  here  but  the  cohesion 
of  the  wires ;  for  tlie  li^i^m  is  sawed  through  at  A,  and  its 
parts  are  perfectly  moveable  round  B  and  C. 

Instead  of  this  process  apply  the  piece  AH  below  A, 
^nd  keep  it  there  by  straining  the  same  wire  BIIC  over 
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it.  Now  lay  on  a  ¥reiglit  It  must  press  down  the  ends 
of  BA  and  CA,  and  cause  th^  piece  AH  to  strain  the 
wire  BHC.  In  the  instant  of  fracture  of  the  $amt  wire^ 
its  resistances  H  h  and  H  e  must  be  equal  to  Af  and  A  g^ 
and  the  weight  h  H  which  breaks  them  must  be  equal  to 
A  a. 

Lastly,  employ  all  the  three  pieces  FB,  AH,  6C,  with 
the  same  wire  attached  as  before.  There  can  be  no  doubt 
but  that  the  weight  which  breaks  all  the  four  wires  must 
be  =  a  A  +  AH,  or  twice  Aa. 

-  The  reader  cannot  but  see  that  the  wfres  perfonn  the 
very  same  office  with  the  fibres  of  an  entire  beam  LlC 
held  fast  in  the  four  holes  D,  B,  C,  and  E,  of  some  up« 
right  posts. 

In  the  experiments  for  verifying  this,  by  breaking 
slender  bars  of  fine  deal,  we  get  complete  demonstration^ 
by  measuring  the  curvatures  produced  in  the  parts  of  the 
beam  thus  held  down,  and  comparing  them  with  the  cur- 
vature of  a  beam  simply  laid  on  the  props  B  and  C :  and 
there  are  many  curious  inferences  to  be  made  from 
these  observations,  but  we  have  not  room  for  them  in  this 
place. 

509.  We  may  observe,  by  the  way,  that  we  learn  from 
this  case,  that  purlins  are  able  to  carry  twice  the  load  when 
notched  into  the  rafters  that  they  carry  when  mortised 
into  them,  which  is  the  most  usual  manner  of  framing 
them.  So  would  the  binding  joists  of  floors ;  but  this 
would  double  the  thickness  of  the  flooring.  This  me- 
thod should  be  followed  in  twery  possible  case,  such  af 
breast  summers,  lintels  over  several  pillars,  &c.  Thesa 
should  never  be  cut  off  and  mortised  into  the  sides  j»f  every 
upright ;  numberless  cases  wili  occur  which  shew  the  im- 
portance of  the  maxim. 

We  must  here  remark,  that  the  proportion  of  the  spa- 
ces BC  and  CM,  or  BC  and  LB,  has  a  v^  sensible  effect 
#n  the  strength  of  tjie  beam  BC;  but  we  have  not /it 
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tBtifified  our  mincU  as  to  (he  raium^  of.  tliii  «ffecL  It  is 
undoubtedly  connected  with  the .  serpentine  form  of  the 
curve  of  the  beam  b^fpre  fracture.  This  should  be  aU 
tentled  to  in  the  construction  of  the  spriags  of  carriages 
These  are  frequently  supported  at  a  middle  point  (and  it 
is  an  excellent  practice),  and  there  is  a  certaia  proportioQ 
which  will  give  the  easiest  motion  to  the  body  of  the  caiv 
riage.  We  also  think  that  it  is  connected  with  that-d^ 
viation  from  the  best  theory  observable  in  Bufibn^s  ei^pe» 
riments  on  various  lengths  of  the  same  scantling.  The 
force  o[  the  beams  diminished  much  more  than  iu'tbe  in- 
verse proportion  of  their  lengths. 

510.  We  have  seen  that  it  depends  entirely  on  the  po- 
sition of  the  pieces  in  respect  of  their  points  of  ultimate 
aupport^  and  of  the  directiop  of  the  external  force  which 
produces  the  strains,  whether  any  particular  piece  is  in  a 
atate  of  extension  or  of  compression.    T!^e  knowledge  of 
this  circumstance  may  gre^iUy  influence  us  in  the  choice 
of  the  construction.     In  many  cases  we  may  substitute 
slender  iron  rods  for  massive  beams,  when  the  piece  is  ta 
act  the  part  of  a  tie.    But  we  must  not  invert  this  dispf>- 
sition ;  for  when  a  piece  of  timber  acts  as  a  strut,  and  is 
in  a  state  of  compression,  it  is  next  to  certain  that  it  is 
not  equally  cpmpressible  in  its  opposite  sides  through  tlie 
whole  length  pf  the  piece,  and  that  the  compressing  force 
on  the  abutting  joint  is  not  acting  in  the  most  equable 
manner  all  over  the  joint.     A  very  trifling  inequality 
in  either  of  these  circumstances  (especially  in  the  first) 
will  compress  the  beam  mpre  on  one  side  than   on  the 
other.     This  cannot  be  without  the  beam's  bending,  and 
becoming  concave  cm  that  side  on  which  it  is  most  com« 
pressed.    When  this  happens,  the  frame  is  in  danger  of 
]being  crushed,  and  soon  going  to  ruin.     It  is  therefore  in- 
dispensably necessary  to  make  use  of  beams  in  all  cases 
:fvhere  struts  are  required  of  considerable  length,  rather 
fbf^n  fft  metal  rods  of  slender  dimensions,  unless  in  situa- 
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lions  wtore  we  en -efiectuailly  prevent  their  bending,  m  in 
IruMuig  a  girder  internally^  wliere  a  cast  iron  stmt  tnaj 
be  Armly  tcased  ki  It,  bo  as  not  to  bend  in  the  smallest  dei- 
gree.  In  teases  irhere  the  pressures  are  aiorjnous,  as  in 
the  very  oblique  stmts  of  a  centre  or  arch  frame,  we  must 
be  particularly  cantieiis  to 'do  nothing  which  oab  facilitate 
the  compression  of  either  side.  No  mortises  should  be 
cat  near  to  -one  fiide;  no  latera}  firessures,  even  the 
slighted  should  be  allowed  to  touch  it.  We  have  seen  a 
pillar  of  fir  i2  inches  long  and  one  inch  in  sefstion,  when 
leaded  with  three  tons,  snap  in  an  iilstant  when  pressed 
OA  one  side  by  16  poundsi  whsie  another  bore  H  toni 
without  hurt,  because  it  iraa  tndosed  (li^sely)  in  a  stout 
pipe  of  iron. 

In  such  cases  of  enormous  ceikipreBsion,  it  is  of  great 
importance  that  the  comptressing  force  bear  equally  on  the 
whole  abutting  surface.  The  German  carpeQters  are  ao« 
customed  -to  put  a  plate  of  lead  over  the  ^oint.  This  pre- 
▼enta,  in  some  measure,  the  penetration  of  the  end  fibrea. 
Mr  Perronet,  the  celebrated  French  architect,  farmed  his 
abutments  into  arches  of  circles,  the  cent^ne  of  arhidi  wiai 
the  remote  end  of  the  strut  By  this  cantrivaiioe  the  un- 
avoidable change  of  form  of  the  triangle  made  no  partial 
bearing  of  either  an^  of  the  abutment,  This  always  has 
a  tendency  to  splinter  off  the  heel  of  the  beam  where  it 
presses  strongest.     It  is  a  very  judicious  practice. 

When  circumstances  allow  it,  we  should  rather  employ 
ties  than  struts  fbr  securing  a  beam  against  lateral  iTtrains. 
When  an  upright  pillar,  auch  as  a  flag.ati^,  a  mast,  or 
the  uprights  of  4  very  tall  acafiblding,  are  to  be  shoared 
up,  the  dependence  is  more  certain  on  those  bracts  that 
are  stretched  by  the  strain  than  on  those  which  are  com- 
pressed. The  scaffolding  of  tb^  iron  bridge  near  Sundei^ 
land  had  some  ties  very  judiciously  disposed^  and  clberi 
with  less  judgment. 

We  should  proceed  to  consider  the  transverse  strains  b^ 
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thej  afTect  the  various  parts  of  a  frame  of  earpentiy ;  but 
we  have  very  little  to  add  to  what  has  been  said  already 
under  the  subject  of  Strbnoth  of  MATCRiAUt,  and  undv 
the  subject  of  Roof.  What  we  shall  add  in  this  artide 
will  find  a  place  in  our  occasional  remarks  on  diflerent 
works.  It  may,  however,  be  of  use  to  recal  to  the  read-t 
er^s  memory  the  following  prcqiositions. 

51 L  1.  When  a  beam  AB,  Fig.  15.  is  firmly  fised  at  the 
end  A,  and  a  straining  force  acts  perpendicularly  to  its 
length  at  any  point  B,  the  strain  occasioned  at  any  sectua 
C  between  B  and  A  is  proportional  to  CB,  and  may  there- 
fore be  represented  by  the  product  WxCB ;  that  is,  by  the 
product  of  the  number  of  tons,  pounds,  &c.  which  mea- 
sure the  straining  force,  and  the  number  of  feet,  incbesb 
&C.  contaitaed  in  CB.  As  the  loads  on  a  beam  are  easily 
conceived,  we  shall  substitute  this  for  any  other  straining 
force. 

8.  If  the  strain  or  load  is  uniformly  distributed  along 
any  part  of  the  beam  lying  beyond  C,  (that  is,  further 
from  A),  the  strain  at  C  is  the  same  as  if  the  load  were 
all  collected  at  the  middle  point  of  that  part ;  for  that 
point  is  the  centre  of  gravity  of  the  load. 

3.  The  strain  on  any  section  D  of  a  beam  AB, 
Fig.   16.   resting  freely  on  two  props  A    and    B,    is 

w  X  — ^-jT —  (See  Roof,  and  Strength  of  Materials.) 

Therefore, 

4.  The  strain  on  the  middle  point,  by  a  force  applied 
there,  is  one-fourth  of  the  strain  which  the  same  force 
would  produce,  if  applied  to  one  end  of  a  beam  of  the 
same  length,  having  the  other  end  fixed. 

5.  The  strain  on  any  section  C  of  a  beam,  resting  on 
two  props  A  and  B,  occasioned  by  a  force  applied  per- 
pendicularly to  another  point  D,  is  proportional  to  the 
rectangle   of  the    exterior   segments^    or  is    equal   to 
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ACxDB 


to  X  - — r-~ —    Therefore, 

AJd 
The  strain:  at  C  occasioned  by  the  pressure  on  D,  is 
the  same  with  the  strain  at  Ji  occasioned  bj  the  same 
pressure  on  C* 

6.  The  strain  on  any  section  D,  occasioned  by  a  load 
uniformly  diffused  orer  any  part  £Ff  is  the  satne  as  if 
the  tvro  parts  ED,  DF  of  the  load  were  collected  at  their 
middle  points  e  and/.    Therefore,  . 

The  strain  on.  any  part  D,  occasioned  by  a  toad  uni* 
formly  distributed  over  the  whole  beam,  is  one  half  of  the 
.strain  that  is  produced  when  the  same  load  is  laid  on  at  D; 
and. 

The  strain  on  the  middle  point  C,  occasioned  by  a 
load  uniformly  distributed  over  the  whole  beam,  ia  the 
Mme  wliich  half  that  load  would  produce  if  laid  on 
at  C. 

7.  A  beam  supported  at  both  ends  on  two  props  B 
tmd  C,  Fig.  14.,  will  carry  twice  as  much  when  the  ends 
.beyond  the  props  are  kept  from  rising,  as  it  will  carry 
when  it  rests  loosely  on  the  props.  ^; 

8.  Lastly,  the  transverse  strain  on  any  section^^^a^ 
i&ioned  by  a  force  applied  obliquely,  is  diminished  in  tSe 
proportion  of  the  sine  of  the  angle  which  the  direction  of 
the  force  makes  with  the  beam.  Thus,  if  it  be  inclined 
to  it  in  an  angle  of  thirty  degrees,  the  strain  is  one  half 
of  the  strain  occasioned  by  the  same  force  acting  perpen- 
dicularly. 

On  the  other  handj  the  rslatiyb  strbnotb  of  a  beam, 
or  its  power  in  any  particular  section  to  resist  any  trans- 
verse strain,  is  proportional  to  the  absolute  cohesion  of 
the  section  directly,  to  the  distance  of  its  centre  of  effort 
from  the  axis  of  fracture  directly,  and  to  the  distance 
from  the  strained  point  inversely. 

Thus  in  a  rectangular  section  of  the  beam,  of  which 
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b  b  the  breadth,  d  the  depth  (that  is,  the  Ametnitm  hi 
the  direction  of  tjie  straining  force))  measured  in  inches 
and/  the  number  of  poahds  whkh  Me  sqiiare  inch  #iU 
just  support  Irithout  being  torn  aiand^,  we  most  ban 
f  X  b  X  d'f  proportional  to  w  x  CB,  Fig.  15.  Or, 
/  X  bx  d^f  mnltiplied  by  some  number  tn^  depending  on 
the  nature  of  the  timbor,  must  be  equal  to  19  x  C& 
Or,  in  the  case  of  the  section  C  of  Fig.  16,  that  il 
strained  by  the  force  ai  w  applied  al  D,  we  nuiat  bafe 

mx/6d>=tpx^^f  °°      Thus  if  the  beam  is  of 
•^  AB 

aound  oak,  m  is  yery  nearly  =5  }  (see  Strbhotb  of  Ua^ 

X    rp.      r  u      /*<*•  ACxCB 

TBRiAi^.)    Therefore  we  have*^ — ^ —  =  w  x  — ^^     ■ 

V  Ad 

Hence  we  can  tell  the  precise  foree  i»  which  any  secy 

tion  C  can  jnst  resist  when  thtft  force  b  applied  in  iny 

way  whatever.    For  the  abo?e  mentioned  formula  glvd 

w  ^^  -pi  for  the  case  represented  by  Fig.  15.    But 

the  case  represented   in   Fig.  16.   having  the  straiftiiag 
force  applied  at  D,   gives  the  strain  at  C  (=10)  =:/ 

b  d^X  AB 
^9ACxCB 

Example.  Let  an  oak  beam,  four  inchea  square,  rest 
freely  on  the  props  A  and  B,  seven  feet  apart,  or  81 
inches.  What  weight  will  it  just  support  at  iU  middle 
point  C,  on  the  supposition  that  a  square  inch  rod  will 
just  carry  16,000  pounds,  pulling  it  asunder  ? 

The  formula  become,  ^  =  'T>  ^  i^  '?J^> 

or  •  =     15876  ''  ^  ^"^  pttunds.    This  is  vety  near 

what  was  employed  in  Buffon^s  experiment,  which  was 
S812. 

Had  the  straining  force  acted  on  a  point  D,  half  way 


between  C  and  B»  the  force  auffident  to  break  the  beam 

1600a  X  4  X  16  X  84      ,^„^  ,^ 
at  C  would  be  = 5—23 — sr =  10836  lbs. 

"  X  ^*  X  581 

Had  the  beam  been  sonnd  red  fir,  we  must  hare  taken 

f  =  10,000  nearlj,  and  m  nearly  8 ;  for  although  fir  be 

less  cohesire  than  oa|E  in  the  proportion  of  5  to  8  nearly^ 

it  is  less  compressible,  and  its  axis  of  fracture  is  therefore 

nearer  to  the  concare  side. 

512.  Ebiving  considered  at  sufficient  length  the  strains 
of  different  kinds  which  arise  from  the  form  of  the  parts 
of  a  frame  of  carpentry,  and  the  direction  of  the  exter- 
nal  forces  which  act  on  it,  whether  considered  as^  impell- 
ing or  as  supporting  its  diflbrent  parts,  we  must  now 
proceed  to  consider  the  means  by  which  this  form  is  to  be 
secured,  and  the  connettioos  by  which  those  strains  are 
excited  and  communicated. 

The  joinings  practised  in  carpentry  are  almost  infinite- 
ly various,  and  each  has  advantages  which  make  it  p^ 
ferable  in  some  circumstances.  Many  varieties  are  em- 
ployed merely  to  [Jease  the  eye.  We  do  not  concern 
ourselves  with  these :  Nor  shall  we  consider  those  which 
are  only  employed  in  connecting  small  works,  and  can 
never  appear  on  a  great  scaler  yet  even  in  some  of  these, 
the  skill  of  the  carpenter  may  be  discovered  by  his  choice; 
for  in  all  cases,  it  is  wise  to  make  every,  even  the  smail- 
icst,  part  of  his  work  as  strong  as  the  materials  will  «d- 
init.  He  will  be  particularly  attentive  to  the  changes 
which  will  necessarily  happen  by  the  shrinking  of  timber 
as  it  dries,  and  will  consider  what  dimensions  of  his 
framings  will  be  aff*ected  by  this,  and  what  will  not; 
and  will  then  dispose  the  pieces  which  are  less  essential 
to  the  strength  of  the  whole,  in  such  a  manner  that  their 
tendency  to  shrink  shall  be  in  the  same  direction  with  the 
ahrinking  of  the  whole  framing.  If  he  do  otherwise, 
the  seams  will  widen,  and  parts  will  be  split  asunder. 
He  will  dispose  his  boardings  in  such  a  manner  as  to  con- 
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tribute  to  the  stiffness  of  the  whole,  avoiding  at  the  sattle 
time  the  giving  them  positions  which  will  produce  lateral 
strains  on  truss  beams  which  bear  great  pressures ;  recol- 
lecting, that  although  a  single  board  has  little  force,  yet 
many  united  have  a  great  deal,  and  may  frequently  per- 
form the  office  of  very  powerful  struts. 

Our  limits  confine  us  to  the  joinings  which  are  most 
essential  for  connecting  the  parts  of  a  single  piece  of  a 
frame  when  it  cannot  be  formed  of  one  beam,  either  for 
want  of  the  necessary  thickness  or  length ;  and  the  joints 
for  connecting  the  different  sides  of  a  trussed  frame. 

513.  Much  ingenuity  and  contrivance  have  been  bestow- 
ed on  the  manner  of  building  up  a  great  beam  of  many 
thicknesses,  and  many  singular  methods  are  practised  as 
great  nostrums  by  different  artists :  but  when  we  con- 
sider the  manner  in  which  the  cohesion  of  the  fibres  per- 
forms its  office,  we  shall  clearly  see  that  the  simplest  are 
equally  effectual  with  the  most  refined,  and  that  they  are 
less  opt  to  lead  us  into  false  notions  of  the  strength  of  the 
assemblage. 

514.  Thus,  were  it  required  to  bnild  up  a  beam  for  tt 
great  lever  or  a  girder,  so  that  it  may  act  nearly  as  a 
beam  of  the  same  size  of  one  log— *it  may  either  be  done 
by  plain  joggling,  as  in  Plate  VII.  Fig.  1.  A,  or  by  scarf- 
ing, as  in  Fig.  1.  B  or  C. 

515.  If  it  is  to  act  as  a  lever,  having  the  gudgeon 
on  the  lower  side  at  C,  we  believe  that  most  artists 
will  prefer  the  form  B  and  C ;  at  least  this  has  been 
the  case  with  nine-tenths  of  those  to  whom  we  have 
proposed  the  question.  The  best  informed  only  hesitat- 
ed ;  but  the  ordinary  artists  were  all  confident  in  its  su- 
I>eriority ;  and  we  found  their  views  of  the  matter  very 
coincident.  They  considered  the  upper  piece  as  grasping 
the  lower  in  its  hooks ;  and  several  imagined  that,  bv 
driving  the  one  very  tight  on  the  other,  the  beam  would 
be  stronger  than  an  entire  log :    but  if  we  attend  care- 
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fully  to  the  internal  procedure  in  the  loaded  lever,  we 
shall  find  the  upper  one  clearij  the  strongest.  If  they 
are  formed  of  equal  logs,  the  upper  one  is  thicker  than' 
the  other  by  the  depth  of  the  joggling  or  scarfing,  which 
we  suppose  to  be  the  same  in  both )  consequently,  if  the 
cohesion  of  the  fibres  in  the  intenrals  is  able  to  bring  the 
uppermost  filaments  into'  full  action,  the  form  A  is 
stronger  than  B,  in  the  proportion  of  the  greater  dis- 
tance of  the  upper  filaments  from  the  axis  of  the  frao* 
ture:  this  may  be. greater  than  the  difference  of  the 
thickness,  if  the  wood  is  very  compressible  If  the 
gildgeoabe  in  the  middle,  the  effect,  both  of  the  joggles 
and  the  scarfings,  is  considerably  diminished ;  and  if  it 
is  on  the  upper  side,  the  scarfings  act  in  a  very  different 
way.  In  this  situation,  if  the  loads  on  the  arms  are  also 
applied  to  the  upper  side,  the  joggled  beam  is  still  more 
superior  to  the  scarfed  one.  This  will  be  best  under- 
stood by  resolving  it  in  imagination  into  a  trussed  frame. 
But  when  a  gudgeon  is  thus  put  upon  that  side  of  the 
lever  which  grows  convex  by  the  strain,  it  is  usual  to 
connect  it  with  the  rest  by  a  powerful  strap,  which  em-, 
jbraces  the  beam,  and  causes'  the  opposite  point  to  be- 
come the  resisting  point  This  greatly  changes  the  in- 
ternal actions  of  the  filaments,  and,  in  some  measure, 
brings  it  into  the  same  state  as  the  first,  with  the  gud- 
geon below.  Were  it  possible  to  have  the  gudgeon  on 
the  upper  side,  and  to  bring  the  whole  into  action  with- 
out a  strap,  it  would  be  the  strongest  of  all ;  because,  in 
general,  the  resistance  to  compression  is  greater  than  to 
extension.  In  every  situation  the  joggled  beam  has  the 
advantage,  and  it  is  the  easiest  executed. 

We  may  frequently  gain  a  considerable  accession  of 
strength  by  this  building  up  of  a  beam  ;  especially  if  the 
part  which  is  stretched  by  the  strain  be  of  oak,  and  the 
other  part  be  fiir.  Fir  being  so  much  superior  to  oak  as  a 
piUarj(ifMuschenhroek^s  experiments  may  be  confided  in). 
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nod  osk  so  much  preferable  as.  a  tiey  thia  coiuinicliaB 
seems  to  unite  both  advantages.  But  we  ahall'  aea  mack 
better  methods  of  making  powerfiil  Ieters»  gilders^  &c. 
by  trussing. 

Obserre,  that  the  efficacy  of  both  msthoda  dependi 
entirely  on  the  difficulty  of  causing  the  piece  betwem 
the  cross  joints  to  slide  along  the  timber  to  which  it  ad- 
heres. Therefore,  if  this  be  moderate^  it  ia  wrong  to 
make  the  notches  deep ;  for  as  sooa  asthey  are  so  diep 
that  their  ends  have  a  force  sufficient  to-  pusb  the  slice 
along  the  line  of  junction,  nothing  is  gained  by  making 
them  deeper;  and  this  requires  a  greater  expendttiue of 
timber. 

Scarfings  are  frequently  made  obliqiie,  as  in  Fig;  2^. 
but  we  imagine  that  this  is  a*  bad  practice.  It  begins  to 
yield  at  the  point,  where  the  wood  is  crippled  and  splin- 
tered off,  or  at  least  bruised  out  a  little :  as  the  pressors 
increases,  this  part,  by  squeeaing  broader,  causes-  the 
solid  parts  to  rise  a  little  upwards,  and  gires  them  some 
tendency,  not  only  to  push  their  antagonists  along  the 
base,  but  even  to  tear  them  up  a  little.  For  similar  rea- 
sons, we  disapprove  of  the  favourite  practice  of  many 
artists,  to  make  the  angles  of  their  scarfings  acute,  a^  in 
]&ig.  3.  This  often  causes  the  two  pieces  to  tear  each 
other  up.  The  abutments  should  always  be  perpendicu- 
lar to  the  directions  of  the  pressures.  Lest  it  should  be 
forgotten  in  its  proper  place,  we  may  extend  this  injunc* 
tion  also  to  the  abutments  of  different  pieces  of  a  frame, 
and  recommend  it  to  the  artist  even  to  attend  to  the 
shrinking  of  the  timbers  by  drying.  When  two  timliers 
abut  obliquely,  the  joint  should  be  most  full  at  the  ob-  - 
tnse  angle  of  the  end ;  because,  by  drying,  that  angle 
grows  more  obtuse,  and  the  beam  would  then  be  in  dan- 
ger of  splintering  off  at  the  acute  angle. 

516.  It  is  evident,  that  the  nicest  work  is  indispensably 
necessary  in  bwlding  up  a  beam.     The  parts  must  abut 
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Dn  feach  other  completdy,  and  (he  smallest  play  or  void 
takes  away  the  whole  efficacy.    It  is  usual  to  give  the 
butting  joints  a  small  tat)er  to  one  side  of  the  beam,  so 
that  they  may  require  moderate  blows  of  a  maul  to 
force  them  in,  and  thfc  joints  may  be  perfelctly  close  when 
the  external  surfaces  are  even  on  eadh  side  of  the  b^am. 
But  we  must  not  exc^  ih  the  least  degree ;  for  a  very 
taper  wedge  has  great  force;  and  if  we; have  driven  the 
pieces  together  by  very  heavy  blows,  we  leave  the  whple 
in  is  state  of  violent  strain,  and  the  abutoseots  are  per- 
haps ready  to  splinter  off  by  a  smiill  addition  of  pres« 
sure.      This  is  like  toio  severe  a  proof  for :  artillery ; 
which^  though  not  sufficient  to  burst  the  .pieces^  has 
weakened  them  to  such  a  degree,  that  the  strain  c€  or« 
dtnary  service  is  sufficient    to    complete'  the  fracture. 
The  workman  is  tempted  to  exceed  in  this^  because,  it 
femooihs  off  and  conceals  all  uneven  seams ;  but  he  must 
be  watched.    It  is  not  ynUsuai  to  Iteve  some  abutment 
upen  cfnottgh  to  admit  a  .thin  wedge  reaching  througti 
the  beam.    Nor  it  this  a  bad  practice,  if  the  wedge  i^  of 
materials  whifch  are  not  compressed  by  the  driving  or  the 
strain  of  service^    Iron  would  be  preferable  for  this  pur- 
pose, and  for  the  joggles,  were  it  not  that  by  its  tpo  greajt 
hardness  it  cripples  the  fibres  of  timber  to  some  distance. 
In  consequences  of  this^  it  often  happens  .that,  in  beams 
which  are  subjected  to  desultory  and  SMdden  strains  (aa 
in  the  levers  of  reciprocating  enginesi)  the  joggles  or 
wedges  widen  the  holes^  and  wOrk  tjieoiselves  loose: 
Therefore  skilful  engineers  never  admit  thein^.'and  indeed 
as  few  bolls  as  possible^  fOv  ihe  same'  reason :  but  when 
resisting  a  steady  or  dted  pullj  they  are  not  so  improper, 
and  are  frequently  usedi 

517.  Beams  are  built  up  not  only  to  increase  their  di- 
mensions in  the  directioil  of  .the  strain  (which  we  have 
hitherto  called  their  depith),  but  also  to  increase  their 
breadth  or  the  dimensioos  perpendicular  to  the  strain. 

VOL.  I.  2  h 
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We  sometime  double  the  breadth  of  •  girder  wfckb  19 
thought  too  weak  for  its  kied,  and  where  we  imnt  nol 
increase  the  thickneM  of  the  flooring.  The  mast  of  a 
great  ship  of  war  must  be  made  bigger  athwartahip^  as 
well  as  fore  and  aft  This  is  oae  of  the  nicest  ptvUems 
of  the  art ;  and  professi<nial  men  are  bjr  no  means  agreed 
in  their  opinions  about  it  We  do  not  presume  to  d^ 
eide;  and  shall  eontent  ourselTes  with  eadiibitiag  the 
different  methods. 

518.  The  most  obvious  and  natural  method  is  thai 
shewn  in  Fig.  4  It  is  plain  that  (independent  of  the 
connection  of  cross  bolts,  which  are  used  in  them  aU 
wiien  the  beams  are  square)  tbe  piece  G  cannot  bend  ni 
the  direction  of  the  plane  of  the  figure  without  bending 
the  piete  D  along  with  it  This  method  u  much  used  in 
the  French  navy ;  but  it  is  undoubtedlj  imperfect 
Hardlj  anj  two  great  trees  are  of  equal  qualitj,  and 
swell  and  shrink  alike.  If  C  shrinks  more  than  D,  tbe 
leather  of  C  becomes  loose  in  the  groove  wrought  in  D 
to  receive  it ;  and  when  the  beam  bends,  the  parts  can 
elide  on  each  other  like  the  plates  of  a  coach  spring ;  and 
if  the  bending  is  in  the  direction  ef,  there  is  nothing  to 
hinder  this  sliding  but  the  bolts,  which  soon  work  them- 
arives  loose  in  the  bolt-holes. 

•  519.  Fig.  5.  exhibits  another  method.  The  two 
lialves  of  the  beam  are  tabled  into  each  other  in  the  same 
manner  as  in  Fig.  1.  It  is  plain  that  this  will  not  be  af- 
ftcted  by  the  unequal  swelling  or  shrinking,  because  this 
is  insensible  in  the  direction  of  the  fibres ;  but  when  bent 
in  the  direction  o  6,  the  beam  is  weaker  than  Fig.  4  bent 
in  the  direction  ef.  Each  hajf  of  Fig.  4  has,  in  every 
part  of  its  length,  a  thickness  greater  than  half  the  thick- 
ness of  the  beam.  It  is  the  contrary  in  the  alternate  por- 
'tions  of  the  halves  of  Fig.  5.  When  one  of  them  is  bent 
in  the  direction  AB,  it  is  plain  that  it  drags  the  other 
with  it  by  means  of  the  cross  butmeots  of  its  tables,  and 
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theie  Cttti  be  no  longitudinal  sliding.  But  unleM  the  wotk 
U  aceuratdgr  executed,  and  eadt  bolknr  eonpktoly'  filled 
up  by  the  table  of  the  other  pieoe»  theft  miil  be  a  latecal 
f  Itde  along  the  cross  joints  sdicieni  to  coaapensate  for 
the  currataJTe ;  and  this  will  haader  the  one  firom  cam- 
ycessiog  or  stretching  the  other  in  oeflfanmty'  to  tbia  cur« 
vaiure. 

520.  The  inqperfection  of  this  method  ia  so  obvious^ 
that  it  has  seldom  been  practised :  but  it  baa  been  cooh 
bined  with  the  (^her,  as  is  represented  in  Fig.  6.  where 
the  beams  are  divided  along  the  middle^  and  the  tables  ia 
each  half  are  alternate,  and  alternate  idsa  with  the  taUea 
ei  the  other  half.  Thus  1,  S|  4,  are  preminent,  and  5, 
S»  6,  are  depressed.  This  construction  evidently  f^^  4* 
stop  to  both  sides,  and  obliges  every  pai^  of  both  pttcea 
to  move  together,  a  b  and  c  d  show  sections  of  the  buiit» 
up  beam  eoavesponding  to  AB  and  CD. 

No  mere  ia  intended  in  this  practice  by  any  intelligent 
nrtist^  than  the  causing  the  two  pieces  to  act  together  im, 
ell  their  parts,  although  the  strains  may  be  unequally 
dUstribttted  oa  them.  Thus,  in  a  buUt*up  girder,  the 
hiading  joints  are  frequently  mortised  into  very  different 
|iarts  of  the  two  sides.  But  many  seem  to  aim  at  mafc* 
ing  the  beam  stronger  than  if  it  were  of  one  piece;  and 
this  inoonaiderate  prcgect  has  give»  rise  to  many  whii|isft> 
cal  modes  of  taUing  and  scarfing,  w^ich  we  need  not  rsh 
gard. 

liSl.  The  praatioe  in  the  British  dock^yarda  is  soSMh 
what  different  from  any  of  these  methods.  The  pieces 
are  tabled  as  in  Fig.  6.,  but  the  tables  are  not  thin  paraW 
lelopipeds,  bat  thin  priams.  The  two.  outward  joints  or 
visible  seams  are  straight  lines,  and  the  table  No.  1.  xiaea 
gradually  to  its  greatest  thickness  in  the  axis.  In  liiee 
manner,  the  hollow  6  for  receiving  the  opposite  taUe, 
sinks  gradually  from  the  edge  to  ita  greatest  depth  in  the 
axis.    Fig.  7.  represents  a  section  of.  a  ronnd  piece  of 
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timber  built  up  in  this  way,  where  the  full  line  EFGH 
it  the  lectioii  corresponding  to  AB  of  Fig.  &  and  the 
dotted  line  EGFH  is  the  section  corresponding  to  CD. 

Thtft  construction,  bj  making  tlie  external  seam 
straight,  leaves  no  lodgment  for  water,  and  kxdu  much 
fairer  to  the  eye :  but  it  appears  to  us  that  it  does  not 
give  such  firm  hold  when  the  mast  is  bent  in  the  diree> 
tion  EH.  The  exterior  parts  are  most  stretched  and 
most  compressed  by  this  bending;  but  there  is  hardly 
any  abutment  in  the  exterior  parts  of  these  tables.  In 
the  very  axis,  where  the  abutment  is  the  firmest,  there 
is  little  or  no  difference  of  extension  and  compresaion. 

But  this  construction  has  an  advantage,  which  we  ima- 
gine much  more  than  compensates  for  these  imperfectioa^ 
at  least  in  the  particular  case  of  a  round  mast :  it  wiU 
draw  together  by  hooping  incomparably  better  than  any 
of  the  others.  If  the  cavity  be  nuuie  somewhat  too  shal* 
low  for  the  prominence  of  the  tables,  and  if  this  be  done 
miiformly  along  the  whole  length,  it  will  make  a  some* 
what  open  seam ;  and  this  iqpening  can  be  regulated  with 
the  utmost  eiactness  from  end  to  end  by  the  plane.  The 
heart  of  those  vast  trunks  is  very  sensibly  softer  than  the 
exterior  circles :  Therefore,  when  the  whole  is  hooped, 
and  the  hoops  hard  driven,  and  at  considerable  intervals 
between  each  spell-^we  are  confident  that  all  may  be 
<x»npr€ssed  till  the  seam  disappears ;  and  then  the  whole 
makes  one  piece,  much  stronger  than  if  it  were  an  origi- 
nal log  of  that  sixe ;  because  the  middle  has  become,  by 
compression,  as  solid  as  the  crust,  which  was  naturally 
firmer^  and  resisted  farther  compression.  We  verified 
this  beyond  a  doubt,  by  hooping  a  built  stick  of  a  timber 
which  has  this  inequality  of  firmness  in  a  remarkable  de- 
gree, and  it  was  nearly  twice  as  strong  as  another  of  the 
same  sixe. 

Our  mastmakers  are  not  without  their  fancies  and 
whims;  and  the  manner  in  which  our  masts  and  yards 
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are  generally  biiilt  up,  is  not  near  so  simple  as  Fig.  6. ; 
but  it  consists  of  the  same  essential  parts,  acting  in  the 
verj  same  manner,  and  derives  all  its  efficacy  from  tba 
principles  which  are  here  employed. 

598.  This  construction  is  particularly  suited  to  the  si- 
tuation and  office  of  a  ^hip^s  mast.  It  has  no  bolts ;  or,* 
at  least,  none  of  any  magnitude,  or  that  make  very  im-* 
portant  parts  of  its  construction.  The  most  Tfolent 
strains  perhaps  that  it  is  exposed  to,  is  that  of  twisting, 
when  the  lower  yards  are  close  braced  up  by  the  force  of 
many  men  acting  by  a  long  lever.  This  form  resists  a 
twist  with  peculiar  energy :  it  is  therefore  an  ezcelleiit 
Method  for  building  up  a  great  shaft  for  a  mill  The 
way  in  which  they  are  usually  built  up  it  by  reducing  a 
central  log  to  a  polygonal  prism,  and  then  filling  it  up 
to  the  intended  size  by  planting  pieces  of  timber  along  its 
sides,  either  spiking  them  down,  or  cocking  them  into  it 
by  a  feather,  or  joggling  them  by  slipcTof  hard  wood  sunk 
into  the  centraF  log  and  into  the  slips.  N.  B.  Joggles  of 
elm  are  sometimes  used  in  the  middle  of  the  large  tables 
of  masts ;  and  when  sunk  into  the  firm  wood  near  the 
surface,  they  must  contribute  much  to  the  strength.  But 
it  is  very  necessary  to  employ  wood  not  much  harder 
than  the  pine ;  otherwise  it  will  soon  enlarge  its  bed,  and 
become  loose ;  for  the  timber  of  these  large  trunks  is  rtry 
soft.  ' 

593.  The  most  general  reason  for  piecing  a  beam  is  to 
increase  its  length.  This  is  frequently  necessary,  in  order 
to  procure  tie-beams  for  very  wide  roofs.  Two  pieces 
must  be  scarfed  together.-— Numberless  are  the  modes  of 
doing  this ;  and'  almost  every  master  (carpenter  has  his 
favourite  nostrum.  Some  of  tbem  are  very  ingeoious: 
But  here,  as  in  other  case»,  the  most  siiiiple  ar^  cominaii- 
ly  the  strongest  We  do  ndl^  imagine  that  any,  the  qum^ 
ingenious,  is  equally  strong  ii#Uh  a  tie  consisting. of  two 
pieces  of  the  same  scanttin^  kid  aver  each'  other  for  a 
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pertain  length,  and  fiFailjr  Mied  together.  We  adoiair* 
Mge  that  thu  wiU  appear  an  artless  and  clumej  tie- 
beiam ;  but  we  onlj  say  that  it  will  be  stronger  than  aaj 
that  is  more  artificially  made  up  of  the  same  thickness  of 
timbet.  This,  we  imagine,  will  appear  sufficiently  oer- 
tain. 

The  simplesi  md  most  obrious  scarfing,  (after  the  one 
ndw  mentioned)  is  that  represented  in  Fig.  8.  No.  1 .  &  2.  If 
cansidered  merely  as  two  pieces  of  wood  joined,  it  is  fdain 
that,  as  a  tie,  it  has  but  half  the  strength  of  an  ^tire 
piece,  supposing  that  the  bolts  (which  are  the  only  con* 
BeetSons)  are  fast  in  their  holes.  No.  8.  requires  a  bolt  in 
the  midde  of  the  scarf  to  give  it  that  strength ;  and,  in 
e?cry  other  part,  is  weaker  oxk  one  side  or  the  other. 

But  the  bolts  are  very  apt  to  bend  by  the  violent  strain, 
and  require  to  be  strengthened  by  uniting  tiieir  ends  by 
iron  plates ;  in  wbidi  case  it  is  no  Imiger  a  wooden  tie. 
The  form  ft  No.  1.  is  better  adapted  to  the  office  of  a 
|iillar  than  No,  8. ;  especially  if  its  ends  be  formed  in  the 
manner  shewn  in  the  elevation  No.  3.  By  the  sally  gi* 
ven  to  the  ends,  the  scarf  resists  an  effort  to  bend  it  in 
that  direction*  Besides,  the  form  of  No.  2.  is  unsuitable 
for  a  post ;  because  the  pieces,  by  sliding  on  each  other 
by  the  pressure,  m%  apt  to  splinter  off  the  tongue  which 
confines  their  extremity. 

Fig.  9.  and  10.  exhibit  the  most  approved  form  of  a 
scarf,  whether  for  a  tie  or  for  a  post.  The  key  repre- 
sented in  the  middle  is  not  essentially  necessary ;  the  two 
pieces  might  simply  meet  square  there.  This  form,  with- 
out a  key,  needs  no  bolts  (although  they  strengthen  it 
greatly) ;  but,  if  worked  very  true  and  close,  and  with 
•quare  abutments,  will  hold  together,  and  will  resist  bend- 
ing in  any  direction.  But  the  key  is  an  ing^iious  and  a 
Very  great  improvement,  and  will  force  the  parts  together 
with  perfect  tightness.  The  same  precaution  must  be 
ObMWed  that  we  mentioned  on  another  occasion^  not  to 
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|nt>diioe  t  coiifltaiit  internal  strain  on  the  parts  by  over- 
driving the  key.  The  form  of  Fig.  9.  is  by  far  the  best; 
because  the  triangle  of  Fig.  10.  is  much  easier  splintered  off 
by  the  strain,  or  by  the  key,  than  the  square  wood  of 
Fig.  9.  It  is  far  preferable  for  a  post,  for  the  reason  given 
when  speaking  of  Fig.  8.  No.  1.  &  2.  Both  may  be  formeil 
with  a  sally  at  the  ends  equal  to  the  breadth  of  the  key. 
In  this  shape.  Fig.  9.  is  vastly  well  suited  for  joining 
the  parts  of  the  long  comer  posts  of  spires  and  other 
wooden  towers.  Fig.  9.  No.  8.  differs  from  No.  I.  only 
fay  having  three  keys.  The  principle  and  the  longitudi- 
nal strength  are  the  same.  The  long  scarf  of  No.  8.  tight- 
ened by  the  three  keys,  enables  it  to  resist  a  bending 
much  better. 

None  of  these  scarfed  tie-beams  can  have  more  than 
one-third  of  the  strength  of  an  entire  piece,  unless  with 
the  assistance  of  iron  plates ;  for  if  the  key  be  made  thin- 
ner than  one-third,  it  has  less  than  oiie>third  of  the  fibres 
jtopuU  by. 

We  are  confident  therefore,  that  when  the  heads  of  the 

'bolts  are  connected  by  plates,  the  simple  form  of  Fig.  8. 

No.  1.  is  stronger  than  those  more  ingenious  scarfings. 

It  may  be  strengthened  against  lateral  bendings  by  a  little 

tongue,  or  by  a  sally ;  but  it  cannot  hove  both. 

584.  The  strongest  of  all  methods  of  piecing  a  tie- 
beam  would  be  to  set  the  parts  end  to  end,  and  graqi 
them  between  other  pieces  on  each  side,  as  in  Fig.  11. 
This  is  what  the  ship-carpenter  calls  faking  a  beam ;  and 
u  a  frequent  practice  for  occasional  repairs.  Mr  Perronet 
used  it  for  the  tie-beams  or  stretchers,  by  which  he  con- 
nected the  (^posite  feet  of  a  centre,  which  was  yielding 
to  its  load,  and  had  pushed  aside  one  of  the  piors  above 
four  inches.  Six  of  these  not  only  withstood  a  strain  of 
1800  tons,  but,  by  wedging  behind  them,  he  broii|^ 
the  feet  of  the  truss  8<^  inches  nearer.  Th6  stretchers 
were  14  inches  by  11  of  sound  oak>  and  could  have  witl^ 


Mmd  Aim  thMithit^  ttnin.  Mr  PefnmcC  fearing  tlMil 
thtfr^t  ItQgkh-  df  the  bolto  •mpkiyed  to  aMnect  the 
l«iai»^'UMe  ttretcbers  would  expoM'tlieBi  to  the  mk 
«f 'bendingi  mrfed  the  two  side  pieMi  iato  the  Middle 
fMc».  The  scarfing  wa$  of  the  triangolar  kinA  (  TVoir  de 
ilifMiker),  a|id  onljr  an  inch  deep,  aadi  fpee  being  two  ftei 
lqng»  and  Jhe  jielt  pimad  threegh  dote  to  the  angle 

In  piedng  the  pump  rods^  and.other  wooden  itrelehcie 
of  great  engineiH  no  dependence  is  bad  on  soarfing;  nnd 
the  engineer  eonnects  every  thing  by  iron  strapa.  We 
doubt  the  projpnety  of  this,  at  ieatt  in  catee  where  the 
bulk  of  the  wooden  coantction  is  not  inconvenient.  Tbana 
Vbsenrationa  must  siiflSce  for  the  methoda  employed  iiar 
connecting  the  parts  of  a  beam ;  and  we  now  proceed  to 
nonttder  «bat>are  more  usually  called  |he  joints  of  a  pieoe 
tfearpcntry. 

fiS5»  Where  the  heama  stand  square  with  each  othciv 
and  the  strains  are  aboaquare  with  the  beams,  and  in  the 
plane  of  the  frame,  the  common  mortise  and  tenon  ia  tlie 
most  perfect  junctimi.  A  pin  is  generally  put  through 
both,  in  order  to  keep  the  pieces  united,  in  opposition  to 
any  force  which  tends  to  part  them.  Every  carpenter 
knows  how  to  bore  the  hole  for  ibis  pin,  so  that  it  shall 
draw  the  tenon  tight  into  the  mortise,  and  cause  the 
shoulder  to  butt  dose,  and  make  neat  work;  and  he 
knows  the  ri^k  of  tearing  out  the  bit  of  the  tenon  beyond 
the  pin,  if  he  draw  it  too  much.  We  may  just  observe^ 
that  square  boles  and  pins  are  much  preferable  to  round 
ones  for  this  purpose,  bringing  more  of  the  wood  into 
action,  with  less  tendency  to  split  it.  The  ship  carpen- 
ters have  an  ingenious  method  of  making  long  wooden 
bolts,  whiph  do  not  pass  completely  through,  take  a  very 
fast  hold,  though  not  nicely  fitted  to  their  holesj  which 
they  must  not  be,  lest  they  should  be  crippled  in  driving. 
They  call  it  foxtail  wedging.  They  stick  into  the  point 
^Ibe  bolt  a  rery  thin  wedg^  of  hard  wood^  ^  wi  to  ^^ 
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ject «  proper  diftance ;  when  thir  reaches  the  bottom  of 
the  hole  by  driring  the  bolt,  it  splits  the  end  of  it,  and 
squeezes  it  hard  to  the  side.  This  may  be  praistised  with 
adrimtage  in  oappentry.  If  the  ends  of  the  mortise  are 
widened  inwards,  and  a  thin  wedge  be  put  into  the  end 
of  the  tenon,  it  will  have  the  same  effeet,  and  make  the 
joint  equal  to  a^ovetaiL  But  this  risks  the  splitting  the 
piece  beyond  the-  shoulder  of  the  tenon,  whidi-  would  be 
unsightly.^  This  may  be  avoided  as  follows;  het  the 
tenon  T,  Fig.  12  have  two  very  thin  wedges  «  and  e 
stiidc  in  near  its  angles,  projecting  equally ;  at  a  very 
^mali  distance  within  these,  put  in  two  shorter  ones  6,  d, 
and  more  within  these  if  necessary.  In  driving  >  this  te^ 
non,  the  wedg^  a  and  c  will  take  first,  and  split  off  a  thin 
slice,  which  will  easily  bend  •  without  breakings  thm 
wedges  ft,  d,'  will4u;t  next,  and  have  a  similar  effect,  and 
the^others  in  succession.  The  thielmess  of  all  the  wedges 
taken  together  most  be  equal  to  the  enlargement  of  the 
mortise  toward  the  bottom. 

When  the  strain  is  transverse  to  the  plane  of  the  two 
beams,  the  principles  laid  down  in  the  article  Strswoth 
OF  Matbrumy  will  direct  the  artist  in  placing  his  moiu 
tise.  Thns  the  mortise  in  a  girder  for  receiving  the  te- 
non oi*  a  binding  joist  of  a  floor  should  be  as  near  the 
upper  side  as  possible,  beeause  the  girder  becomes  con<> 
cave  on  that  side  by  the  strain.  But  as  this  exposes  the 
tenon  of  the  binding  joist  to  the  risk  of  being  torn  off^ 
we  are  obliged  to  mortise  farther  down.  The  fmrm  (Fig. 
13.)  genemiiy  given  to  thi»  joint  is  extremely  jodidoos. 
The  sloping  part  o  b  gives  a  very  firm  support  to  the  ad- 
ditional bearing  s  d,  without  muck  weakening  of  the 
girdor.  Thb  form  should  be  oopied  in  every  case  where 
the  strain  has  a  similar  direction; 

526.  The  jomt  that  most  of  sdl  demands  the  careful 
attention  of  the  artist,  is  that  which  connects  the  ends  of 
beams,  one  of  .•  which  pushes,  the  other. Terf-  oUiqnelft 
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imtting  U  into  h  state  of  ezienrioa.  ne  moA^aaSS^ 
inBtauce  of  this  is  the  foot  of  a  rafter  prcasing  oii  the  t» 
beam,  and  thereby  drmwing  it  away,  from  the  other  wall 
When  the  direction  is  very  oblique  (ia  which  case  tk 
extending  strain  u  the  greatest),  it  is  diflfeak  to  give  tfat 
foot  of  the  rafter  sudi  a-hoU  of  the  tie-beam  as  to  fariog 
many  of  its  fibres  into  the  proper  actiuB«  There  wmM 
be  little  difficulty  if  ii^e  coukl  altow  the  end  of  Ifce  tia- 
beam  to  project  to  a  small  distance  bofoad  the  fiwlaf 
the  rafter :  bnt,  indeed,  the  dimension^  which  are  gifsa 
to  tie*beams,  for  other  reasons,  are  always  suffident  to 
five  cBongh  of  abutment  when  jodicioosly  employed. 
Unfortunately  this  joint  is  much  exposed  to  fmikire  by 
the  effects  of  the  weather.  It  is  much  e^qposed,  and  (n- 
4|nently  perishes  by  rot,  or  becomes  so  soft  and  friabk 
that  a  very  small  f(HW  is  sufficient,  either  for  pulling  the 
filaments  out  of  the  tie-beam,  or  6a  crushing  them  tog^ 
ther.  We  are  therefore  obliged  to  secure  it  with  parfti> 
cular  attention,  and  to  avail  ourselves  of  every  drcum^ 
etance  of  construction. 

One  is  naturally  disposed  to  give  the  rafter  a  deep  hold 
by  a  long  tenon;  but  it  has  been  frequently  observed  in 
old  roofs  that  such  tenons  break  off.  Frequently  they 
are  observed  to  tear  up  the  wood  that  is  above  them,  and 
■push  their  way  through  the  end  of  the  tie-beam.  This, 
in  all  probability,  arises  from  the  first  Egging  of  the  nxif, 
Ji>y  the  compression  of  the  rafters  and  of  the  head  of  the 
.king'post.  The  head  of  the  rafter  descends,  the  angk 
with  the  tie-beam  is  diminished  by  the  rafter  revolving 
•round  its  step  in  the  tie-beam.  By  this  motion  the  heel 
or  inner  angle  of  the  rafter  becomes  a  fulcrum  to  a  very 
long  and  powerful  lever  much  loaded.  The  tenon  is  the 
other  arm,  very  short,  and  being  still  fresh,  it  ia  ther^ 
fore  very  powerful.  It  therefore  forces  up  the  wood  that 
is  above  it,  tearing  it  out  from  between  the  cheeks  of  the 
.porfiae,  apd  then  pushes  it  abng.     Carpenters  have 


thfrefcM^  ^ittB  «p  tMg  tenonss  ^nd  give  to  the  to€  of  tfae 
teimi  t  ahafie  iHikb  abuU  fiitnly,  in  tbe  directioii  of  the 
thilist^  on  the  lolkl  bottom  of  the  mortise,  which  if  well 
supported  te  the  unier  side  by  the  weU-plate.  This  form 
has  the  farther  advantage  of  having  no  tendency  to  tear 
up  the  etad  of  the  mortise.  -  It  is  represented  in  Fig.  11. 
The  temm  has  a  small  portion  a  ft  tut. perpendicular  to 
tfae  surfisce  of  the  Iie4wam,  and  the  rest  £  c  is  perpendi- 
cular to  the  itafler. 

•  But  if  the  tenoKl  is^  snijkieBtly  atrong  (and  it  is  not 
Bo  strong  as  the  rafter,  which  is  tbonght  not  to  be 
atroii|fer  than  is  necessary),  it  wiU  be  cruahed,  and  then 
the  raft^  WiU  diade  out  along  the  surface  of  the  bean. 
It  Is  tJkerefore  necessary  to  call  in  the  assistance  of  the 
whole  rafter  It  is  in  thi*  distribution  of  the  strain 
mmong  the  ^narioua  abutting  pairts  that  the  varieties  of 
joints  mid  their  merit*  chiefty  consist  It  would  be  end- 
to  ^describe  every  aostram^  and  we  shall  only  ma»- 
a  few  that  are  most  generally  approved  of. 
£27.  The  nim  in  Fig.  IS.  is  to  mwe  the  abutments  ex- 
nctly  perpendraular  to  the  thrusts*  It  does  this  very  pre- 
cisely ;  and  the  share  which  the  tenon  and  the  shoulder 
iiave  of  the  whok  may  be  what  we  please,  by  the  p«irtion 
of  the  beam  that  we  notch  down.  If  the  waltplate  lie 
duly  before  the  heel  of  the  rafter,  there  is  no  risk  of 
atraining  the  tie  across  olr  breaking  it,  because  the  thrust 
in  made  direct  to  that  point  where  the  beam  is  suppcHrtcd. 
The  a^on  is  the  aame  is  agninst  the  joggle  on  the.  head 
or  fo^  of  It  king'^jMMit.  We  have  no  doubt  but  that  this 
b  a  Tdry  effedaal  joint  It  is  not,  however,  moch  prac- 
Used.  It  is  aaid  that  the  sloping  ieam  at  the  shoulder 
lodges  water  (  but  tbe  great  reason  seems  to  be  a  secret 
'riotton  that  it  weakens  the  tie-beam.  If  we  consider  tbe 
•direction  in  which  it  acts  as  a  tie,  we  must  acknowledge 
Jthat  this  form  takes  the  best  method  fur  bringiiig  th( 
whole  of  it  into  action. 
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Fig.  16.  exhibits  m  form  that  is  more  geucral^  botesr- 
tainly  worsfe.  What  part  of  the  thrust  that  b  not  borw 
bj  the  tenon  acts  oUiqnely  on  the  joint  of  the  shonhkr, 
and  gives  the  whole  a  tendency  to  rise  up  and  slide  oet- 
ward. 

The  shoulder  joint  is  sometimes  formed  like  the  dotted 
line  a  bed  efg  of  Fig.  16.  This  is  much  more  agre^ 
able  to  the  true  principle^  and  would  be  a  Terj  pcrfcct 
method,  were  it  not  that  the  intenrals  b  d  and  df  are  so 
short  that  the  little  wood«i  triangles  bedjdefj  will  be 
easily  pushed  off  their  bases  h  d,  df, 

Fig.  17.  seems  to  hare  the  most  general  approbatiae. 
It  is  the  joint  recommended' by  Price,  and  copied  into  aU 
booksof  carpentry  as  the  IniejoiW  for  a  rafter  foot.  The 
visible  shoulder-joint  is  flush  with  the  upper  snrfiioe  of 
the  tie-beam.  The  angle  of  the  tenon  at  the  tie  nearily 
bisects  the  obtuse  angle  formed  by  the  rafter  and  the 
beam,  and  is  therefore  somewhat  oblique  to  the  thrast 
The  inner  shoulder  a  c  is  nearly  perpendicular  to  bd. 
The  lower  angle  of  the  tenon  is  cut  off  horisaontally  as  at 
e  d.  Fig.  18.  is  a  section  of  the  beam  and  rafter  fool^ 
shewing  the  different  shoulders. 

We  do  not  perceive  the  peculiar  merit  of  this  joint 
The  effect  of  the  three  oblique  abutments  ab^  ac,  ed^h 
undoubtedly  to  make  the  whole  bear  on  the  outer  end  of 
the  mortise,  and  there  is  no  other  part  of  the  tie-beam 
that  makes  immediate  resistance.  Its  only  advantage 
over  a  tenon  extending  in  the  direction  of  the  thrust  is, 
that  it  will  not  tear  up  the  wood  above  it.  Had  the  in- 
ner shoulder  had  the  form  e  c  i,  having  its  face  i  c  per- 
pendicular, it  would  certainly  have  acted  more  powerfully 
in  stretching  many  filaments  of  the  tie-beam,  and  would 
have  had  much  less  tendency  to  force  out  the  end  of  the 
mortise.  The  little  bit  c  i  would  have  prevented  the 
sliding  upwards  along  e  c.    At  any  rate,  the  joint  a  &  be- 
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ing'fliiBh  with  the  betm,  prevents  •  an j  sensible  abutment 
00  the  shonUer  a  e. 

Fig«  17.  No.  2.  is  a  simpler,  and,  in  our  opinion,  a  pre- 
ferable joint  We  observe  it  practised  by  the  most  emi- 
nent carpenters  for  all  oblique  thrusts ;  but  it  surely  em- 
ploys less  of  the  cohesion  of  the  tie-beam  than  might  be 
used  without  weakening  it,  at  least  when  it  is  supported 
on  the  other  side  by  the  wall-plate. 

Fig.  17.  No.  3.  is  also  mudi  practised  by  the  first  car- 
penters. 

Fig.  19.  is  proposed  by  Mr  Nicholson  as  preferable  to 
Fig.  17.  No.  S.  because  the  abntment  of  the  inner  part  is 
better  supported.  This  is  certainly  the  case ;  but  it  sup- 
poses Ae  whole  rafter  to  go  to  the  bottom  of  the  socket, 
end  the  beam  to  be  thidcer  than  the  rafter.  Some  may 
think  that  this  will  weaken  the  beam  too  much,  when  it 
is  no  broisder  than  the  rafter  is  thick ;  in  which  case  they 
think  that  it  requires  a  deeper  socket  than  Nicholson  has 
given  it  Perhaps  the  advantages  of  Nicholson^s  con- 
struction may  be  had  by  a  joint  like  Fig.  19.  No.  8. 

A28L  Whatever  b  the  form  of  these  butting  joints, 
freat  care  should  be  taken  that  all  parts  bear  alike,  and 
the  artist  will  attend  to  the  magnitude  of  the  diife^nt 
surfaces.  In  the  general  compression,  the  greater  surfaces 
will  be  less  compressed,  and  the  smaller  will  therefore 
change  most  When  all  has  settled,  every  part  should 
be  equalfy  close.  Because  great  logs  are  moved  with 
difficulty,  it  is  very  troublesome  to  try  the  joint  frequent- 
ly to  see  how  the  parts  fit ;  therefore  we  must  expect  less 
accuracy  in  the  interior  parts.  This  should  make  us  pre- 
fer those  joints  whose  efficacy  depends  chiefly  on  the  vi- 
sible joint. 

It  appears  from  all  that  we  have  said  on  this  subject, 
that  a  very  small  piut  of  the  cohesion  of  the  tie-beam  ia 
sufficient  for  withstanding  the  horixontal  thrust  of  a  roof, 
even  though  very  low  pitched.    If,  therefore,  no  other 
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qntte  inedeqnete  to  Ibeir  sitaatibBy  often  nmieiningi  ta 

thnee  tie  ntwg— ijf  ^neitity  of  lj«hy>    Hie- 

•f  uopoftanet  to  mmMIa  iIw  tUMii  -pirlKSfe 

epeentuigsackejefaiti.    Vfrnhmm  OnttMA  mm 

m  the  fhiipiw  tbnt  nrii  len^f  ■nniiwiim'Ht 
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of  the  tie-beem.    Bel  tUi  k  gemrMf  .ovinf  . teAedi^ 

etmelies  ef  iIm  voddan  Jeim,  or  to  ^Mku9Jd&k*s 

time.    Strepe  wiH  be  eoMideml  ki  Umt  fieoft. 

Tbere  needs  bet  little  to  be  laid  of  lb*  jiinli  ite 
joggle  woriEed  OBt  o(  aolkl  tindbcr;  tbejies^aot  nevee 
diffieuh  et  the  bMt    When  the  tine  of  e  leg  «iU  bMiv 
the  joggfe  to  lecwe  the  whele  braedlli  oT  the  obettiBg 
U  it  eught  eertemlff  to  be  mede  with  b  ufmn  dhtol^ 
or,  which  b  MiH  better,  an  eroh  of  e  cMe^  hmimg 
the  other  oBd  of  the  bianDe  for  iu  centre;    Indeed  lhe»ie 
general  will  not  MmiUj  difier  frem  a  alraif^t  Hmt  fto* 
liendicaler  to  the  Imoa    By  thia  circnhr  fbein^  the  mH^ 
tKng  of  the  roof  makes  no  change  in  the  afanlBieMli  bat 
when  there  is  not  snftcient  stuff  fbriWsv.  «e  mual  avoid 
bevel  joints  at  the  shoulders,  because  these  nhsmra  Isnd 
to  make  the  brace  slide  off!    The  brace  in  Vig.  80.  must 
not  be  joined  as  at  a»  bnt  as  at  &,  or  aame  etfavrahat 
manner.    Observe  the  joints  at  the  head  of  tlie  mnin  pnsts 
of  Drorjr  Lane  Theaixe,  Fig,  D. 
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5i9.  WiieiidieTciyoUiqaeMtMntrfinieiddtQfafnnt 
•f  carpentry  does  not  extend  but  oomprets  the  pieceon  whieh 
it  abuts  (ai  in  Piste  VI.  Fig.  11.),  there  is  no  dS&cahf 
in  the  joint  Indeed  a  joining  is  unnei^essary,  and  it  ie 
enough  thai  the  pieces  abut  on  each  other;  and  ire  have 
only  to  take  eant  that  the  mutual  pressure  be  equally 
borne  by  all  the  ports,  and  that  it  do  not|iroduee  lateral 
pressures,  which  nay  cause  one  of  the  pieces  to  slide  on 
the  butting  joint.  A  Tety  slight  movtiie  and  tmon  b 
sufficient  at  the  joggle  of  a  kingupest  with  a  rafter  or 
straining  beam.  It  is  best,  in  genmd,  to  make  the  buU 
ting  phun,  bisecting  the  angle  iMmed  by  the  sides,  or  else 
perpendicular  to  one  of  the  pieoes.  In  Fig.  M.  No.  &  wheer 
the  straining  beam  c  ieannot  slip  away  firom  thepressura, 
the  joint  a  is  preferaUo  to  A,  or  indeed  to  any  uneven 
joint,  which  neecr  fails  to  pniduoe  vety  uneqqal  pressures 
cm  the  different  parts,  by  whioh  some  are  cri|q>led,  othcn 
are  splintered  off,  lie. 

'590.  ffhen  it  is  necessary  to  (fmploy  hron  straps  fbr 
strengthening  o  joint,  n  coosidersdble  attention  is  necea* 
eaiy,  that  we  mvf  place  them  properly.  The  first  thing 
to  be  determined  is  the  direction. of  the  strain.  This  m 
learned  by  the  observations  in  the  beginning  of  this  aa- 
ticle.  We  must  then  resolve  thia  stcain  into  a  strain  pa- 
rallel to  each  piece,  and  another  perpendicular  to  it. 
Then  the  strap  whioh  is  to  he  made  fast  to  any^  of  the 
pieces  must  be  so  fixed,  that  it  shall  resist  in  the  direetien 
parallel  to  the  piece.  Frequently  this  cannol  be  done ; 
but  we  must  come  ns  neac  to  it  as  we  can.  In  sUch  cases 
we  must  suppose  that  theassembh^  yielda  a  little  io  the 
pressures  which  act  on  it  We  must  esamine  what 
change  of  shape  a  small  yielding  will  prodoee.  We  must 
now  see  how  this  will  offset  the  iron  strap  which  we  have 
abeady  supposed  attached  to  the  joint  in  some  manner 
that  we  thought  suitable.'  This  setUing  will  perheps  draw 
^  pieces  away  from  it^  Icieving  it  loose  and  unacruiceaUe 


5M  CARPENTRY; 

(this  frequently  happens  to  the  plates  which  art  pdl  ia 
aecure  the  obtuse  angles  of  butting  timbers,  when  their 
bolts  are  at  some  distance  from  the  angles,  espedallj 
when  these  plates  are  laid  on  the  ibside  of  the  angles) ; 
or  it  ma/  cause  it  to  compress  the  pieces  hinrder  than  be- 
forie ;  in  which  case  it  is  answering '  our  intention.  Bat 
it  may  be  producing  cross  sCrainsi  which  tntLj  break  them ; 
or  it  may  be  crippling  them.  We  can  hardly  gire  any 
general-  rules;  but  the  reader  will  do  well  to  read  whst 
is  said .  in  the  article  Roof.  He  will  there  see  Uie 
nature  of  the  strap  or  stirrup,  by  which  the  king-poit 
carries. the  tie-beam.  The  strap  that  we  obsenre  most 
'generally  ill  placed  is  that  which  connects  the  foot  of 
the  rafter  with  the  beam.  It  only  binds  down  the  rsf- 
ter^  but  does  not  act  against  its  horiaontal  thrust  It 
should  bd  placed  farther  back  on  the  beam^  with  a  bolt 
through  it,  whieh  will  allow  it  to  turn  round.  It  shovU 
embrace  the  rafter  almost  horizontally  near  the  foot,  and 
should  be  notched  square  with  the  back  of  the  rafter. 
Such  a  construction  is  represented  in  Fig.  21.  By  mor- 
ing  round  the  eye- bolt,  it  follows  the  rafter,  and  cannot 
pinch  and  cripple  it,  which  it  always  does  in  its  ordinarj 
form.  We  are  of  opinion  that  straps  which  have  eye- 
bolts  in  the  very  angles,  and  allow  all  motion  round  ibeni, 
are  of  all  the  most  perfect.  A  branched  strap,  such  as 
may  at  once  bind  the  king-post  and  the  two  braces  which 
butt  on  its  foot,  will  be  more  serviceable  if  it  have  a  joint 
When  a  roof  warps,  those  branched  straps  frequently 
break  the  tenons,  by  affording  a  fulcrum  in  one  of  their 
bolts.  An  attentive  and  judicious  artist  will,  consider  how 
the  beams  will  act  on  such  occasions,  and  will  avoid  gi?- 
itig  rise  to  these  great  strains  by  levers.  A  skilful  car- 
penter never  employs  many  straps,  considering  them  as 
auxiliaries  foreign  to  his  art,  and  subject  to  imperfections 
in  workmanship  which  he  cannot  discern  nor  amend.  We 
must  refer  the  reader  to  NichoIson^s  Caupenter  amo  Joix- 
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rious  forms  of  stirrups,  screw^  rp(|a»  and  o^i^ei:  irofi.  w^ 
for  carrying  tie-beams,  &c. 

As  for  those  that  are  necessary  for  the  turning  joints 
of  great  engines  constructed  of  timber^  they^  make  no 
part  of  the  art  of  carpentry. 

591.  After  having  attempted  to  give  a*  s/stdmatic  view 
of  the  principles  of  framing  carpentry,  we  shall  conclude^ 
by  giving  some  examples  which  will  illustrate  and  con* 
firm  the  foregoing  principles. 

632.  Fig.  1.  Plate  VIII.  is  the  roof  of  the  chapel  of  thd 
^0J^^  Hospital  at  Green wich^  constructed  bj^  l^r  S.  Wyatt* 

Iz^ph,  Scantling 

AA»  Is  the  tie-beam,  57  feet  long,  spanning  51 

feet  clear 14  by  Id 

CC,  Queen-posts .-flxlSI 

D,  Braces 9x7 

E,  Truss  beam ....10x7 

F,  Straining  piece. ...!... .......6xT 

G,  Principal  rafters ,. 10x7 

H,  A  cambered  beam  for  the  platform 9.7 

By  An  iron  string,  supporting  the  tie-beam... 2x2 

The  trusses  are  7  fSeet  apart,  and  the  whole  is  qoyere4 
with  lead,  the  boarding  beifig  supported  by  hori^otal 
ledgers,  A,  A,  of  6  by  4  inches. 

This  is  a  beautiful  roofi  and  contains  less  timb^  thaii 
most  others  of  the  same  dimensions.  The  parts  are  all  dis- 
posed with  great  judgment.  Perhaps  the  iron  rod  is  un- 
necessary ;  but  it  adds  great  stiffness  to  the  whole. 

The  iron  straps  at  the  rafter  feet  would  have  had  more 
effect  if  not  so  oblique.  Those  at  the  head  of  the  posts 
are  very  effective. 

We  may  observe,  however,  that  the  joints  between  the 
straining  beam  and  its  braces  are  not  of  the  best  kind, 
and  tend  to  bruise  both  the  straining  beain  and  the  truss 
beam  above  it 
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8SS.  Fig.  2.  ii  the  roof  of  6t  PauTi^  Corent  Oui&n, 

conatrocted  by  Ur  Wqithot  in  1796. 

AAt  Tie-beam,  qpannbg  50  feet  2  iachea...*. 1&12 

B,  Queen-post 9x8 

C,  Truss  beam 10x8 

P,  King-post  (14  at  the  joggle) .9x8 

£,  Brace^ ^ 8x7| 

tiv^  Principal  brace  (at  bottom) lOxSi 

HH,  Principal  rafter  (at  bottom) lOxSi 

ggt  Studs  supporting  the  rafter 8x8 

This  roof  far  excels  the  original  one  put  up  by  Inigo 
Jones.  One  of  its  trusses  contains  198  feet  of  timber. 
One  of  the  old  roof  had  273,  but  had  many  inactire  tim- 
bers, and  others  ill  disposed  ^.  The  internal  truss  FCF  is 
admirably  contrired  for  supporting  the  exterior  raften, 
ndthout  any  pressure  on  tiie  far  projecting  ends  of  the 
tioi-beam.  The  former  roof  had  bent  them  greatly,  so  as 
to  qipear  ungraceful. 

We  think  that  the  camber  (six  inches)  of  the  tie-beam 
is  rather  hurtful ;  because,  by  settling,  the  beam  length- 
ens ;  and  this  must  be  accompanied  by  a  considerable  sink- 
ing of  the  roof.     This  will  appear  by  calculation. 

fi34.  Fig.  3.  is  the  roof  of  Birmingham  Theatre,  con- 
structed by  Mr  George  Saunders.  The  span  is  80  feet 
elear,  and  the  trusses  are  10  feet  apart 

A,  Is  an  oak  corbel 9x5 

B,  Inner  plate 9x9 

C,  Wall  plate. 8x5^ 

P,  Pole  plate, 7x5 

3pf  Beam 15x16 

;F,  Straining  beam 12x9 


m 


•  The  SgureoT  Inigo  Jones's  roof,  given  in  the  Encjclopsedia  BriUn 
atfeSi  act»  nooTt  F%>  St.  is  very  erroneous,    Ed. 
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tt,  Oak  Kfag.pctel  ph  the  shaft) ....;,..;...:..t9)t9 

H,  Oak  queen-poit  (in  the  shaft) 7x9 

I,  Principal  Jraftcrs ;.....:..; ;.; 9x9 

K,  Coihmon  ditto..;.....  .....:.. ;.4x2jf 

L,  PriBcipal  braces 9  and  6x9  ' 

M,  Common  ditto.;^..;..; .....;;.....;: ........6x9 

N,  Purlins...: ..* ;..;..; ...7x5 

Q,  Straining  sill ; ; ;.;...;.... 6^x9 

This  iboi  is  a  fiiie  sjiecini^n  df  British  carp^ntiy^  and 
is  one  of  the  boldest  iknd  lightest  roofs  in  Europe.  *  Thd 
atraiiiing  sill  Q  givM  li  firm  abutment  to  the  principal 
braces,  and  the  space  betweien  the  postd  is  19^  feet  inde^ 
Affording  t6otAy  workshops  fdr  the  carji^nters  and  dther 
workmen  connected  with  a  theatre.  The  contrivance  for 
Hiking  doilble  hbld  df  the  wall,  whiiih  is  ireiy  thin,  is  <dx« 
i^llent.  Th^re  is  also  added  a  beam  (marked  R),  bohed 
down  to  the  ti^-beams:  The  intebtion  df  this  was  td 
preti^nt  the  total  failure  of  so  bold  a  trussing^  if  any  of 
the  tie>beams  should  fail  ^t  the  end  by  rdt. 

535.  Akin  to  this  is  Fig.  4.,  the  roof  of  Driiry  Lan^ 
theatre,  80  feet  3  inches  in  the  clear,  and  the  trusses  1& 
feet  apart,  constructed  by  Mr  Edward  Grey  Saunders.  . 

A,  Beaifas.............; .....i :....10  by  7 

B,  Rafters ;, ...; i 7x7 

Cj  King-posts;.....!; *.;. ...i..4.12xt 

D,  Struts ^ i....-;...5x7 

E,  PurliilS....; ; :.; ;: ;..9xS 

G,  Pole  plates « i...* .....i ;.......  .5x9 

I,  Common  rafters..; .'....i........«..;.5x^ 

K,  Tie-beam  to  the  main  truss.. ...;..... ;..ldxl9 

Lj  Posts  to  ditto.......i..i........;..i... ,....:.. .....15x13 

M,  Ptindpal  bra<:eA  to  ditto U  and  12x13 

N,  Struts... .•.,... .8x13 

P,  Straining  beams....;..... ..; ....il ^.12x1^ 
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The  main  beams  are  trussed  in  the  middle  space  -ifilli 
oak  trusses  5  inches  square.  This  was  necessary  for  ill 
width  of  32  feet,  occupied  by  the  carpenters,  painters, 
Sec.  The  great  space  between  the  trusses  a^ords  good 
store-rooms,  dressing-rooms,  &c 

It  is  probable  that  this  roof  has  not  its  equal  in  tbr 
world  for  ligjlitness,  stiffness,  and  strength.  The  main 
truss  IS  so  judiciously  framed,  that  each  of  them  will  safi^ 
ly  bear  a  load  of  near  300  tons  ;  so  it  is  not  likely  that 
they  will  ever  be  quarter  loaded.  The  division  of  tht 
whole  into  three  parts  makes  the  exterior  roofings  veij 
Kght  The  strains  are  admirably  kept  from  the  walls, 
fnd  the  walls  are  even  firmly  boun^  together  by  the  roof: 
They  also  take  off  the  dead  weighs  from  the  main  truss 
one-third. 

53$.  The  intelligent  reader  will  perceive  that  all  these 
]foofs  are  on  one  principle,  depending  on  a  truss  of  three 
pieces  and  a  straight  tie-beam.  This  is  indeed  the  great 
principle  of  a  truss,  and  is  a  step  beyond  the  roof  with 
two  rafters  and  a  king-post.  It  admits  of  much  greater 
variety  of  forms,  and  of  greater  extent.  We  may  see 
that  even  the  middle  part  may  be  carried  to  any  space, 
and  yet  be  flat  at  top ;  for  the  truss  beam  may  be  sup- 
ported in  the  middle  by  an  inverted  king-post  (of  timber, 
not  iron),  carried  by  iron  or  wooden  ties  from  its  extre- 
mities :  And  the  same  ties  may  carry  the  horizontal  tie- 
beam  K ;  for  till  K  be  torn  asunder,  or  M,  M,  and  P  be 
crippled,  nothing  can  fail. 

The  roof  of  St  Martin's  church  in  the  Fields,  is  con- 
structed on  good  principles,  and  every  piece  properly  dis- 
posed. But  although  its  span  does  not  exceed  40  feet 
from  column  to  column,  it  contains  more  timber  in  a 
truss  than  there  is  in  one  of  Drury  Lane  theatre.  The 
roof  of  the  chapel  at  Greenwich,  that  of  St  Paurs,  Co- 
vent  Garden,  that  of  Birmingham,  and  that  of  Drury 
Lane  theatres,  form  a  series  gradually  more   perfect. 
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Sucli  specjmeiis  afford  excellent  lessons  to  the  artists. 
We  therefore  account  them  a  useful  present  to  the 
public. 

537.  There  is  a  very  ingenious  project  offered  to  the 
puUic  by  Mr  Nicholson  {Carpenter*^  AssUtaiUs  p.  68.)  He 
proposes  iron  rods  for  king*posts,  queen-posts,  and  all 
othef  'situations  where  beads  perfdrm  the  office  of  ties. 
Tbis  is  in  proiecutidn  of  the  notions  which  we  have  given 
in'  the  article  Roof.  He  'receives  the  feet  of  the  braces 
and  'struts  in  a  socHet  vetf  weU  connected  with  the  feet 
of  his  iron  king*post;  aiid  he  secures  the  foot  of  his 
queen-posts  from  being  pushed  inwards,  bj  interposing  a 
straining  silL  He  does  not  even  mortise  the  foot  of  his 
principal  rafler  into  the  end  of  the  tie-beam,  but  sets  it 
in  a  socket  like  a  shoe,  at  thie  end  of  an  iron  bar,  which 
is  bolted  into  the  tie-beam  a  good  way  back.  All  the 
parts  are  formed  and  diisposed  with  the  precision  of  a  per- 
son thoroughly  acquainted  with  the  subject ;  and  we  have 
not  the  smallest  doubt  6f  the  success  of  the  project,  and 
the  complete  security  and  durability  of  his  roofs,  and  we 
expect  to  see  many  of  them  executed.  We  abound  ia 
iron,  but  we  must  send  abroad  for  building  timber.  This 
is  therefore  a  valuable  project ;  at  the  same  time,  how- 
ever, let  us  not  over-rate  its  value.  Iron  is  but  about  18 
times  stronger  than  red  fir,  and  is  more  than  12  times 
heavier ;  nor  is  it  cheaper,*  weight  for  weight,  or  strength 
for  strength.    ■ 

Our  illustrations  and  examples  have  b^n  chiefly  taken 
from  Toofs,  because  they  ahe  the  most  familiar  instances 
of  the  difficult: problems  of  the  iart.  We  could  have  wish* 
ed  for  more  toom  even  on  this  subject.  The  construc- 
tion of  dome  roofs  has  been  (we  think)  mistaken,  and 
the  difficulty  is  much  less  than  is  imagined.  We  mean 
in  respect  of  strength ;  for  we  grant  that  the  obliquity  of 
the  joints,  and  a  general  intricacy,  increases  the  trouble 
of  worknpanship  exceedingly. 
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536.  Wooden  bridges  form  another  class  eqoallj  diffi- 
cult and  important;  but  our  limits  are  alreadj  mrerpossed, 
imd  will  not  admit  them.  The  principle  on  which  tkj 
should  all  be  constructed,  without  exception,  is  that  of 
a  truss,  avoiding  all  lateral  bearings  on  anj  of  the  tiai- 
liers*  In  the  application  pf  this  principle,  we  must  fiov 
ther  remark,  that  the  angles  of  our  truss  should  be  as 
acute  as  possible*;  therefore  we  should  make  it  of  as  few 
and  as  long  pieces  as  we  can,  taking  eace  to  prerent  the 
bending  of  the  truss  beams  bj  bridles,  which  emkaee 
them,  but  without  pressing  them  to  either  side.  When 
the  truss  consists  of  many  pieces,  the  angles  are  very  ob- 
tuse ;  and  the  thrusts  increase  nearly  in  the  duplicate  pro* 
portion  of  the  number  of  angles.  The  proper  mazinis 
wOl  readily  occur  to  the  artist  who  considers  with  atten- 
tion the  specimens  of  centres  or  coombs,  whidi  we  shall 
give  when  treating  the  subject  of  Ccntrbs. 

539.  With  respect  to  the  frames  of  carpentry  whidb 
occur  in  engines  and  great  machines,  the  varietieft  are 
such  that  it  would  require  a  volume  to  treat  of  them  pro* 
perly.  The  principles  are  already  laid  down ;  and  if  the 
reader  be  really  interested  in  the  study,  he  will  engage  in 
it  with  seriousness,  and  cannot  fail  of  being  instructed. 
We  recommend  to  his  consideration,  as  a  specimen  of 
what  may  be  done  in  this  way,  the  working  beam  of 
Hornblower^s  steam-engine.  When  the  beam  must  act 
by  chains  hung  from  the  upper  end  of  arch  heads,  the 
framing  there  given  seems  very  scientifically  constructed ; 
at  the  same  time,  we  think  that  a  strap  of  wrought  iron, 
reaching  the  whole  length  of  the  upper  bar,  would  be 
vastly  preferable  to  those  partial  plates  which  the  engi- 
neer has  put  there,  for  the  bolts  will  soon  work  loose. 

But  when  arches  are  not  necessaiy,  the  ibrm  employed 
by  Mr  Watt  is  vastly  preferable,  both  for  simplicity  and 
for  strength.  It  consists  of  a  simple  beam  AB  (Fig.  5.) 
paving  the  gudgeon  C  on  the  upper  side.    The  two  piston 


CARPENTRY.  551 

rods  are  attached  to  wrought  iron  joints  A  and  B.  Two 
strong  struts  DC^  EC,  rest  on  the  upper  side  of  the  gud* 
geon,  and  cany  an  iron  string  ADEB,  consisting  of  thre^ 
pieces,  connected  with  the  struts  by  proper  joints  oC 
wrought  iron.  A  more  minute  description  is  not  needed 
for  a  dear  conception  of  the  principle.  No  part  of  thia 
is  exposed  to  a  cross  strain ;  even  the  beam  AB  might  be 
sawed  through  at  the  middle.  The  iron  string  is  the  only 
part  which  is  stretched ;  for  AC,  DC,  EC,  BC,  are  all 
in  a  state  of  compression.  We  have  made  the  angles 
equal,  that  ail  may  be  as  great  as  possible,  and  the  pres- 
sure on  the  struts  and  strings  a  minimum.  Ifr  Watt 
makes  them  much  lower,  asAiicB,  orA^tB*  But  thia 
is  for  economy,  because  the  strength  is  almost  insuper- 
able. It  might  be  nuide  with  wooden  strings ;  but  the 
workmanship  of  the  joints  would  more  than  compensate 
the  che^mess  of  the  materials. 

540.  We  offer  this  article  to  the  public  with  deference^ 
and  we  hope  for  an  indulgent  reception  of  our  essaj  on  a 
subject  which  is  in  a  manner  new,  and  would  require 
much  study.  We  have  bestowed  our  chief  attention  on 
the  strength  of  the  construction,  because  it  is  here  that 
persons  of  the  profession  have  the  most  scanty  informa- 
tion. We  beg  them  not  to  consider  our  observations  as 
too  refined,  and  that  they  will  study  them  with  care. 
One  principle  runs  through  the  whole ;  and  when  that  is 
clearly  conceived  and  familiar  to  the  mind,  we  venture  te 
say  that  the  practitioner  will  find  it  of  easy  application, 
and  diat  he  will  improve  every  perfornum^  hf  ft  c^nti** 
nual  reference  to  it» 
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i(4l.  The  wdrd  Ronor  expresses  the  coTering  oF  a  limise 
or  building,  bjr  which  its  inhabttants  or  contents  are  pro- 
iktiei  from  the  injuries  of  the  weather.     The  Greeks, 
who  hare  perhaps  excelled  all  nations  in  taste,  and  irf» 
have  given  the  most  perfect  model  of  architectonic  oitfoff- 
natace  witliin  a  certain  limit,  never  erected  a  buifding 
^hich  did  hot  exhibit  the  roof  in  the  distinctest  manner ; 
and  though  thej  borrowed  much  bf  their  mod^l  from  the 
orientals,  as  will  be  evident  to  any  oiie  iirho  compares  their 
architecture  with  the  ruins  of  Persepolis,  and  of  the  tombs 
In  the  mountains  of  Sheeraz,  they  added  that  form  of  roof 
which  their  own  climate  taught  them  was  necessary  for 
sheltering  them  from  the  rains.     The  roofs  in  Persia  and 
Arabia  are  flat,  but  those  of  Greece  are  without  exception 
sloping.     It  seems  therefore  a  gross  violation  of  the  true 
principles  of  taste  in  architecture  (at  least  in  the  regions 
of  Europe),  to  take  away  or  to  hide  the  roof  of  a  house; 
and  it  must  be  ascribed  to  that  rage  for  novelty  which  is 
so  powerful  in  the  minds  of  the  rich.      Our  ancestors 
seemed  to  be  of  a  very  different  opinion,  and  turned  their 
attention  to  the  ornamenting  of  their  roofs  as  much  as 
any  other  part  of  a  building.     They  showed  them  in  the 
most  conspicuous  manner,  running  them  up  to  a  great 
height,  broke  them  into  a  thousand  fanciful  shapes^  and 
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stuck  them  full  of  highly  dressed  windovrt.  We  laugh 
at  this,  and  call  it  Gothic  and  clumsy;  and  our  great  ar- 
chitects, not  to  offend  any  more  in  this  way,  conceal  the 
roof  altogether  by  parapets,  balustrades,  and  other  con* 
trivances.  Our  forefathers  certainly  did  offend  against 
the  maxims  of  true  taste,  when  they  enriched  a  part  of  a 
Jiouie  With  marks  of  elegant  habitation,  which  every  spec- 
tator must  know  to  be  a  cumbersome  garret:  but  their 
auccessors  no  less  offend,  who  take  off  the  cover  of  the 
house  altogether,  and  make  it  impossible  to  know  whe* 
ther  it  is  not  a  mere  screen  or  colbhnade  we  are  looking 
•t 

54S.  We  dtnnot  help  thinking  that  Sir  Christopher 
Wren  erred  when  his  so  industriously  cohcealed  the  roof' 
of  St  PauPs  church  in  London.  The  whole  of  the  upper 
order  is  a  mere  screen.  Such  a  quantity  of  wall  would 
have  been  intolerably  offensive,  had  he  not  given  it  some 
appearance  of  habitation  by  the  mock  windows  or  niches. 
Even  in  this  state  it  is  gloomy^  and  it  is  odd,  and  is  a 
puzzle  to  every  spectator.— There  should  be  no  puzzle 
in  the  design  of  a  building  any'inore  than  in  a  discourse. 
It  has  been  said  that  the  double  i^of  of  our  great  chiffches 
which  have  aisles  is  an  incongruity,  looking  like  a  house 
Btanding  on  the  top  of  another  house.  But  there  is  not 
the  least  occasion  for  such  a  thought.  We  know  that  the 
aisle  is  a  shed,  a  cloister.  Suppose  only  that  the  fower 
roof  or  shed  is  hidden  by  a  balustrade,  it  then  becoines  a 
portico,  against  which  the  connoisseur  has  no  objection  : 
yet  there  ia  no  difference;  for  the  portico  must  have  a 
cover,  otherwise  it  is  neither  a  shed^  cloister,  nor  portico, 
any  more  than  a  building  without  a  roof  is  a  house.  A 
■house  without  a  visible  roof  is  like  a  mem  abroad  without 
his  bat;  aild  we  may  add,  that  the  whim  of  concealing 
the  chimnies,  now  so  fashionable,  changes  a  house  to  a 
bam  or  storehooite.  A  house  should  not  be  a  copy  of  any 
thing.    It  has  a  title  to  be  an  ori^naJ ;  and  k  screen4ike 
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54aL.  The.  Mhiteet  it  onmito 
aiid  m  vay  fiaqriit  ostiiBe  dinMHi  aV 
fheioot  Ht  lams  it  |0  Ik 
qomll J  \maAiM  (by  Ui  «r— gawto)  witii 
BMfl  impomUe  Jto  cncDte.  Indbed  il  it  leUoai  OmI  *» 
ides  of  m  raof  it  rfmittail  \ff  Ub  inlo  Ut  grasi 
tiont;  or  if  lie  doat  introdaet  itf  it  it  from 
lioii»  tad  we  nqr  laj  peieilrj.  ▲  pnlieMwl  it 
If  ttack  19  lA  the  middle  ef  e  grend  firant,  Id  a 
wlwreaioof  ceniioC  pvforai  itt  oAiee ;  for  the  niathat 
it  tappoted  le  flaw  dowa  itt  lidtt  anut  he  iwaeitaiaa 
Oe^topof  the  level  hoadiagtwhh*  flank  ifc  Thbit^ 
laeaifeat  iacoagmitjr.  The  tope  of  drotted 
,  Iriftiag  porchesy  ead  toaieliBwi  a  pujeUiag  portiea^ 
the  odj  titaetioat  in  which  we  tee  the  fignve  af  a 
eenetpead  with  itt  offiee.  HaTing  that  loit  tight  af  Ike 
piiadpk,  it  it  Bot  aarpritiag  Ihet  the  diaaghtaawB  ffm 
hrthoald  not  he  celled  eidiitect)  mat  into  evetj  wlaaa: 
and  we  tee  pediment  within  pediment,  a  round  pedimea^ 
a  IkMow  pediment,  and  the  greatest  of  all  absurdities  a 
broken  pediment.  Nodiing  could  ever  reconcile  as  to  the 
sight  of  a  man  with  a  hat  without  its  crown,  becaote  wa 
cannot  overlook  the  use  of  a  bat. 

h^^  But  when  one  builds  a  house,  inmament  akaie  wiH 
not  do.  We  must  have  a  cover ;  and  the  eoonnoat  ex* 
pence  and  other  great  inconveniences  which  attaad  the 
concealment  of  this  cover  bj  parapets,  balustrades^  aad 
screens,  have  obliged  architects  to  consider  the  pent  roof 
as  admissible,  and  to  regulate  its  form.  Any  man  of 
sense,  not  under  the  influence  of  prejudice,  would  be  de- 
termined in  ,this  by  its  fitness  for  answering  its  purpose; 
A  high  pitched  roof  will  undoubtedly  shoot  off  the  raine 
aad  snows  better  than  one  of  a  lower  pitch.  The  wind 
will  not  so  easily  blow  the  dropping  rain  in  between  the 


slatesi  nor  will  it  liave  so  nrach  power  to  strip  tliem  oS, 
A  high  pitched  roof  will  exert  a  smaller  thrust  on  the 
walls,  both  because  its  strain  is  less  hori^Eontal,  and  be* 
cause  it  will  admit  of  lighter  coveiing.  But  it  is  mort 
expensive,  because  there  is  more  of  it  It  requires  a 
greater  siae  of  timbers  to  make  it  equally  strong,  and  it 
exposes  a  greater  surface  to  the  wind. 

£45.  There  have  been  great  changes  in  the  pitch  of 
roofs :  our  forefathers  made  tl|em  yerj  high,  and  we  mak^ 
them  very  low.  It  does  not,  however,  appear,  that  this 
change  has  been  altogether  the  effect  of  principle.  In 
the  simple  unadgmed  habitations  of  private  persons,  every 
thing  comes  to  be  adjusted  hj  an  experience  of  inoonvep 
niences  which  have  resulted  from  too  low  pitched  roofs  ; 
and  their  [utch  will  always  be  nearly  such  as  suits  the 
climate  and  covering.  Our  architects,  however,  go  to 
frork  on  different  principles.  Their  professed  aim  is  to 
make  a  beautiful  object.  The  sources  of  the  pleasures 
arismg  from  what  we  call  (a«te  are  so  various,  so  complifi 
cated,  and  even  so  whimsical,  that  it  is-  almost  in  vain  tQ 
look  for  principle  in  the  roles  adopted  by  our  professed 
architects.  We  cannot  help  thinking  that  much  of  their 
pracUce  results  firom  a  pedantic  veneratioii  for  the  beauti- 
ful productions  of  Grecian  architecture.  Such  architecta 
as  have  written  on  the  principles  of  the  art  in  respect  of 
proportions,  or  what  they  call  the  onncmrAvcs,  are  very 
much  puazled  tp^  make  a  chain  of  reasoning ;  and  the 
most  that  they  have  made  of  the  Greek  futihitecture  is, 
that  it  exhibits  a  nice  adjustment  of  strength  and  strain. 
But  when  we  consider  the  extent  of  thd  adjustment  we 
find  that  it  is  wonderfully  limited.  The  whole  of  it  con* 
sists  of  a  basement,  a  column,  and  an  entablature ;  and 
the  entablature,  it  is  true,  exhibits  something  of  a  ood» 
ncction  with  the  framework  and  roof  of  a  wooden  buiUv 
ing ;  and  we  believe  that  it  really  originated  from  this  1% 
the  hands  of  the  orientals,  from  whom  the  Qre«lgi  cefi 
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tainlj  borrowed  their  forms  aiid  tfaei^  eoftiUnatitos.  Wl 
'tohU  easily  show  in  the  ruins  of  Persef^otis,  and  amoag 
the  tonibs  in  the  inodntain!^  (which  w^re  long  prior  to  ek 
Greek  architecture),  the  fluted  cbluniii,  the  base*,  tte 
Ionic  and  Corinthian  capital,  and  the  Doric  ArnuigemM 
of  lintels,  beams,  and  rafters,  all  derived  from  utiqiiestioii^ 
able  principle.  The  only-addition  m'ade  by  the  Greell 
was  the  pent  roof;  and  the  changes  made  by  them  ia^the 
snbbrdiiiate  forms  of  things^  are  such  as  we  should  ezpcM 
from  their  exquisite  judgment  of  beaut^.    - 

But  the  whole  of  ihh  is  very  limited  ;  and  the  Greeksi 
after  making  the  roof  is  ^hief  feature  of  a  house,  went  ii6 
farther,  and  contented  'themselves  with  giving  it  a  slope 
adited  to  their  climate.  This  we  have  followed,  becaast 
in  the  milder  parts  of  Europe  we  have  no  cogeht  reasoa 
for  deviating  from  it ;  and  if  any  architect  should  dieriite 
greatly  in  a  building  where  the  outline  is  exhibited  ti 
beautiful,  we  should  be  disgusted;  but  the  disgust,  tbou^ 
felt  by  almost  ever^  spectator,  has  its  origita  in  nothing 
biit  hikbit.  In  the  professed  architect  or  man  of  eduisft- 
tion,  the  disgust  arises  from  pedantry :  for  there  is  not 
such  a  close  connection  between  the  form  and  uses  of  a 
.  roof  as  shall  give  precise  determinations ;  and  the  mere 
form  is  a  matter  of  indifference. 

54&  We  should  not  therefore  reprobate  the  high- 
pitched  roofs  of  our  ancestors,  particularly  on  the  conti^ 
nent  It  is  there  where  we  see  them  in  all  the  extremity 
of  the  fashion,  and  the  taste  is  by  no  means  exploded  as 
it  is  with  us.  A  baronial  castle  in  Germany  and  France 
is  seldom  rebuilt  in  the  pure  Greek  style,  or  even  like  the 
modern  houses  in  Britain  ;  the  high- pitched  roofs  are  re- 
taiAed.  We  should  not  call  them  Gothic,  and  ugly  be- 
cause Gothic,  till  we  show  their  principle  to  be  false  or 
tasteless.  Now  we  apprehend  that  it  will  be  found  quite 
the  reverse;  and  that  though  we  cannot  bring  ourselves 
to  think  them  beautiful^  we  ought  to  think  them  so.    The 
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eoiutructioii  of  the  Greek  ffircbitecture  is  a  trunsfei^^nGe  of 
i^  practices  tibat  ^e  ^eces^ary  in  a  wooden  building  to  a 
buUdipg  oC  9tppe.  To  this  tbe  Greeks  ba?e  adbei:?df  in 
^ite  of  innunieiciJjIe  difiScuUies.  Th^ir  marble  quarrtes,* 
bowever,  put  it  iq  their  pow^r  to  retain  the  proportions 
wbicb  habit  bad  rendered  agreieable.  But  it  is  next  to 
impossible  to  adhere  to  these  prc^rtions  with  freestone 
or  brick,  when  the  order  is  of  magnificent  dimensional* 
Sir  Christopher  Wren  saw  this :  for  bis  mechanical:  know- 
ledge was  equal  to  his  taste.  Hq  composed  the  front  of 
St  Faults  church  in  London  of  two  orders,  and  he  coupled 
bis  columns ;  and  still  the  lintels  whicb  form  the  archi* 
trave  are  of  such  length  that  they  could  cany  no  addi- 
Uoxial  weight,  and  be  was  obliged  to  truss  tbem  bebuouL 
Had  be  made  but-  one  order,  the  architrave  could  bot 
have  carried  its  oiRn  weight  It  is  impossible  to  execute 
a  Doric  entablature  of  this  siee  in  brick.  It  is  attempted 
in  a  veiy  nobl^  frpnt,  the  Academy  of  Arts  in  St.Beters* 
burgh.  But  the  architect  was  obliged  to  make  the  mu« 
tules,  and  other  proj<|ctipg  members  of  tbe  comiche,  of 
granite,  i^nd  mapy  of  tbem  broke  dowa  by  their  own 
weight. 

647.  Here  is  surely  an  error  in  principle.  Since  stone 
is  the  chief  material  of  our  buildings,  ought  not  the  mem-* 
bers  of  ornamental  architecture  to  be  refinements  on  the 
essential  ^nd  UQaj^fected  parts  of  a  simple  stone-building  ? 
There  is  almost  as  much  propriety  in  tbe  architecture  of 
India,  where  a  dome  is  made  in  imitation  of  a  lily  or 
other  flower  inverted,  as  in  the  Greek  imitation  of  a 
wooden  building.  The  principles  o£  masonry,  and  not  of 
carpentry,  should  be  seen  in. our  architecture,  if  we  would 
have  it  according  to  the  rules  of  just  taste.  Now  we  af- 
firm that  this  is  the  characterbtic  feature  of  what  is  caDU 
ed  the  Gothic  architecture.  In  this  no  dependence  is  had 
on  the  transverse  strength  of  stone.  No  lintels  are  to  be 
seen ;  no  extravagant  projections.    Every  stone  is  pressed 
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to  its  iieighbotin»  and  none  U  ezpowd  to  •  trmiUnM 
Btrain.  The  Greeks  were  enabled  to  execute  their  ooios- 
aal  boildings  only  bj  using  ifnmenBe  blodti  di  the  hardcft 
Buterials.  The  Norman  mason  could  raise  a  building  to 
the  skies  without  using  a  stone  which  a  labourer  cooU 
not  carry  to  the  top  on  his  back.  Their  «rdiitects  stiK 
died  the  principles  of  equilibrium ;  and,  having  attained  s 
wonderful  knowledge  ^  it,  they  indulged  themaeivei  ia 
fzhibiting  remarkable  instances.  We  call  this  false  tssta^ 
and  say  that  the  appearance  of  insecurity  is  the  grettest 
bult  But  this  is  owing  to  our  habits:  our  thoughts 
may  be  said  to  run  in  a  wOoden  train,  and  certain  simple 
inaTims  of  carpentry  are  fismiliar  to  our  imagination; 
and  in  the  careful  adherence  to  these  consists  the  bera^ 
and  symmetry  of  the  Greek  architecture.  Had  we  been 
as  much  habituated  to  the  equilibrium  of  Jiressure^  tUi 
apparent  insecurity  would  not  have  met  our  eye;  ws 
would  have  perceived  the  strength^  and  we  shoidd  have 
relished  the  ingetiuity. 

548.  The  Gothic  architecttire  is  perhaips  entitled  to  the 
name  of  rational  architecture ;  and  its  beauty  is  founded 
on  the  characteristic  distinction  of  our  species.  It  de^ 
serves  cultivation  ;  not  the  pitiful,  servile,  and  anskilled 
copying  of  the  monuments ;  this  will  produce  incongrui- 
ties and  absurdities  equal  to  any  that  have  crept  into  the 
Greek  architecture :  but  let  us  examine  with  attention  the 
nice  disposition  of  the  groins  and  spaundrels ;  let  us  study 
the  tracery  and  knots,  not  as  ornaments,  but  as  useful  mem- 
bers ;  let  us  observe  how  they  have  made  their  wsills  Uke 
honey-combs,  and  admire  their  ingenuity  as  we  pretend 
to  admire  the  instinct  infused  by  the  great  architect  into 
the  bee.  All  this  cannot  be  understood  without  mechsp 
nical  knowledge ;  a  thing  which  few  of  our  professional 
architects  have  any  share  of.  Thus  would  architectonic 
taste  be  a  mark  of  skill ;  and  the  person  who  presents  the 
design  of  a  building  would  know  how  to  execute  it^ 
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witlumt  committing  it  efitirdj  to  the  mtsta  and'  car-* 
penter. 

These  dMenratioiis  Are  not  a  digression  from  our  sub- 
jeet.  The-  same  principles  of  mutual  pressure  and  equi-' 
librtum  have  a  place  in  roofs  and  many  wooden  edifices  $ 
and  if  they  had  been  as  much  studied  as  the  Normana 
and  Saracens  seem  to  hare  studied  such  of  them  as  were 
applicable  to  their  purposes,  we  might  have  prodaeed 
wooden  buildings  as.  fiur  superior  to  what  we  are  ftmii- 
liarly  acquainted  with,  as  the  bold  and  wonderful  churches 
still  remaining  in  Europe  are  superior  to  the  timid  pro- 
ductions of  our  stone  architecture.  The  centres  used  in 
building  the  bridge  of  Orleans,  is  an  instance  of  what 
may  be  done  in  this  way. 

549.  The  Norman  architects  frequently  roofed  with 
stones  Their  wooden  roofs  were  in  general  very  simple^. 
and  thdr  professed  aim  was  to  dispense  with  them  idto* 
gether.  Fond  of  their  own  science,  they  copied  nothing 
firom  a  wooden  building,  and  ran  into  a  similar  fault  with 
the  ancient  Greeks.  The  parts  of  their  buildings  which 
were  necessarily  of  timber  were  made  to  imitate  stone- 
buildings;  and  Gothic  omJEiment  consists  in  cramming 

.  every  thing  full  of  arches  and  spaundrels.  Nothing  else 
is  to  be  seen  in  their  timber  works,  nay  even  in  their 
sculpture. 

550.  But  there  appears  to  have  been  a  rivalship  in  old 
times  between  the  masons  and  the  carpenters.  Many  of 
the  baronial  halls  are  of  prodigious  width,  and  are  roofed 
with  timber :  and  the  carpenters  appeared  to  have  bor«i 
rowed  much  knowledge  from  the  'masons  of  those  times, 
and  their  wide  roofs  are  frequently  constructed  with  great 
ingenuity.  Their  aim,  like  the  masons,  was  to  throw  a 
roof  over  a  very  wide  building  without  employing  great 
logs  of  timber.  We  have  seen  roofs  60  feet  wide,  with- 
out having  a  piece  t>f  timber  in  them  above  10  feet  long  and 
4:  inches  square.     The   Parliament  House  and  Tron 
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Church  of  EdiDburgh,  the  great  Iiall  of  Taiiiawajr  casdtf 
near  Elgin,  are  specimens  of  those  roofs.  They  are  veij 
numerous  on  the  continent.  Indeed  Britain  retains  few 
monuments  of  private  magnificence.  Aristocratic  state 
never  was  so  great  with  us ;  and  the  rancour  of  oar  civil 
wars  gave  most  of  the  performances  of  the  carpenter  to 
the  flames.  Westminster  Hall  exhibits  a  specinien  of  tbe 
false  taste  of  the  Norman  ropfs.  It  contains  the  essentiaji 
parts  indeed,  very  properly  disposed ;  but  they  are  hid- 
den, or  intentionally  covered,  with  what  is  conceived  to 
be  ornamental ;  and  this  is  an  imitation  of  stone  arches, 
crammed  in  between  slender  pillars  which  hang  down 
from  the  principal  frames,  trusses,  or  rafters.  In  a  pure 
Norman  roof,  such  as  Tarnaway  hall,  the  essential  parts 
are  exhibited  as  things  understood,  and  therefore  relished. 
They  are  refined  and  ornamented ;  and  it  is  here  that  the 
inferior  kind  of  taste  or  the  want  of  it  may  appear.  And 
here  we  do  not  mean  to  defend  all  the  whims  of  our  an- 
cestors; but  we  assert  that  it  is  no  more  necessaiy  to 
consider  the  members  of  a  roof  as  a  thing  to  be  concealed 
like  a  garret,  than  the  members  of  a  ceiling,  which  form 
the  most  beautiful  part  of  the  Greek  architecture. 
Should  it  be  said  that  a  roof  is  only  a  thing  to  keep  off 
the  rain,  it  may  be  answered,  that  a  ceiling  is  only  to 
keep  off  the  dust,  or  the  floor  to  be  trodden  under 
foot,  and  that  we  should  have  neither  compartments  in 
the  one  nor  inlaid  work  or  carpets  on  the  other.  The 
structure  of  a  roof  may  therefore  be  exhibited  with  pro- 
priety, and  made  an  ornamental  feature.  This  has  been 
done  even  in  Italy.  The  church  of  St  Maria  Maggiore 
in  Home  and  several  others  are  specimens :  but  it  must 
be  acknowledged,  that  the  forms  of  the  principal  frames 
of  these  roofs,  which  resemble  those  of  our  modern  build- 
ings, are  very  unfit  for  agreeable  ornament.  As  we  have 
already  observed,  our  imaginations  have  not  been  made 
sufficiently  familiar  with  the  principles,  and  we  are  rather 
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Arm^d  than  jJcfased  #iih  the  appie^i&rMlc^  of  the  tmiAeiise 
hg»  of  timber  which  forth  t^  couples  of  these  roofi,  and 
hail^  6ver  our  heads  ^th  every  appearance  of  weight  and 
dangfT.  If  19  quite  otherwise  nfth  tfaie  hi^eirioas  roofs  of 
the  G^knan  and  Norman  architects.  Slender  timber^y 
interlaced  with  great  symmetry,  and  thrown  by  necessity 
imo  figures  wkveh  are  fiaturalfy  pretty,  form  altogether 
an  ofe^ct  which  n^  cafjieitter  tan  view  without  pkasvre. 
Aild  why  shouM  (he  gentleman  refase  himself  tbe  san^ 
pi^asinre  of  beholding  Scientific  ingenuity  ? 

551.  The  roof  is  in  fact  the  part-  of  the  building  whftBi 
^equir^s  thtf  greatest  degree  of  skrlF,  and  where  science 
Hill  be  of  rifiore  8er?ice  than  in  any  other  part.  The 
architect  seldom  knows  much  of  the  matter,  and  leaved 
<he  task  to  the  carpenter.  The  carpenter  considers  the 
framing  of  »  great  roof  as  the  touchstone  of  bis  art ;  and 
nothing  indeed  tends  so  much  to  show  his  judgment  and 
bi^  ferttKty  of  resource. 

552.  It  must  therefore  be  very  acceptable  to  the  artist  to 
have  a  cl^ar  view  of  the  principles  by  which  this  difficult 
proMetn  may  be  sohred  in  the  best  manner,  so  that  the 
i^f  may  have  all  the  strength  and  security  that  can  be 
wished  for,  without  an  extravagant  expence  of  timber 
tfnd  iron.  We  have  said  that  mechanical  science  can  give  ' 
gireat  assistance  in  this  matter.  We  may  add  that  the 
framing  of  carpentry,  whether  for  roofs,  floors,  or  any 
Other  purpose,  affords  one  of  the  most  elegant  and  most 
Atisfactory  applications  which  can  be  made  of  mechanical 
science  to  the  arts  of  common  life.  Unfortunately  the 
practical  artist  is  seldom  possessed  even  of  the  small  por- 
tion of  science  which  would  almost  insure  his  practice 
from  aH  risk  of  failure ;  and  even  our  most  experienced 
carpenters  have  seldoni  any  more  knowledge  than  what 
arises  from  their  experience  and  natural  sagadty.  The 
most  approved  author  in  our  language  is  Price  in  his 
British  Carpenter,    Mathmin  Jousse  is  in  Kke  manner 

VOL.  !•  2  N 


562  ,    ON  THE  GONSTBUCTION 

the  author  most  in  repute  in  France ;  and  the  publica* 
tions  of  both  these  authors  are  void  of  eveiy  appearanea 
of  principle.  It  is  not  uncommon  to  see  the  works  of 
carpenters  of  the  greatest  reputation  tumble  down,  in 
consequence  of  mistakes  from  which  the  most  elementaiy 
knowledge  would  have  saved  them. 

553.  We  shall  attempt,  in  this  article,  to  give  an  ac- 
count of  the  leading  principles  of  ^is  art,  in  a  manner  so 
familiar  and  palpable,  that  any  person  who  knows  the 
common  properties  of  the  lever,  and  the  composition  of 
motion,  shall  so  far  understand  them  as  to  be  able,  on 
€?ery  occasion,  so  to  dispose  his  materials,  with  respect 
to  the  strains  to  which  they  are  to  be  exposed,  that  ha 
ahall  always  know  the  effective  strain  on  every  piece,  and 
shall,  in  most  cases,  be  able  to  make  the  disposition  such 
as  to  derive  the  greatest  possible  advantage  from  the  ma- 
terials which  he  employs. 

554.  It  is  evident  that  the  whole  must  depend  on  the 
principles  which  regulate  the  strength  of  the  materials, 
relative  to  the  manner  in  which  this  strength  is  exerted, 
and  the  manner  in  which  the  strain  is  laid  on  the  piece 
of  matter.  With  respect  to  the  first,  this  is  not  the  pro- 
per place  for  considering  it,  and  we  must  refer  the  reader 
to  the  article  Strength  of  Materials.  We  shall  just 
borrow  from  that  article  two  or  three  propositions  suited 
to  our  purpose. 

The  force  with  which  the  materials  of  our  edifices, 
/oofs,  floors,  machines,  and  framings  of  every  kind,  resist, 
being  broken  or  crushed,  or  pulled  asunder,  is,  immedi- 
ately or  ultimately,  the  cohesion  of  their  particles.  When 
a  weight  hangs  by  a  rope,  it  tends  either  immediately  to 
break  all  the  fibres,  overcoming  the  cohesion  among  the 
,  particles  of  each,  or  it  tends  to  pull  one  parcel  of  them 
from  among  the  rest,  with  which  they  are  joined.  This 
union  of  the  fibres  is  brought  about  by  some  kind  of  glu- 
.tenj  or  by  twisting,  which  causes  them  to  bind  each  other 
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SO  hdrd  tHat  any  6ne  will  break  rather  ihkn  come  oiit,  sd 
much  is  it  withheld  Ir^  friction.  The  ultimate  resistaiice 
is  therefore  the  cohesion  of  the  fibre  ;  the  force  or 
strength  of  all  fibrous  materials,  such  as  titdber,  is  ex-i 
erted  in  much  the  same  manner.  The  fibres  are  either 
broken  or  pulled  out  from  among  the  rest.  Metals,  stone,' 
glassy  and  the  like,  resist  being  pulled  asunder  by  thtf 
simple  cohesion  of  thiir  parts. 

The  force  which  is  necessary  fbr  breaking  a  rope  or 
wire  Js  a  proper  measure  of  its  strength*  In  like  man-^ 
ner,  the  force  necessary  for  tearing  directly  asunder  any 
tod  of  wood  or  metal,  breaking  all  its  fibres,  or  tearing 
them  from  among  each  other,  is  a  proper  measure  of  the 
united  strength  of  all  these  fibres.  And  it  is  the  simplest 
strain  to  which  they  can  be  exposed,  being  jtist  equal  to 
the  sum  of  the  forces  necessary  for  breaking  or  disengag] 
ing  each  fibre,  And^  if  the  body  is  not  of  a  fibrous 
structure^  which  is  the  tas^  with  metals,-  stones,  glass,  and 
itiany  other  hubstances,  this  force  is  still  equal  to  the 
simple  sum  of  the  cohesive  forces  of  each  particle  which 
h  ^ep^rated  by  the  firacture.  Let  us  distinguish  tlus 
mode  of  exertion  of  the.  cohesion- of  the  body  by  the  nam^ 

of  its  AaSOLUtB  STRfiNCfTH.  . 

When  solid  bodies  are,  on  the  contrary,  exposed  to 
great  compression,  they  can  resist  only  to  a  certain  de- 
gree. A  piece  of  clay  or  lead  will  be  squeezed  out ;  a 
piece  of  freestone  will  be  crushed  to  powder ;  a  beam  of 
wood  will  be  crippled,  swelling  out  in  th^  middle^  and  iti 
fibres  lose  their  mutual  cohesion,  after  which  it  is  easily 
crushed  by  the  load.  A  notion  may  be  tortoied  of  the 
manner  in  which  these  strains  are  resbted  by  conceiving 
a  cylindrical  pipe  filled  with  small  shot,  well  shaken  to- 
gether, so  that  each  spherule  is  lying  in  the  closest  man- 
ner possible,  that  is,  in  contact  with  six  others  in  the 
same  vertical  plane  (this  being  the  position  in  which  thg 
shot  will  take  the  ^east  room).    Thus  each  touches  the 
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test  in  six  points :  Now  suppose  theni  all  united,  in  Aese 
six  points  only,  hj  some  cenfent.  This  asscnriilage  will 
slick  together  and  form  ft  cjlindricai  piUftr,  which  maj 
be  taken  out  of  its  mould.  Suppose  this  pillar  standing 
upright,  and  loaded  above.  The  supports  ariaii^  fin» 
the  cement  act  obh'quely,  and  the  load  tends  either  to 
force  them  asunder  l^terollj,  or  to  make  tbem  slide  on 
each  other :  either  of  these  things  happening,  the  whole 
ia  crashed,  to  piieces.  The  resistance  of  fibrous  mattrisls 
to  such  a  strain  is  a  Kttle  more  intricate,  but  mi^  be  e» 
plained  in  a  vraj  very  similar. 

*  A  piece  of  matter  of  any  kind  may  also  be  destroysd 
by  wrenching  or  twisting  it.  We  can  easily  form  a  no* 
tion  of  its  resistance  to  this  kind  of  strain,  by  considering 
what  would  happen  to  the  cyJinder  of  small  shot  if  treated 
in  this  way. 

And  lastly,  a  beam,  or  a  bar  of  metal>  of  b-  pioce  of 
stone  or  other  matter,  may  be  broken  transversely.  Tha 
will  happen  to  a  rafter  or  joist  supp<Mrted  at  the  ends 
when  overloaded,  or  to  a  beam  having  cme  end  studc  fast 
in  a  wall  and  a  load  laid  on  its  projecting  part.  This  il 
the  strain  to  which  materials  are  most  irommonly  exposed 
in  roofs ;  and,  unfortunately,  it  is  the  strain  which  they 
are  the  least  able  to  bear ;  or  rather  it  is  the  manner  of 
application  which  causes  an  external  ftMrce  to  excite  the 
greatest  possible  immediate  strain  on  the  particles.  It  b 
against  this  that  the  carpenter  must  chiefly  guard,  avoid- 
big  it  when  in  his  power,  and,  in  every  case,  diminishing 
it  as  much  as  possible.  It  is  necessary  to  give  the  reader 
a  clear  notion  of  the  great  weakness  of  materials  in  reia* 
tion  to  this  transverse  strain.  But  we  shaH  da  nothing 
more,  referring  him  to  the  article  STasNOTH  of  Mats- 

HULS. 

555.  Let  ACDB  Plate  IX.  Fig.  1.  represent  the  side 
of  a  beam  projecting  hori2U)ntaliy  from  a  wall  in  which  it 
b  firmly  fixed^  and  let  it  be  loaded  with  a  weight  W  a^ 
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pended  to  ifs  extremity.  Thb  tends  to  brestk  it ;  aiid  the 
kast  refiectioB  will  convince'any  person  that  if  the  bean 
18  equally  strong  throughout,  it  will  break  in  the  line 
CD,  even  with  the  surface  of  the  wall.  It  will  open  at 
D,  while  C  will  serve  as  a  sort  of  joint,  round  which  it 
will  turn.  The  cross  section  through  the  line  CD  is,  for 
this  reason,  called  the  Btction  offraeiurej  and  the  horizon- 
ial  line,  drawn  through  C  on  its  under  surface,  is  called 
the  Axis  of  fracture.  The  fracture  is  made  by  tearing 
asunder  the  fibres,  such  as  DE  or  F6.  Let  us  suppose  a 
Heal  joint  at  C,  and  that  the  beam  is  really  sawed  through 
along  CD,  and  that  in  place  of  its  natural  fibres  threads 
are  substituted  all  over  the  section  of  fracture.  The 
weight  now  tends  to  break  these  threads ;  and  it  is  oiir 
business  to  find  the  fo^ce  necessary  for  this  purposed 

It  is  evident  that  DCA  may  be  considered  as  a  bended 
lever,  of  which  C  is  the.  fulcrum.  If/ be  the  force  which 
will  just  balance  the  cohesion  of  a  thread  when  hung  on 
it  so  that  the  smallest  addition  will  break  it,  we  may  find 
the  weight  which  will  be  sufficient  for  this  purpose  when 
hung  on  at  A,  by  saying,  AC  :  CD  =/:  ^  and  p  will  be 
the  weight  which  will  just  break  the  thread,  by  hanging  p 

CD 

by  the  point  A.  This  gives  us  f  =/x  -ttt'    If  the  weight 

•be  hung  on  at  a,  the  force  just  sufficieut  for  breaking  the 

CD 

-  same  thread  will  be  = /x  tt-*    In  like  manner  the  force  f, 

•^     Ca  ^ 

which   must  be  hung  on  at  A  in  order  to  break  an 

equally  strong  or  an  equally  resisting  fibre  at  F,  must 

CF 
be  =/  X  p^.    And  so  on  of  all  the  rest 

If  we  suppose  all  the  fibres  to  exert  equal  resistances 
at  the  instant  of  fracture,  we  know,  from  the  simplest 
elements  of  mechanics,  that  the  resistance  of  all  the  par- 
ticles in  the  line  CD,  each  acting  equally  in  its  own  place, 
is  the  ^ame  as  if  all  the  individual  resbtances  wera  united 
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In  the  middle  point  g.    Now  tlvis  total  resistance  b  the 
resistance  or  strength y  of  each  particle,  multiplied  bj  the 
number  of  particles.     This  number  may  be  expressed  bj 
the  line  CD,  because  we  have  no  reason  to  suppose  that 
they  are  at  unequal  distances.    Therefore,  in'  compariDg 
different  sections  together,  the  number  of  particles  in 
each  are  as  the  sections  themselves.     Therefore  DC  may 
represent  the  number  of  particles  in  the  line  DC.    Let 
us  call  this  line  the  depth  of  the  beam,  and  express  it  by 
the  symbol  d.    And  since  we  are  at  present  treating  of 
roofs  whose  rafters  and  other  parts  are  commonly  of  uni- 
form breadth,  let  us  call  AH  or  BI  the  breadth  of  the 
beam,  and  express  it  by  i,  and  let  CA  be  called  its 
length,  /.    We  may  now  express  the  strength   of  the 
whole  line  CD  hjfx  dj  and  we  jnay  suppose  it  all  con- 
centrated in  the  middle  point  g.     Its  mechanical  energy, 
therefore,  by  which  it  resists  the  energy  of  ^he  weight  ar, 
applied  at  the  distance  /,  is/.  CD.  C^,  while  the  momen- 
tum of  w  is  to.  CA.     We  must  therefore  have  /.  CD. 
C^.  =  tr.  CA,  ovfd,  ^  d  =  to.  ly  and  fd:w=^l:id,OT 
fd:w=^2l:d.     That  is,  twice  the  length  of  the  beam 
is  to  its  depth  as  the  absolute  strength  of  one  of  its  ver- 
tical planes  to  its  relative  strength,  or  its  power  of  resist- 
ing this  transverse  fracture. 

It  is  evident,  that  what  has  been  now  demonstrated  of 
the  resistance  exerted  in  the  line  CD,  i^  equally  true  of 
every  line  parallel  to  CD  in  the  thickness  or  breadth  of 
the  beam.  The  absolute  strength  of  the  whole  section 
of  fracture  is  properly  represented  l^y  f.  d-  h^  and  we  still 
have  2  I :  d  ^=fdb  :  w  ;  or  twice  the  length  of  the  beam 
is  to  its  depth  as  the  absolute  strength  to  the  relative 
strength.  Suppose  the  beam  12  feet  long  and  one  foot 
deep ;  then  whatever  is  its  absolute  strength,  the  24th 
part  of  this  will  break  it  if  hung  at  its  extremity. 

But  even  this  is  too  favourable  a  statement  ^  all  the 
jlbres  are  supposed  to  meet  alike  in  the  instant  of  froc- 
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tike.  But  this  is  not  true.  At  the  instant  that  the  fibra 
at  D  breaks,  it  b  stretched  to  the  utmost,  and  is  exerting 
its  whole  force.  But  at  this  instant  the  fibre  at  g  is  not 
80  much  stretched,  and  it  is  not  then  exerting  its  utmost 
force.  .  If  we  suppose  the  extension  of  the  fibres  to  be  as 
their  distance  from  C,  and  the  actual  exertion  of  each  ta 
bje  as  their  extensions,  it  may  easily  be  shown  (see 
Strength  of  Materials),  that  the  whole  resistance  it 
the  same  as  if  the  full  force  of  all  the  fibres  were  united 
at  a  point  r  distant  from  C  1^  one-third  of  CD.  In  thia 
case  we  must  say,  that  the  absolute  strength  is  to  the  re- 
lative strength  as  three  times  the  length  to  the  depth ;  so 
that  the  beam  is  weaker  than  by  the  former  statement  ia 
the  proportion  of  two  to  three. 

Even  this  is  more  strength  than  experiment  justifies ; 
and  we  can  see  an  evident  reason  for  it.  When  the  beam 
is  strained,  not  only  are  the  upper  fibres  stretched,  but 
the  lower  fibres  are  compressed.  This  is  very  distinctly 
aeen,  if  we  attempt  to  break  a  piece  of  cork  eut  into  tiie 
shape  of  a  beam :  this  being  the  case,  C  is  not  the  centre 
of  fracture.'  There  is  some  point  c  which  lies  between 
the  fibres  which  are  stretched  and  those  that  are  com- 
pressed. This  fibre  is  neither  stretched  nor  squeezed; 
and  this  point  is  the  real  centre  of  fracture':  and  the  lever 
by  which  a  fibre  D  resists,  is  not  DC,  but  a  shorter 
one  D  c ;  and  the  energy  of  the  whole  resistances  must 
be  less  than  by  the  second  statement.  Till  we  know  the 
proportion  between  the  dilatability  and  compressibility 
of  the  parts,  and  the  relation  between  the  dilatations  of 
the  fibres  and  the  resistances  which  they  ex^t  in  this 
state  of  dilatation,  we  cannot  positively  say  where  the 
point  c  is  situated,  nor  what  is  the  sum  of  the  actual  re- 
sistances, or  the  point  where  their  action  may  be  suppo* 
sed  concentrated.  The  firmer  woods,  such  as'  oak  anft 
chesout,  may  be  supposed  to  be  but  slightly  compressible; 
we  know  that  willow  and  other  soft  woods  are  very  ^fl»« 
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pvessibie.  These  last  miut  therefore  he  iraafcer:  fivil 
is  evident,  that  the  fibres  which  are  ia  a  atate  of  o^aipre^ 
•ion  do  not  resist  the  fracture.  It  is  well  knovra,  tiait  a 
beam  of  willow  may  be  cut  through  from  C  to  g*  wilhoot 
weakemng  it  in  the  least,  if  the  ^t  be  filled  iipfajra 
pledge  of  h^d  wood  stuck  in. 

We  can  only  say,  that  very  sound  otk  and  red  fir  have 

the  centre  of  efiiofft  so  situated^  that  the  aftisolute  strength 

|s  to  the  relative  strength  in  a  nroportion  not  less  thaa 

$hat  of  three  and  a  half  times  the  length  of  the  beam  ii 

ifts  depth.     A  sifMiire  iach  of  soand  oak  will  carry  abaal 

8000  pounds.     If  this  bar  be  firmly  fixed  in  a  wall,  mi 

fraject  about  12  inches,  and  be  loaded  at  the  extremi^ 

with  200  pounds,  it  will  be  broken.     U  will  jnst  best 

100»  its  relative    strength    being   ^  of    its    abs<dute 

ftrength  ;  and  this  is  the  case  only  with  the  finest  pieoesi 

fo  placed  that  their  annual  plates  or  layers  are  in  a  ver* 

tical  position.    A  lai^er  log  is  not  so  strong  transversely^ 

•because    its  plates  lie  in  various  directions  roimd  the 

lieart. 

556.  These  observations  are  enough  to  give  us  a  dia» 
^inct  notion  of  the  vast  diminution  of  the  strength  of  tim- 
ber when  the  strain  is  across  it ;  and  we  see  the  Justice  of 
the  maxim  whiph  we  inculcated,  that  the  carpenter,  ia 
framing  roofs,  should  avoid  as  mucli  ias  possible  the  expo- 
aing  his  tUnbers  tQ  transverse  strains.     But  this  cannot  be 
avoided  in  all  cases.    Nay«  the  ultimate  strain,  arising 
from  the  very  nature  of  a  roof,  is  transverse.     The  raf- 
ters must  carry  their  own  weight,  and  this  tends  to  break 
them  across :  an  oak  beam  a  foot  deep  will  not  carry  ila 
own  weight  if  it  project  more  than  60  feet.     Besides  this, 
the  rafters  must  earry  the  lead,  tyling,  or  slaies.     Wp 
must  therefore  consider  this  transverse  strain  a  little  more 
particularly,  so  far  as  to  know  what  strain  will  be  laid 
pa  any  part  by  any  unavoidable  load|  laid  on  either  alt 
that  or  at  any  other* 


Of  1O0M.  'fi90 


.£5T.  We  huve  hitferlo  supposed,  ihat  the  beam  had 
>Dne  of  its  ends  f  xed  in  a  walli  and  that  it  was  loaded  at 
the  other  en4*    This  is  not  an  usual  arrangement,  and 
Yvsas  takjen  mpi^y  as  BSotdmg  a  simple  application  of  the 
:liifichaiiieal  prindiples.    It  is  snuph  more  usual  to  hare 
ihe  Veam  sAipported  at  the  ^fiis^  ai}A  loaded  in  the>imddlf. 
Let  the  beam  FEGH  (Fig.  8.)  rest  on  the  props  E  and 
Q,  and  t>e  loaded  at  Hs  middle  point  'C  with  a  weight  W. 
It  is  required  to  determine  the  strain  at  the  section  CD  ? 
It  is  plain  that  the  be^m  will  receive  l;he  same  support, 
tend  suffer  the  sione  etniiii,  if,  instead  of  the  blocka  £  land 
Q^  we  substitiife  the  ropes  E/€,  G  A  ^,  going  over  th^ 
pulleys  /and  ^,  and  loaded  with  proper  weights  e  and  jg. 
The  weight  4  mBtpiti  <tb  the  •support  given  bjr  the  block 
% ;  iand  g  is  equad  to  the  support  gi^nen  bjr  6.     The  sum 
-of  €  and  g-  is  ef  oal  ia  W ;  and,  on  whatever  point  W  as 
hung,  tbe  weights  e  and  g  are  to  W  in  the  proportion  pf 
DC  and  D£  tp  G£.    Now,  in  this  state  of  things,  it  ap. 
feacs  tbsft  the  etrain  on  lihe  aectiM  CD  arises  iounediatelir 
from  the  upward  action  of  the  ropes  F/amd  Hi,  or  tke 
•ppward  firession^  of  the  blocks  E  and  Ga  and  that  the 
office  of  the  weight  W  is  to  oblige. I^e  beam  to  oppoae 
$fais  stBaki.    Tbings  are  in  the  saase  state  in  respect  of 
^Irain  as  if  ii^  Uock  were  aabstituted  at  D  for  die  weight 
W,  «M|d  Ait  weights  e  oad  g  were  bong  on  ait  £  and  G  ;~ 
4Mily  tbe  i^rectioM  viH  be  opposite.    The  beam  leads  to 
break  in  tbe  section  CD,  because  the  ropes  pull  it  up- 
wtflirds  at  £  oad  G,  while  a  weight  W  holds  it  dwm  at  C. 
It  tends  toDpen  at  D^  and  C  becoaies  the  centre  of  fraor 
.tore.    The  etrain  therefore  i«  the  same  as  if  the  half  £D 
were  fised  in  the  wHaU,  and  a  weight  equal  to  g,  that  is, 
(o  the  half  of  W^  wene  bung  pa  «t  G. 

Hence'  we  coaolude,  thai  m  beam  supported  :at  .both 
fads^  but  Jbot  fixed  (here,  and  loaded  in  the  middle,  will 
«^uny  four  times  las  mndi  ^weight  as  it  can  cany  at  its  e^r: 

(remit^,  when  the  other  extremity  is  fast  in  a  wall. 


s 
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^he  strain  occasioned  at  anjr  point  L  bj  •  weight  W, 

DE         ^      ^ 

hung  on  at  any  other  point  D,  is  =  W  x  «p  x  LG.     For 

EG  is  to  ED  as  W  is  to  the  pressure  occasionded  at  6. 
This  would  be  balanced  by  some  weight  g  acting  ofcr 
the  pulley  h ;  and  this  tends  to  break  the  beam  at  L,  bf 

DE 

acting  on  the  lever  GL.    The  pressure  at  G  is  W.  ^^ 

DE 

and  therefore  the  strain  at  L  is  W.  =7^ .  LG. 

In  like  manner,  the  strain  occasioned  at  the  point  D 

DE 

by  the  weight  W  hung  on  there,  is  W  x  pp  X  DG;  which 

is  therefore  equal  to  ^  W,  when  D  is  the  middle  point 

Hence  we  see,  that  the  general  strain  on  the  beam 
arising  from  one  weight,  is  proportionable  to  the  reo- 

,      -.    ,                 0^1^           ,/.     W.DE.DG  .     . 
tangle  of  the  parts  of  the  beam,  (for ^^r^ is  as 

DE.DG),  and  is  greatest  when  the  load  u  laid  on  the 
middle  of  the  beam. 

We  also  see,  that  the  strain  at  L,  by  a  load  at  D,  is 
equal  to  the  strain  at  D  by  the  same  load  at  L.  And 
the  strain  at  L,  from  a  load  at  D,  is  to  the  strain  by  the 
same  load  at  L  as  DE  to  LE.  These  are  all  very  ob- 
vious corollaries ;  and  they  sufficiently  inform  us  concern- 
ing the  strains  which  are  produced  on  any  part  of  the 
timber  by  a  load  laid  on  any  other  part. 

If  we  now  suppose  the  beam  to  be  fixed  at  the  two 
ends,  that  is,  firmly  framed,  or  held  down  by  blocks  at 
I  and  K,  placed  beyond  E  and  G,  or  framed  into  posts, 
it  will  carry  twice  as  much  as  when  its  ends  were  free. 
For  suppose  it  sawn  through  at  CD;  the  weight  W  hung 
on  there  will  be  just  sufficient  to  break  it  at  E  and  G. 
Now  restore  the  connection  of  the  section  CD,  it  will  re- 
quire another  weight  W  to  break  it  there  at  the  same 
time. 
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\  Therefore,  when  a  tnifter,  or  aoj  piece  6f  timberp  ie 
firmly  connected  with  the  three  fixed  points  G^  £,  I,  it 
will  bear  a  greater  load  between  any  two  of  th'eni  than 
•if  its  connection  with  the  remote  potqt  we^e  remoTed; 
and  if  it  be  fastened  in  four  pointy  6,  £,  !»  £,  it  will 
be  twice  as  strong  in  the  niiddle  part  as  without  the  two 
remote  connections. 

One  is  apt  to  expect  from  this  that  the  joist  of  a  floor 
will  be  much  strengthened  by  being  firmly  built  in  the 
wall.  It  is  a  little  strengthened ;  but  the  hold  which 
.can  thus  be  given  it  is  much  tpo  ^short  to  be  of  any  sen- 
sible service;  and.  it  tends  greatly  to  shatter. the  wall, 
because,  when  it  is  bent  down  l^y  a  load^  it  forces  up  th^ 
wall  with  the  momentum  of  a  long  lever.  Judicious 
builders  therefore  take  a^re  qot  to  bin4  the  joists  tight 
in  tt^e  wall.  But  when  the  joists  of  ailjoining  rooms  lie 
in  the  same  direction,  it  b  a  great  advantage  to  make 
them  of  one  piecie.  They  are  thep  twice  as  strong  as 
when  made  in  two  lengths. 

^68.  It  is  easy  tp  deduce  from  these  premises  the 
strain  on  any  point  which  arises  from  the  weight  of  the 
beam  itself,  or  from  any  load  which  is  uniformly  diffused 
over  the  whole  or  any  part«  We  may  always  consider 
the  whole  of  the  weight  which  is  thus  uniformly  diffused 
over  any  part  as  united  in  the  middle  point  of  that  part ; 
and  if  the  load  is  not  uniformly  diffused,  we  may  still 
'suppose  it  united  at  its  centre  of  gravity.  Thus,  to 
know  the  strain  at  L  arising  from  the  weight  of  the 
whole  beam,  we  may  suppose  the  whole  weight  accumu- 
lated in  its  middle  point  D.  Also  the  strain  at  L,  ari- 
lipg  from  the  weight  of  the  part  £D,  is  the  same  as  if 
this  weiglit  were  accumulated  in  the  middle  point  d  of 
Jb)D ;  and  it  is  the  same  as  if  half  the  weight  of  KD  were 
hung  on  ^t.D,  For  the  real  strain  at  L  is  the  upward 
priMsure  at  G,  acting  by  the  lever  6L.  .  Now  callings  the 
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weight  0f  ike  part  D£ :  this  vpward  |MCiiiiue  wffl  lit 

€XdE  "       j^ ex DE 

Teg"'  ''^     eg   • 

Therefore  the  strain  cm  the  middle  ef  'tt  bcmn,  arinf 
jrom  its  own  weight,  or  frooi  any  unfform  load,  if  the 

ED 

weight  of  the  beam  or  its  load  t=—  x  DG  ;    that  ia,  half 

the  weight  of  the  beam  or  load  multiplied  or  aethig  hj 

ED 
the  lever  DG;  for  =^  is  |. 

Also  the  strain  at  L,  arising  from  the  weright  ojf  OM 
-beam,  or  the  uniform  load,  is  ^  the  weight  of  the  beam 
or  load  acting  by  the  lever  LG.  It  is  therefore  propor- 
tional to  LG,  and  is  greatest  of  all  at  D.  Therefore  • 
'beam  of  uniform  strength  throughout,  uniformly  loaded 
will  break  in  the  middle. 

559.  It  is  of  importance  to  know  the  relation  between 
the  strains  arising  from  the  weights  of  the  beams,  or  firom 
any  uniformly  diffused  load,  and  the  relative  atrengtk 
We  have  already  seen,   that   the  relative   strength  if 

"t — j-y  where  nt  is  a  nuiaber  to  be  discovered  by  ezpe* 

riment  for  every  different  species  of  materials.     Leaviag 

out  every  circumstance  but  what  depends  on  the  dimen- 

aions  of  the  beam,  viz.  d,  6,  and  ly  we  see  that  the  relative 

d  «  ft 
9trength  is  in  the  proportion  of  —77-,  that  is,    as   the 

breadth  and  the  square  of  the  depth  directly,  and  the 
length  inversdy. 

Now,  to  consider  first  the  strain  arising  from  the 
weight  of  the  beam  itself,  it  is  evident  that  this  wdgkt 
increases  in  the  same  proportion  with  the  depth,  the 
breadth,  and  the  length  of  the  beam.  Therefore  its 
power  of  resisting  this  strain  must  be  as  its  depth  dircict^ 
ly,  and  the  square  of  its  length  inversely.  To  consider 
,this  in  a  more  popular  manner,  it  is  plain  that  the  iK&* 
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^rt»m  of  breadth  mafcei  no  chaBge  in  the  {k>w^  of  re* 
•isting  the  actual  strain^  because  the  load  and  the  absou 
lute  8ti<ength  inbrease  in  the  sapie  proportion,  witl^  the 
Imeadth.  Bbt  by  increasing  the  depth,  we  ineDenae  the 
ftsintsig  settioB  in  the  same  proportion,  axxi  therefore 
the  number  of  resisting  fibres  aind  the  aiisolnle  strength : 
lint  fre  rfso  ihoreiMe  the  weight  in  the  same  proportinoA 
Thi»  nekea  a  icKimfmisation,  and  the  rehtrre  atvength  it 
yet  the  same.  ^But  by  inorensing  the  dqith,  we  have  not 
4mly  inereased  the  at^solute  strength^  but  also  its  meeht* 
ucal  ena*gy  ;  For  the  resistance  to  fSractnre  is  the  some 
m  if  the  fM  strength-  of  eAoh  fibre  was^  exerted  at >  the 
point  which  we  called  the  eentve  ct  effort';  and  we  show^ 
ed,  that  the:  distance  ol  this  from  the  under  side  of  die 
beam  was  e^cmrtaine  portion  (ai  half,  a  third,  a  fourUb;  fce.) 
of  the  whole  depth  of  the  beam.  This  distance  is*  the 
asm  ef  the  leveir  bf  which  tbe  eobesien  ef  the  n^ood  may 
be  supposed  to  sttt  Therefore  thb  arm  of  tbe  lev«r,  sal 
consequently  t^e^edergy  of  the  resilttanee,  increases  iv  the 
pr6portion  of  tbk  depth  of  tbe  beam,  end  this  lenains 
uncompensated  by  asiy  increase  of  the  strain^  Oar  tbe 
whole,  therefon^  tike  power  of  the  beam  te  snstaki  its 
ewn  weight  inereesees  in  the  proportion  of  its  depth.  Bat^ 
en  tbe  other  baiAl)  Ae  power  ef  withstanding  a  given 
strain  appiitd*  at  its  extremity,  or'  to  any  aliquet  part  of 
its  lengthy  is  dinriBishedas  the'  length  increases,  ov  is  in^ 
Tersely  as  the  liength ;  and  the  strain  arising  froin  th* 
woght  of  the  beam  else  iacreases^as  the  lengths  There- 
fore the  power  of  resistibg  the  strain  actually  exerted  <rtk 
it  by  the  weight  of  the  beatt^  is  inrefsely  as  tbe  square  oC 
the  length.  On  the  whole,  tbat^efers^  the  power  of  a 
beam  ta  carry  Its  own  weight,  varies  in  the  proportion 
of  its  depth  directly,  and  the  square  of  its  length  i» 
Tersely. 

As  this  strain  is  frequently  a  consideraMe  part  ef  the 
whole,  it  is  pnqper  to  consider  it  apart>  and  then  to^reckM 
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only  on  "what  remains  for  the  suppfort  of  anj  tltraneoii 
load. 

560.  In  the  next  place,  the  power  of.  n  btem  to  aaj 
any  load  which  is  uniformly  diffused  oirer  its  length,  miit 
be  inversely  as  .the  square  of  the  length  :  for  the  pomr 
of  withstanding  any  strain  applied  to  an  aliquot  part  rf 
the  length  (which  is  the  case  here,  because  the  load  vmf 
be  conceived  as  accumulated  at  its  centre  of  gravity,  tbt 
middle  point  of  the  beam)  is  inversely  as  the  length ;  and 
the  ac/ua/!strain  is  as  the  length,  and  therefore  its  monea- 
turn  is  as  the  square  of  the  length.  Therefore  the  powor 
of  a;  beam  to  carry  a  weight  uniformly  diffused  over  il, 
is  inversely  as  the  square  o(  the  length.  JV.  B.  It  is  hen 
understood,  that  the  uniform  load  is  of  sdfne  determined 
quakitity  for  every  foot  of  the  length,  iso  th^  a  beam  of 
double  length  carries  a  double  load.        | 

6OI4  We  have  hitherto  supposed  that  the  forces  whidi 
tend  to  break  a  beam  transversely,  are  acting  in  a  direff" 
tion.  perpendicular  to  the  beam.  This  is  always  the  case 
in  level  floors  loaded  in  any  manner ;  butt  in  roofs,  the 
action  of  the  load  tending  to  break  the  rafters  is  oblique, 
because  gravity  always  acts  in  vertical  lines.  It  may  alsa 
frequently  hapi^en,  that  a  beam  is  strained  by  a  force 
acting  obliquely.  This  modification  of  the  strain  is  easilj 
discussed.  Suppose  that  the  external  force,  which  is 
measured  by  tiie  weight  W  in  Tig.  1.  acts  in  the  diree- 
tioi)  A  to'  instead  of  AW.  Draw  C  a  perpendicular  to 
A  «7.  Then  the  momentum  of  this  external  force  is  not 
to  be  measured  by  W  x  AC,  but  by  W  x  a  C.  The 
strain  therefore  by  which  the  fibres  in  the  section  of  frac- 
ture DC  are  turn  asunder,  is  diminished  in  the  proportioQ 
of  CA  to  C  iy  that  is,  in  the  proportion  of  radius  to  the 
isine  of  the  angle  CA  a,  which  the  beam  makes  with  the 
direction  of  the  external  force. 

To  apply    this  to  our   purpose  in  the   most   familiar 
wanner,  let  AB  (Fig.  3.)  be  an  oblique  raUer  of  a  buiUt 
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ing,  loaded  with  a  weight  W  suspended  to  any  point  Q^ 
and  thereby  occasioning  a  strain  in  some  part  D.  We 
have  already  seen,  that  the  immediate  cause  of  the  strain 
on  D  is  the  reaction  of  the  support  which  is  given  to  the 
point  B.  The  rafter  may  at  present  be  considered  as  a 
lever,  supported  at  A,  and  pulled  down  by  the  line  CW^ 
This  ocsasions  a  pressure  on  B,  and  the  support  acts  ifi 
the  opposite  direction  to  the  action  of  the  lever,  that  is* 
in  the  direction  B  b,  perpendicular  to  BA.  This  tends 
to  break  the  beam  in  every  part.    The  pressure  exited 

W  X  AE 

at  B  b  — T-^ — 9  AE  beini:  a  horizontal  line.    There- 
AB  ^^ 

W  X  AE 
fore  the  strain  at  D  will  be  — r-^ —  X  BD.      Had  thij 

AB 

beam  been  lyii)g  horizontally,  the  strain  at  D,  from  the 

W.AC 
weight  W  suspended  at  C,  would  have  been      '        x  BD. 
■  AB 

It  is  therefore  diminished  in  the  proportion  of  AC  to  AE, 

that  is,  in  the  proportion  of  radius  to  the  cosine  of  the 

eletation,  or  in  the  proportion  of  the  secant  of.  elevation 

to  the  radius. 

It  is  evident,  that  this  law  of  diminution  of  the  strain 
is  the  same  whether  the  strain  arises  from  a  load  on  any 
part  of  the  rafter,  or  from  the  weight  of  the  rafter  itself, 
t>r  from  any  load  uniformly  diffused  over  its  length,  pro* 
vided  only  that  these  loads  act  in  vertical  lines. 

562.  We  can  now  compare  the  strength  of  roofs  which 
have  different  elevations.  Supposing  the  width  of  the 
building  to  be  given,  and  that  the  weight  of  a  square  yard 
of  covering  b  also  given.  Then,  because  the  load  on  the 
rafter  will  increase  in  the  same  proportion  with  its 
length,  the  load  on  the  slant  side  BA  of  tlie  roof  will  be 
to  die  load  of  a  similar  covering  on  the  half  AF  of  the 
flat  roof,  of  the  same  width,  as  AB  to  AF.  But  the 
transverse  action  of  any  load  on  AB,  by  which  it  tends 
to  break  it,  is  to  that  of.  the  Mine  load  on  AF  as  AF  t# 
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Ae  inoi<e«90  of  tttA  hai  dn  AB  biill0L  BempifttJIy 
die  i^Ilfttiff  or  ifii  oeliOflr.  Btft^  ihtf  *8Mll||tl|fc  of.  boMi 
tli*i'«ftMeqMt'«lrtMi^  ^fifHHed' Ui  ihnMMi  fwioli^  or  oob 
JteAifjr  dMhMd  Oilier  thei«i  aita  iOi«enieiy  ftr  Ibeir  lkngtih% 
bedi6M^  tiMi  nuMcntMi  or  mtfli^  of'tllo  Maim  b|M»pirt 
Ibml tolhe iMgfb.  TkeMibvo MM pofHer of AB te «iife 
iltod-  fhtf  fCrAio  lo  wbte^ir  ii  redlf  MpoMdV  io^  t»  dii 
JMrer  of  AF  to  teOklrii^  iiiMli  o«  At*  A>  Aft*  If,  then* 
fbte,  »  MtfUt  A6  dlT  a  «eiMt)D^  ifcMUk^ 
cpiTj  the  roofing  laid  oq  il,:  «r  softer  AB  of « Iho  m^ 
■cantllng,  bat  more  eleroled,  will  be  too  #0ok  ill  tbe  pio- 
ponionoT  ACr  to^b.  Therefore  ateeper  roofs  rqqukt 
•touter  raikers,  in  order  tibt  tbey  moj  be  equally  able  to 
Ca^  a  roofing  of  e^Mt  weigM  p«r  i^nam  ^Md.  T»bk 
oqoaUj  sfrongi,  Ibey  nvuiit  be  made  broader,  or, glared 
nearer  to  each  other,  in  tbe  proportion  of  thc2r  gntttf 
kngtlH  or  ibey  mofll  te  mdo  drepev  in  Ae  aibi^^lh<» 
fMp^piktloii  of  tlMir  ieagthi  Tbo  UOamiag  oaaj  oonatnl^ 
tioniril>  enalki  the  attist  mC  taMH^  with  cooifiitali^ 
to  proportion  the  depth  of  the  rafter  to  the.  rfope  of  the 
wof. 

Let  the  horfMontal  Kne  a/  Fig.  4  be  tbe  proper  depth 
of  a  beam  whose  Icngtb  is  half  the  width  of  the  building; 
thai  is«  soch  as  wonU  make  it  fit  fee  catirjiag  the  intend- 
ed tiling  laid  on  a  flat  roof.  Draw  the  yotfeal  Hoe  fi, 
and  the  ivne  a  b  having  the  ekiration  of  the  ralWr ;  make 
o^  equal  to  a/,  and  doBcribe  the  semioitdo  idgi  dra* 
d d  perpeudicular  Ui^  al^  at\%  the re^nired  depdik.  The 
demonstration  is  evident 

We  hare  now  treated  m  snfflcieat  detail  what  velatei  to 
the  chief  strain  on  the  component  parts  el  a  soof,  immAj^ 
what  tends  to  break  them  transrendj ;  and  we  bare 
enlarged  more  on  the  subject  than  what  the  predEnt  oc^ 
casion  indispensably  required,  because  the  propositiom 
which  we  have  demonttnited  are  equally  q^lieaUa  to  aH 
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framings  of  carpentry,  and  are  even  of  greater  moment  in* 
many  cases,  particularly  in  the  construction  of  machines. 
These  consist  of  levers  in  various  forms,  which  are  strain- 
ed transversely  ;  and  similar  strains  frequently  occur  in 
many  of  the  supporting  and  connecting  parts« 

663.  We  proceed,  -in  the  next  place,  to  consider  the 
other  strains  to  which  the  parts  of  roofs  are  exposed,  in 
consequence  of  the  support  which  they  mutually  give  each 
other,  and  the  pressures  (or  thru8t$  as  they  are  called  in 
the  language  of  the  house  carpenter)  which  they  exert 
on  each  other,  and  on  the  walls  or  piers  of  the  building. 

Let  a  beam  or  piece  of  timber  AB,  Fig.  5.  be  sus« 
pended  by  two  lines  AC,  BD ;  or  let  it  be  supported  by 
two  props  AE^  BF,  which  are  perfectly  moveable  round 
their  remote  extremities  E,  F^  or  let  it  rest  on  the  two 
polished  planes  KAH,  LBM.  Moreover,  let  G  be  the 
centre  of  gravity  of  the  beam,  and  let  6N  be  a  line  through 
tlie  centre  of  gravity,  perpendicular  to  the  horizon.  The 
beam  will  not  be  in  equilibrio  unless  the  vertical  line  6N 
either  passes  through  P,  the  point  in  which  the  dirnctiont 
of  the  two  lines  AC,,  BD^  or  the  directions  of  tlie  two 
props  EA,  FD,  or  the  perpendiculars  to  the  two  planes 
KAH,  LBM,  intersect  each  other,  or  is  parallel  to  these 
directions.  For  the  supports  given  by  the  lines  or  props 
are  unquestionably  exerted  in  the  direction  of  their 
lengths;  and  it  is  as  well  known  in  mechanics  that  the 
supports  given  by  planes  are  exerted  in  a  direction  per- 
pendicular to  those  planes  in  the  points  of  contact ;  and  we 
know  that  the  weight  of  the  beam  acts  in  the  same  man^ 
ner  as  if  it  were  all  accumulated  in  its  centre  of  gravity 
6,  and  that  it  acts  in  the  direction  6N  perpendjicular  to 
the  horieon.  Moreover,  when  a  body  is  in  equilibrio 
between  three  forces,  they  are  acting  in  one  plane,  and 
their  directions  are  either  parallel  or  they  pass  through 
one  point. 

The  su[^rt  given  to  the  beam  is  therefore  the  same  ai 

▼0L«  u  So 


s 


518  OK  THB  GeNOTRtJCTION 

if  it  ware  soipended  by  two  lines  whieb  «re  wiimhti  (0. 
the  single  point  P.  We  may  also  infer,  tliat  tlie  poiaiadf 
sQqiension  C,  D,  the  pc»nts  of  support  E^  F,  the  ponitiof 
Molact  AfBy  and  the  eentre  of  gravity  6,  are  iJl  in  oas 
vertical  plane. 

When  this  position  of  the  beam  bJistarbed  bjr  any 
imtemal  forces  there  must  either  be  a  motion  of  the  points 
A  and  B  roond  the  centres  of  sospcosiott  €  and  B,  or  of 
the  props  round  these  points  of  support  £  and  F,.  or  m 
sliding  of  the  ends  of  the  beam  along  the  polished  plaaei 
6H  and  IK;  and  iq  consequence  of  these  motions  ths 
centre  of  gravity  G  will  go  out  of  'ita  plice»  and  tbe  asr- 
tieal  line  GN  will  no  longer  pass  through  $he  poiM  whssi 
the  dfarections  of  the  supports  intcraect  each  other.  If  ths 
eentre  ^f  gravity  risH  by  this  motion^  the  body  will  hast 
A  tendency  to  recover  its  /ormer  position,  and  it  will  fs» 
^uiie  foreeto  keep  it  away  from  it  In  this  case  thee^ 
Kbrium  may  be  said  to  be  HabU^  oc  the  body  to  have  «i» 
hiHty.  But  if  the/ centre  of  gravity  descends  when  ths 
body  is  moved  from  the  position  of  equilibrium^  it  wiH 
tend  to  move  still  farther ;  and  so  far  will  it  be  from  re- 
covering its  former  position,  that  it  will  now  falL  Thii 
equilibrium  may  be  celled  a  tottering  tquiUbrnmL,  Theie 
accideats  depend  on  the  situations  of  the  points  A,  B^Ci 
D,'E,  F ;  and  they  may  be  determined  by  considering  the 
subject  geometrically.  It  does  not  much  interest  us  at 
present ;  it  is  rarely  that  the  equilibrium  of  suspensioo  is 
tottering,  or  that  of  props  b  stable.  It  is  evident,  that  if 
the  beam  were  suspended  by  Hues  from  the  point  P,  It 
would  have  stability,  for  it  would  swing  like  a  pendulum 
round  £,  and  therefore  would  always  tend  towards  tbe 
position  of  equilibrium.  The  intersection  of  the  lines  of 
support  would  still  be  at  P,  and  the  vertical  line  drawn 
through  tbe  centre  of  gravity,  when  in  any  other  situation, 
would  be  on  that  side  of  P  towards  which  this  centre  has 
been  moved.  Therefore,  by  the  rules  of  pendokms  bodies, 
it  tends  to  come  back.    This  would  be  more  remarkably 
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the  case  if  the  points  of  suspension  C  and  D  be  on  the 
iame  side  of  the  point  P  with  the  points  of  attachment 
A  and  B ;  for  in  this  Case  the  new  point  of  intersection  of 
the  lines  of  suppoi't  would  shift  to  the  opposite  side,  and 
be  still  farther  from  the  vertical  line  through  the  new  po« 
aitfonof  the  centre  of  gravity.  But  if  th^  points  of  sus- 
pension and  of  attachment  are  on  opposite  sides  of  P,  the 
new  point  of  intersection  maj  shift  to  the  same  side  with 
the  centre  of  gravity,  and  lie  beyond  thcf  vertical  Kne ;  ih 
this  case  the  equilibrium  is  tottering.  It  is  easy  to  peI^- 
eeive^  too,  that  if  the  eqtiilibrium  of  suspensioti  from  the 
points  C  and  I)  be  stable,  the  equiiibriutp  on  the  pfop^ 
AE  and  BF  must  be  tottering.  It  is  not  necessary  for 
oar  present  purpose  to  engage  more  particularly  in  this 
discussion. 

It  is  plain  that,  with  respect  to  the  mere  momentary 
equiKbiium,  there  is  no  difference  in  the  support  by 
dureads,  or  props^  or  planes,  and  we  may  substitute  the 
one  for  the  other.  We  shall  find  this  substitution  extreme^ 
ly  useful,  because  we  easily  conceive  distinct  notions  of 
the  support  of  a  b9dy  %iy  strings. 

Observe  farther,  that  if  the  whole  figure  be  inverted, 
and  strings  be  sulistititted  for  props,  and  props  for  strings, 
the  equilibrium  will  still  obtain  :  for  by  comparing  Fig.  5. 
with  Fig.  6.^  we  sde  that  the  vertical  line  through  the 
caitre  of  gravity  ^vill  pass  through  the  intersection  of  the 
two  strings  or  props ;  and  this  i§  all  that  is  necessary  for 
the  equiJtbriilm :  only  it  must  be  observed  in  the  substi- 
tution of  props  £oir  thteads^  and  of  threads  for  props^ 
that  if  it  l|>e  donie  witbdut  inverting  the  whole  figure, 
a  stable  equilibrium  becooies  a  totting  one,  and 
vice  vena. 

This  is  a  most  nsfifti,  proposition,  especially  to  the  un- 
lettered artisan,  and  enables  him  to  make  a  practical  use 
of  prQ^lem9  which  the  greatest  mechanical  geniusies  h^ve 
found' no  easy  task  to  solve.     An  instance  will  sitow  the 
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extent  and  utilitj  of  it  Suppose  it  wer^  reqnired  to  make 
a  mansard  or  kirb  roof  whose  width  b  AB  (Fig.  7.),  and 
consisting  of  the  four  equal  rarters  AC,  CD,  DE,  EB. 
There  can  be  no  doubt. but  that  its  best  form  is  thai 
.which  Will  put  all  the  parts  in  equilibrio,  so  that  no  ties 
or  stays  may  be  nec^asaiy  for  opposing  the  lilibalanced 
thrust  of  any  part  of  it.  MAe  a  chain  aedtb  (Fig.  8.) 
4^  four  equal  pieces,  loosely  connected  by  pin-jomts^ 
round  which  the  parts  are  perfectly  moveable.  Suspend 
this  from  two  pins  a,  &,  fixed  in  a  horinontal  line  This 
chain  or  festoon  will  arrange  itself  in  sudi  a  form  that  its 
fMurts  are  in  equilibrio.  Then  we  know  that  if  the  figure 
be  inverted,  it  will  compose  the  frame  or  truss  of  a  kit^ 
TOof  ar^*bf  whidi  is  also  in  equiBbrio,  the  thrusts  of  the 
pieces  balancing  each  other  in  the  same  manner  that  the 
mutual  pulls  of  the  hanging  festoon  aedeb  did.  If  the 
-proportion  of  the  height  d/  to  the  width  a  bis  not  sodi  as 
pleases,  let  the  pins  a,  (,  be  placed  nearer  or  more  dirtant^ 
.till  a  proportion  between  the  width  sikid  height  is  obtuned 
.which  pleases,  and  then  make  the  figure  ACDKB  Fig.  7. 
similar  to  it.  It  is  evident  that  this  proposition  will  ap 
ply*  in  the  same  manner  to  the  determination  of  the  fomr 
of  an  arch  of  a  bridge ;  but  this  is  not  a  proper  place  for  a 
farther  discussion. 

We  are  now  able  to  compute  all  the  thrusts  and  other 
pressures  which  are  exerted  by  the  parts  of  a  roof  on 
each  other  and  on  the  walls.  Let  AB  (Fig.  9.)  be  i 
beam  standing  any  how  obliquely,  and  6  its  centre  of 
gravity.  Let  us  suppose  that  the  ends  of  it  are  support- 
ed in  any  directions  AC,  BD,  by  strings,  props,  or  planes^ 
Let  these  directions  meet  in  the  point  P  of  the  vertical 
line  P6  passing  through  its  centre  of  gravity.  Through 
G  draw  lin^  G  a,  G  &  parallel  to  PB,  PA.  Then 
The  weight  of  the  beam       \  £  PG 

The  pressure  or  thrust  at  A  >- are  proportional  to  J  P  a 
The  pressure  at  B  J  \Vh. 


V 
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For  when  a  body  is  in  equilibrio  between  three  forces, 
these  forces  are  proportional  to  the  sides  of  a  triangle 
which  have  their  directions. 

In  like  manner,  if  A  g:  be  drawn  parallel  to  P  by  we  shall 
have 

Weight  of  the  beam  \  (^S 

Thrust  on  A  [-proportional  tOK  PA 

Thrust  on  B  )  iBg       *A; 

Or,  drawing  B  y  parallel  to  P  a 

Weigh  t  of  beam  "^  f  P^ 

Thrust  at  A         >*are  proportional  to-^  B  ^ 
Thrust  at  B        )  ^  ( PB. 

It  cannot  be  disputed  that,  if  strength  alone  be  consi-^. 
dered,  the  proper  form  of  a  roof  is  that  which  puts  the 
whole  in  equilibrio,  sb  that  it  would  remain   in   that 
shape  although  all   the  joints  were  perfectly   loose  or 
flexible.     If.  it  has  any  other  shape,  additional  ties  or 
braces  are  necessary  for  preserving  it,  and  the  parts  are 
unnecessarily  strained.     When    this  equilibrium  is  ob- 
tained, the  rafters  which  compose  the  roof  are  all  acting 
on  each  other  in  the  direction  of  their  lengths ;  and  by 
this  action,  combined  with  their  weights,  they  sustain  no 
strain  but  that  of  compression,  the  strain  of  all  others 
that  they  are  the  most  able  to  resist.     We  may  consider 
them  as  so  many  inflexible  lines  having  their  weights 
accumulated  in  their  centres  of  gravity.     But  it  will  al- 
low an  easier  investigation  of  the  subject,  if  we  suppose 
the  weights  to  be  at  the  joints,  equal  to  the  real  verti- 
cal pressures  which  are  exerted  on  these  points.     These 
are  very  easily  computed :  for  it  is  plain,  that  the  weight 
of  the  beani  AB  (Fig.  9.)  is  to  the  pari  of  this  weight 
that  is  supported  at  B  as  AB  to  AG.     Therefore,  if 
W  represent  the  weight  of  the  beam,  the  vertical  pres* 

AG* 

sure  at  B  wilF  be  W  x  -r^>  and  the  vertical  pressure 

Ap 

at  A  will  be  W  x  -jp-*    ^^  ^^^^  manner,  the  prop  BF 
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being  considered  mi  aoiothe^  beam,  mdfia  its  centre  of 
r,  and  w  idit  weight,  a  part  of  tfaia  iraightt  equil 


tP  w  X  ^jifff  is  supported  at  B,  and  the  whole  vertical 

AG  fF 

pressure  at  B  is  W  X-rrrr  +  wx  47^-.      And    tiitis  we 

greatly  simplify  th^  construction  of  the  niiutual  thrusts 
of  roof  frames.  We  need,  hardlj  obserrei  that  althoo^ 
these  pressures  by  which  the  parts  of  a  frame  snppoii 
each  other  hi  opposi^on  to  the  Vertical  action  of  gravity* 
are  always  exerted  in  the  direction  df  the  pied^,  they 
fOBj  be  resolved  into  pressinrei  acting  in  any  other  diiic- 
tibn  which  may  engage  our  attention. 

All  that  we  prqxMe  to  deliver  on  this  subject  at  present 
may  be  includ^  in  the  foUowing  proposition. 

Let  ABCDE  (Fig.  10.)  be  an  Bssemblage  of  mften 
in  a  vertical  plane,  resting  on  two  fixed  points  A  and  £  19 
a  horizontal  line,  and  perfectly  nioveable  rbund  all  the 
joints  A,  B,  C,  D,  £ ;  and  let  it  be  supposed  to  be  in 
equilibrio,  and  let  its  investigate  what  adjtistnient  of  the 
diflferent  circumstances  of  weight  and  inclination  of  its 
different  parts  is  necessary  for  producing  this  equili- 
brium. 

Let  F,  6,  H,  I,  be  the  centres  of  gravity  of  the  diffe- 
rent rafters,  and  let,  these  letters  express  the  weights  of 
each.     Then  (by  what  has  been  said  above)  the  weight 

AF 

which  presses  B  directly  downwards  is  F  x  "t^  +    G  x 

rgjr-    The  weight  on  C  is  in  like  manner  G  x  -r^r^  + 
Hx^  and  that  on  D  is  H  x^  +  1  X^^^ 


Let  A  6 cd E  be  the  figure  ABCDE  inverted,  in  the 
manner  already  described.  It  may  be  conceived  as  a 
(bread  fastened  at  A  and  £,  and  loaded  at  by  c,  and  d^  with 
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the  weights  which  are  really  pressing  on  B,  C,  and  D. 
It  will  arrange  itself  into  such  a  forn  that  all  will  be 
in  equilibrio.     We  may  discover  thia  form  by  means  of 
this  single  consideration,  that  any  part  &  c  of  the  th^ad 
is  equally  stretched  throughout  in  the  direction  of  its 
length.     Let  us  therefore  investigate  the  proportion  be- 
tween the  weight  fi  which  we  suppose  to  be  pulling  the 
point  b  in  the  vertical  direction  bfi  to  the  weight  ^  which 
is  pulling  down  the  point  li  in  a  similar  manner.    It  if 
evident,   that  since   AE  is  a  horizontal  line,  and  the 
figures  Abcd'E  and  ABODE  equal  and  similar,  the  lines 
B  &,  C  c,  D  </,  are  vertical.      Take  bf  to  represent  the 
weight  hanging  at  b.    By  stretching  the  threads  b  A  aa4 
&  c  it  is  set  in  opposition  to  the  contractile  powers  of  the 
threads,  acting  in  the  directions  b  A  and  &c,  and  it  is  in 
inunediate  equilibrio  with  the  equivalent  of  these  two 
contractile  forces.     Therefore  make  bg  equal  io  bf^  and 
make  it  the  diagonal  of  a  parallelogram  A  b  ig.    It  is 
evident  that  bh,b  t,  are  the  forces  exerted  by  the  threa(|s 
b  Aybc»    Then,  seeing  that  the  thread  &  c  is  equally 
stretched  in  both  directions,  make  etc  equal  to  bi;  ck  ^ 
the  contractile  force  which  is  excited  at  e  by  the  weight 
which  is  hanging  there.     Draw  ilr  /  parallel  to  ed,  and  Im 
parallel  to  be.      The  force  /c  is  tlie  equivalent  of  the 
contractile  forces  cilr,^cni,  and  is  therefore  equal  and  op« 
posite  to  the  force  of  gravity  acting  at  C.     In  like  man- 
ner,  make  dn^cm^  and  complete   the  parallelogram 
n  dj9  o,  having  tlie  vertical  line  od  for  its  diagonal.     Then 
d  n  and  dp  are  the  contractile  forces  excited  at  d,  and  the 
weight  hanging  there  must  be  equal  to  o  d. 

Therefore,  the  load  at  6  is  to  the  load  at  d  eBbgtodo. 
But  we  have  seen  that  the  compressing  forces  at  B,  C,  D, 
may  be  substituted  for  the  extending  forces  at  b,  -c,  d. 
Therefore  the  weights  at  B,  C,  D,  which  produce  the 
compressions,  are  equal  to  the  weights  ni  b,e^4j  wbith 
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produce  the  eztensioBi.     Therefore 

Let  us  inquire  what  rdation  there  is  between  this  pro- 
portion of  the  loads  upon  the  joints  at  B  and  D,  and  the 
angles  wliich  the  rafters  mal^e  at  these  joints  with  each 
other,  and  with  the  horizon  or  the  plumb  lines. '  Prodaee 
AB  till  it  cut  the  Tcrtical  Cc  in  <2 ;  draw  BB  jterallel  to 
CD,  and  BS  parallel  to  DE.  The  similarity  of  the  figures 
ABCDE  and  A  ft  c  d  E,  and  the  similarity  of  their  pod- 
lion  with  respect  to  the  horiaontal  and  phimb  lines,  show, 
without  any  further  demonstration,  that  the  trianf^ 
QCB  and  ^&  t  are  similar,  and  that  QB :  BC  ^=^gi:  ih 
rzhb:  ib.  Therefore  QB  is  to  BC  as  the  mntractOs 
fi)rce  exerted  by  the  thread  A  ft  to  that  exerted  by  ft  c;  and 
therefore  QB  is  to  BC  as  the  compression  of  BA  to  the 
compression  on  BC.  Then,  because  ft  ^  is.  equal  to  tk^ 
and  the  triangles  CBR  and  c  ft  /  are  similar,  CB :  BB  ^ 
ckiklyszekicmf  and  CB  is  to  BR  as  the  compression  oil 
CB  to  the  compression  en  CIX  And,  in  like  manner,  be- 
cause cm  =  if  n,  we  have  BR  to  BS  as  the  compressfoa 
on  DC  to  the  compression  on  DE.  Also  BR :  RS  a; 
91  d:  do,  that  is,  as  the  compression  on  DC  to  the  load  on 
p.    Finally,  combining  alt  these  ratios 

QC:  CB  z=zgb:bi,  =zgb:kc 

CB:  BR=  ifcc  :  H,  =  kc  :dn 

BR :  BS  =^nd:no=zdn:no 

BS  :  RS  =:ico:(fo=no:do,  we  have  finaBy 

QC  :  RS  =;ft  :od  =  Load  at  B:  Load  at  D. 

Now 


QC  !  BC  =/,  QBC  :/,  BQC,  =/,  ABC 
BC  :  BR  =/,  BRC :/,  BCR,  =/,  CD  d 
BR :  RS  =/,  BSR :/,  RBS,  =/,  d  DE: 

Therefore 

QC  :  RS  =/,  ABC./,  CDrf./,  dDE:/,  CDE./,  AB»l 

/ftBC. 


/,  ABft 
/,ftBC 
/,  CDE 
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Or 

or.Rs  =  -/*^5_.        />  CPE 

^    ;     "^     /,AB6,/CBA-  y;cfDC./,ciDE- 

That  is,  the  loads  on  the  different  joints  are  as  the  sines 
of  the  angles  at  these  joints  dii^ctly,  and  as  ^he  products  of 
the  sines  of  the  angles  which  the  "rafters  make  with  thef 
plumb-lines  inversely. 

*  Or,  the  loads  are  as  the  sines  of  the  angles  of  the  joints 
directly,  and  as  the  products  of  the  cosines  of  the  eleva*» 
tions  of  the  rafters  jointly. 

Or,  the  loads  at  the  joints  are  as  the  sines  of  the  angles 
at  the  joints,  and  as  the  products  of  the  secants  of  eleva« 
tion  of  the  rafters  jointly :  for  the  secants  of  angles  are  in- 
versely as  the  cosines. 

Draw  the  horizontal  line  6T.  It  is  evident,  that  if 
this  be  considered  as  the  radius  of  a  circle,  the  lines  BQ^ 
BC,  BR,  BS,  are  the  secants  of  the  angles  which  these  lines 
make  with  the  horizon.  And  they  are  also  as  the  thrust^ 
<it  those  rafters  to  which  they  are  parallel.  Therefore, 
the  thrust  which  any  rafter  makes  in^ts  own  direction  is 
as  the  seeant  of  its  elevation. 

The  horizontal  thrust  is  the  same  at  all  the  angles. 
For  1 1,  =  fc  »t  =  wi  /*,  =  It ».  =  p  r.  Therefore  both  wall* 
are  equally  pressed  out  by  the  weight  of  the  roof.  We 
can  find  its  quantity  by  comparing  it  with  the  load  on 
one  of  the  joints : 
Thus,  QC  :  CB  =/,  ABC  :/,  AB  i 

BC  :  BT  ISP     Rad.  :/,  BCT,  =  Rad.  :/,  CB  b 
Therefore,  QC :  BT  =  Rad.  x/,  ABC :/,  b  BA  x/, *BC. 

564.  It  deserves  remark,  that  the  lengths  of  the  beams  do  ^ 
not  affect  either  the  proportion  of  the  load  at  the  different 
Joints,  nor  the  position  of  the  rafters.  This  depends 
merely  on  ^the  weights  at  the  angles.  If  a  change  of  length 
affects  the  weight,  this  indeed  affects  the  form  also :  land 
this  b  generally  the  case.  For  it  seldom  happens,  in- 
4^d  it  never  should  happen,  that  the  weight  oh  rafters  of 
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longer  bearing  are  not  greater.  The  covering  alone  in- 
creases nearly  in  the  proportion  of  tlie  length  of  the 
rafter 

If  tbe  proportion  of  the  weights  at  B,  C.  and  D,  are 
given,  as  also  the  position  of  any  two  of  the  lines,  the  po- 
sition of  all  the  rest  is  iletermined. 

If  the  horizontal  distances  between  the  angles  arc 
all  equal,  the  forces  on  the  ditferent  angles  are  pro- 
portional to  the  verticals  drawn  on  the  lines  through 
these  angles  from  the  adjoining  angle,  and  tbe  thnuli 
from  the  adjoining  angles  are  as  the  lines  which  connect 
them. 

If  the  rafters  themselves  are  of  equal  lengths,  the 
weights  at  the  diHerent  angles  are  as  these  verti- 
cals and  aa  the  secants  of  the  elevation  of  the  raften 
jointly. 

565,  This  proposition  is  very  fruitful  in  its  practical 
consequences.  It  is  easy  to  perceive  that  it  contains  the 
whole  theory  of  the  construction  of  arches;  for  each 
■lone  of  an  arch  may  be  considered  as  one  of  the  rafters 
of  this  ])iece  of  carpentry,  since  all  is  kept  up  by 
ita  mere  equilibrium.  We  may  have  an  opportunity 
of  afterwards  exhibiting  some  very  elegant  and  simple 
•olutions  of  the  most  diGScult  cases  of  this  itnportant 
problem  ;  and  we  now  proceed  to  make  use  of  the 
knowledge  we  have  acquired  for  the  constructioQ  of 
roofs. 

566.  We  mentioned  by  the  by  s  problem  which  is  not 
unfrequent  in  practice,  to  determine  the  best  form  of  a 
kirb-roof.  Mr  Couplet,  of  the  Boyal  Academy  of  Paris, 
has  given  a  solution  of  it  in  an  elaborate  memoir  in  1726, 
occupying  several  lemmas  and  theorems. 

Let  A£  (Fig.  11.)  be  tbe  width,  and  CF  tbe  height: 
it  is  required  to  construct  a  roof  ABCBE  whose  raf- 
ters AB,  BC,  CD,  DE,  are  all  equal,  and  which  shall  be 
in  equilibrio. 
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Draw  CE,  and  bisect  it  perpendicidatly  in  H  by  ibA 
line  DHO9  cutting  tbe  horizont^  line  AE  in  G^.  AMilt 
the  centre  G,  ilrith  the  distance  OE,  describe  the  dmi^ 
EDO'  It  mi^t  pints  tfairough  C,  because  CH  b  equfti  to 
HE  and  the  angles  at  H  are  equal.  Draw  HK  [iinlllel  tb 
FE,  cutting  the  circumference  in  KS  Draw  CK,  cutting 
&H  in  D.  Joiri  CD,  ED ;  thl?se  lides  4re  tfaiei  rU^eca  of 
half  of  the  roof  required. 

We  prove  this  by  shbwing,  that  the  lolld^  ii|  the  singles 
C  and  D  are  equal.  For  this  is  the  proportiofa  ^bieh 
results  from  the  equality  of  the  rafk^ii^  and  t&e  isxtest  of 
surface  of  the  uniform  n>oj&ig  which  they  are  iuppoMdtlb 
supfioli.  Therefore  produce  £D  till  it  me^t  the  TertioU 
FC  in  N;  and  bavibg  made  the  side  .CBA  similar  tU 
CDE,  complete  the  parallelbgfam  BCDP^  and  draw  DB^ 
which  will  bisect  QP  in  R,  as  the  horizdntal  Une  EH^ 
bisects  CF  in  %  Draw  EF,  #faidi  La  ^idently  paraHel 
to  DP.  Ifake  CB  perpendicular  to  CF^  and  eqdU  td 
F6 ;  and  about  S,  with  the  radius  SF,  describe  the  ctrde 
FKW.  It  must  )pas^  through  K,  because  SF  is  eqtial  to 
CG,  and  GQ  =s  QF.  Draw  WS,  W8,  and  produce  BC, 
cutting  ND  in  O. 

The  angle  WKF  at  the  circumference'  is  one  half  of 
the  angle  WSF  at  the  centre,  -and  is  therefore  equal  to 
WSC,  or  C6F.  It  is  therefore  double  tif  the  angle  GEF 
or  ECS.  But  ECS  is  equal  to  ECD  and  DCS^  kni  E€D 
is  one  half  of  NDC,  and  DCS  is  one  half  of  DCO,  or 
CDP.  Therefore  the  angle  WKF  is  eqUal  to  NDP,  ami 
WK  is  [torallel  to  ND,  and  CF  i^  to  C  W  as  CP  lo  CN  ; 
and  CN  is  equal  to  GP.  But  it  has  been  shown  above^ 
that  CN  and  CP  are  as  the  loads  upon  D  and  C.  These 
are  therefore  equal,  and  the  frame  ABCDE  is  in  equi* 
llbrio. 

A  comparison  of  this  Solution  with  that  of  Mr  Couplet 
will  show  its  great  advantage  in  respect  of  siiApUcity  and 
perspicuity.    And  the  intelligent  reader  can  ea^y  adap^ 
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the  construction  to  any  proportion  between  the  raften 
AB  and  BC,  which  other  circumstances,  such  as  garret- 
room,  &c.  may  render  conrenient.  The  coiistnictioa 
must   be   such   that    NC    may    be   to   CP    as     CD    ta 

':      Whatever   proportion   of  AB    to    BC   ti 

assumed,  the  point  D'  will  be  found  in  the  circumferaica 
of  a  semicircle  H'  D'  k',  whose  centre  is  in  the  line  CE, 
and  having  AB  :  BC  =  CH' :  HE'.  =  c  A'  :  V  E.  The 
rest  of  the  construction  is  simple. 

la  buildings  which  are  roofed  with  slate,  tile,  or 
sbingles,  ihe  circumstance  which  is  most  likely  to  limit 
the  conslruclion  is  the  slope  of  the  upper  rafters  CB,  CD. 
This  must  be  sufRcient  to  prevent  the  penetration  nf  raini 
and  the  stripping  by  the  winds.  The  only  circumsitance 
left  in  our  choice  in  this  case  is  the  proportion  of  the 
rafters  AB  and  BC.  Nothing  is  easier  than  making  NC 
to  CP  in  any  desired  proportion  when  the  angle  BCD  it 
given. 

567.  We  need  not  repeat  that  it  is  always  a  desirable 
thing  to  form  a  truss  for  a  roof  in  such  a  manner  that  it 
■hall  be  in  equilibrio.  When  this  is  done,  the  whole  fo^ce 
of  the  struts-and  braces  which  are  added  to  it  is  employed 
in  preserving  this  form,  aod  no  part  is  expended  in  unne- 
cessary strains.  For  we  must  now  observe,  that  the  equi- 
librium of  which  we  have  been  treating  is  always  of  that 
kind  which  we  call  the  tottering,  and"  the  roof  requires 
stays,  braces,  or  banging  timbers,  to  give  it  stiffness,  or 
keep  it  in  shape.  We  have  also  said  enough  to  enable 
any  reader,  acquainted  with  the  most  elementary  geome> 
try  and  mechanics,  to  compute  the  transverse  strains  and 
the  thrusts  to  which  the  component  parts  of  all  roofs  ar« 
exposed. 

5SS.  It  only  remains  now  to  show  the  general  maxima 
by  which  all  rciofs  must  be  constructed,  and  the  circum- 
stances which  determine  their  excellence.     In  doing  thia 
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we  shall  be  exceedingly  brief,  and  almost  content  our- 
selves with  exhibiting  the  principal  forms,  of  which  the 
endless  variety  of  roofs  are  only  slight  ndodifications. 
We  shall  not  trouble  the  reader  with  any  account  of  such 
roofs  as  receive  part  of  their  support  from  the  interior 
walls,  but  confine  ourselves  to  the  more  difficult  problem 
of  throwing  a  roof  over  a  wide  building,  without  any  in* 
termediate  support;  because  when  such  roofs  are  con- 
structed in  the  best  manner,  that  is,  deriving  the  greatest 
possible  strength  from  the  materials  employed,  the  best 
construction  of  the  others  is  necessarily  included.  For  all 
such  roofs  as  rest  on  the  middle  walls  are  roofs  of  smaller 
bearing.  The  only  exception  deserving  notice  is  the 
roofs  of  churches,  which  have  aisles  separated  from  the 
nave  by  columns.  The  roof  must  rise  on  these.  But  if 
it  is  of  an  arched  form  intfsmally,  the  horizontal  thrusts 
must  be  nicely  balanced,  that  they  may  not  push  the 
-columns  aside. 

569.  The  simplest  notion  of  a  roof-frame  is,  that  it  con* 
aists  of  two  rafters  AB  and  BC  (Fig.  12.),  meeting  in  the 
ridge  B. 

Even  this  simple  form  is  susceptible  of  better  and  worse. 
We  have  already  seen,  that  when  the  weight  of  a  square 
yard  of  covering  is  giv^n,  a  steeper  roof  requires  stronger 
rafters,  and  that  when  the  scanUing  of  the  timbers  is  also 
given,  the  relative  strength  of  a  rafter  is  inversely  as  its 
length.  But  there  is  now  another  circumstance  to  be 
taken  into  the  account,  viz.  the  support  which  one  rafter 
leg  gives  to  the  other.  The  best  form  of  a  rafter  will 
therefore  be  that  in  which  the  relative  strength  of  the 
legs,  and  their  mutual  support,  give  the  greatest  product. 
Mr  Muller,  in  his  Military  Engineer^  gives  a  determina- 
tion of  the  best  pitch  of  a  roof,,  which  has  considerable 
ingenuity,  and  has  been  copied  into  many  books  of  mill- 
tary  education  both  in  this  island  and  on  the  Continent. 
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Describe  OD  thie  width  AC,  Fig.  13.  the  •emiciitte  ACF« 

and  bisect  it  bj  the  radius  FDi    Produce  Ae  nAer  AB 

to  the  ciiteiifnferv)G6  Ja  £,  join  EC>  end  dnw  lihe 

perpehdicttkr'  EG.     Now  AB  ^  AD  s  AC  :  AB»  ad 

ADxAC 
AE  = j-^ — 9  and  AE  is  inversety  as  AB,  and  mej 

therefore  represent  its  .strength  in  relation  to  the  w«s^ 
aetoall J  Ijing.on  it  Also  the  support  whieh  CB  gitesli 
AB  is  as  Cdb;,  because  CE  is  perpendicuhr  to  AB.  Tfac» 
fore  the  fans  which  risnders  AE  x  EC  a  maximum  kcom 
to   be   that    which    has  .the   greatest    strength.     Bat 

AC :  AE  =  EC  :  EG,  and  EG  =  t!i^^,  and  isthcre. 

ioine  proportional  to  AE.EC.  Now  £6  is  a  mazimoia 
when  B  is  in  iF,  and  a  square  pitch  is  in  this  respect  thtf 
strongest  But  it  is  very*  dMbtfoi  whether  thfa  con- 
stniction  is  deduced  from  just  principles.  There  is  an- 
other strain  to  which  the  leg  AB  is  exposed,  which bnot 
taken  into  the  account  This  arises  fr^m  the  cunratare 
which  it  unavoidably  acquires  by  the  transverse  .pressttre 
of  its  load^  In  this  state  it  is  pressed  in  its  own  direction 
by  the  abutment  and  load  of  the  other  leg.  The  rehtion 
between  this  strain  and  the  resistance  of  the  piece  is  not 
very  distinctly  known.  Eoler  has  given  a  dissertation  on 
this  subject  (which  is  of  great  importance^  because  it  af- 
fects posts  and  pillars  of  all  kinds ;  and  it  is  very  ifrell 
known  that  a  post  of  ten  feet  long  and  six  inches  square 
will  bear  with  great  safety  a  weight,  which  would  crush  a 
{KMt  of  the  same  scantling  and  20  feet  long  in  a  minote); 
but  his  determination  has  not  been  acquiesced  in  by  the 
first  mathematicians.  Now  it  is  in  relation  to  these  two 
strains  that  the  strength  pf  the  rafter  should  be  adjusted. 
The  firmness  of  the  support  given  by  the  other  leg  is  of  no 
consequence,  if  its  own  strength  is  inferior  to  tibe  strain. 
The  force  which  tends  to  crush  the  leg  AB,  by  compress- 
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ing  it  in  its  cinnred  state,  is  to  its  weight  as  AB  to  BD; 
as  is  easily  seen  bj  the  composition  of  forces ;  and  its  in* 
curvation  by  this  force  has  a  relation  to  it,  which  is  of  in« 
tricate  determination.  It  is  contained  in  the  properties 
demonstrated  by  Bernoulli  of  the  elastic  curve.  This  de- 
termination also  includes  the  relation  between  the  curva* 
ture  and  the  length  of  the  piece.  But  the  whole  of  thk 
seemingly  simple  probfom  is  of  much  more  difficult  inves* 
ligation  than  Mr  Muller  was  aware  of;  and  his  rules  for 
the  pitch  of  a  roof,  and  for  the  sally  of  a  dock  gate,  whick 
depends  on  the  same  principles,  €are  of  no  value.  He  is, 
however,  the  first  author  who  attempted  to  solve  either  of 
these  problems  on  mechanical  principles  susceptible  of 
precise  reasoning.  Belidor^s  solutions,  in  his  Architecture 
Hydraulique,  afe  below  notice. 

'  Reasons  of  economy  have  made  carpentmi  prefer  a  low 
pitch ;  and  although  this  does  diminish  the  support  given 
by  the  opposite  leg  faster  than  it  increases  the  relative 
strength  ef  the  other,  this  is  not  of  material  consequence^ 
because. the  strength  remaining  in  the  opposite  leg  is 
still  very  great ;  for  the  supporting  leg  is  acting 
against  compression,  in  which  case  it  is  vastly  strcmger 
than  the  supported  leg  acting  against  a  transverse 
strain. 

670.  But  a  roof  of  this  simplicity  will  not  do  in  most 
cases.  There  is  no  notice  taken  in  its  construction  of  the 
thrust  which  it  exerts  on  the  walls.  Now  this  is  the  strain 
which  is  the  most  basardous  of  all.  Our  ordinary  wails, 
instead  of  being  able  to  resist  any  considerable,  strain 
pressing  them  outwards,  require,  in  general,  some  ties  to 
keep  them  on  foot.  When  a  person  thinks  of  the  thin- 
ness and  height  of  the  walls  of  even  a  strong  house,  he 
will  be  surprised  that  they  are  not  blown  down  by  any 
strong  blast  of  wind.  A  wall  of  three  feet  thick,  Mad  60 
feet  high,  could  not  withstand  a  wind  blowing  at  the  rate 
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6f  so  feet  ptr  second  (in  which  case  it  4ets  with  a  force 
considerablj  exceeding  two  pounds  on  eveiy  sqiunt 
foot),  if  it  were  not  stiffened  bj  cross  wtDs^  joists,  and 
ltK>f,  which  all  help  to  tie  the  different  parts  of  the  build* 
ing  together. 

571.  A  carpenter  is  therefore  elceedingly  careful  to 
aroid  everj  horisontal  thrust,  or  to  oppose  them  bj  other 
forces.  And  this  introduces  another  essential  part  into 
the  construction  of  a  roof,  namdly  the  tie  or  heam  AC, 
(Fig.  14),  laid  from  wall  to  wall,  binding  the  feet  A  and 
C  of  the  rafters  together.  This  is  the  sole  office  of  the 
beam ;  and  it  should  be  considered  in  no  other  light  than 
^  as  a  string  to  prevent  the  roof  from  pushing  out  the  walk 
It  is  indeed  used  for  carrying  the  ceUing  of  the  apartments 
under  it :  and  it  is  even  made  to  suf^rt  a  flooring.  Bat, 
considered  as  making  part  of  a  roof,  it  is  merely  a  string; 
and  the  strain  which  it  withstands  tends  to  tear  its  pails 
asunder.  It  therefore  acts  with  its  whole  absolute  forest 
and  a  very  small  scantling  would  suffice  if  we  could' coi^ 
trive  to  fasten  it  firmly  enough  to  the  foot  of  the  rafter. 
If  it  is  of  oak,  we  may  safely  subject  it  to  a  strain  of  three 
tons  for  every  square  inch  of  its  section.  And  fir  will 
safely  bear  a  strain  of  two  tons  for  every  square  inch. 
But  we  are  obliged  to  give  the  tie-beam  much  larger  di- 
mensions, that  we  may  be  able  to  connect  it  with  the  foot 
of  the  rafter  by  a  mortise  and  tenon.  Iron  straps  are  also 
frequently  added.  By  attending  to  this  office  of  the  tie- 
beam,  the  judicious  carpenter  is  directed  to  the  proper 
form  of  the  mortise  and  tenon  and  of  the  strap.  We  shall 
consider  both  of  these  in  a  proper  place,  after  we  become 
acquainted  with  the  various  strains  at  the  joints  of  a 
roof. 

These  large  dimensions  of  the  tie-beam  allow  us  to 
load  it  with  the  ceilings  without  any  risk,  and  even  to  \vj 
floors  on  it  with  moderation  and  caution.     But  when  it 


has  A  great  bearing  oi^  span,  it  i^  tetj  apt  to  hend  down- 
wards  in  the  middle,  or^  as  the  workmen  term  it^  to  tway 
or  swag;  and  it  requires  a  support.  The  questiothisi 
where  to  find  this  support?  What  fiked  points  can  we 
find  with  which  to  connect  the  middle  of  the  tie-beam  t 
Some  ingenious  caipenter  thought  df  suspending  it  froni 
the  ridge  hj  a  piece  of  timber  BD>  (Fig.  15.)  called  bf 
Ouf  carpenters  the  king-post.  It  must  be  acknowledge 
in!  that  there  Was  great  ingenuitj  in  this  thought.  It 
was  also  perfectly  just.  For  the  weight  of  the  rafteri 
BA,  BC,  tends  to  make  them  fly  out  at  the  foot  This  it 
prevented  by  the  tie-beam)  and  this  excites  a  pressure,  hf 
which  they  tend  to  compress  each  other.  Suppose  theni 
Without  weight)  and  that  a  great  weight  b  laid  on  th# 
ridge  B.  This  tmt  be  supported  only  by  the  butting  o£ 
ih«  rafters  in  their  own  directions  AB  and  CB,  and  the 
weight  tends  to  compress  them  in  the  opposite  directions) 
and,  through  their  interrention,  to  stretch  the  tie-1>eam. 
U  neifber  the  rafters  can  be  compressed,  nor  the  tie-beam 
Itrelclied,  it  is  ptain  that  the  triangle  ABC  must  retain 
its  shape,  and  that  B  becomes  a  fiited  pointy  rery  prop^ 
to  be  used  as  a  point  of  suspension.  To  this  point,  there^ 
fore,  is  the  tie-beam  suspended  by  means  of  the  king-post 
A  common. spectator,  unacquainted  with  carpentry,  riewa 
it  Tery  differently)  and  the  tie-beam  applears  to  him  to 
carry  the  roof«  The  king-post  appears  a  pillar  resting  oil 
the  beam,  whereas  it  is  really  a  string ;  and  an  iron  rod  of 
One-sixteenth  of  the  sise  would  have  done  just  as  welL 
The  king^post  b  sometimes  mortised  into  the  tie-beam) 
and  pins  put  through  the  joint,  which  gives  it  more  the 
look  of  a  pillar  with  the  roof  resting  on  it  Thb  does 
well  enough  in  many  cases.  But  the  best  method  b  to 
connect  theip  by  an  iron  strap)  like  a  stirrup,  which  b 
bolted  at  its  upper  ends  into  the  king-post,  and  passes 
round  the  tie-beam.  In  thb  way  a  space  b  commonly 
left  between  the  end  of  the  king-post  anci  the  upper  side 
Toi.;.r«  8 » 
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of  the  tie-beam.  Here  the  beam  plakilj  a^ieara  hanging 
in  the  stirrup ;  and  this  method  allows  us  to  restore  the 
b^am  to  an  exact  level,  when  it  has  sunk  by  the  unaroid- 
.able  compression  or  other  yielding  of  the  parts.  .The 
boles  in  the  sides  of  the  iron  strap  are  made  oblong  instead 
of  round ;  and  the  bolt  which  is  drawn  through  all  is 
made  to  taper  on  the  under  side ;  so  that  driving  it  farther 
'  draws  the  tie-beam  upwards.  A  notion  of  this  may  be 
formed  by  looking  at  Fig.  16.  which  is  a  section  of  the 
post  and  beam. 

It  requires  considerable  attention,  however,  to  make 
this  suspension  of  the  tie-beam  sufficiently  firm.  The 
top  of  the  king-post  is  cut  into  the  form  of  the  ardi- 
stone  of  a  bridge,  and  the  heads  of  the  rafters  are  firmly 
mortised  into  this  projecting  part.  .  These  projections  ire 
called  joggles,  and  are  formed  by  working  the  king*po6t 
out  of  a  much  larger  piece  of  timber,  and  cutting  off  the 
unnecessary  wood  from  the  two  sides ;  and,  lest  all  this 
should  not  be  sufficient,  it  is  usual  in  great  works  to  add 
an  iron* plate  or  strap  of  three  branches,  which  are  bolted 
into  the  heads  of  the  king-post  and  rafters. 

The  rafters,  though  not  so  long  as  the  beam,  seem  to 
stand  as  much  in  need  of  something  to  prevent  their  bend- 
ing, for  they  carry  the  weight  of  the  covering.  This  can- 
not be  done  by  suspension,  for  we  have  no  fixed  points 
above  them :  But  we  have  now  got  a  very  firm  point  of 
support  at  the  foot  of  the  king-post.  Braces^  or  struis^ 
ED,  FD,  Fig.  17.  are  put  under  the  middle  of  the 
rafters,  where  they  are  slightly  mortised,  and  their  lower 
ends  are  firmly  mortised  into  joggles  formed  on  the  foot 
of  the  king-post.  As  these  braces  are  very  powerful  in 
their  res^istance  to  compression,  and  the  king-post  equally 
so  to  resist  extension,  the  points  £  and  F  may  be  consi- 
dered as  fixed ;  and  the  rafters  being  thus  reduced  to  half 
their  former  length,  have  now  four  times  their  former 
relative  strength. 

S73.  ttoofs  do  not  always  consist  of  two  sloping  ^ides 
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meeting  in  a  ridge.  They  bave  dometimes  a  flat  on  the 
top,  with  two  sloping  sides.  They  are  lometimes  formed 
with  a  double  slope^  and  are  called  kirb  or  fnan$arde  rorfs. 
They  sometimes  have  a  valley  in  the  middle,  aD4  are  then 
called  M  roofs.  Such  roofs  require  another  piece  whicb 
may  be  called  the  trws'ieamj  because  all  ^uch  framas  are 
called  trusseti  probably;  from  the  Frencli  word  trousit^  |b^ 
cause  such  roofs- are  like  portions  of  plain  roO&y  <ro»M^«  pr 
shortened.  •  :  '  .- 

Aflat-topped  roof  is  thus  constructed.  Sup{K)se  that  thera 
are  three  rafters  AB^BC,  CD  (F4g.  18.)A)f  which  AB  and 
CD  are  equal,  and  BC  horizontal.  It-is  plun  that  they 
will  be  in  equilibrio,  and  t^  roof  have  no  tendency  to  go 
to  either  side.  The  tie-bepm  AD  withstands  the  horizpn«r 
tal  thrust^  of  the  wjbpler;  frame,  an4  the  two  rafters  AQ 
and  CD  are  each  pre3se4  Jn  their  own  directions  in  con^ 
^equepc^iof  their  buttings  ^ith  the  middle  rafter  or  tru3S- 
beam  Bp.  It  lies  between  them  like  the  key^stone  of  an 
arch.  They  lean  towai<ds  it»  and  it  rests  on. them.  The 
pressure  which  the  tf  u^Srbeam  and  its  lofid  excites  on,  the 
two  rafters  ^  the  very  «ame  a^  if  the  rafters  were  produ* 
ced  till  they  meet  in  6,  and  a  weight  w;eFe  jlaid  on  these 
equal  to  that  of  BC  apd  its  load.  If  therefore  the  tniss^ 
beam  is  of  a  scantlinjg  sufficient  for  carrying  its  own  load, 
and  withstanding  the  compression  from  the. two  rafters, 
the  roof  will  be  equally  strong  (while  it  keeps  its  shape) 
as  the  plain  roof  AGD' furnished  with  king-post  a;ad 
braces.  '  We  may  conceive  this  another  w.iiy.  Suppose  a 
plain  roof  AGD,  without  braces  to  support  the  middle;  ^ 
and  C  of  the  rafters.  Then  let  a  beam  BC,  be  put  in  be- 
tween the  rafters,  butting  upon  little  notches  cut  in  the 
rafters.  It  is  evident,  that  this  must  prevent  the  rafters 
from  bending  downwards,  because  the  points'  B  apd  C 
cannot  descend,  moving  round  the  centres  Aand  J},,  with* 
put  shortenTpg  the  distance  BC  between  them. .,, This  can- 
not be  without,  compressing  the. beam  BC..   It  i^  plain 


M6  OK  THB  CONSTRUCTIOlf 

that  BC  nay  be  wedged  in,  or  wedges  driven  in  between 
its  ends  B  and  C  and  the  notches  in  which  it  is  lodged. 
These  wedges  maj  be  driven  in  till  thej  even  force  out 
the  rafters  6A  and  6D.  Whenever  this  happens,  all 
the  mutual  pressure  of  the  heads  of  these  rafters  at  6  is 
taken  away,  and  the  parts  GB  and  6C  may  be  cut  away. 
Old  the  roof  ABCD  will  be  as  strong  as  the  roof  A6D 
furnished  with  the  king-post  and  braces,  because  the  trass- 
beam  gives  a  support  of  the  same  kind  at  B  and  C  as  the 
brace  would  have  done. 

But  this  roof  ABCD  wonM  have  no  firmness  of  shape 
Any  addition  of  weight  on  one  side  would  destroy  the 
equilibrium  at  the  angle,  wouM  depress  that  angle,  and 
cause  the  opposite  one  to  rise.  To  give  it  stiffness,  it  nnist 
either  have  ties  or  braces,  or  something  partaking  of  the 
nature  of  both.  The  usual  method  of  framing  is  to  make 
the  heads  of  the  rafters  butt  on  the  joggles  of  two  side- 
posts  BE  and  CF,  while  the  truss^b^un,  or  stmt,  as  it  » 
generally  termed  by  the  carpenters,  is  mortised  square 
into  the  inside  of  the  heads.  The  lower  ends  E  and  F  of 
the  side-posts  are  connected  with  the  tie-beam  either  hf 
mortises  or  straps. 

This  construction  gives  firmness  to  the  frame ;  for  the 
angle  B  cannot  descend  in  consequence  of  any  inequality 
of  pressure,  without  forcing  the  other  angle  C  to  rise. 
This  it  cannot  do,  being  held  down  by  the  post  CF.  And 
the  same  construction  fortifies  the  tie-beam,  which  is  now 
suspended  at  the  points  E  and  F  from  tbe  points  B  and  C, 
whose  firmness  we  have  just  now  shown. 

573.  But  although  this  roof  may  be  made  abundantly 
strong,  it  is  not  quite  so  strong  as  the  plain  roof  A6D  of 
the  same  scantling.  The  compression  which  BC  must 
sustain  in  order  to  give  the  same  support  to  the  rafters  at 
B  and  C  that  was  given  by  braces  pfoperly  placed,  is 
considerably  greater  than  the  compression  of  the  braces. 
And  this  stram  is  an  addition  to  tbe  transverse  strain 
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which  BC  gets  from  its  own  load.  This  form  ^Ssa  js^am^ 
sarily  exposes  the  tie-beam  to  cross  strains.  If  BE  ia 
mortised  into  the  tie-beam,  then  the  strain  which  tends  to 
depress  the  angle  ABC  presses  on  the  tie-beam  at  £  trana- 
▼erselj,  while  a  contrary  strain  acts  on  Fy  palling  it  np* 
wards.  These  strains  however  are  small ;  and  this  coar* 
stmction  is  frequently  used,  being  susceptible  of  suflScknl 
strength,  without  much  increase  of  the  dimensions  of  tht 
timbers ;  and  it  has  the  great  advantage  of  giving  free 
room  in  the  garrets.  Were  it  not  for  this,  thei^  is  a  much 
more  perfect  form  represented  in  Fig.  19..  Here  the  two 
posts  BE,  CF,  are  united  below.  All  transverse  action  on 
the  tie-beam  is  now  entirely  removed.  We  are  idmasi 
disposed  to  say  that  this  is  the  stvongest  roof  of  the  saose 
width  and  slope :  for  if  the  iron  strap  which  connects  the 
pieces  BE,  CF,  with  the  tie-beam  have  a  large  bolt  G 
through  it,  confining  it  to  one  point  of  the  beam,,  there 
are  five  points  A,  B,  C,  D^  6,  which  cannot  change  theiv 
fdaoes,  and  there  b  oo  transversa  strain  in  any  of  the  coo* 
nectioBs. 

When  the  dhnensions  of  the  building  are  very  greats 
so  that  the  pieces  AB,  BC,  CD,  wodld  be  thought  too 
wedc  for  withstanding  the  cross  strains,  braces,  may  b^ 
added  as  is  expressed  in  Fig.  18.  by  the  dotted  lines. 
The  reader  will  observe  that  it  is  not  meant  to  leave  tto 
top  flat  externally :  it  must  be  raised  a  littk  in  the  middlo 
to  carry  off  the  rain.  But  this  must  not  be  done  by  in* 
curvating  the  beam  BC.  This  would  soon  be  crushed^ 
and  spring  upwards.  The  slopes  must  be  given  by 
pieces  of  timber  added  above  the  strutting  beam. 

574.  And  thus  we  have  completed  a  frame  of  a  roof.  It 
consists  of  these  principal  aftembers :  The  rafters,  whidi 
are  immediately  loaded  with  the  covering^;  the  tie-beam^ 
which  withstands  the  horiaontal  thrust  by  which  the  roof 
tends  to  fly  out  below  and  push  out  the  walls ;  the  king^ 
posts,  whicbbang  £mn  fioted  pointto  ittd  terve  to  aphdd 
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tbe  tie4>eaiii,  and  also  to  afford  other  -  fixed  points  oir 
wbich  we  majr*  rest  the  braces  which  support  the  middle 
of  the  raflters ;  and  lastly,  the  truss  or  stmtting-beam, 
which  serves  to  give  mutual  abutment  to  the  different 
parts  which  are  at  a  distanee  from  each  other*     The 
rafters,  braces,  and  trusses,  are  exposed  to  compressioo, 
and  must  therefore  have  not  only  cohesion  but  stiffness. 
For  if  they  bend,  the  prodigious  compressions  ?  to  which' 
they  are  subjected  would  quickly  crush  them  in  this  bend- 
ed state.    The  tie>beams  and  king-posts,  if  performing 
na  other  ofiice  but  supporting  the  roof,  do  not  require 
stiffness,  and  their  places  might  be  supplied  by  ropes,  or 
by  rods  of  iron  of  one*tenth  part  of  the  section  that  even 
the  smallest  oak  stretcher  requires.    These  members  re- 
quire no  greater  dimensions  than  what  is  necessary  for 
giving  sufficient  joints,  and  any  more  is  a  needless  expenoe 
and  load.    All  roofs,  however  complicated,  consist  of  these 
essential  parts,  and  if  pieces  of  timber  are  to  be  seen 
which  perform  none  of  these  offices,  they  must  be  pro- 
nounced useless,  and  they  are  frequently  hurtful,  by  pro- 
ducing cross  strains  in  some  other  piece.     In  a  roof  pro- 
perly constructed  there  should  be  no  such  strains.     All  the 
timbers,  except  those  which  immediately  carry  the  cover- 
ing, should  be  either  pushed  or  drawn  in  the  direction  of 
their  length.    And  this  is  the  rule  by  which  a  roof  should 
always  be  examined. 

575.  These  essential  parts  are  susceptible  of  numberless 
combinations  and  varieties.  But  it  is  a  prudent  maxim 
to  make  the  construction  as  simple,  and  consisting  of  as 
few  parts,  as  possible.  We  are  less  exposed  to  the  imper. 
factions  of  workmanship,  such  as  loose  joints,  &c.  An- 
other essentia)  harm  arises  from  many  pieces,  by  the  com- 
pression and  the  shrinking  of  the  timber  in  tbe  cross  di- 
rection of  the  fibres.  The  effect  of  this  is  equivalent  to 
the  shortening  of  the  piece  which  butts  on  the  joint 
Xhis  ^ters  tbe  proportions  of  the  sides  of  the  triangle  on. 
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which'  the  shape  of  the  whole  depends.  Now  in  a  roof 
such  as  Fig.  18.  there  is  twice  as  much  of  this  as  in  the 
phun  pent  roof,  because  there  are  two  posts.  And  when 
the  direction  of  the  butting  pieces  is  very  oblique  to  the' 
action  of  the  load,  a  small  shrinking  permits  a  great  change 
of  shape.  Thus  in  a  roof  of  what  is  called  pediment  pitch, 
where  the  rafters  make  an  angle  of  SO  degrees  with  the 
horizon,  half  an  inch  compression  of  the  king-post  will 
produce  a  sagging  of  an  inch,  and  occasion  a  great  strain 
on  the  tie-beam  if  the  posts  are  mortised  into  it. 

We  would  therefore  recommend  Fig.  20.  as  a  proper 
construction  of  a  trussed  roof,  preferable  to  that  which  it 
generally  used,  and  the  king-post  which  is  placed  in  it 
may  be  employed  to  support  the  upper  part  of  the  rafters, 
and  also  for  preventing  the  strut-beam  from  bending  in 
either  direction  in  consequence  of  its  great  compression. 
It  will  also  give  a  suspension  for  the  great  burdens  which 
are  sometimes  necessary  in  a  theatre.  The  machinery 
has  no  other  firm  points  to  which  it  can  be  attached ;  and 
the  portion  of  the  single  rafters  which  carry  this  king-post 
are  but  short,  and  therefore  may  be  considerably  loaded 
with  safety. 

We  observe  in  the  drawings  which  we  sometimes  have 
of  Chinese  buildings,  that  the  trussing  of  roofs  is  under- 
stood by  them.  Indeed  they  must  be  very  experienced 
carpenters.  We  see  wooden  buildings  run  up  to  a  great 
height,  which  can  be  supported  only  by  such  trussing. 
One  of  these  is  sketched  in  Fig.  21.  There  are  some 
very  excellent  specimens  to  be  seen  |n  the -buildings  at 
Deptford,  belonging  to  the  victualling-office,  usually  called 
the  Red  Haute f  which  were  erected  about  the  year  1788^. 
and  we  believe  are  the  performance  of  Mr  James  Arrow, 
of  the  Board  of  Works,  one  of  the  most  intelligent  artist^' 
in  thb  kingdom. 

576.  Thus  have  we  given  an  elanentary,  but  a  rational 
or  scientific,  account  of  this  import^pt  part  of  the  art  of* 
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earpeatiy.    It  is  biicIi»  thai  any  prtctiUoaer,  iritk  Urn 
trouble  of  a  little  reflecUon,  may  aliraja  proceed  witik 
conifidence,  and  without  resting  any  part  of  Ua  practice  on 
the  vague  notioas  which  habit  may  have  givee  him  of  tha 
•treagth  aad  supports  of  timbers^  and  of  tBeIr  manner  af 
acting.    That  these  frequently  mislead,  is  prored  by  the 
mutual  criticisms  which  are  frequently  published  by  the 
flvals  in  the  profession.    They  hare  frequently  aagacity 
fttough  (for  it  can  selckuB  be  called   science)  to  point 
out  glaring  blunders ;  and  any  person  who  will  lock  at 
name  of  the  performances  of  Mr  Price,  Mr  Wyatt,  Mr 
.^Utow,  and  othersr  of  acknowledged  reputation,   will 
readily  see  them  distinguishable  from  the  works  of  infe- 
rior artists  by  simplicity  alone*  A  man  without  principles 
is  apt  to  consider  an  intricate  construction  as  ingenious  aa4 
eftctual ;  and  such  roofs  sometimes  fail  merely  by  being 
ingeniously  loaded  with  timber,  but  more  frequently  stiH 
kj  the^  wrong  action  of  some  useless  piece,  which  produces 
Strains  that  are  transverse  to  other  pieces,  or  which,  by 
rendering  some  points  too  firm,  cause  them  to  be  deserted 
by  the  rest  in  the  general  subsiding  of  the  whole.    In> 
stances  of  this  kind  are  pointed  out  by  Price  in  his  British 
Carpenter.    Nothing  shows  the  skill  of  a  carpenter  more 
than  the  distinctness  with  which  he  can  foresee  the  changes 
of  shape  which  must  take  place  in  a  short  time  in  every 
voof.    A  knowledge  of  thb  will  often  correct  a  construe* 
tion  which  the  mere  mathematician  thinks  unexceptionr 
able,  because  he  does  not  reckon  on  the  actual  comprest 
sion  which  must  obtain,  and  imagines  that  his  triangksg 
which  sustain  no  cross  strains,  invariably  retain  their 
shape  till  the  pieces  break.    The  sagacity  of  the  expe^ 
lieneed  carpenter  is  not,  however,  enough  without  science 
far  perfecting  the  art.    But  when  he  knows  how  much  a 
parUcuIar  piece  will  yield  to  compression  in  one  case, 
science  will  tell  him,  and  nothing  but  science  can  do  it, 
what  wiU  be  the  compression  ot  the  aame  piece  in  apoth^l 
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▼ery  different  caie  Thus  he  learns  how  far  it  will  now 
yield,  and  then  he  proportions  the  parts  so  to  each  other, 
that  when  all  have  yielded  according  to  their  atruini,  the 
whole  is  of  the  shape  he  wished  to  produce,  and  every 
joint  is  in  a  state  of  firmness..  It  is  here  that  we  observe 
the  greatest  number  of  improprieties.  The  iron  straps 
er^  frequently  in  positions  not  suited  to  the  actual  strain 
on  them,  and  they  are  in  a  state  of  violent  twist,  which 
both  tends  strongly  to  break  the  strap,  and  to  cripple  the 
pieces  which  they  surround. 

In  like  manner,  we  frequently  see  joints  or  mortises  in 
a  state  of  violent  strain  on  the  tenons,  or  on  the  heela  and 
shoulders.  The  joints  were  perhaps  properly  shaped  to 
the  primitive  form  of  the  truss  ;  but  by  its  settling,  the 
bearing  on  the  push  is  changed ;  the  brace,  for  example, 
in  a  very  low  pitched  roof,  comes  to  press  with  the  uppe^ 
part  of  the  shoulder,  and,  acting  as  a  powerful  lever  on 
the  tenon,  breaks  it.  In  like  manner,  the  lower  end*  of 
the  brace^  which  at  first  butted  firmly  and  squarely  on  the 
joggle  of  the  king-post,  now  presses  with  one  corner  with 
prodigious  force,  and  seldom  fails,  to  splinter  oflT  on  that 
aide*  We  cannot  help  recommending  a  maxim  of  Mr 
Perronet  the  celebrated  hydraulic  architect  of-  France,  as  a 
gelden  rule,  vix.  to  make  all  the  shoulders  of  butting 
pieces  in  the  form  of  an  arch  of  a  circle,  having  the  oppo- 
site end  of  the  piece  for  its  centre.  Thus,  in  Fig.  18.  if 
the  joggk^olnt  B  be  of  this  form,  having  A  for  its  centre, 
the  sagging  of  the  roof  will  make  no  partial  bearing  at  the 
joint :  for  in  the  sagging  of  the  roof,  the  piece  AB  turns  or 
bends  round  the  centre  A,  and  the  counter-pressure  of  the 
joggle  is  still  directed  to  A,  as  it  ought  to  be.  We  have 
just  now  said  bind$  round  A-  This  is  too  frequently  the 
case,  aad  it  is  alwiiys  very  difficult  to  give  the  tenon  and 
mortise  in  this  place  a  true  and  invariable  bearing.  The 
rafter  pushes  in  the  direction  BA,  and  the  beam  resists  in 
the  directioa  AD.  The  abutment  should  be  perpendicular 
to  neither  of  these  but  in  an  intermediate  direction,  and  it 
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ought  also  to  be  of  a  cuired  shape.  Bot  the  earpentm 
perhaps  think  that  thb  would  weaken  the  beam  too  modi 
to  give  it  this  shape  in  the  shoulder ;  they  do  not  ewm 
aim  at  it  in  the  heel  of  the  tenon.  The  shoulder  is  .com* 
monly  even  with  the  surface  of  the  beam.  When  the 
beaming  therefore  is  on  this  shoulder,  ft  causes  the  foot  of 
the  rafter  to  slidq  along  the  beam  till  the  heel  of  the  te^ 
non  bears  against  the  outer  end  of  the  mortise  (See  Friceli 
British  Carpenter,  Plate  C.  Fig.  I K).  This  abutment  is 
perpendicular  to  the  beam  in  Price^s  book,  but  it  is  more 
generally  pointed  a  little  outwards  below,  to  make  it  more 
secure  against  string.  The  consequence  of  this  construc- 
tion is,  that  when  the  roof  settles,  the  shoulder  comes  to 
bear  at  the  inner  end  of  the  mortises,  and  it  rises  at  the 
outer,  and  the  tenon  taking  hold  of  the  wood  beyond  it, 
either  tears  it  out  or  is  itself  broken.  .  This  joint  there- 
fore is  seldom  trusted  to  the  strength  of  the  mortise  and 
tenon,  and  is  usually  secured  by  an  iron  strap,  whidi  lies 
obliquely  to  the  beam,  to  which  it  is  bolted  by  a  large  bolt 
quite  through,  and  then  embraces  the  outside  of  the  rafter 
foot.  Very  frequently  this  strap  is  not  made  sufficiently 
oblique,  and  we  have  seen  some  made  almost  square  with 
the  beam.  When  this  is  the  case,  it  not  only  keeps  the 
foot  of  the  rafter  from  flying  out,  but  it  binds  it  down.  lo 
this  case,  the  rafter  acts  as  a  powerful  lever>  whose  fulcrum 
is  the  inner  angle  of  the  shoulder,  and  then  the  strap 
never  fails  to  cripple  the  rafter  at  the  point.  All  this  can 
be  prevented  only  by  making  the  strap  very  long  and  very 
oblique,  and  by  making  its  outer  end  (the  stirrup  part) 
square  with  its  length,  and  making  a  notch  in  the  rafter 
foot  to  receive  it.  It  cannot  now  cripple  the  rafter,  for  it 
will  rise  along  with  it,  turning  round  the  bolt  at  its  inner 
end.  We  have  been  thus  particular  on  this  joint,  because 
it  is  here  that  the  ultimate  strain  of  the  whole  roof  is  ex- 
erted, and  its  situation  will  not  allow  the  excavation  ne- 
cessary for  making  it  a  good  mortise  and  tenon. 
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.  Similar  attention  must  be  paid  to  some  other  straps,' 
such  as  those  which  embrace  the  middle  of  the  raft^r^ 
and  connect  it  with  the  post  or  truss  below  it.  We  must 
attend  to  the  change  of  shape  produced  by  the  sagging  of 
the  roof,  and  place  the'  strap  in  such  a  manner  as  to  yield 
to  it  by  turning  round  its  bolt,  but  so  as  not  to  become 
loose,  and  far  less  to  make  a  fulcrum  for  any  thing  acting 
as  a  lever.  The  stnrins  arising  from  such  actions,  in 
framings  of  carpentry  which  change  their  shape  by  sag^i 
ging,  are  enormous,  and  nothing  can  resist  them. 

577.  We  shall  close  this  part  of  the  subject  with  a 
simple  method)  by  which  any  carpenter,  without  mathe- 
matical science,  may  calculate  with  sufficient  precision 
the  strains  or  thrusts  which  are  produced  on  any  point  of 
his  work,  whatever  be  the  obliquity  of  the  pieces. 

Let  it  be  required  to  find  the  horizontal  thrust  acting 
on  the  tie-beam  AD  of  Fig.  18.  This  will  be  the  same 
as  if  the  weight  of  the  whole  roof  were  laid  at  Q  on  the 
two  raflers  GA  and  GD.  Draw  the  vertical  line  GH. 
Then,  having  calculated  the  weight  of  the  whole  roof 
that  is  supported  by  this  single  frame  ABCD,  including 
the  weight  of  the  pieces  AB,  BC,  CD,  BE,  CF,  them- 
selves^ take  the  number  of  pounds,  tons,  &c.  which  ex« 
presses  it  from  any  scale  of  equal  parts,  and  set  it  from 
G  to  H.  Draw  HK,  HL,  parallel  to  GD,  GA,  and  draw 
the  line  EL,  which  will  be  horizontal  when  the  two  sides 
of  the  roof  have  the  same  slope.  Then  ML  measured  on 
the  same  scale  will  give  the  horizontal  thrust,  by  which 
the  strength  of  the  tie-beam  is  to  be  regulated.  GL  will 
give  the  thrust  which  tends  to  crush  the  rafters,  and  LM 
will  also  give  the  force  which  tends  to  crush  the  struts 
beam  BC. 

In;  tike  mimner,  to  find  the  strain  on  the  king-po^t 
BD  of  Fig.  17.  consider  that  each  brace  is  pressed  by 
half  the  weight  of  the  •  roofing  laid  on  BA  or  BC,  and 
this  pressure,  or  at  least  its  hurtful  effect^  is  dinUnished 
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IB  the  proportion  of  BAto  DA,  betaitse  tlie  aetloBof 
gravity  is  v^ical,  and  the  effect  which  we  wanft  to  ooiuh 
teract  by  the  braces  is  in  a  direction  £  e  perpeadicttlar  to 
BA  or  BC.  But  as  this  is  to  be  resisted  by  the  braoe/E 
icting  in  the  direction  /£»  we  must  draw  ft  popai^ 
enlar  to  E  e,  and  suppose  the  strain  Migmented  in  thi 
proportion  of  £  e  to  ILf. 

Having  thus  obtained  in  tons,  pounds,  or  otker  wa^ 
sure?,  the  strains  which  must  be  balanced  aty^  by  the  co* 
hesion  of  the  king-post,  take  this  measure  from  the  sesb 
af  equal  parts,  and  set  it  off  in  the  directions  of  the 
braces  to  6  and  H,  and  complete  the  paraUeh^nm 
G/UK;  and  /K  measured  on  the  same  scale  willbs 
tiie  strain  on  the  king-posL 

578.  The  artist  may  then  examine  the  atrtogth  of  Ui 
truss  upon  this  principle,  that  every  square  inch  of  Oik 
will  bear  at  an  average  7000  pounds  coippressiaf  ss 
stretching  it,  and  may  be  safely  loaded  with.  S500  fsr 
tny  length  of  time ;  and  that  a  sqoare  inch  of  fir  w3 
ID  like  manner  securely  bear  8500.    And,  because  strsfrt 

'  are  used  to  resist  some  of  these  strains,  a  square  inch  of 
well  wrought  tough  iron  may  be  safely  strained  by  50,000 
pounds.  But  the  artist  will  always  recollect,  that  we 
eannot  have  the  same  confidence  in  iron  as  in  timber* 
The  faults  of  this  last  are  much  more  easily  perceived; 
and  when  timber  is  too  weak,  it  gives  us  warning  of  iti 
failure,  by  yielding  sensibly  before  it'  breaks.  This  ii 
not  the  case  with  iron ;  and  much  of  its  service  depeadi 
on  the  honesty  of  the  blacksmith. 

579.  In  this  way  may  any  design  of  a  roof  be  eia* 
mined.  We  shall  here  give  the  reader  a  sketch  of  two  or 
three  trussed  roofs,  which  have  been  executed  in  ^  diief 
f  arieties  of  circumstances  which  occur  in  common  fm> 
tice. 

Fig.  2.  of  Plate  VIII,  is  thereof  of  St  PauPs  Church,  Co- 
tent  Garden^  London^  the  w<»Jk  of  Inigo  Jones.    Its  ooot 


itrtiction  if  singular.  'The  roof  extends  to  a  considevabk 
distance  bejrond  tbe  building,  and  the  ends  of  the  tie-beamp 
tupport  the  Tuscan  oorniche,  appearing  like  the  mutules 
qf  the  Doric  order.  Such  a  roof  could  not  rest  on  the  tie« 
heam.  Inigo  Jones  has  Uierefore  supported  it  by  a  tnM 
below  it  4  and  tbe  height  has  allowed  him  to  make  this  es« 
Iremely  strong  with  very  little  timber.  It  is  accounted 
ihe  highest  roof  of  its  widUi  in  London.  But  this  was 
not  difficult,  by  reason  of  the  great  height  which  its  ez^ 
treme  width  allowed  him  to  employ  without  hurting  the 
beauty  of  it  by  too  high  a  pitch.  The  supports,  howo 
erer,  are  disposed  with  judgment.  * 

Fig.  88.  b  a  kirb  or  mansarde  roof  by  Pricei  and  sup- 
posed to  be  of  large  dimensions,  having  braceb  to  carry 
the  middle  of  the  rafters. 

It  will  serve  exceedingly  well,  for  a  church  having 
pillars.  The  middle  part  of  the  tie-beam  being  taken 
away,  4he  strains  are  very  well  balanced,  so  that  there 
is  no  risk  of  its  pushing  aside  the  pillars  on  which  it 


Fig.  23.  is  the  celebrated  roof  of  the  theatre  of  tha 
tmiversity  of  Oxford,  by  Sir  Christopher  Wren.  The 
apan  between  th»  walls  is  75  feet  This  is  accounted  i 
wery  ingenious,  and  is  a  singular  performance.  The 
middle  part  of  it  is  almost  unchangeiU>le  in  its  form ;  but 
firom  this  circumstance  it  does  not  distribute  the  hod^on- 
tal  thrust  with  the  same  regularity  as  the  usual  construe* 
Uon.  The  horicontal  thrust  on  the  tie-beam  is  about 
twjce  the  weight  of  the  roof,  and  is  withstood  by  an  iron 
strap  below  the  beam,  which  stretches  the  whole  width 
of  the  building  in  the  form  of  a  rope^  making  part  of  the 
ornament  of  the  ceiling. 

680.  In  all  Uie  roofs  which  we  have  considered  hi* 
Iberto,  the  thrust  is  discharged  entirely  from  the  walls  Jiy 

f  S«|  Osipptqr  in^tUs  YoL  jk  MS. 
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the  iie-beam.  But  this  cannot  always  fie  done.  We  fre^ 
quently  want  great  eleTation  within,  and  arcshed  ceUiagi 
In  such  eases,  it  is  a  much  more  difficult  matter  to  ketBfi 
the  walb  free  of  all  pressure  outwards,  ahd  there  are  few 
buildings  where  it  is  completely  done^  -  Yet  this  is  the 
greatest  fault  of  a  roof.  We  shall  just  pdinit  out  the  ra^ 
thods  which  may  be  most  successfully  adopted; 

We  have  said  that  a  tie-beam  just  perfonns  the  office 
of  a  string.  We  have  said  the  same  of  the  king-post 
Kqw  suppose  two  rafters.  AB,  BC  (Fig.  94.)  mow^Mt 
about  the  joint  B,  and  resting  on  the  top  of  the  walk 
If  the  line  BD  be  suspended  from  B,  and  the  two  liacs 
DA,  DC,  be  fastened  to  the  feet  of, the  rafters,  and  if 
these  lines  be  incapable  pt  extension,  it  is  plain  that  sH 
thrust  is  removed  from  the  walls  as  eflEeiotoalty  aa  l^.a 
common  tie-beam.  Atid  by  shortening  BDtoBd^iwe 
gain  a  greater  inside  height,  and  more  room  for  an  aitlH 
ed  ceiling.  Now  if  we  substitute  a  kingvpost  BI^F^ 
25.  and  two  stretchers  or  hammer  beams  DA,  DC,,  for  tin 
other  strings,  and  connect  them  firmly  by  means  of.  iraa 
straps,  we  obtain  our  purpose. 

Let  us  compare  this  roof  with  a  tie-beam  roof  in  point 

of  strain  and  strength.    Recur  to  Fig.  84.  and  compiele 

the  parallelogram  ABCF,  and  draw  the  diagonals  AC4 

BF,  crossing  in  £.     Draw   BG  perpendicular  to  CD. 

We  have  seen  that  the  weight  of  the  roof^  which  we 

may  call  W)  is  to  the  horizontal  thrust  at  C  as  BF  to 

£C  ;    and  if  we  express  this  thrust    by   T^  we   have 

W  X  EC 
T  =  — —~ — .     We  may  at  present  consider  BC  as  s 

lever  moveable  round  the  joint  B,  and  pulled  at  C  in  the 
direction  EC  by  the  horizontal  thrust,  and  held  back  bf 
the  string  pulling  in  the  direction  CD.  Suppose  that  the 
forces  in  the  directions  EC  and  CD  are  in  equilibrioj  and 
let  us  find  the  force  S  by  which  the  string  CD  is  strained. 
These  forces  must  (by  the  property  of.  the    lever)  be 
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inversely  as  the  perpendiculars  drawn  from  the  centre 
of  motion  on  the  lines  of  their  direction.      Therefore 

BG:BE  =  T:S,aiidS  =  Tx^,^Wx?m' 

Therefore  the  strain  upon  each  of  the  ties  DA  and 
DC  is  always  greater  than  the  horizontal  thrust  or  the 
strain  on  a  simple  tie-beam.  This  would  be  no  great 
inconvenience,  because  the  smallest  dimensions  that  we 
could  give  to  these  ties,  so  as  to  procure  sufficient  fix- 
tures; to  the  adjoining  pieces,  are  always  sufficient  to 
withstand  this  strain.  But  although  the  same  may  be 
said  of  the  iron  straps  which  make  the  ultimate  connec- 
tions, there  is  always  some  hazard  of  imperfect  work^ 
cracks  or  flaws,  which  are  not  perceived.  We  can  judge 
with  tolerable  certainty  of  the  souiidness  of  a  piece  of 
timber,  but  cannot  say  so  much  of  a  piece  of  iron. 
Moreover,  there  is  a  prodigious  strain  excited  on  the 
king-post,  when  BG  is  very  short  in  comparison  of  BE, 
namely,  the  force  compounded  of  the  two  strains  S  and 
S  on  the  ties  DA  and  DC. 

But  there  is  another  defect  from  which  the  straight 
tie-beam  b  entirely  free.  All  roofs  settle  a  little.  When 
this  roof  settles,  and  the  points  B  and  D  descend,  the 
legs  BA,  BC,  must  spread  further  out,  and  thus  a  pressure 
outwards  is  excited  on  the  walls.  It  is  seldom,  therefore, 
that  this  kind  of  roof  can  be  executed  in  this  simple  form, 
and  other  contrivances  are  necessary  for  counteracting^ 
this  supervening  action  on  the  walls.  Fig.  26.  b  one  of 
the  best  which  we  have  seen,  and  is  executed  with  great 
success  in  the  circus  or  equestrian  theatre  in  Edinburgh, 
the  width  being  60  feet  The  pieces  £F  and  ED  help  to 
take  off  some  of  the  weight,  and  by  their  greater  up- 
rightness they  exert  a  smaller  thrust  on  the  walls.  The 
beam  D  d  is  also  a  sort  of  truss-beam,  having  something 
of  the  same  effect  Mr  Price  has  given  another  very 
judicious  one  of  this.  Und^  {Britiak  CarpeiUer,  Plate  IKf 
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Fig,  C,)  from  whieh  the  tie-beam  maj  te  tal:efi  «in^,  orf 
there  will  remain  very  little  tbnfft  mi  the  wtUi.  Thoie 
which  he  has  given  in  the  following  Plate  K  aret  in  our 
opinion,  very  faulty.  The  whole  strain  in  these  last 
roofs  tends  to.  break  the  rafters  and  ties  tyMisv«rseljr,  and 
the  fiztnres  of  the  ties  are  also  not  well  4Xilenlated  to  r0> 
sist  the  strain  to  which  the  pieces  are  exposed^  Wt 
hardlj  think  that  these  roofs  could  be  executed. 

581.  It  is  scarcely  seeessarj  to  remind  the  reflMlar»  thst 
in  M  that  we  have  delirered  on  this  subject,  we  hafv  ^ 
tended  only  to  the  construction  of  the  principal  rafksft 
or  trusses.  In  small  buildings  all  the  rafters  are  of  one 
kind ;  but  in  great  buildings  the  whole  weight  of  the 
eovering  n  made  to  rest  on  a  few  principal  raftelv,  whick 
are  connected  by  beams  placed  horinontajlj,  and  ettber 
ibortised  into  them  or  scarfed  on  them.  These  are  called 
jnrrftju.  Small  rafters  are  laid  from  purlin  to  purlin ;  asd 
on  these  the  laths  for  tiles,  or  the  skirting-boards  for 
slates,  are  nailed.  Thus  the  coTcring  does  not  ianiedi* 
ately  rest  on  the  principal  frames.  This  allows  some 
more  liberty  in  their  construction,  because  the  garrets 
can  be  so  divided  that  the  principal  rafters  shall  be  in  the 
partitions,  and  the  rest  left  unincumbered.  This  coa- 
struction  is  so  far  analogous  to  that  of  floors  which  sr6 
constructed  with  girders,  binding,  and  bridging  joists. 

It  may  appear  presuming  in  us  to  question  the  pro* 
priety  of  this  practice.  There  are  situations  in  which  iC 
is  unavoidable,  as  in  the  roofs  of  churches,  which  can  be 
allowed  to  rest  on  some  pillars.  In  other  sitnationsi 
who^  partition  walls  intervene  at  a  distance  mft  too 
great  for  a  stout  purlin,  no  principal  rafters  are  neoes* 
sary,  ^nd  the  whole  may  be  roofed  with  short  rafters  of 
Very  slender  scantling.  But  in  a  great  uniform  rtMrf) 
which  has  no  intermediate  supports,  it  requires  at  leasl 
iome  reasons  for  preferring  this  method  of  carcase  roofing 
to  the  simpler  method  of  making  all  the  i«fters  alike. 
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The  method  of  carcase-roofing  requires  the  selection  of 
the  greatest  logs  of  timber*  which  are  seldom  of  equal 
strength  and  soundness  with  thinner  rafters.     In  these 
the  outside  planks  can  be  taken  off,  and  the  best  part 
alone  worked  up.     It  also  exposes  to  all  the  defects  of 
workmanship  in.  the  mortising  of  purlins,  and  the  weak* 
ening  of  the  rafters  bj  this  very  mortising ;  and  it  brings 
an  additional  load  of  purlins  and  short  rafters.     A  roof 
thus  constructed  maj  surely  be  compared  with  a  floor  of 
similar  construction.      Hiere  thare  is  not  a  shadow  of 
doubt,  that  if  the  girders  were  sawed  into  planks,  and 
these  planks  laid  aa  joists  sufficiently  near  for  carrying 
the  flooring  boards,  they  will  hare  the  same  strength  at 
before,  except  so  much  as  is  taken  out  of  the  timber  bj 
the  saw.     This  will  not  amount  to  one-tenth  part  of  the 
timber  in  the  binding,  bridgings  and  ceiling  joists,  which 
are  an  additional  load ;  and  all  the  mortises  and  other 
joinings  are  so. many  diminutions  of  the  strength  of  the 
girders ;  and  as  no  part  of  a  carpenter's  work  requires 
moi'e  skill  .and  accuracy  of  execution,  we  are  exposed  to 
many  chances  of  imperfection*    But,  not  to  rest  on  these 
considerations^  howerer  reasd&able  they  may  appear,  we 
shall  relate  an  experiment  made  by  one  on  whose  judg- 
ment and  exactness  we  can  depend* 

688.  Two  models  of  floors  were  made  18  inches  square 
of  the  finest  uniform  deal,  which  had  been  long  seasoned. 
The  one  consisted  of  simple  joists,  and  the  other  was 
framed  with  girders,  binding,  bridging,  and  ceiling  joists. 
The  plain  joists  of  the  one  contained  th^  same  quantity 
of  limber  with  the  girders  alone  of  the  other,  and  both 
were  made  by  a  most  accurate  workman.  They  were 
placed  in  wooden  trunks  18  inches  square  within^  and 
rested  on  a  strong  pi-ojection  on  the  inside.  Small  shot 
was  gradually  poured  in  upon  the  floors,  so  as  to  spread 
uniformly  over  them.  The  plain  joisted  floor  broke  down 
with  487  pounds^  fiud  the  carcase  floor  with  937.    Tbt 
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first  hnke-  willioiit  giraig  any  warmng;  the  other  gsre 
ft  Tideiit  crack  when  89i  poundi  hod  hem  poured  iq. 

A  trial  had  been  made  before,  and  the  loada  were  341 
and  482.  But  the  modeb  haTing  been  made  by  a  kit 
accurate  hand,  it  was  not  thooght  a  £ttr  specimen:  of 
the  strength  which  might  be  given  to  a  carcase  floor. 

Tlie  onljr  argument  of  weight  which  we  can  recolkct 
in  fii^our  of  the  compound  construction'  erf*  roofs  is,  that 
the  plain  method:  would  prodigtousljr  increase  the  qaa» 
lity  of  workv  would  admit  nothing  but  long  timber^  which 
Irould  greatly  add  to  the  expence,  and  would  make  the 
jgarrets  a  mere  thicket  of  planks.  We  adhiit  this  in  its 
AM  force ;  but  we  continue  to  be  of  the  opinioa  that 
pliaitt  roofs  are  greatly  superior  in  point  of  strength,  and 
therefore  should  be  adopted  in  cases  where  the  great  diffi- 
culty is  to  insure  this  necessary  circumstance. 
'  5S3:  It  would  appear  very  neglectful  to  omit  an  ae- 
count  of  the  rooft  put  on-  round  buildings,  such  as  dosses, 
cupolaij,  and  the  like.  They  appear  to  be  the  most  difi- 
cult  tasks  in  the  art  of  carpentry.  But  the  difficulty  lies 
endk-ely  in  the  mode  of  framing,  or  what  the  French  call 
the  trait  dc  charpenterie.  The  view  which  we  are  takiag 
of  the  subject,  as  a  part  of  mechanical  science,  has  little 
connection  with  this.  It  is  plain,  that  whatever  form  of 
a  truss  is  excellent  in  a  square  building  must  be  equally 
80  as  one  of  the  frames  of  a  round  one;  and  the  only 
difficulty  is  how  to  manage  their  mutual  intersections  at 
the  top.  Some  of  them  must  be  discontinued  before  thejr 
veach  that  lengtli,  and  common  sense  will  teach  us  to 
cut  them  short  alternately,  and  always^  leave  as  many, 
that  they  may  stand  equally  thick  as  at  their  first  spring- 
ing from  the  base  of  the  dome.  Thus  the  length  of  the 
purlins  which  reach  from  truss  to  truss  will  never  be  too 
great. 

The  truth  is,  that  ft  round -building  which  gathers  in 
at  top,  like  a  glasshouse,  a  potter^s  kUn,  or  a  spire  steeple, 
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instead  of  being  the  mo^t  difficult  to  er^ct  with  stability, 
IS  of  all  others  the  easiest.  Nothing  can  show  this  more 
forcibly  than  daily  practice,  where  they  are  run  up  with* 
out  centres  and  without  scaffoldings :  and  it  requires 
gross  blunders  indeed  in  the  choice  of  their  outline  to  put 
them  in  much  danger  of  falling  from  a  want  of  equili- 
brium. In  like  manner,  a  dome  6f  carpentry  can  hardly 
fall,  give  it  what  shape  of  what  construction  you  will. 
It  cannot  fall  Unless  some  part  of  it  flied  oUt  at  thfe  bot- 
tom :  an  iron  hoop  round  it,  or  straps  at  ^the  joinings  of 
the  trusses  and  purlins,  which  make  an  equivalent  to  a 
hoop,  will  effectually  secure  it.  ,  And  as  beauty  requires 
that  a  dome  shall  spring  almost  perpendicularly  from  the 
wall,  it  is  evident  that  there  is  hardly  any  thrust  to  forc^ 
out  the  Walls.  The  only  part  where  this  is  to  be  guard** 
ed  against  is,  where  the  tangent  is  inclined  about  40  or 
fiO  degreed  to  the  horizon.  Here  it  will  be  proper  to 
make  a  course  of  firm  hori^otital  joinings. 

We  doubt  not  but  tb&t  domes  of  carpentry  will  now  be 
raised  of  great  extent,  The  old  Halle  au  Bled  at  Paris, 
of  dUO  feet  in  diametier,  was  the  invention  of  an  intelli- 
gent carpenter,  the  Sieur  Moulineau.  He  was  not  by  any 
means  a  man  of  science,  but  had  much  more  mechanical 
knowledgethan  artisaqs  usually  have,  and  was  convinced 
that  a  very  thin  shell  of  timber  might  not  only  be  so 
shaped  as  to  be  nearly  in  equilibrio,  but  that  if  hooped 
or  firmly  connected  horizontally,  it  would  have  all  the 
stiffness  that  was  necessary ;  and  he  presented  his  project 
to  the  magistracy  of  Paris.  The  grandeur  of  it  pleased 
them,  but  they  doubted  of  its  possibility.  Being  a  great 
public  work,  they  prevailed  on  the  Academy  of  Sciences 
to  consider  it.  The  members,  who  were  competent 
judges,  were  instantly  struck  with  the  justness  of  Mr 
Moulineau'^s  principles,  and  were  astonished  that  a  thing  so 
plain  h^d  not  been  long  familiar  to  every  house-carpenter. 
It'  quickly  became  an  universal  topic  of  conversation^ 
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dispute,  and  cabal,  in  the  polite  circles  of  Paris.  But  the 
Academy  having  given  a  verj  favourable  report  of  their 
Opinion,  the  project  was  immediately  carried  into  execu- 
tion, and  soon  completed,  and  now  stands  as  one  of  the 
great  exhibitions  of  Paris  *. 

The  construction  of  this  dome  is  the  simplest  thing 
that  can  be  imagined.  The  circular  ribs  which  compose 
it  consist  of  planks  nine  feet  long,  18  inches  broad,  and 
three  inches  thick ;  and  each  rib  consists  of  three  of  these 
planks  bolted  together  in  such  a  manner  that  two  joints 
meet.  A  rib  is  begun,  for  instance,  with  a  plank  of 
three  feet  long  standing  between  one  of  six  feet  and  ano- 
ther of  nine,  and  this  is  continued  to  the  bead  of  it'. 
No  Rtachinerj  was  necessary  for  carrying  up  such  small 
pieces,  and  the  whole  went  up  like  a  piece  of  bricklayer^ 
work.  At  various  distances  these  ribs  were  connected 
horizontally  by  purRns  and  iron  straps,  which  made  so 
many  hoops  to  the  whole.  When  the  work  had  reached 
such  a  height,  that  the  distance  of  the  ribs  was  two-thirds 
of  the  original  distance^  every  third  rib  was  discontinued, 
and  the  space  was  left  open  and  glazed.  When  carried 
so  much  higher  that  the  distance  of  the  ribs  is  one-third 
of  the  original  distance,  every  second  rib  (now  consisting 
of  twQ  ribs  very  near  each  other)  is  in  like  manner  dis- 
continued, and  the  void  is  glazed.  A  little  above  this 
the  heads  of  the  ribs  are  framed  into  a  circular  ring  of 
timl>er,  which  forms  a  wide  opening  in  the  middle ;  over 
which  is  a  glazed  canopy  or  umbrella,  with  an  opening 
between  it  and  the  dome  for  allowing  the  heated  air  to 
get  out.  All  who  have  seen  this  dome  say,  that  it  is  the 
most  beautiful  and  magnificent  object  they  have  ever  be- 
held. 


*  This  roof  has  been  long  since  destroyed,  and  another  of  smaller  di- 
mensions has  been  erected  with  ribs  of  iron,  covered  with  $h««t  copper. 
Eft. 
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The  only  difficulty  which  occurs  in  the  construction  of 
wooden  domes  is,  when  they  are  unequally  loaded*  by 
^carrying  a  heavy  lanthern  or  cupola  in  the  middle.  In 
such  a  case,  if  the  dome  were  a  mere  shell,  it  would  be 
crushed  in  at  the  top,  or  the  action  of  the  wind  on  the 
lanthern  might  tear  it  out  of  its  place.  Such  a  dome 
must  thereCore  consist  of  trussed  frames.  Mr  Price  baa 
given  a  very  good  one  in  his  plate  OP,  Uiough  much 
stronger  in  the  trusses  than  there  was  any  occasion  for. 
This  causes  a  great  loss  of  room,  and  throws  the  lights 
of  the  lanthern  too  far  up.  It  is  evidently  copied  from 
Sir  Christopher  Wren^s  dome  of  St  PauFs  church  in  Lon- 
don ;  a  model  of  propriety  in  its  particular  situation,  but 
by  no  means  a  general  model  of  a  wooden  dome.  It 
rests  on  the  brick  cone  within  it ;  and  Sir  Christopher 
has  very  ingeniously  made  use  of  it  for  stiffening  this 
cone,  as  any  intelligent  person  will  perceive  by  attending 
to  its  construction.     (Bee  JPrticf,  Plate  OP). 

Fig.  27.  represents  a  dome  executed  in  the  Register 
Office  of  Edinburgh,  by  James  and  Robert  Adams,  and 
IS  very  agreeable  to  mechanical  principles.  The  span  is 
60  feet  clear,  and  the  thickness  is  only  4^. 

584.  We  cannot  quit  this  subject  without  taking  some 
notice  of  what  we  have  already  spoken  of  with  commen- 
dation by  the  name  of  Norman  rooft.  We  called  them  ^ 
Norman^  because  they  were  frequently  executed  by  that 
people  soon  after  their  establishment  in  Italy  and  other 
parts  of  the  south  of  Europe,  and  became  the  prevailing 
taste  in  all  the  great  baronial  castles.  Their  architects 
were  rivals  to  the  Saracens  and  Moors,  who  about  that 
time  built  many  Christian  churches ;  and  the  architecture 
which  we  now  call  Gothic  seems  to  have  arisen  from  their 
joint  labours. 

The  principle  of  a  Norman  roof  is  extremdy  simple. 
The  rafters  all  butted  on  joggled  king-posts  AF,  BG, 
CH,  &c.  (Fig.  28.),  and  braces  or  ties  were  then  dispos- 
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ed  in  the  hitervals.  In  the  middle  of  the  roof  HB  and 
HD  are  evidently  ties  in  a  state  of  extension,  ^hile  the 
post  CH  is  compressed  by  them.  Towards  die  walls  on 
each  aide,  as  between  B  and  F,  and  between  F  and  L, 
they  are  braces,  and  are  compressed.  The  ends  of  the 
posts  were  generally  ornamented  with  knots  of  flowers, 
•nibossed  globes,  and  the  like,  and  the  whole  teztulre  of 
the  truss  was  exhibited  and  dressed  out. 

This  construction    admits  of  employing    very    short 
limbers;  and  this  veiy  circumstance  gives  greater  strength 
to  the  truss,  because  the  angle  which  the  brace  or  tie 
makes  with  the  rafler  is  more  open.    We  may  also  per- 
ceive that  all  thrust  may  be  taken  off  the  walls.     If  the 
tiieces  AF,  BF,  LF,  be  removed,  all  the  renudning  dia- 
gonal pieces  act  aa  ties,  and  the  pieces  directed  to  the 
centre  act  as  struts  i  and  it  may  also  be  observed,  that 
the  principle  will  apply  equally  to  a  straight  or  flat  roof, 
or  to  a  floor.    A  floor  such  as  a  i  c,  having  the  joint  in 
,  two  pieces  a&,  &c,  with  a  strut  b  d,  and  two  ties,  will  re- 
quire a  much  greater  weight  to  break  it  than  if  it  had 
a  continued  joist  a  r  of  the  same  scantling.     And,  lastly, 
a  piece  of  timber  acting  as  a  tie  is  much  stronger  than 
the  same  piece  acting  as  a  strut :  for  in  the  latter  situa- 
tion it  is  exposed  to  bending,  and  when  bent  it  is  much 
less  able  to  withstand  a  very  great  strain.     It  must  be 
acknowledged,  however,  that  this  advantage  is  balanced 
by  the  great  inferiority  of  the  joints  in  point  of  strength. 
The  joint  of  a  tie  depends  wholly  on  the  pins ;  for  this 
reason  ties  are  never  used  in  heavy  works  without  strap- 
ping the  joints  with  iron.     In  the  roofs  ivc  are  now  de- 
scribing, the  diagonal  pieces  of  the  middle  part  only  act 
purely  as  ties,   while  those  towards  the  sides  act  as  struts 
or  braces.     Indeed  they  are  seldom  of  so  very  simple 
construction  as  we  have   described,  and  are  more  gene- 
rally constructed  like  the   sketch  in  Fig.  29.  having  two 
sets  of  rafters  AB,  ab,  and  the  angles  are  {illed  up  with 
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thin  planki^  which  give  great  stiffness  and  strength.  They 
have  also,  a  double  set  of  purlins,  which  connect  the 
different  trusses.  The  roof  being  thus  divided  into 
squares,  other  purlins  run  between  the  middle  points  E 
of  the  rafters.  The  rafter  is  supported  at  E  by  a  check 
put  between  it  and  the  under  rafter.  The  middle  point 
of  each  square  of  the  roof  is  supported  and  stiffened  by 
four  braces,  one  of  which  springs  from  e,  and  its  opposite 
from  the  similar  part  of  the  adjoining  truss.  The  other 
two  braces  spring  from  the  middle  points  of  the  lower 
purlins,  which  go  horizontally  from  a  and  b  to  the  next 
truss,  which  are  supported  by  planks  in  the  same  manner 
as  the  rafters.  By  this  contrivance  the  whole  becomes 
very  stiff  and  strong. 

685.  We  hq>e  that  the  reader  will  not  be  displeased 
with  our  having  taken  some  notice  of  what  was  the  pride 
of  our  ancestors,  and  constituted  a  great  part  of  the  finery 
of  the  grand  hall,  wh&rt  the  feudal  Jord  assembled  his 
vassals,  and  displayed  his  magnificence.  The  intelligent 
mechanic  will  see  much  to  commend;  ao^  all  who  look 
at  these  roofs  admire  ibeur' apparent 'flimsy  lightness^a^d 
wonder  at  their  duration.  We  have  aeen  a  ball  of  67 
feet  wide,  the  roof  of  whieh  was  in  four  divisions,*  like  a 
kirb  roof,  and  the  trusses  were  about  16  feet  asunder. 
They  were  single  rafters,  as  in  Fig.  89.  and  ^tjieirrdimeni- 
sioQs  were  only  eight  inches  by  six.  The  roof  appeared 
perfectly  sound,  and  hitd  been  atanding  ever  Jince  the 
year  1425. 

Much  of  what  has  been  said  on  this  lybjecttnay  be 
applied  to  the  construction  of  wooden  bridges,  and  the 
centres  for  turning  the  arches  of  stoiiQ  brid^. 
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CONSTRUCTION  OF  ARCHES. 

566.  An  arch  b  an  artful  dispotHion  and  adjustment  of 
WTeral  stones  or  bricks,  generally  in  a  bow*like  form,  bj 
whtch  their  weight  produces  a  mutual  pressure  and  abut- 
ment ;  so  that  thej  not  only  support  each  other,  and  po^- 
Ibrm  the  office  of  an  entire  lintel,  but  may  be  eiitended 
to  any  width,  and  made  to'  carry  the  most  enormous 
weights. 

£87.  The  pediment  of  the  Greeks  seems  to  have  sog> 
gested  the  construction  of  the  arch.  In  erecting  their 
small  houses,  they  could  hardly  fail  to  observe  occasion- 
ally, that  when  two  rafters  were  laid  together  from  the 
opposite  walls,  they  would,  by  leaning  on  each  other,  gi?e 
mutual  support,  as  in  Fig.  L  Plate  X.  Nor  is  it  unlikely 
that  such  a  situation  of  stoiles  as  is  represented  in  Fig.  S. 
would  not  unfrequently  occur  by  accident  to  masons. 
This  could  hardly  fail  of  exciting  a  little  attenticm  and 
reflection.  It  was  a  pretty  obvious  reflection,  that  the 
stones  A  and  C,  by  overhanging,  leaned  against  the  in^ 
termediate  stone  B,  and  gave  it  some  support,  and  that 
B  cannot  get  down  without  thrusting  aside  A  and  C,  or 
the  piers  which  support  tl^^m.  This  was  an  approach  to 
^  the  theory  of  an  arch ;  and  if  this  be  combined  with  the 
observation  of  Fig.  1.  we  get  the  disposition  represented 
in  Fig.  3.  having  a  perpendicular  joint  in  the  middle,  and 
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the  principle  of  the  areh  is  conlpleted.  ,  Observe  that  this 
is  quite  different  from  the  principle  of  the  arrangemeot  in 
Fig.  3.  In  that  figure  the  stones  act  as  wedges,  and  one 
cannot  get  down  without  thrusting  the  rest  aside;  the 
same  principle  obtains  in  Fig,  4.  cooeisting  of  fi?e  arch 
atones ;  but  io  Fig.  S.  the  stones  B  and  C  support  each 
other  by  their  mutual  pressure  (independent  of  their  own 
weight),  arising  firora  the  tendency  of  each  lateral  pair 
4o  fall  outwards  from  the  pier.  This  is  the  principle  of 
therarch,  and  would  support  the  keystone  of  Fig.  4.  aU 
though  each  of  its  joints  were  perpendicular,  by  reason  of 
ihe  great  friction  arising  from  the  horizontal  thrust  ex* 
«rted  by  the  adjoining  stones. 

Thia  yras  a  most  important  discovery  in  the  art  of 
fcuildiiig ;  for  now  a  building  of  any  width  may  be  roofed 
with  stonew 

£88l  We  are  disposed  to  give  the  Greeks  the  merit  of 
ihh  discovery ;  for  we  observe  arches  in  the  most  ancient 
Iwildings  of  Greece,  such  as  the  Temple  of  the  $un  at 
Athens,  and  of  Apoiloat  Didymos;  not  indeed  as  roofs 
to  any  apartment,  nor  as  parts  of  the  ornamental  design^ 
but  concealed  in  the  walls,  covering  drains,  or  other  ne- 
cessary openings ;  and  we  have  not  found  any  real  arches 
in  any  monuments  of  ancient  Persia  or  Egypt.  Sir  John 
Ghardin  speaks  of  numerous  and  extensive  subterranean 
passages  at  Tohelminar,  built  of  the  most  exquisite  ma- 
sonry, the  joints  so  exact,  and  the  stones  so. beautifully 
dressed,  that  Uiey  look  like  one  continued  piece  of  po- 
lished marble:  but  he  nowhere  says  that  they  are  arched; 
a  circumstance  which  we  think  he  would  not  have  omit- 
led-— no  arched  door  or  window  is  to  be  seen.  Indeed 
one  of  the  tombs  is  said  to  be  arch-roofed,  but  it  is  all  of 
one  solid  rock.  No  trace  of  an  arch  is  to  be  seen  in  the 
Tuins  of  ancient  Egypt;  even  a  wide  room  is  covered 
with  a  single  block  of  stone.  In  the  pyramids,  indeed^ 
Ibere  are  two  galleriesy  whose  roofs  consist  of  manjr 
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fiete$ ;  but  tfa«ir  coiiBtnictioo  puU  it  heyoni  dovbt  tUt 
the  builder  did  not  know  what  an  arefa  was:  tat  it  if  co* 
▼ered  in  the  manner  represented  in  Fig.  6.  ^wiiere  everjr 
projecting  piece  is  more  than  balanced  bebioid,  so  that 
the  whole  aakward  mass  could  kave  atood  on  tiro  piUara 
The  Greeks  therefore  seem  entitled  to  the  Imnoiir  of  the 
inrention.  The  arched  dome,  bowerer,  seeniB  to  hart 
Arisen  in  Etruria,  and  originated  in  aH  probabilitf  from 
the  emplojment  of  the  augurs,  whose  bnaineta  it  was  fa 
observe  the  flight  of  birds.  Their  statioiu  for  ibis  pnrw 
pose  were  templa^  so  called  a  templmdo^  <<  on  tbe  smumits 
of  bills.**  To  shelter  aucb  a  person  from  the  weathar, 
and  at  the  same  time  allow  &im  a  full  ptotpeetof  tbe 
country  aroimd  him,  no  building  was  so  proper 'as  adome 
liet  on  columns ;  which  accordingly  is  the  figure  of  a 
temple  in  the  most  ancient  monuments  of  that  country. 
We  do  not  fecoltect  a  building  of  ibis  •  kiod  in  Gneoe 
except  that  called'  the  Lantkem  of  DemMihene^^  which  il 
of  very  late  date,  whereas  they  abounded  in  Italy,  b 
the  later  monuments  and  coins  of  Italy  or  of  Rome,  we 
commonly  find  the  Etruscan  dome  and  the  Orecian  temple 
combined ;  and  the  famous  Pantheon  was  of  this  fonn, 
even  in  its  most  ancient  state. 

089.  About  the  middle,  or  rather  towards  the  end  of  list 
(century,  when  the  Newtonian  mathematics  iq;)ened  the 
road  to  true  mechanical  science,  the  construction  of  arches 
engrossed  the  attention  of  the  first  mathematicians.  The 
first  hint  of  a  principle  that  we  have  met  with  b  Sr 
Hookers  assertion,  that  the  figure  into  which  a  chain 
or  rope,  perfectly  flexible,  will  arrange  itself  when 
suspended  from  two  hooks,  is,  when  inverted,  the  pro- 
per form  for  an  arch  composed  of  stones  of  uniform 
weight.  This  he  affirmed  on  the  principle  that  the  figure 
which  a  flexible  festoon  of  heavy  bodies  assumes,  when 
suspended  from  two  points,  is,  when  inverted,  tbe  proper 
form  for  an  arch  of  the  same  bodies,  touching  each  other 
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in  the  stme  points ;  becniie  the  forces  with  whidi  therf 
mdtuallj  press  on  each  other  m '  this  kst  case,  are  eq\xk\ 
and  opposite  Co  the  forc^  with  whi^b  they  pall  at  each 
other  in  the  case  of  suspension. 

This  principle  is  strictly  just,  and  may  be  ektond^  to 
every  case  which  can  be  piroposed.  We  recotlect  seeing  tt 
proposed,  in  very  general  terms,  in  the  St  JiMies^s 
Chronicle  in  1759,  when  plans  were  forming  fbr' Black- 
friary's  Bridge  in  London  ;  and  since  it  is  pertiaps  isqual  in 
practical  utiiitj,  to  the  most  elaborate  investigations  of 
the  mathematicians,  our  reilders  will  not  be  dis[fleased  with 
a  more  particular  account  6f  it  m  this  place. 

590.  Let  ABC  (Fig.  6.)  be  a  parcel  of  magnets  of  any  siz6 
and  shape,  and  let  us  suppose  that  they  &dh(;re  With  ^at 
force  by  any  points  of  contact.  They  will  compose 'sUcK 
a  flexible  festoon  as  we  have  been  spenking  of,  if  siis^nd- 
ed  frbm  the  points. A  and  C,  If  this  fl^ulfe  be  inv^lted, 
preservmg  the  same  points  of  contact,  they  WNI  remain  ill 
equilibrio.  It  writ  indeed  be  that  kind  of  equttibriliM 
which  will  adnrit  of  no  ^l^tntbanee,  dnii  ^hich  may  be 
called  B  ioiiertng  equilibnum.  If  the  fbrm  be  idtered  'inthi 
smallest  degree,  by  varying  tbe  points  of-cotitact  (i¥hic& 
indeed  are  points  in  the^^gicf^of  e^iVt&rtinii;,  the'magnets 
will  no  more  recover  th^ir  former  [SosHion  than  a  Hc^dle, 
which  we  bad  made  to  stand  on  its  point.  Will  regain  Hi 
jiiiM*pendicular  position  after  it  has  been  disturbed. 

But  if  we  suppose  planes  dc^fg^  k  i,  &c.  drli#ii,  that 
the' points  of 'mutual  contact  a,  &,  c,  i^aeh  bl#Midg' thd 
angle  formed  by  the  lines  that  unite  the  Adjbining  «on- 
tacts  (fgy  tor  example,  bisectirtg  tbe  angle  farmed  by 
ab,  b  c)y  and  if  we  suppose  that  the  pieces  are  (changed  for 
others  of  the  same  weights,  but  havipg  flat  siiles,  which 
meet  in  the  planes  de^  fg^  k  t,  -&c.  it  is  evident  that  -#e 
shall  have  an  arch  of  equilibraftion,  and  that  the  ai^h  #i!| 
have  some  stability,  or  will  bear  a  little  change  of  torm 
without  tumbling  down :  for  it  is  plain  that  the  equilibrium 
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of  the  original  festoon  obtained  only  in  ihk  points  tf,  i,  c, 
of  contact^  where  the  pressures  were  -perpendiciilar  to  the 
touching  surfaces ;  therefore  if  the  curre  a,  A,  c,  still  passes 
through  the  touching  surfaces  perpendicularlj,  the  condi- 
tions that  are  required  for  equilibrium  still  obtain.  The 
case  is  quite  similar  to  that  of  the  stalnlity  of  a  bodj 
resting  on  a  horizontal  plane.  If  the  perpendicular 
through  the  centre  of  gravity  falls  within  the  base  of  the 
body,  it  will  not  only  stand»  but  will  require  some  force 
to  push  it  over.  In  the  original  festoon»  if  a  small  weight 
be  added  in  any  part,  it  will  change  the  form  of  the  curve 
of  equilibration  a  little,  by  changing  the  points  of  mutual 
contact.  This  new  ciirve  will  gradually  separate  from  the 
former  curve  as  it  recedes  from  A  or  C.  In  like  manner, 
when  the  festoon  is  set  up  as  an  arch,  if  a  small  weight  be 
laid  on  any  part  of  it,  it  will  bring  the  whole  to  the 
ground,  because  the  shifting  of  the  points  of  contact  will 
ke  just  the  contrary  to  what  it  should  be  to  suit  the  new 
curve  of  equilibration;  But  if  the  same  weight  be  laid  on 
the  same  part  of  the  arch  now  constructed  with  flat  joints, 
it  will  be  sustained,  if  the  new  curve  of  equilibration  still 
passes  through  the  touching  surfaces. 

These  conclusions,  which  are  very  obviously  deducible 
from  the  principle  of  the  festoon,  shew  us,  without  any 
-further  discussion,  that  the  longer  the  joints  are,  the 
greater  will  be  the  stability  of  the  arch,  or  that  it  will  re- 
quire a  greater  force  to  break  it  down.  Therefore  it  is 
of  the  greatest  importance  to  have  the  arch  stones  as  long 
as  economy  will  permit ;  and  this  was  the  great  use  of  the 
ribs  and  other  apparent  ornaments  in  the  Gothic  architec- 
ture. The  great  projections  of  those  ribs  augmented  their 
stiffness,  and  enabled  them  to  support  the  unadorned  co- 
partments  of  the  roof,  composed  of  very  small  stones, 
seldom  above  six  inches  thick.  Many  old  bridges  are 
still  remaining,  which  are  strengthened  in  the  same  wsjr 
by  ribs. 
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Having  thus  explained,  in  a  veiy  familiar  manner, 
the  stabilitj  of  an  arch,  we  proceed  to  give  the  samt 
popular  account  of  the  general  application  of  the  principle. 

591.  Suppose  it  to  be  required  to  ascertain  the  form  of 
an  arch  which  shall  have  the  span  AB  (Fig.  7.),  and  the 
height  F  8^  l^nd  which  shall  have  a  road-way  of  the  di- 
mensions CD£  above  it.  Let  the  figure  ACDEB  be  in* 
verted,  so  as  to  form  a  figure  AcdeB.  Let  a  chain,  of 
uniform  thickness  be  suspended  from  the  points  A  and  B, 
and  let  it  be  of  such  a  length  that  its  lower  point  will 
hang  aty  or  rather  a  little  below  f,  corresponding  to  F. 
Divide  AB  into  a  number  of  equal  parts,  in  the  points  1» 
2f  3,  &c.  and  draw  vertical  lines,  cutting  the  chain  in  the 
corresponding  points  1,  2,  3,  &c.  Now  take  pieces  of 
another  chain,  and  hang  them  on  at  the  points  1,  2,  3, 
&c.  of  the  chain  A/B.  This  will  alter  the  form  of  the 
curve.  Cut  or  trim  these  pieces  of  chain,  till  their  lower 
lends  all  coincide  with  the  inverted  road- way  c  de.  The 
greater  lengths  that  are  hung  on  in  the  vicinity  of  A  and 
B  will  pull  down  these  points  of  the  chain,  and  cause  the 
middle  point/ (which  is  less  loaded)  to  rise  a  little,  and 
wiU  bring  it  near  to  its  proper  height 

It  is  plain  that  this  process  will  produce  an  arch  of  perfect 
equilibration;  but  some  farther  considerations  are  necessary 
for  making  it  exactly  suit  our  purpose.  It  is  an  arch  of  equi- 
libration for  a  bridge,  that  is  so  loaded  that  the  weight  of  the 
arch  stones  is  to  the  weight  of  the  matter  with  which  the 
haunches  and  <!rown  are  loaded,  as  the  weight  of  the  chain 
A  /  B  is  to  the  sum  of  the  weights  of  all  the  little  bits  of 
chain  very  nearly.  But  this  proportion  is  not  known  be- 
forehand; we  must  therefore  proceed  in  the  following 
manner :  Adapt  to  the  curve  produced  in  this  way  a  thick- 
ness of  the  arch  stones  as  great  as  are  thought  sufficient  to 
insure  stability;  then  compute  the  weight  of  the  arch 
stones,  and  the  weight  of  the  gravel  or  rubbish  with  which 
the  haunches  are  to  be  filled  up  to  the  road-way.    If  th^ 
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proportioa  of  these  two  weights  be  the  saine  with  the  pro* 
portioa  of  tl^e  weights  of  chab,  we  may  r^t  salkfieiwitli 
ifa» cur;v«  now  foiiad ;  but  if  diffisrenti  we  oat^tmalj  aL 
culati^how  much  must  be  added  equaltyta^  or  Ulueniram, 
^aeh  appeaded  bit  of  chaiiH  ia  qnltr  to  make  the  two  pro- 
portioMs  equal*  ECafriog.^Unred  the  append^'  pieces  ac- 
Cf^ttingljr,,  we  shall  get  a  new  curve^  which  may  pohapi 
r^mnre  a  very,  small  t^in^ming  of  the  bita  of  chain  to  make 
them'  fit  the  road* way.  This  curve  will  bQ  infioitely  near 
to  the.  curve  wapted. 

We  have  praf^Lted  thia  metliod  for  an  avcb  of  60  feet 
span,  and  21  feet  height,  the  arch  stones  of  which  were 
oiily  twp  f|eet  nine  inch^  U^ng.  it  wasi  to  be  loaded  with 
gravel  ^nd  shivers.  We  made  a  previous  computation,  oa 
the  supposition  that  th^  ^rch  was  tp  be  nearly  elU|AicaL 
The  di^tiance  between  tihe  pointy  1>.  2,  S^  ^c.  were  adjusts 
^  so  as  to  determine  the  proportion  of  the  weights  of 
chain  agreeable  to  the  supposltionr  The  curve  dii&red 
considerably  from  an  ellipse,  makioi^  a  considerable  angle 
with  the  verticals  at  the  spring  of  the  arch.  The  real 
proportion  of  the  weights  of  chain,  when  all  was  trimmed 
so  as  to  suit  the  road- way,  was  considerably  different  from 
what  was  expected.  Itwas  adjusted.  The  adjustment  made 
very  little  change  in  the  curve.  It  would  not  have  chang- 
ed it  two  inches  in  any  part  of  the  real  arch.  When  the 
process  was  completed,  we  constructed  the  curve  mathe- 
matically. It  did  not  difl'er  sensibly  frqra  this  mechanical 
construction.  This  was  very  agreeable  information  ;  for 
it  showed  us  that  the  first  curve,  formed  by  alK>ut  two 
hours  labour,  on  a  supposition  considerably  dii&rent  from 
the  truth,  wouUl  have  been  sufficiently  exact  for  the  pur- 
])ose,  being  in  no  place  three  inches  from  the  accurate 
curve,  and  tlK*refore  far  within  the  joints  of  the  intended 
arch  stones.  Therefore  this  process,  which  any  intelligent 
mason,  though  ignorant  of  mathematical  science,  may  go 
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for  aft  arch  subject  to  ai^  conditions* 

59S.  The  chief  defect  of  the  curve  found-  in  tbi«  way  i^ 
a  want  of*  elegancef  because  it  doe*  not  spring  at  right 
ao^ea  to  thehoriflBoiitai  line ;  but  this  is  the  case  with  all 
curvea  of  eqailibratioa^  as  we  shall  see  bjr  aiMi  bj%  It  is 
not  material :  for,  in  the:  Tery  neigbbourhoedt  of  thepiers^ 
we  may  gi^e  it^  ^njr-  form  we  pkaae,  beiraiiie  the  masonrj 
is  solid  in* that  plaee ;  nay,  we  apprehend  thai  arderialimi 
from'  the  oonre  •of  equilibratidn  i  is  proper^  .  The  eonmrue^ 
lion  of  thai  oi«n/(e  supposes  that  thr  pressure  on  evaiy  paai 
of  the  9rchiifi  vertical;  btti  gfcvel,  earth^^  and  rubbishy 
esert  8omaw)iiilkof'a.h]r4roatetical  pnessure  laterally  in  the 
act  of.HMMafib  m4  retain  it:  afterwards.  This  will  re^ 
^uke  some'inert  curvatuire  at  tihe  haunches j  of  an  arch  tie 
balance  it;  but  What  thia  tateral- pressure  may  be,  tannot 
-be  deduced  with  confidence  from>  any  exper&nenta  that 
.we  haive.seeai .  We  are  inclined  to^  think  that  if,  instead 
of  dividing  the  horizontal  line  Att  in  the  points  1,  8,  3^ 
&c.  we  divide  the  chain  itself  into  ecfual  parts,  the  curve 
will  approach  nearer  to  the  proper  form*. 

593*  Afterthis.familiar statement  oE  thegeneral principle^ 
it  is  now  time  to  consider  the  theory  founded  oa  it  more 
in  detail.  This  theory  aims  at  such  an  adjustment  of  the 
position  of  .the  areh  stones  to  the  load  on  ev^ery  part  of 
the  arch,  that  all  shall  remain  in  equilibrio,  although  the 
joints  be  perfectly  polished,  and  without  any  cement. 
The  whole  may  be  reduced  to  two  problems^  Tbe  first 
is  to  determine  the  vertical  pressure  or  load  on  every 
point  of  a  Une  of  a  given  form,  which  will  put  that  line 
in  equilibrio.  Tbe  second  is  to  determine  the  form  of  a 
curve  which  shall  be  in  equilibrio  when  loaded  in  its  di& 
fi^rent  points,  according,  to  any  given  law. 

The  whole  theory  b  deducihie  from  p.  582  of  the  ar- 
ticle £ooF.  The  fundamental  proposition  in  that  page 
atate:i  the  pitqportioni.  betweei^  the  various^  pressures  or 
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Ihrnsts  whldi  are  exerted  at  the  angled  icif  ail  assemblagie 
of  beams  or  other  preces  of  solid  heary  maU^Ty  tt^j 
moveable  about  those  angles,  as  so  many  jotiits^  but  re- 
taining their  position  by  the  equilibrium  of  those  p'et- 
iures.  It  is  there  demonstrated,  *^  thai  the  thnnt  at 
any  angle,  if  estimated  in  a  horizontal  direcfioiiy  n  the 
Mune  throughout,  and  may  be  represented  by  any  bori- 
sontal  line  BT,  Fig.  8.  (Roors,  Fig.  la  Plate  IX.); 
and  that  if  a  ▼erticai  line  QTS  be  drawn  through  T,  the 
thrust  exerted  at  any  angle  D  by  the  piece  CD,  in  iti 
own  direction,  will  then  be  represented  by  BR,  drawa 
parallel  to  CD;  and  in  like  manner,  that  the  thrust  ia 
the  direction  ED  is  represented  by  BS,  &€. ; -and,  lastly, 
that  the  viertlcal  thrusts  &r  loads,  at  each  angle  B,  C,  I^ 
by  which  all  these  other  pressures  are  exciCcid,  are  repre- 
aentcd  by  the  portions  QC,  CR,  RS,  of  the  vertical  iii> 
tercepted  by  those  lines ;  that  is,  all  these  pressures  are 
to  the  uniform  horizontal  thrust  as  tbe  lines  which  re- 
present them  are  to  BT.  The  horizontal  thrust,  there- 
fore, is  a  very  proper  unit,  with  which  we  may  compare 
all  the  otliers.  Its  magnitude  is  easily  deduced  from  the 
same  proposition ;  for  QS  is  the  sum  of  all  the  vertical 
pressures  of  the  angles,  and  therefore  represents  tbe 
weight  of  the  whole  assemblage.  Thei^fore  as  QS  is  to 
BT,  so  is  the  weight  of  the  whole  to  tbe  horizonUl 
thrust. 

694.  To  accommodate  this  theory  to  the  constructioD 
of  a  curviliiitfal  arch  vault,  let  us  first  suppose  tbe  vault 
to  be  polygonal,  composed  of  the  cords  of  tbe  eleroentsry 
arches.  Let  AVE  (Fig.  9.)  be  a  curvilineal  arch,  of 
which  V  is  the  vertex,  and  VX  the  vertical  axis,  whidi 
we  shall  consider  as  the  axis  or  abscissa  of  the  cuire, 
while  any  horizontal  line,  such  as  HK,  is  an  ordinate  to 
the  curve.  About  any  point  C  of  the  curve  as  a  centre 
describe  a  circle  BLD,  cutting  the  curve  in  B  and  l^- 
Draw  tUe  equal  cords  CB^  CD.    Draw  also  tbe  horisoB- 
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tal  line  CF,  cutting  the  circle  in  F.  Describe  a  circle 
BCDQ  passing  through  B,  C*  O.  Its  centre  O  wih  He  in 
a  line  COQ,  i?hich  bisects  the  angle  BCD^  and  CCf 
which  touches  this  circle  in  C,  will  bisect  the  angle  b  C  d^ 
formed  by  the  equal  chords  BC,  CD.  Draw  CLP  perpen- 
dicular  to  c  6  and  DP  perpendicular  to  CD  meeting  CI9 
in  P.  Through  L  draw  the  tangent  GLM,  meeting  CO 
in  G,  and  the  vertical  line  CM  in  M.  Draw  the  tangent 
F  aj  cutting  tiie  chords  BC,  CD,  in  b  and  d%  and  the  tan- 
gent  to  the  circle  BCDQ  in  c.  Lastly,  draf^r  d  N  parallel 
to  BC. 

From  what  is  demonstrated  in  the  article  Roor,  it 
appears,  that  if  BC,  CD,  be  two  pieces  oi  an  equi* 
librated  heavy  polygon,  and  if  CF  represent  the  ho- 
rizontal thrust  in  every  angle  of  the  polygon,  C  d  and 
C  b  will  severally,  represent  the  thrusts  exerted  by  th^ 
pieces  DC,  BC,  and  that  b  dy  or  CN,  will  represent  thf^ 
weight  lying  on  the  angle  BCD,  by  which  those  thrusts 
are  balanced. 

Produce  d  C  to  o,i  so  that  C  0  may  be  equal  to  C  dL 
Draw  6  n  to  the  vertical  parallel  to  d  B,  and  join  n  o. 
It  is  evident  that  ft  n  o  C  is  a  parallelogram,  and  that 
nC(  =  &d)=  CN.  Now  the  thrust  or  support  of  the 
piece  BC  is  exerted  in  the  direction  C  ft,  while  that  of 
DC  is  exerted  in  the  direction  C  o.  These  two  thrusta 
are  equivalent  to  the  thrust  in  the  diagonal  Cn;  and  it 
is  with  this  compound  thrust  that  the  load  or  verti^ 
pressure  CN  is  in  immediate  equilibrium. 

595.  Because  ft  CL,  NCF,  are  right  angles,  and  FCL 
is  common  to  both,  the  angles  ft  CF  and  MCL  are  equal* 
Therefore  the  right  angled  triangles  ftCF  and  MCL 
are  similar.  And  since  CF  is  equal  to  CL,  C  ft  is  equal  to 
CM.  It  is  evident  that  the  triangles  6CM  and  dCS  are 
similar.     Therefore  CG  :  C  d  =  CM  :  CN,  =  C  ft  :  CN, 

f  ^  V  C  // 

Therefore  we  have  CN  =  —7——.    But  because  GDP 

CG 
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and  CL6  are  right  angles,  and  therefore  equal,  and  th^ 
angle  6CP  is  common  to  the  two  triangles  GCL,  PCD^ 
and  CD  is  equal  to  CL,  we  have  C6  equal   to  CP. 

Therefore  CN  =  — ^p — .    Also,  since  CDP  is  a  right 

angle,  DP  meets  the  diameter  in  Q,  the  opposite  point 
ioi  the  ditumference,  and  the  angle  DQC  is  equal  to 
DC  c,  or  c  C  6  (because  &  C  d  is  bisected  by  the  tan- 
gent), that  is,  to  PCQ  (because  the  right  angles  b  CP, 
c  CO  are  equal,  and  c  DP  is  common)*  Therefore  FQ 
is  equal  to  PC;  and  if  PO  be  drawn  perpendicular 
to  CQ,  it  will  bbect  it,  and  O  is  the  centre  of  the  ciitle 
BCDQB. 

Now  let  the  points  B  and  D  continually  approach  to 
C  (by  diminbhing  the  radius  of  the  small  circle)  and  ul- 
timately coincide  with  it.  It  is  evidenft  that  the  circle 
BCEiQ  is  ultimately  the  equicurve  circle,  and  that  PC 
nltimately  coincides  with  OC,  the  radius  of  curvature. 
Also  CbxCd  becomes  immediately  equal  to  C  c'.  There' 
fore  CN,  the  vertical  load  on  any  point  of  a  curve  of  equi- 
libration is   =   ^=r— 1—7:; 

Rad.  Curv. 

It  is  farther  evident,  that  CF  is  to  C  c  as  radius  to  the 

secant  of  the  elevation  of  the  tangent  above  the  horizon. 

Therefore  we  have  the  load  on  any  point  of  the  curve  al- 

Sec'Elev. 
ways  proportional  to  ■      :   ^ — - 
'^    '^  Rad.  Curv. 

This   load   on  every  elementary  arch  of  the  wall  ir 

commonly  a  quantity  of  solid  matter  incumbent  on  thai 

element  of  the  curve,  and  pressing  it  vertically ;  and  it 

may  be  conceived  as  made  up  of  a  number  of  heavy  lines 

standing  vertically  on  it.     Thus,  if  the  element  E  e  of  the 

curve   were   lying  horizontally,    a    little    parallelogram 

RE  e  r,  standing  perpendicularly  on  it,  would  represent 

its  load.    But  as  tliis  element  E  e  has  a  fli|oping  position. 
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it  id  plain  that,  in  order  to  have  the  tttie  qUailtltj  of 

heavy  matter  pressing  it  Terticailji  the  height  of  the  pa^ 

rallelogram  must  be  increased  till  it  meets  in  i  f»  the  lino 

Ri  drawn  parallel  to  the  tangent  EG.    It  is  evident  thai 

the  angle  RE  t  is  equal  to  the  angle  AEG^    Therefore 

we  have  ER  :  E  f  =  Rad. :  Sec.  Elev; 

If  therefore  the  arch  is  kept  in  equilibrio  hy  the  ver^ 

tical  pressure  of  a  wall,  we  must  have  the  height  of  tl^ 

;,    ,                                   .      ,         Sec.»  Elev. 
wall  above  any  point  proportional  to  =--^ — — 

596.  Cor.  I.     If  OS  be  drawn  perpendicular  to  th§ 

vertical  CS,  CS  will  be  half  the  vertical  chord  of  the  equi* 

curve  circle.     The  adgle  OCS  is  equal  to  cCF,  that  is^ 

to  the  angle    of   elevation.      Therefore  1  I'Sec.  Elev* 

=  CS  :  CO,  and  the  secant  of  elevation  may  be  expressed 

CO  CO' 

Vy  -T^a-*  ^^  ^^  ^^^  by  ■p;^^     Therefore    the    heighi 

li/3  CS 

CO'  CO* 

of  wall  is  proportional  to  ^  ,  or  to  -— >    ot 

C0«  .         Sec.*  of  Elev. 


CS»  X  CS '  Vert.  Chord  of  Curv. 

Cor.  II.     If  we  make  the  arch  VC  =  jr,  the 
VH  =  X,  the  ordinate  HC  =  y^  the  radius  osculi  CO  =  r^ 
and  the  ^  vertical  chord  CS  =  s,  the  height  of  wall  pres-^ 

sing  on  any  point  is  proportional  to  —-. ;  or  to  -^^     or 

^L__r_JL,    Therefore,  when  the  equation  of  the  curve 

is  given,  and  the  height  of  wall  on  any  one  point  of  it  is 
also  given^  we  can  determine  it  for  any  other  point :  for 
the  equation  of  the  curve  will  always  give  us  the  relation 
of  Zy  Jt,  and^,  and  the  value  of  r  or  9;  This  may  be  if* 
lustra  ted  by  an  example  or  two.  For  this  purpose  k  wilt 
generally  be  most  convenient  to  assume  the  height  abof^  ' 
the  yertejc  V  fpr  the  unit  of  computation.    The  thickness  ^ 
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of  the  arch  at  the  drown  is  commonly  detieniiined  bj  otber 
circumstances.  At  tbe  vertex  the  tangent  to  the  arch 
it  horiaontal,  and  therefore  the  cube  of  tbe  secant  is  uaity 
or  1.  Call  the  height  of  wall,  at  the  crown,  H,  and  let 
the  radius  of  curvature  in  that  point  be  R,  and  its 
half  chord  R  (it  being  then  coincident  with  the  radiuiX 
end    the    height    on    any    other    point  A.      We    hare 

i.:  -^  =:H:A,andA  =  Hx  — x5:.    Theotherfbr- 

R    y^r  ys      T 

•fl    n. 

mula  gives  A  =  H  x  —  X  --. 

$97.  Exanqf.  1.  Suppose  the  arch  to  be  a  segment  of  a 
circle,  as  in  Fig.  10.  where  AE  is  the  diameter,  and  O 
ihk  centre.     In  this  arch  the  curvature  is  the  same 

R  s^ 

fluvHighout,  or  —  =  I.     Therefore  A  =  H  x  ^,     or 

=  H  x  Cube  Sec.  Elev. 

This  gives  a  very  simple  calculus*  To  tbe  logarithm 
of  H  add  thrice  the  logarithm  of  the  secant  of  elevation. 
The  sum  is  the  logarithm  of  A. 

It  gives  also  a  very  simple  construction.  Draw  the 
vertical  CS,  cutting  the  horizontal  diameter  in  S.  Draw 
ST,  cutting  the  radius  OC  perpendicularly  in  T.  Draw 
the  horizontal  line  T  2:,  cutting  the  vertical  in  2.  Join 
z  O.  Make  C  u  =  Y  v,  and  draw  u  x  parallel  to  z  0. 
C  c  must  be  made  ==  C  jc.  The  demonstration  is  evi- 
dent. 

It  is  very  easy  to  see  that  if  CV  is  an  arch  of  60°,  and 
V  t>  is  ^^jth  of  VC,  the  points  v  and  c  will  be  on  a  level ; 
for  the  secant  of  CV  is  twice  CO,  and  therefore  C  c  is  8 
times  V  tjj  which  is  ^th  of  VH. 

Tne  line  vgcf  is  drawn  according  to  this  calcu- 
lus or  construction.  It  falls  considerably  below  the 
hcM'izontal  line  in  the  neighbourhood  of  c;   and  theo, 
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passing  very  obliquely  through  c,  it  rises  rapidly  to  an 
uiimeasurable  height,  because  the  vertical  line  through  A 
is  its  assymptote.  This  must  evidently  be  the  case  with 
every  curve  which  springs  at  right  angles  with  a  horizon- 
tal line. 

It  is  plain  that  if  9  V  b^  greater,  all  the  other  ordinates 
of  the  curve  i;^c/,  resting  on  the  circumference  AVE, 
will  be  greater  in  the  same  proportion,  and  the  curve  will 
cut  the  horizontal  line  drawn  through  v  in  some  point 
nearer  to  v  than  c  is.  Hence  it  appears  that  a  circular 
arch  cannot  be  put  in  equilibrio  by  building  on  it  up  to  k 
horizontal  line,  whatever  be  its  span,  or  whatever  be  the 
thickness  at  the  crown.  We  have  seen  that  when  this 
thickness  is  only  ^^  of  the  radius,  an  arch  of  ISO  degrees 
will  be  too  much  loaded  at  the  flanks.  This  thickness  is 
much  too  small  for  a  bridge,  being  only  ^j  of  the  span 
CM,  whereas  it  should  have  been  almost  double  of  this,  to 
bear  the  inequalities  of  weight  that  may  occasionally  be  on 
it.  When  the  crown  is  made  still  thinner,  the  outline  is 
still  more  depressed  before  it  rises  again.  There  is  there- 
fore a  certain  span,  with  a  corresponding  thickness  at  the 
crown,  which  will  deviate  least  of  all  from  a  horizontal 
line.  This  is  an  arch  of  about  51  degrees,  the  thickness 
at  the  crown  being  about  one-fourth  of  the  span,  which 
is  extravagantly  great.  It  appears  in  general,  therefore, 
that  the  circle  b  not  a  curve  suited  to  the  purposes  of  a 
bridge  or  an  arcade,  which  requires  an  outline  nearly 
horizontal. 

Examp.  2.  Let  the  curve  be  a  parabola  AVE  (Fig.  1 1.), 
of  which  V  is  the  vertex,  and  DQ  the  directrix.  Draw 
the  diameters  DCF,  GVN,  the  tangents  CE,  VP,  and 
the  ordinates  VF  and  CN.  It  is  well  known  that  6V 
is  to  DC  as  VP«  to  CKS  or  as  CN«  to  CK«.  Abo 
S  GV  is  the  radius  of  the  osculating  circle  at  V,  and 
2  DC  is  one-half  of  the  vertical  chord  of  the  osculating 
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circle  at  C.    Therefore  CN-«  :  CK«  (or  jf« :  «*•)«=  H  :  < 
and  a  =  -r-B.    But  C  c,  or  A  =  H  x  -. — .     Therefore 

^    -r-B 

It  follows  from  this  investigation,  that  the  hack  or  e^ 
trados  of  a  parabolic  arch  of  equilibration  must  be  parallel 
to  the  arch  or  soffit  itself;  or  that  the  thickness  of  the 
preh,  estimated  in  a  vertical  direction,  must  be  equal 
throughout;  or  that  the  extrados  is  the  sanie  parahol^ 
with  the  80$t  or  intrados. 

We  have  selected  these  two  examples  merely  for  the 
simplicitj  and  perspicuity  of  the  solution^,  which  have 
been  effected  by  means  of  elementary  geometry  only, 
instead  of  employing  thp  ^alytical  valine  of  the  radium 


ar' 


of  the  osculatory  circle  viz.  -:-,^ — ^-r;-,   which     would 

have  involved  us  at  least  in  the  elements  of  second 
jfluxions.  We  have  also  preferred  simplicity  to  elegance 
in  the  investigation,  because  we  wish  to  instruct  the  prac- 
tical engineer,  who  may  not  be  a  proficient  in  the  higher 
mathematics. 

597.  The  converse  of  the  problem,  namely,  to  find  the 
form  of  the  arch  when  the  figure  of  the  back  of  it  is 
given,  is  the  most  useful  question  of  the  two,  at  least  in 
^ases  which  are  most  important  and  most  difficult.  Of 
these  perhaps  bridges  are  the  chief.  Here  the  necessity 
of  a  road-way,  of  easy  and  regular  ascent,  confines  U5 
to  an  outline  nearly  horizontal,  to  which  the  curve  of 
the  arch  must  be  adapted.     This  is  the  most   difficult 
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]problem  of  the  two ;  and  we  doubt  whether  it  can  be 
eolved  without  employing  infinite  approximating  serieses 
instead  of  accurate  values. 

Let  av  e  (Fig.  12.)  be  the  intended  outline  or  extradoa 
of  the  arch  AVE,  and  let  f>  Q  be  the  conmion  axis  of 
both  curves.  From  c  and  C,  the  corresponding  points^ 
draw  the  ordinates  c  A,  CH.  Let  the  thickness  v  Y  at 
the  top  be  a,  the  abscissa  v  hhe  :^Uj  and  VH  ^  «,  and 
let  the  equal  ordinates  c  h,  CH  be^,  and  the  arch  VC 

bejsr. 

■  '. 

Then,  by  the  general  theorem,  c  C  = ,  r  being 

Che  radius  of  curvature.    Thb,  by  the  common  rnleo^  is 
r'  ^, .       .  ^       .y  *— «  ^    or 


Thb  gives  us  c  C  =:  - — ^ ^-^ 


y  x  —  x  y  S 

•    •■        •  •* 

L^9  «— *gy    X  C;   where  C  is  a  constant  quantity, 

found  by  taking  the  real  value  of  c  C  in  V,  the  vertex  oC 

the  curve.    But  it  is  evident  that  it  is  also  =  a  x  «  —  m 

•    •  •       •  .  •' 

Therefore  a  +  *  —  n  =4L^IILfJ(  ^^  c  =  -r  X  fluxion 

i  y'  y 

of^ 

y 

If  we  now  substitute  the  true  value  of  u  (which  is, 
given,  because  the  extrados  is  supposed  to  be  of  a  known 
form),  expressed  in  terms  of  ^,  the  resulting  equatiod 
will  contain  nothing  but  x  and  y^  with  their  first  and 
second  fluxions,  and  known  quantities. '  From  this  equi^ 
tion  the  relation  of  x  and  y  must  be  found  by  such  xoxf^ 
thods  as  seem  best  adapted  to  the  equation  of  the  ex* 
trados.  -  ^ 

Fortunately  the  process  is  more  simple  apd  easy  in  the 
most  common  and  useful  case  than  w^  shoidd  •  expedt 
from  this  general  rule.    We  raiiean  the  ci^e  where  the 
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tltnidoa  is  A  f traight  line,  espedallj  when  ibis  is  hori* 
sontaL     In  thii  case  «  if  equal  to  o. 

Exampk.  To  find  the  form  of  the  ImUuiced  areh, 
AVE  (Fig.  13.),  having  the  horizontal  line  c  9  for  iU 
extrados. 

Keeping  the  same  notation,  we  have  u^z  O^  end  there- 

C  X 

fore  a  +  ap  ^  —  x  fluxion  of — , 

XX  C  X 

Assume  3f  =  — ;  then  -;-:  =  ©,  and  -7-  x  fluxion  of—, 

^  y  3f  y 

C  oi)     ,      .  C  t>r        -_-       -  • 

c? — r-,thatis, «+ jc= — r-.      Therefore   a   x   +  » 

X  X 

=:  C  t>  J ;  and  by  taking  the  fluents,  we  hare  2  o  x  +  x* 

I  2  ax  +  x^         ^   .         .. 
=  C  t>* ;  and  v  ^    / -7; r— •        i^onseqnenUj, 

y  =  ,  ^-  -=  [being  =4 Y  Taking  the  ifliient 
^        'J  2a  xxx^   \  ^  J 

of   this,     we   have  j/r=^CxL(2a    x    +    2   x^ 

i(-  2  V  2  a  X  -f  x«).  But  at  the  vertex,  where  *  =  0, 
we  have  y  =  V  C  x  L  (2  a),     The  corrected   fluent  is 

therefore  v  =  v  C  x  L. — . 

*^  a 

It  only  remains  to  find  the  constant  quantity  C 
This  we  readiJy  obtain  by  selecting  some  point  of  the 
extrados  where  the  values  of  x  and  y  are  given  by  par- 
ticular circumstances  of  the  case.  Thus,  when  the 
span  2  s  and  height  A  of  the  arch  are  given,  we  have 


8 


=  V  C  X  L    ( I,    and  conse- 


s 
quently  V  C  =  i  ^  /q  .  a  _._  a«  X'       Therefore 


L  /fl  +  ^  +V^  fl  A  -f  A«  \ 


t- 
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Ihe  geaeral  yalue  of  y=^x 


H 


a  +  A  +  V2aA  +  A* 


)' 


a  +  k+  J2a  A+A-       — 


^xLa  +  «+ V2fl*+*". 


As  an  example  of  the  use  of  this  formula,  we  subjoin 
a  table  calculated  by  Dr  Hutton  pf  Woolwich  for  an 
arch,  the  span  of  which  is  100  feet  and  the  height  40, 
which  are  nearly  the  dimensions  of  the  middle  arch  of 
Blackfriars  Bridge  in  London. 


y 

X 

21 

X 

y 

X 

0 

6,000 

10,381 

36 

21,774 

2 

6fi1^ 

22 

10,858 

37 

22,948 

4 

6»144 

23 

11,368 

38 

24»I90 

6 

6,324 

24 

11,911 

39 

25,505 

8 

6,580 

25 

12,489 

40 

26,894 

10 

6,914 

98 

13,106 

41 

28»364 

12 

7,330 

27 

43,761 

42 

29,919 

13 

7,571 

28 

14,457 

43 

31,563 

14 

7,834 

29 

15,196 

44 

33,299 

15 

8,1W 

30 

15,980 

45 

95,135 

16 

8>4d0 

31 

16,811 

46 

37,075 

17 

8,766 

32 

17,693 
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£98.  The  figure  for  this  propogition  is  exactly  drawn 
according  to  these  dimensions,  that  the  reader  may  judge 
of  it  as  an  object  of  sight.  It  iB  by  no  means  deficient 
in  gracefulness,  and  u  abundantly  roomy  for  the  passage 
of  crafl ;  so  that  no  objection  can  be  offered  against  itc 
being  adapted  on  account  of  its  mechanical  excellency. 

The  reader  will  perhaps  be  surprised  that  we  haT# 
made  no  mention  of  the  celebrated  Catenarean  curvs^ 
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which  is  eommonl J  said  to  be  the  best  fomi  for  an  aith ; 
but  a  little  reflection  will  conyince  him,  that  although 
it  is  the  onl J  form  for  an  arch  consistiog  -  of  atones  of 
equal  weight,  and  touching  each  other  onlj  in  single 
points,  it  cannot  suit  an  arch  which  must  be  filled  up  in 
the  haunches,  in  order  to  form  a  road-waj.  He  wiU  bt 
more  surprised  to  hear,  after  this,  that  there  is  a  certaia 
tluckness  at  the  crown,  which  will  put  the  Catenarea  in 
equilibrio,  even  with  a  horizontal  road-waj;  but  this 
thickness  is  so  great  as  to  make  it  unfit  for  a  bridge,  be- 
ing such  that  the  pressure  at  the  vertex  is  equal  to  the 
horizontal  thrust.  This  would  have  been  about  37  feet 
in  the  middle  arch  of  Blackfriars  Bridge.  The  onlj  si- 
tuation therefore  in  which  the  Catenarean  form  would 
be  proper,  is  an  arcade  carrying  a  height  of  dead  wall; 
but  in  this  situation  it  would  be  very  upgraceful.  With- 
out troubling  the  reader  with  the  investigaticm,  it;  is  suf- 
ficient to  inform  him  that  ip  a  Catenarean  arch  of  equi> 
libration  the  abscissa  VH  is  to  the  abscissa  o  A  in  the  con- 
stant ratio  of  the  horizontal  thrust  to  its  excess  above  the 
pressure  on  the  vertex. 

599.  This  much  will  serve,  we  hope,  to  give  the  read- 
er a  clear  notion  of  this  celebrated  theory  of  the  equi- 
librium of  arches,  one  of  the  most  delicate  and  important 
applications  of  mathematical  science.  Volumes  have  been 
written  on  the  subject,  and  it  still  occupies  the  attention 
of  mechanicians.  But  we  beg  leave  to  say,  with  great 
deference  to  the  eminent  persons  who  have  prosecuted 
this  theory,  that  their  speculations  have  been  of  little 
service,  and  are  little  attended  to  by  the  practitioner. 
Nay,  we  may  add,  that  Sir  Christopher  Wren,  perhaps 
the  most  accomplished  architect  that  Europe  has  seen, 
seems  to  have  thought  it  of  little  value:  for,  among  the 
fragments  which  have  been  preserved  of  his  studies,  there 
are  to  be  seen  some  imperfect  dissertations  on  this  very 
subject,  in  which  he  takes  no  notice  of  this  theory^  and 
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ooasiders  the  balance  of  arches  in  quite  another  war. 
These  are  collected  bj  the  autlior  of  the  account  of  Sir 
Christopher  Wren^s  family.  This  man's  great  sagacity, 
and  his  great  experience  in  building,  and  still  more  his 
experience  in  the  repairs  of  old  and  craij  fabrics,  had 
shown  him  many  things  yery  inconsistent  with  this 
theory,  which  appears  so  specious  and  safe.  The  gene- 
ral facts  which  occur  in  the  failure  of  old  arches  are 
highly  instructive,  and  deserve  the  most  careful  attenticm 
of  the  engineer ;  for  it  is  in  this  state  that  their  defects, 
and  the  process  of  nature  in  their  destruction,  are  most 
distinctly  seen.  We  venture  to  affirm,  that  a  very  great 
majority  of  these  facts  are  irreconcileable  to  the  theory. 
The  way  in  which  circular  arches  commonly  fail,  is  by 
the  sinking  of  the  crown  and  the  rising  of  the  flanks.  It 
will  be  found  by  calculation,  that  in  most  of  the  cases  i( 
ought  to  have  been  Just  the  contrary.  But  the  clearesi 
proof  is,  that  arches  very  rarely  fail  where  their  load 
differs  liiost  remarkably  from  that  which  this  theory  al* 
lows.  Semicircular  arches  have  stood  the  power  of  ages, 
as  may  be  seen  in  the  bridges  of  ancient  Rome,  and  in 
the  numerous  arcades  which  the  ancient  inhabitants  have 
erected.  Now  all  arches  which  spring  perpendicularly 
from  the  horizontal  line,  require,  by  this  theory,  a  load 
of  infinite  height ;  and,  even  to  a  considerable  distance 
li*om  the  springing  of  the  arch,  the  load  necessary  for  the 
theoretical  equilibrium  is  many  times  gre^iter  than  wha^ 
ifr  ever  laid  on  those  parts ;  yet  a  failure  in  the  immediate 
neighbourhood  of  the  spring  of  an  ai-ch  is  a  most  rare 
phenomenon,  if  it  ever  was  observed.  Here  is  a  most  r&r 
markable  deviation  from  the  theory ;  for,  as  is  already 
observed,  the  load  is  frequently  not  the  fourth  part  of 
what  the  theory  requires. 

Many  other  facts  might  be  adduced  which  shew  great 
deviations  from  the  legitimate  results  of  the  theory, 
W^  |ippe  tp  be  ezcvs^9  therefore,  by  the  piat)ieinaticiKii| 
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for  doubting  of  the  jiistnets  of  this  theoiy.  We  do  not 
think  it  erroneous,  but  defective,  leariog  out  mrcnmstaMCi 
which  we  apprehend  to  be  of  great  impc»tanc» ;  aid  we 
imagine  that  the  defects  hare  arisen  from  the  nrf 
anxietj  of  the  mechanicians  to  make  it  perfect.  Tk 
arch  stones  are  supposed  to  be  perfectlj  Bmooth  or  pa- 
lished,  and  not  to  be  connected  by  mnj  cement,  aad 
therefore  to  sustain  each  other  merely  by  the  eqailibriom 
of  their  vertical  pressure.  The  theory  insures  this  equi- 
librium, and  thb  only,  leaving  unnoticed. anj  other  causei 
of  mutual  action. 

The  authors  who  have  written  on  the  aabfect  say  ex- 
pressly, that  an  arch  which  thus  sustains  itself  must  he 
stronger  than  another  which  would  not ;  because  when, 
in  imagination,  we  suppose  both  to  acquire  connectiinl 
hy  cement,  the  first  preserves  the  inflaence  of  this  eo» 
tecticm  unimpaired ;  whereas  in  the  other,  part  of  the 
cohesion  is  wasted  in  counteracting  the  tendency  of  some 
parts  to  break  off  from  the  rest  by  their  want  of  equili- 
brium. This  is  a  very  specious  argument,  and  would  be 
just,  if  the  forces  which  are  mutually  exerted  between  the 
parts  of  the  arch  in  its  settled  state  were  merely  verticsl 
pressures,  or,  where  different,  were  inconsiderable  in  com- 
parison with  those  which  are  really  attended  to  in  the 
construction. 

But  this  is  by  no  means  the  case.  The  forms  whidi 
the  uses  for  which  arches  are  erected  oblige  us  to  adopt, 
and  the  loads  laid  on  the  diiTerent  points  of  the  arch, 
frequently  deviate  considerably  from  what  are  necesssiy 
for  the  equilibrium  of  vertical  pressures.  The  varying 
load  on  a  bridge,  when  a  great  waggon  passes  along  it, 
sometimes  bears  a  very  sensible  proportion  to  the  weight 
ef  that  point  of  the  arch  on  which  it  rests.  It  is  e^ea 
very  doubtful  whether  the  pressures  which  are  occa- 
sioned by  the  weight  of  the  stuff  employed  for  filling  up 
the  flanks  really  act  in  a  vertical  direction3  and.  in  tk 
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juroportion  which  is  supposed.  We  are  pretty  certain 
that  this  b  not  the  case  with  sand,  gravel,  fat  mould, 
and  many  substances  in  very  general  use  for  this  pur« 
pose.  Wfai^  this  is  the  case,  the  pressures  sustained 
by  the  different  parts  of  the  arch  are  ^often  very  incon- 
sistent' with  the  theory— a  part  of  the  arch  is  overload* 
ed»  and  tends  to  fall  in,  but  is  prevented  by  the  cemenU 
This  part  of  the  arch,  therefore,  acts  on  the  remoter  parts^ 
by  the  interv^ition  of  the  parts  between,  employing  those 
intermediate  parts  as  a  kind  of  levers  to  break  the  arck 
in  a  remote  part,  just  as  a  lintel  would  be  broken*  Wo 
apprehend  that  a  mathematician  would  be  pujssled  how 
to  explain  the  stability  of  an  arch  cut  out  of  a  solid  and 
uniform  mass  of  rock.  His  theory  considers  the  mutual 
thrusts  of  the  arch  stones  as  in  the  direction  of  the  tan« 
gents  to  the  arch.  Why  so  ?  because  he  supposes  that 
all  his  polished  joints  are  perpendicular  to  those  tangents. 
9ut  in  the  present  case  he  has  no  existing  joints ;  and 
there  ^eems  to  be  nothing  to  direct  his  imagination  in  thf 
assumption  of  joints,  which,  however,  are  absolutely  ne« 
cessary  for  employing  his  theory,  because,  without  a  sup- 
position of  this  kind,  there  seems  no  conceiving  any  mu« 
tual  abutment  of  the  arch  stones.  Ask  a  common,  but 
intelligent,  mason,  what  notion  he  forms  of  such  an  arch  ? 
We  i4)prehend  that  he  will  consider  it  as  no  arch,  but  as 
a  lintel,  which  may  be  broken  like  a  wooden  lintel,  an4 
which  resists  entirely  by  its  cohesion.  He  will  not  rea^ 
dily  conceive  that,  by  cutting  the  under  side  of  a  stont 
lintel  into  an  arched  form,  and  thus  taking  away  more 
than  half  of  its  substance,  he  has  changed  its  nature  of  a 
lintel,  or  given  it  any  additional  strength.  Nor  would 
there  be  any  change  made  in  the  way  in  which  such  a 
mass  of  stone  would  resist  being  broken  down,  if  nothing 
were  done  but  forming  the  under  side  into  an  arch.  If  the 
lintel  be  so  laid  on  the  piers  that  it  can  be  broken  with- 
out its  parts  pus^g  the  piers  aside  (which  will  be  the 


638  ON  thU  iA)il9f  Rtterieif 

ease  if  it  lies  on  the  pien  with  horiEonUl  jdiat^,  it  wiH 
break  like  any  other  lintel ;  but  if  the  joints  are  diiie^ 
ed  downwards,  and  converging    to  a  point  within  the 
arch,  the  broken  stone  (»lippose  it  broken  at  the  cnnra 
by  an  overload  in  that  part)  cannot  be  pressed  dowa 
without  forcing  the  piers  outwards.     Now.  in  this  mode 
of  acting,  the  mind  cannot  trace  any  thing  of  the  statical 
equilibrium  that  we  have  proceeded  on  in  the  foregoing 
theory.     The  two  parts  of  the  broken  lintel  seem  to  pa<h 
the  piers  aside  in  the  same  manner  that  two  raflters  pudi 
outwards  the  walls  of  a  house^  wheil  their  feet  are  not 
held  together  by  a  tye-beam.     If  the  piers  camiot  be 
pushed  aside  (as  when  the  arch  abuts  on  two  solid  rocks), 
nothing  can  press  down  the  crown  which  does  not  crush 
the  stone. 

This  conclusion  will  be  strictly  true  if  the  ardi  is  of 
such  a  form  that  a  straight  line  drawn  from  the  crown 
to  the  pier  lies  wholly  within  the  solid  masodry.  Thus  if 
the  vault  consist  df  two  straight  stones,  ks  in  Fig.  1.  PL  X. 
or  if  it  consist  of  several  stones,  as  in  Fig.  14.  disposed 
in  two  straight  lines,  no  weight  laid  on  the  crown  can 
destroy  it  in  any  other  way  but  by  crushing  it  to  pow- 
der. 

600.  But  when  straight  lines  cannot  be  drav^n  from 
the  overloaded  part  to  the  firm  abutments  through  the 
solid  masonry,  and  when  the  cohesion  of  the  parts  is  not 
able  to  withstand  the  transverse  strains,  we  must  call  the 
principles  of  Equilibrium  to  our  aid ;  and,  in  order  to 
employ  them  with  safety,  we  must  consider  how  they 
are  modified  by  the  excitement  of  the  cohering  forces. 

The  cohesion  of  the  stones  with  each  other  by  cement 
or  otherwise,  has,  in  almost  every  situation,  a  bad  effect 
It  enables  an  overload  at  the  croivn  to  break  the  arch 
near  the  haunches,  causing  those  parts  to  rise,  and  then 
to  spread  outwards,  just  as  a  Mansarde  or  Kirb  roof 
would  do  if  the  truss-beam  whieh  connects  the  heads  of 
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Ihte  lAwar  radtera  were  aawn  through.  This  can  be  prei 
Vented  only  by  loading  that  part  more  than  is  requisite  for 
equilibrium.  It  would  be  prudent  to  do  this  to  a  certain 
degree,  because  it  is  by  this  cohesion  that  the  crown  aU 
ways  becomes  the  weakest  part  of  the  arch,  and  suffers 
inote  by  any  occasional  load. 

'We  expect  that  it  will  be  said  in  answer  to  ail  this| 
that  the  cohesion  given  by  the  strongest  cement  which  we 
can  employ,  nay  the  cohesion  of  the  stone  itself,  is  a  mere 
not)iing  in  comparison  with  the  enormous  thrusts  that  are 
in  a  state  of  continual  exertion  in  the  different  parts  d 
an  arch*  This  is  very  true ;  but  there  is  another  force 
which  produces  the  same  effect,  and  which  increases  near«^ 
ly  in  the  proportion  that  those  thrusts  increase,  because 
it  arises  from  them.  This  is  the  friction  of  the  stones  on 
each  other.  In  dry  freestone  this  friction  considerably 
exceeds  one  half  of  the  mutual  pressure,  fhe  reflecting 
reader  will  see  that  this  produces  the  same  effect,  in  the 
case  under  consideration,  that  cohesion  would  do;  for 
while  the  arch  is  in  the  act  of  failing,  the  mutual  pressure 
of  the  arch  stones  is  acting  with  full  force,  and  thus  pro* 
duces  a  friction  more  than  adequate  to  all  the  effects  we 
have  been  speaking  of. 

601.  When  these  circumstances  are  considered,  we 
imagine.it  will  appear  that  an  arch,  when  exposed  to  a 
great  overload  on  the  crown  (or  indeed  on  any  part),  di^ 
Tides,  c^  itself,  into  a  number  of  parts,  each  of  which 
contains  as  many  arch  stones  as  can  be  pierced  (so  to 
speak)  by  one  straight  line,  and  that  it  may  then  be  con^ 
sidered  as  nearly  id  the  same  situation  with  a  polygonal 
arch  of  long  stones  butting  on  each  other  like  so  manj 
beams  in  a  Norman  roof,  but  without  their  braces  and 
ties.  It  tends  to  break  at  aU  those  angles;  and  it  is 
mot  suflkiently  resisted  there,  because  the  materials  with, 
which  the  flanks  are  filled  up  have  so  little  cohesion, 
Uuit  the  angle  feels  no  load  except  what  is  immediat&iL 
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Ij  above  it;  tvhereas  it  should  be  immedialelj  loaded 
with  all  the  weight  which  is  diffused  over  the  adjoiniDf 
side  of  the  polygon.  This  will  be  the  case,  even  though 
the  curvilineal  arch  be  perfectly  equilibrated.  We  recot 
Ject  some  circumstances  in  the  failure  of  a  coQsiderable  arch, 
which  may  be  worth  mentioning.  It  had  been  built  of 
an  exceedingly  soft  and  friable  stone,  and  the  arch  stones 
were  too  short.  About  a  fortnight  before  it  fell,  chips 
were  observed  to  be  dropping  off  from  the  joints  of  the 
arch  stones  about  ten  feet  on  each  side  of  the  middle,  aod 
also  from  another  place  on  one  side  of  the  arcb^  aboot 
twenty  feet  from  its  middle.  The  masons  in  the  neigh* 
bourhood  prognosticated  its  speedy  downfall  and  said 
it  would  separate  in  those  places  where  the  chips  were 
breaking  off.  At  length  it  fell ;  but  it  first  sptit  in  the 
middle,  and  about  15  or  16  feet  on  each  side,  and  also  at 
the  very  springing  of  the  atch.  Inunediately  before  the 
fall  a  shivering  or  crackling  noise  was  heard,  and  a  grest 
many  chips  dropped  down  from  the  middle  between  the 
two  places  from  whence  they  had  dropped  a  fortnight  be- 
fore. The  joints  opened  above  at  those  new  places  above 
two  inches,  and  in  the  middle  of  the  arch  the  joints  open* 
ed  below,  and  in  about  five  minutes  after  this  the  whole 
eanie  down.  Even  this  movement  was  plainly  distin- 
guishable  into  two  parts.  The  crown  sunk  a  little,  snd 
the  haunches  rose  very  sensibly,  and  in  this  state  it  hoo; 
for  about  half  a  minute.  The  arch  stones  of  the  crovm 
were  hanging  by  their  upper  corners.  When  these  spUnt- 
ered  off,  the  whole  fell  down. 

We  apprehend  that  the  procedure  of  nature  was  some- 
what in  this  manner.  Straight  lines  can  be  drawn  within 
the  arch  stones  from  A  (Fig.  15.)  to  B  and  D,  and  from 
those  points  to  C  and  E.  Each  of  the  portions  ED,  DA« 
AD,  BC,  resist  as  if  they  were  of  one  stone,  composing  s 
polygonal  vault  EDABC.  When  this  is  overloaded  at  A, 
A  can  descend  in  no  other  way  than  by  pushing  the  angln 
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B  and  D  outwitfds^  causing  the  portions  BC,  DE,  (o  turn 
round  C  and  E.  This  motion  must  raise  the  points  B 
and  D,  and  cause  the  arch  -stones  to  press  on  each  other 
-at  their  inner  joints  b  atid  dt  This  produced  the  copious 
splintering  at  those  joiifts  immediately  preceding  the  total 
downfal.  The  Splintering  which  happened  a  fortnight 
before,  arose  from  this  circumstance,  that  the  lines  AB 
and  AD,  along  which  the  pressure  of  the  overload  was 
propagated,  were  tangents  to  the  sofRt  of  the  arch  in  the 
points  F,  H)  and  O,  and  therefore  the  strain  lay  all  oft 
those  comers  of  the  arch  stones,  and  splintered  a  little 
from  off  them  till  the  whole  took  a  firmer  t>ed.  The  sub- 
sequent phenomena  are  evident  consequences  of  this  dis- 
tribution and  modification  of  pressure,  and  can  hardly  be 
explained  in  any  other  way  ;  at  least  not  on  the  theoreti- 
cal principles  already  set  forth;  for  in  this' bridge  the 
loads  at  B  and  D  were  very  considerably  greater  than 
what  the  equilibrium  required;  and  we  think  that  the 
first  observed  splintering  at  H,  F,  and  6,  was  most  in- 
'structive,  shpwing  that  there  was  an  extraordinary  pre^ 
sure  at  the  inner  joints  in  those  places,  which  cannot  be 
explained  by  the  usual  theory. 

Not  satisfied  with  this  single  observation,  after  this 
way  of  explaining  it  occurred  to  us,  and  not  being  able 
to  find  any  similar  fact  on  record,  the  writer  of  thisarticfe 
got  some  small  models  of  arches  executed  in  chalk,  and 
subjected  them  to  many  trials,  in  hopes  of  collecting  some 
general  laws  6f  the  internal  workings  of  arches  which 
finally  prodtkce  their  doWnfal.  He  had  the  pleasili'e  of 
observing  the  above  mentioned  circumstances  take  place 
very  regularly  and  unlfomily,  when  he  overloaded  the 
models  at  A.  The  arch  always  broke  at  some  place  B 
considerably  beyond  another  point  F,  where  the  first 
chipping  had  been  observed.  This  is  a  method  of -trial 
that  deserves  the  attention  both  of  the  theorist  aild 
the  practitioner. 

Y0L<  I.  2  n 
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If  these  reflections  are  anj  thing  Uke  ajust  mcoount  of 
the  procedure  of  nature  in  the  £sihire  of  an  arch,  k  is  en- 
dent  that  the  ingenious  matbematiGal  theory  of  equili- 
hrated  arches  is  of  little  value  to  the  eogiaeer.  We  Teft- 
lured  to  say  as  much  already,  and  we  rested  a  good  detl 
on  the  authority  of  Sir  Christopher  Wren.  He  was  a  good 
mathematician^  and  delighted  in  the  application  of  this 
^eiettfie  to  the  arts.  He  was  a  celebrated  architect ;  aad 
}fis  reports  on  the  various  works  committed  to  his  chargei 
ahow  that  he  was  in  the  continual  habit  of  making  this 
application.  Several  specimens  remain  of  his  own  me* 
ihods  of  applying  them.  The  rpof  of  the  theatre  of  Oxr 
ford,  the  roof  of  the  cupola  of  St  Paul's,  and  in  partici^ 
Iffr  the  mould  on  which  he  turn^ed  the  inner  dome  of  thai 
cathedral,  are  proofs  of  his  halving  studied  this  theory 
i^Qst  attentively.  He  flpuriahed  at  the  v^ry  time  that  li 
occupied  the  attention  of  the  greatest  mechanicians  of 
Europe;  but  there  is  nothing  to  be  found  among  his 
papers  which  shows  that  he  had  paid  much  r^ard  to  it 
On  the  contrary,  when  he  has  occasion  to  deliver  his  opi- 
nion for  the  instruction  of  others,  and  to  explain  to  the 
Dean  and  Chapter  of  Westminster  his  operations  in  repw- 
ing  that  collegiate  church,  this  great  architect  considers  an 
arch  just  as  a  sensible  and  sagacious  mason  would  do,  and 
very  much  in  the  way  that  we  have  just  now  been  treat- 
ing it.  (See  jdcconnt  of  Uu  Family  of  JFrea,  p.  356, 
&c.)  Supported  therefore  by  such  authority,  we  would 
recommend  this  way  of  considering  an  arch  to  the  study 
of  the  mathematician ;  and  we  would  desire  the  experi- 
enced ni^son  to  think  of  the  most  eflQcacious  methods  for 
resisting  this  tendency  of  arches  to  rise  in  the  flanks. 
Unfortunately  there  seems  to  be  no  precise  principle  to 
point  out  the  place  where  this  tendency  is  most  remarkable. 

We  are  therefore  higlily  pleased  with  the  ingenious 
contrivance  of  Mr  Mylne,  the  architect  of  Blackfriars 
Bridge  in  London,  by  which  he  determines  this  point 
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with  precision,  bjr  making  it  impossible  fbr  the  overload- 
ed arch  to  spring  in  any  other  place.  Having  thus  con- 
fined  the  laihire  to  a  particular  spot,  he  with  equal  art 
opposes  a  resistance  which  he  believes  to  be  sufficient; 
and  the  present  condition  of  that  noble  bridge,  whicl^ 
does  not  in  any  place  show  the  smallest  change  of  shape, 
proves  that  he  was  not  mistaken.  Looking  on  this  work 
as  the  first,  oi*  at  least  the  second,  specimei^'  of  masonic, 
ingenuity  tliat  is  to  be  seen  in  the  world,  we  imagine  that 
ouF  readers  will  be  pleased  with  a  particular  account  of  its 
most  remarkable  cipcumstances. 

60a  The  span  ka  (Fig.  16.)  of  the  middle  arch  is  100 
feet,  and  its  height  OV  is  40,  and  the  thickness  £iV  of 
the  crowti  is  six  feet  seven  inches.     Its  form  is  nearly  el- 
liptical ;  the  pari  AVZ  being  an  arch  of  a  circle  whose 
centre  is  C,  and  radius  56  feet,  and  the  two  lateral  por- 
tions A  J!:  B  and  Z  a  £  being  arches  described  with  a  ra- 
dius of  36  feet  nearly.     The  thickness  of  the  pier  at  a  i  is 
19  feet.     The  thickness  of  the  arch  increases  from  the 
erown  V  to  V,  where  it  is  eight  or  nine  feet    All  the 
arch  stones  have  their  joints  directed  to  the  centres  of 
th^ir  curvature.    The  joints  are  all  joggled,  having  a  cu- 
bic foot  of  hard  stone  let  half  way  into  each.     By  this 
contrivance  the  joints  cannot  slide,  nor  can  any  weight 
loid  on  the  crown  ever  break  the  arch  in  that  part,  if  the 
piers  do  not  yield ;  for  a  straight  line  from  the  middle  of 
KV  tathe  middle  of  the  joint  YI  is  coi^tained  within  the 
solid  masonry,  and  does  not  even  come  near  the  inner  join ta 
of  the  arch  stones.     Therefore  the  whole  resists  like  one 

• 

stone,  and  can  be  broken  onl/  by  crushing  it  The  joint 
at  Z  is  vefy  nearly  perpendicular  to  a  line  YF  drawn  to 
the  outer  edge  of  the  foundation  of  the  pier.  By  this  it 
was  intended  to  take  off  all  tendency  of  the  pressure  on 
the  joint  d  Z  ta  overset  the  pier ;  for  if  we  suppose,  ac- 
cording to  the  theory  of  equilibration,  that  this  pressure 
is  necessarily  exerted  perpendicularly  to  the  joints  its  di- 
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rection  passes  through  the  fulcrum  at  F,  romdl  which  S 
is  thought  that  the  pier  must  turn  m  the  act  of  oyersettiog. 
This  precaution  was  adopted,  in  order  to  make  the  arck 
quite  independent  of  the  adjoining  arches;  so  that  al- 
though any  of  them  should  fall,  this  arch  should  run  no  risk. 
'  Still  farther  to  secure  the  independence  of  the  arch,  the 
following  construction  was  practised  to  unite  it  into  one 
inass,  which  should  rise  altogether.  All  below  the  line 
o  &  is  built  of  large  blocks  of  Portland  stone,  dovetailed 
with  sound  oak.  Four  places  in  each  course  are  inter- 
rupted by  equal  blocks  of  a  hard  stone  called  KenHsk  rag^, 
sunk  halfway  in  each  course.  These  act  as  joggles,  break- 
ing the  courses,  and  preventing  them  from  sliding  laterally^ 
The  portion  a  Y  of  the  arch  is  joggled  like  the  upper 
part.  The  interior  part  is  filled  up  with  large  blocks  of 
Kentbh  rag,  forming  a  kind  of  coursed  rubble-work,  the 
courses  tending  to  the  centres  of  the  arch.  The  under 
comer  of  each  arch  stone  projects  over  the  one  below  it 
By  this  form  it  takes  fast  hold  of  the  rubble-work  behind 
it.  Above  thiy  rubble  there  is  constructed  the  inverted 
arch  I  ^  G  of  Portland  stone.*  This  arch  shares  the  pres- 
sure of  the  two  adjoining  'arches,  along  with  the  arch 
stones  in  Y  a  and  in  G  b.  Thus  all  tend  together  to  com- 
press and  keep  down  the  rubble-work  in  the  heart  of  thii 
part  of  the  pier.  This  is  a  very  useful  precaution  ;  for  it 
often  happens,  that  when  the  centres  of  the  arches  are 
struck,  before  the  piers  ore  built  up  to  their  intended 
height,  the  thrust  of  the  arches  squeezes  the  rubUe- 
work,  horizontally,  after  the  mortar  has  set,  but  before 
it' has  dried  and  acquired  its  utmost  hardness.  Its  bond  is 
broken  by  this  motion,  and  it  is  squeezed  up,  and  nerer  ac* 
quires  its  former  firmness.  This  is  effectually  prevented  by 
the  pressure  exerted  by  the  back  of  the  inverted  arch. 

*  Wc  have  been  informed,  upon  good  authority,  that  this  inverted  arch 
docs  not  exist  in  Rlackfriars  Bridge,  and  that  it  was  inserted  in  the  pU^^ 
ncrely  for  tho  purpose  of  inspiring  confidence^    X»» 
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Above  this  counter  arch  is  anether  mass  of  coursed 
rubble,  and  all  is  covered  by  a  horizontal  course  of  large  ' 
blocks  of  Portland  stone,  butting  against  the  back  of  the 
arch  stone  ZI  iand  its  corresponding  one  in  the  adjoining 
arch.  This  course  connects  the.feet  of  the  two  arches,  pre- 
serves the  rubble«work  from  too  great  compression,  and 
protects  it  from  soaking  water.     This  last  circumstance  is 
important ;  for  if  the  water  which  falls  on  the  road-way 
is  not  carried  off  in  pipes,  it  soaks  through  the  gravel  or 
other  rubbish,  rests  on  the  mortar,  and  keeps  it  continually 
wet  and  sofl.    It  cannot  escape  through  the  joints  of  good 
masonry,  and  therefore  fills  up  this  part  like  a  funnel. 
.   Supposing  the  adjoining  arch  fallen,  and  all  tumbled  off 
that  is  not  withheld  by  its  situation,  there  will  still  remain 
in  the  pier  a  mass  of  about  3500  tons.     The  weight  of  the 
portion  VY  is  about  SOOO  tons.     The  directions  of  the 
thrusts  RY  and  YF  are  such,  that  it  would  require  a 
load  of  4500  tons  on  VY  to  overturn  the  pier  round  F. 
This  exceeds  V  Y  by  8500  tons ;  a  weight  incomparably 
greater  than  any  that  can  ever  be  laid  on  it. 

Such  is  the  ingenious  construction  of  Mr  Mylne.  It 
evidently  proceeds  on  the  principles  recommended  above  t 
principles  which  have  occurred  to  his  experienced  and  sa* 
gacious  mind  during  the  course  of  his  extensive  practice. 
We  have  seen,  attempts  by  other  engineers  to  withstand 
the  horizontal  thrusts  of  the  arch  by  means  of  counter 
arches  inserted  in  the  same  manner  as  here,  but  extend- 
ing much  farther  over  the  main  arch ;  but  they  did  not 
appear  to  be  well  calculated  for  producing  this  effect  A 
counter  arch  springing  from  any  point  between  Y  and  V 
has  no  tendency  to  hinder  that  point  from  rising  by  the 
sinking  of  the  crown ;  and  such  a  counter  arch  will  not 
resist  the  precisely  horizontal  thrust  so  well  as  the  straight 

course  of  Mr  Mylne.  * 

-  '  ■  ■  ■ »       ■ 

*  A  P]an  and  Elevation,  and  a  defvnription  of  Blackfriart  Bridge, 
will  'be  found  in  the  EMMBuaaH  EnercLOfmniAf  Art.  BmiDoi,  see  p.  494 
and^M.  ...  ..  • 


\ 
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603.  There  is  another  species  of  arch  frbicb  most  not 
be  overlooked,  oonieljy  the  Domic  or  Ci/fola^  with  all  iU 
varieties,  which  include  even  the  pyramidal  steeple  or 
spire, 

^604.  It  is  evideiit  that  tlie  erection  of  a  ^kima  is  also  a 
tctenttfic  art,  fnroceediog  on  the  principles  of  equiiiiira- 
tion,  and  that  these  prindfiles  admit  and  require  the 
same  or  sicailar  modifications,  in  consequence  of  the  co- 
hesion and  friction  of  the  materials.  At  first  sight,  tAO, 
a  dome  appears  a  more  difficult  piece  of  work  than  a 
plain  arch ;  but  Mr  hen  we  observe  potters  kilns  and  glass- 
house domes  and  cones  of  vast  extent,  erected  bj  ordinarj 
bricklayers,  and  with  materials  vastly  inferior  in  siae  to 
what  can  be  employed  in  common  arches  of  equal  extent, 
we  must  conclude  that  the  circumstance  of  curvature  in 
the  horizontal  direction,  or  the  abutment  of  a  circular 
base,  gives  some  assistance  to  the  artist.  Of  this  we  have 
complete  demonstration  in  the  case  of  the  cone.  We 
know  that  a  vaulting  in  the  form  of  a  pent  roof  could  not 
be  executed  to  any  considerable  extent,  and  would  be  ex- 
tremely hazardous,  even  in  the  smallest  dimensions ;  while 
«  cone  of  the  greatest  magnitude  can  be  raised  with  very 
small  stones,  provided  only  that  we  prevent  the  bottom 
from  flying  out,  by  a  hoop,  or  any  similar  contrivance. 
And  when  we  think  a  little  of  the  matter,  we  see  plainly, 
that  if  the  horizontal  section  be  perfectly  round,  and  the 
joints  be  all  directed  to  the  axis,  they  all  equally  endea- 
vour to  slide  inwards,  while  no  reason  can  be  offered  why 
any  individual  stone  shduld  prevail.  They  are  all  wedges, 
and  operate  only  as  wedges.  When  we  consider  any 
single  course,  therefore,  we  see  that  it  cannot  fall  in, 
even  though  it  may  be  part  of  a  curve  which  could  not 
stand  as  a  common  arch  ;  nay,  we  see  that  a  dome  may 
be  constructed,  having  the  convexity  of  the  curve,  by  the 
^evolution  of  which  it  is  formed,  turned  toward  the  axis, 
so  that  the  outline  is  concave.  We  shall  afterwards  find 
that  this  is  a  stronger  dome  by  far  than  if  the  convexity 
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were  outwards,  as  in  a  common  arch.  We  see  also  that 
a  cone  may  be  loaded  on  the  top  with  the  great^t  weight, 
withoHt  the  smallest  danger  of  forcing  it  doWn,  so  long 
as  the  bQttom  course  is  firmly  kept  from  bursting  out- 
wards. The  stone  lanthera  on  the  top  of  St  FaiiPs  ca« 
thedral  in  London  weighs  several  hundred  tons,  and  ia 
carried  by  a  brick  cone  of  eighteen  inches  thick,  with 
perfect  safety,  as  long  as  the  bottom  course  is  prerented 
from  bursting  outwards.  The  reason  is  evident :  Th^^ 
pressure  on  the  top  is  propagated  along  the  cone  in  the 
direction  of  the  dant  side ;  and,  MS  far  from  iiaving  anj^ 
tendency  to  break  it  in  any  patt,  it  tends  rather  to  pr6« 
▼ent  its  being  broken  by  any  irregidar  pressure  from  fo- 
reign causes. 

605.  For  the  same  reasons  the  octagonal  pyramids,  wiiicH 
form  the  spires  of  Gothic  architecture,  are  abundantly 
firm,  althottgh  Very  thin.  The  sides  of  the  spire  of  Sa- 
lisburj  cathedral  are  hot  eight  inches  thiek  after  the  dcta- 
gon  is  fully  formed.  It  is  proper,  however,  to  direct  the 
joints  to  the  axis  of  the  pyramid,  and  to  make  the  cours- 
ing joints  porpendicnlar  to  the  slant  side,  because  the 
projecting  mouldings  which  run  along  the  angles  ai^  the 
abutments  on  which  the  whole  pannel  depends.  A  consi- 
derable art  is  necessary  for  supporting  those  pannels  Or 
sides  of  the  octagon  which  spring  from  the  angles  of  the 
square  tower. .  This  is  done  by  beginning  a  very  narrow 
pointed  arch  on  the  square  tower  at  a  great  distance  be- 
low the  top ;  so  that  the  legs  of  the  arch  being  very  long, 
a  straight  line  may  be  drawn  from  the  top  of  the  keystone 
of  the  arch  through  the  whole  arch  stones  of  the  legs. 
By  this  disposition  the  thrusts  arising  from  the  weight  of 
these  four  pannels  are  made  to  meet  bh  the  massive  ma- 
sonry in  the  middle  of  the  sides  of  the  tower,  at  a  great 
distance  below  the  springing  of  th«  spire.  This  part,  be- 
ing loaded  with  the  great  mass  of  perpendicular  wall,  is 
fully  able  to  withstand  the  horizontal  thrust  from  th^ 
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\i^  of  tbow  fffcbei.  In  many  Bfm»  theie  tlrafts  m» 
^till  JATther  regaled  by  iron  bun  wbich  cnm  the  towov 
and  are  hookjed  into  pieces  of  brtia  firmly  bedd^  in  tiio 
nuwonry  of  the  sides.  There  is  mudi  nice  hnharing>  ^f. 
this  kind  to  be  obsenred  in  the.  highly  ocnusciital  open 
spires ;  such  as  those  of  Brussels^  Mechlin,  Aniwei|if  k$t 
..  606.  It  is  now  time  to  attend  to  the  principle  of  ei{nili% 
IjpriuiOf  AS  it  operates  in  a  simple  drcalar  dauns^  and  to 
determine  the  thickneu  of  the  vanlting  when  the  cane 
is  ^iren,  or  the  curve  when  the  thickness  is  given*  Thera* 
lore,  let  B  ft  A  (Fig.  17.)  be  the  carra  which  prodaoes  thn 
(jome  by  revolving  round  the  vertical  axis  AD.  Wo 
^laU  suppose  this  curve  to  be  drawn  through  the  niddla 
of  the  arch  stones,  and  that  the  coursing  or  horiaont^l 
joints  are  everywhere  perpendicular  to  the  curve.  We 
ihall  suppose  (as  is  always  the  ease)  that  the  fhirkinffsa 
"Khf  HI»  &c.  of  the  ardi  stones  is  very  small  in  oompaiii 
son  with  the  dimensions  of  the  arch.  ,lf  we  consider  anj 
portion  HA  A  of  the  dome,  it  is  plain  that  k  presses  on 
the  course,  of  which  HL  u  an  arch  stone,  in  a  diredioo 
ft  C  perpendicular  to  the  joint  HI,  or  in  the  direction  of 
the  next  superior  element  /3  &  of  the  curve.  As  we  pron 
ceed  downwards,  course  after  course,  we  see  plainly  that 
this  direction  must  change,  because  the  weight  of  each 
course  b  superadded  to  that  of  the  portion  above  it,  to 
complete  the  pressure  on  the  course  below.  Through  B 
draw  the  vertical  line  fiCG,  meeting  /i  ft,  produced  in  C. 
We  may  take  ft  c  to  express  the  pressure  of  all  that  is  above 
It,  propagated  in  this  direction  to  the  joint  KL.  We 
may  also  suppose  the  weight  of  the  course  HL  united  ia 
ft,  and  acting  in  the  vertical.  Let  it  be  represented  by 
ft  F.  If  we  form  the  parallelogram  ft  FGC,  the  diagonal 
ft  6  will  represent  the  direction  and  intensity  of  the  whole' 
pressure  on  the  joint  JiL.  Thus  it  appears  that  this  presi 
9ure  is  continually  changing  its  direction,  and  that  the 
line,  which  will  always  coincide  with  it,  must  be  a  cun^ 
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concave  downward.    If  this  be  precisely  the  curve  of  the 
dome,  it  will  be  an  equilibrated  vaulting ;  but  so  far  from 
being  the  strongest  form,  it  is  the  weakest,  and  it  is  the 
limit  to  an  infinity  of'  others,  which  are  all  stronger  than 
it.     This  will  appear  evident,  if  we  suppose  that  b  G  does 
not  coincide  with  the  curve  A  b  B,'but  passes  without  it. 
As  we  suppose  the  arch  stones  to  be  exceedingly  thin 
from  inside  to. outside,  it  is  plain  that  this  dome  cannot 
ftand,  and  that  the  weight  of  the  upper  part  will  press  it 
down,  and  spring  Mie  vaulting  outwards  at  the  joint  KI^* 
But  let  us  suppose,  on  the  other  hand,  that  b  G  falls  with*, 
in  the  curvilinefd  element  b  B.     This  evidently  tends  tgt 
push  the  arch  stone  inward,  toward  the  axis,  and  would 
cause  it  to  slide  in,  since  the  joints  are  supposed  perfectly: 
smooth  and  slipping.     But  since  this  takes  place  equally 
in  every  stone  of  this  course,  they  must  all  abut  on  each 
other  in  the  vertical  joints,  squeezing  them  firmly  toge- 
ther.    Therefore,  resolving  the  thrust  b  G  into  two,  onft 
of  which  is  perpendicular  to  the  joint  KL,  and  the  other 
parallel  to  it,  we  see  that  this  last  thrust  is  withstood  by 
the  vertical  joints  all  around,  and  there  remains  only  the 
thrust  in  the  direction  of  the  curve.     Such  a  dome  must 
jtherefore  be  firmer  than  an  equilibrated  dome,  and  can« 
not  be  so  easily  broken  by  overloading  the  upper  part* 
When  the  curve  is  concave  upwards,  as  in  the  lower  part 
of  the  figure,  the  line  b  C  always  fails  below  b  B,  ai^d  the 
point  C  below  B.  When  the  curve  is  concave  downwards, 
as  in  the  upper  part  of  the  figure,  'b  C  passes  above,  or 
without  b  B.    The  curvature  may  be  so  abrupt,  that  even 
b'  &  shall  pass  without  'b  B',  and  the  point  G'  be  above 
B\     It  is  also  evident  that  the  force  which  thus  binds  the 
stones  of  a  horizontal  course  together,  by  pushing  them 
towards  the  axis,  will  be  greater  in  flat  domes  than  in 
those  that  are  more  convex ;  that  it  will  be  still  greater 
in  a  cone ;  and  greater  still  in  a  curve  whose  convexity  ia 
turned  inwards :  for  in  this  last  case  the  line  b  Q  will  de« 
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tiate  most  remarkably  from  the  curve.     Soch  a  dome 
stand  (having  polished  joints)  if  the  curve  springs  from 
the  base  with  any  elevatiap»  however  small ;  naj^  since  the 
friction  of  two  pieces  of  stone  is  not  less  than  half  of  their 
mutual  pressurei  such  a  dome  will  stand,  although  the  tan- 
gent to  the  curve  at  the  bottom  should  be  horiiKintal,  provid- 
ed that  the  horizontal  thrust  be  double  the  weight  of  the 
dome,  which  majr  easily  be  the  case  if  it  do  not  rise  high. 
607.  Thus  we  see  that  the  stability  of  a  dome  depends 
on  very  different  principles  from  that  of  a  common  arch, 
and  is  in  general  much  greater.    It  differs  also  in  ano- 
ther very  important  circumstance,  viz.  that  it  may  be 
open  in  the  middle :  for  the  uppermost  course,  by  tend- 
ing equally  in  every  part  to  slide  in  toward  the  axis,  presses 
all  together  in  the  verticial  joints,  and  acts  on  the  next 
course  like  the  keystone  of  a  common  arch.     Therefore 
an  arch  of  equililnration,  which  is  the  weakest  of  all,  may 
be  open  in  the  middle,  and  carry  at  top  another  building, 
iiuch  as  a  lanthem,  if  its  weight  do  not  exceed  that  of 
the  circular  segment  of  the  dome  that  is  omitted.     A 
greater  load  than  this  would  indeed  break  the  dome  by 
causing  it  to  spring  up  in  some  of  the  lower  courses ;  but 
this  load  may  be  increased  if  the  curve  is  flatter  than  the 
curve  of  equilibration :    and  any  load  whatever,  which 
will  not  crush  the  stones  to  powder,  may  be  set  on  a  trun- 
cate  cone,  or  on  a  dome  formed  by  a  curve  that  is  con- 
vex toward  the  axis ;  provided  always  that  the  founda- 
tion be  efiectually  prevented  fiom  flying  out,  either  by  a 
hoop,  or  by  a  sufficient  mass  of  solid  pier  on  which  it  is 
B't.     We  have  mentioned  the  many  failures  which  hap- 
pened  to  the  dome  of  St  Sophia  in  Constantinople.*     We 
imagine  that  the  thrust  of  the  great  dome,   bending  the 
eastern  arch  outward  as  soon  as  the  pier  began  to  yield, 
destroyed  the  half  dome  which  was  leaning  on  it,   and 

•  Seethe  Edinburgh  Encvclopjbdia,  Art.  Civil  Akcditsctuks,  VoL  VL 
p.  625.  and  Plate  CLXXllI.  of  that  work.     Ed. 
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tbus,  diiH>st  iff  an  instant,  took  away  the  eastern  abut- 
ment. We  think  that  this  might  have  been  pirereiited, 
witheut  anj  diange  bi  the  injutlicious  p\ahf  if  the  dome 
had  been  hooped  with  iron,  as  was  practiscfd  by  Michael 
Angelo  in  the  vastly  more  ponderous  dome  of  St  Peter^s  iit 
Rome,  and  by  Sir  Christopher  Wren  in  tfie  eotie  and  the 
inner  dome  of  St  PauFs  at  Londdn. 

608.  The  irdght  oT  the  latte^r  considerably  exeeeds  3000 

tons,  and  they  occasion  a  horizontal  thmst  which  is  nearly 

half  this  quantity,  the  ^^vation  of  the  cone  being  about  60^ 

This  being  distributed  round  the  circumference,  occksibhsa 

'■    °  7       ■  '   '    ' 

strt in  op  the  hoop  =  of  tl|^  thrust^  or  nearly 

838  tons.  A  square  inch  of  the  worst  iron,  if  well  forg* 
ed,  will  carry  2S  loni  with  perfect  safety :  therefore  a 
hoop  ofT  inches  broad  and  1 1  inches  thick  will  complete- 
ly secure  this*  circle  from  bursting  outwards.  It  is,  how* 
ever,  much  more  completely  secured ;  for,  besides  a  hoop 
it  the  bUse  of  very  nearly  these  dimensions,  th^e  are 
hoops  in  diflfeFent  courses  of  the  cone,  which  bind  it  into 
one  mass,  apd  cause  it  to  press  on  the  piers  in  k  direction 
exactly  vertical.  The  only  thrusts  which  the  piers  sua* 
tain  are  those  from  the  arches  of  the  body  of  the  church 
and  the  transepts.  These  are  most  judiciously  directed 
to  the  entering  angles  of  the  building,  and  are  there  re- 
sisted with  insuperable  force  by  the  whole  lengths  Of  the 
wails,  and  by  four  solid  masses  of  masonry  in  the  cornerB. 
Whoever  considers  with  attention  and  judgment  the  plan  of 
this  cathedral,  will  see  that  the  thrusts  of  these  arches,  and 
of  the  dome,  are  incomparably  better  balanced  than  in  St 
Peter^s  church  at  Rome.  But  to  return  from  this  digression,^ 

609.  We  have  seen  that  if  b  O,  the  thrust  compounded 
of  the  thrust  b  C,  exerted  by  aU  the  courses  above  HILK, 
and  if  the  force  b  F,  or  the  weight  of  that  course,  b^ 
everywhere  coincident  with  b  JB,  the  element  of  the 
eurve,  we  shall  have  an  equilibrated  dome ;  if  it  falif 
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within  it,  we  have  a  dome  which  will  bear  a  greater 
load ;  and  if  it  falls  without  it,  the  dome  will  break  at 
the  joint.  We  must  endearour  to  get  analytical  expres- 
#ions  of  these  conditions.  Therefore  draw  the  ordinales 
»  )  b'\  BDB'',  C  d  C.  Let  the  tangente  at  6  and  h" 
meet  the  axis  in  M,  and  make  MO,  MP,  each  equal  to 
b  c,  and  complete  the  parallelogram  MONP,  and  draw 
OQ  perpendicular  to  the  axis,  and  produce  b  F,  cutting 
the  ordinates  in  £  and  t.  It-  is  plain  that  MN  is  to 
MO  as  the  weight  of  the  arch  HA  h  to  the  thrust  &c 
which  it  exerts  on  the  joint  KL  (this  thrust  being  pn^ 
pagated  through  the  course  HILK);  and  that  MQ, 
or  its  equal  6  f ,  or  )  d,  may  represent  the  weight  of  the 
lialf  AH. 

Let  AD  be  called  jc,  and  DB  be  called  s-  "^^^ 
b  e  ^  X,  and  e  C  =  ^  (because  6  c  is  in  the  direction  of 
Che  element  A  b).     It  b  also  plain,  that  if  we  make  y 

constant,  BC  is  the  second  fluxion   of  x^  or  BC  =  x, 

.  and  b  e  and  BE  may  be  considered  as   equal,  and  taken 

indiscriminately  for  x.     We  have  also  ft  C  =    /i*  ^  w*. 

Let  d  be  the  depth  or  thickness  HI  of  the  arch  stones. 

Then  d  ^  x*  +  y*  will  represent  the  trapezium  HL ; 
and  since  the  circumference   of  each  course  increases  ia 

the  proportion  of  the  radius  y^  d  y  j^  x*  +  y*  will  ex- 
press the  whole  course.  If  /^  be  taken  to  represent  the 
aum  or  aggregate  of  the  quantities  annexed  to  it,  the 
formula  will  be  analagous  to  the  fluent  of  a  fluxion,  and 

J  ^y  V  **  +  y*  will  represent  the  whole  mass,  and  also 
the   weight   of    the   vaulting,   down   to    the    joint  HI. 

Therefore  we  have  this  proportion  y   d  y  ^J  x^  -h  ji'* 

idy  yi»  +  j^*  =  6  e  :  6  F,  =  i  e  :  C  G,  =  J  d  :  CG, 

c:«:CG.    Therefore  (50  =  ^    ^   ^^. 
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•  If  the  cunratnre  c^  the  dome  be  precisety  such  at 
pats  it  in  equiiibrium,  but  without  anj  mutual  pressure 
in  the  vertical  joints,  this  value  of  CG  must  be  equal  to 
€B,  or  to  Xy  the  point  6 'coinciding  with  B.     This» 

condition  will  be  expressed  by  theequation  ^   ^  ^   '^^ 


=  «,  or,  more  convenientlj,  by 


But  this  form  gives  only  a  tottering  equilibrium,  inde- 
pendent of  the  friction  of  the  joints  and  the  cohesion  of 
Che  cement.  An  equilibrium,  accompanied  by  aome  firm 
stability,  produced  by  the  mutual  pressure  of  the  verti- 

dy jj    ac'  +  V* 
cal  joints,  may  be  expressed  by  the  formula  -^^-— y====^ 

/  ^V^*+y 

X                dy    /jc«  -I.  v'        «        ^  ' 
^-Tj  or  by   — ~ ^^^—  =  -r-  +  — ,  where  t  is  somp 

variable  positive  quantity,  which  increases  when  x  in- 
creases. This  last  equation  will  also  express  the  equi-» 
librated  dome,  if  ^  be  a  constant  quantity,  because  in  this 

•       i  .  •     '       •■ 

case  —  is  =  o. 

Since  a  firm  stability  requires  that  ^^V  ^__^  ^j^ j 

be  greater  than  x^  and  CG  must  be  greater  than  CB : 

Hence  we  learn,  that  figures  of  too  great  curvature^ 

whose  sides  descend  too  rapidly,  are  improper.     Also. 

.     /— r* 

O.  11  X     /   X     ^.  n^ 

since  stability  requires  that  we  have  ^-4 — 


greater  than  ydy^ji«  +  w»,  we  learn  that  the  upper 
part  of  the  dome  must  not  be  made  very  heavy.    This;  bf 
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dinyinUbidg  the  proportion  of  ^  F.ta  A^  C»  diMuiidiei^tke 
imgle  ebGh  wd  ini^^  seC  th^  point  G  above  B,  wkich 
will  iM^'fallimy  spring  tbe  <hMiM  in  tknt  plnce  We  att 
kere  also*,  that  tbe  algebmitf  nnnlfftia  ezpresiet  that  pccn- 
fiaritj  of  dame^vaulting,  that  the  weight  of  the  upper 
part' may  cnren  be  suppressed. 

The  flnent  of  the  eqnation    "^  ^  ^"^  "^^*  —  ^  y  / 

if  most  eaailj  found.  It  Js  ^fdyji*  +^'  =  L  *  + 
L  I,  where  L  is  the  hyperbolic  logarithm  of  the  qaan- 
iity  annexed  to  it.  If  we  eoaaider  ^  as  oomtant,  and 
correct  the  flaenft  so  as  to  make  it  nothing  at  the  Tortez^ 

it  maj  be  expressed  thus,  L/  d ^ v  *'  +  J(*-i-L a  =  Lx 

^Li  +  L*.  ^?c  gS^gg  »a^  T.ydjr  yx*+3>^  ^  T  f  <f 

.  a  ^ 

and  therefore  fisJV^»"  ^tl. 

This  last  equation  will  easily  give    ns  the  depth  of 
Taulting,  or  thickness  d  ot  the  arch,  when  the  curve  if 

given.    For   its  fluxion   is  Wil+i *=Ul4lJ_^, 

•    •  •  ■ 

(I  t  X  -{^  a  t  X 
and  d  = — ^tz=zn.=:r,  which  is  all  expressed  in  known 

^  quantities ;  for  we  may  put  in  place  of  i  any  power  or 
function  of  x  or  of  y^  and  thus  convert  tbe  expression 
into  another,  which  will  still  be  applicable  to  all  sorts  of 
curves. 


« • 


X  t 

Instead  of  the  second  member 1-  -^  we  might  em« 

i        t 

p  X 

ploy  —^ — ,  where  />  fa  some  number  greater  than  unity. 

or 
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This  will  evideiiUy  give  a  dome  having^  stability ;  be« 

Jiff  «^  «*   +  v* 

cause  the  original  formula .  .  will  then  he 

fdyj  X-  +  r 

pax  """*  X 
greater  than  x.    Thi«  will  give  i  =  .^     ._:=;^:^.    Each 

of  the3e  form4  has  its  advantages  when  applied  to  par* 
ticular  cases.    Each  of  them  also  gives  d  = — —===== 

tvhen  the  curvature  is  such  as  is  in  precise  equilibrium. 
And,  lastly,  if  d  be  constant,  that  is,  if  the  vaulting  be 

0f  uniform  thickness,  we  obtain  the  form  of  the  curv^ 

••       •  • 

because  then  thcTelation  of  x  to  x  and  to^  is  gi^en. 

The  chief  use  of  this  analysis  is  to  discover  what  • 
curves  are  improper  for  domes,  or  what  portions  of  given 
curves  may  be  employed  with  safety.  Domes  are  gene- 
rally built  for  ornament ;  and.  we  see  that  there  is  great 
room  for  indulging  our  fancy  in  the  choice.  All  curves 
which  are  concave  outwards  will  give  domes  of  great 
firmness:  They  are  also  beautiful.  The  Gothic  dome^ 
whosi?  outline  is  sooi  undulated  curve,  may  be  made  abun* 
dantty  firm,  especially  if  the  upper  part  be  convex  and  th^ 
lower  concave  outwards. 

The  chief  difficulty  in  the  case  of  this  analysis  arises 
from  the  necessity  of  expressing  the  weight  of  the  in- 
cumbent part,  at  J  ijfv  **  +y'*  This  requires  the 
measurement  of  the  conoidal  surface,  which,  in  most 
cases*  can  be  had  only  by  approximation  by  means  of 
infinite  serieses.  We  cannot  expect  that  the  generality 
of  practical  builders  are  familiar  with  this  branch  of  ma« 
tbematics,  and  therefore  will  not  engage  in  it  here ;  but 
content  ourselves  with,  giving  such  instances  as  can  be  un- 
derstood by  such  as.  hav^  that  moderate  mathematical 
knowledge  whidjK  ef&ry^  man  should  possess  who  takes  the 
name  of  engineer. 
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*  The  surface  of  any  drcular  portiori  of  a  sphere  is  veij 
easily  had,  being  equal  to  the  circle  described  with  a 
radius  equal  to  the  chord  of  half  the  arch.     This  radiui 

is  evidently  =  ^^  x"  +  y". 

In  order  to  discover  what  portion  of  the  hemisphere 
may  be  employed  (For  it  is  evident  that  we  cannot  em-, 
ploy  the  whole)  when  the  thickness  of  the  vaulting  is 
uniform,   we  may  recur  to  the  equation,   or  formula 

X 

radius  of  the  hemisphere.   We  have  »  =  — ^^^  ■  %    and 

/  a»  — y 

X  =  -; — i  |.  Substituting  these  values  in  the  formuUi 


a*  — y 

we  obtain  the  equation  j^»  )/  g*  —y*  —JyTi  f5  >'  ^^ 
easily  obtain  the  fluent  of  the  second  member  =  a' 

—  a*  Va^  — J/*,  and  j^  -=.  a  J  —  i  +  V|.     Therefore 
if  the  radius  of  the  sphere  be  1,  the  half  breadth  of  the 

dome  must  not  exceed  J  —  ^  +  V  |,  or  0,786,  and  the 
height  will  be  618.     The  arch  from  the  vertex  is  about 
51"  49'.      Much  more  of  the  hemisphere  cannot  stand, 
even  though  aided  by  the  cement,  and  by  the  friction  of 
the  coursing  joints.     This  last  circumstance,  by  giving 
connection  to  the  upper  parts,  causes  the  whole  to  press 
more  vertically  on  the  course  below,  and  thus  diminishes 
the  outward  thrust ;  but  it  at  the  same  time  diminishes 
the  mutual  abutment  of  the  vertical  joints,  which  is  a 
great  cause  of  firmness  in  the  vaulting.     A  Gothic  dome, 
of  which  the   upper  part  is  a  portion  of  a  sphere  not  ex« 
ceedin^   45''   from   the   vertex,  and   the    lower    part  i« 
concave   outwards,   will   be    very  strong,    and   not  un- 
graceful. 
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610.  But  the  public  taste  has  long  rcg'eeted  this  form/ 
and  seems  rather  to  seleot  more  elevated  domes  than  this 
portion  of  a  sphere ;  because  a  dome,  wbeii  s^gen  fVom  a 
small  distance,  always  appears  flatter  than  it  really  is. 
The  dome  of  St  Peter^s  is  nearly  an  ellipsoid  externally, 
of  which  the  longer  axis  is  perpendicular-  to  the  horizon* 
It  is  vel^y  ingeniously  constructed.     It  springs  from  the 
base  perpendicularly,  tod  is  very  thick  in  this  part:   After 
rising  about  60  fe^t,  the  vaulting  separates  into  two  tbiii' 
vaultingis^    which    gradually  separate  from   each  other. 
These  two  shells  are  connected  together  by  thin  partitions^ 
which  are  very  artificially  dovetailed  in  both,  and  thai( 
form  a  covering  which  is  extremely  stiff,  while  it  is  vei^* 
light     Its  great  stiffness  Hcas  necessary  for  enabling  the 
crown  of  the  dome   to  carry  the  elegant  stone  lanthem 
with  safety.     It  is  a  wonderful  performance,  and  has  not 
its  equal  in  the  woi^id  ;*  but  it  is  an  enormous  load  in 
comparison  with  the  dpme  of  St  PauFs,  and  this  even  in- 
dependent of  the  difference  of   size.     If  they  were  of 
equal  dimensions,  it  would  be  at  least  five  times  as  heavy, 
and  is  not  so  firm  by  its  gravity  ;  but  as  it  is  connected 
in  every  part  by  iron  bars  (lodged  in  the  solid  masonry, 
and  well  secured  from  the  ireather  by  having  lead  melted 
all  round  them),  it  bids  fair  to  la|^  for  ages,  if  the  foun- 
dations do  not  fail. 

If  a  circle  be  described  round  a  centre  placed  anywhere 
in  the  transverse  axis  AC  (Fig.  18.  No,  1.)  of  an  ellipse, 
so  as  to  touch  the  ellipse  in  th^  extremities  B,  6,  of  an 
ordinate,  it  will  touch  it  internally,  and  the  circular  arch 
liab  will  be  wholly  within  the  elliptical  arch  B  A  &• 
Therefore,  if  an  elliptical  and  a  spherical  vaulting  spring 
from  the  same  bas^,  at  the  same  angle  with  the  horiaoUf  ' 
the  spherical  vaulting  will  be  within  the  elliptical,^  will  be 
flatter  and  lighter,  and  therefore  the  weight  of  the  next 
course  below  will  bear  a  greater  proportion  to  the  thrust 
in  the  direction  of  the  curve;  consequently  the  spherical 
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Taultlng  will  have  more  stabiliij.  On  the  contnoy,  Aid 
for  iimilar  reasons,  an  oblate  elliptical  yaulting  is  prefer- 
able to  a  spherical  vaulting  springing  with  the  same  incii* 
nation  to  the  horizon.     (See  Fig.  18.  No.  2.) 

611.  Persuaded,,  that  what  has  been  said  on  the  subject 
convinces  the  reader  that  a  vaulting'perfectly  equilibra- 
ted throughout  is  hy  no  means  the  best  form,  provided 
that  the  base  is  secured  from  separating,  we  think  it  un- 
necessary to  give  the  investigation  of  that  jform»  iHiich 
has  a  considerable  intricacy ;  and  shall  content  ourselvea 
with  merely  stating  its  dimensions.  The  thickness  is  sup- 
posed unirorm.  The  numbers  in  the.first  column  of  the 
table  express  the  portion  of  the  axis  counted  firom  the 
▼ertex,  and  those  of  the  second  column  are  the  lengths  of 
the  ordinates. 


AD 

DB 

DB   y  AD 

DB 

0,4 

100 

610,4 

1080 

2990 

1560 

3,4 

200 

744 

II40 

9YYi» 

1600 

11,4 

300 

904 

1200 

3972 

1640 

26.6 

400 

1100 

1260 

4432 

1670 

52,4 

500 

1 336 

1320 

4952 

1700 

91,4 

600 

1522 

1360 

5336 

1720 

146,8 

700 

1738 

1400 

5756 

1740 

223,4 

800 

1984 

1440 

6214 

1760 

826,6 

900 

9870 

1480 

6714 

1780 

465,4 

1000 

2602 

1520 

7260 

1800 

The  curve  delineated  in  Fig.  19.  is  formed  according  to 
these  dimensions,  and  appears  destitute  of  gracefulness; 
because  its  curvature  changes  abruptly  at  a  little  distance 
from  the  vertex,  so  that  it  has  some  appearance  of  being 
made  up  of  different  curves  pieced  together.  But  if  the 
middle  be  occupied  by  a  lanthern  of  equal,  or  of  smaller 
weight,  this  defect  will  cease,  and  the  whole  will  be  ele- 
gant, nearly  resembling  the  exterior  dome  of  St  Paufs  in 
London. 

612.  It  is  not  a  small  advantage  of  dome-vaulting  H^tl 
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ii  1«  lighter  than  anj  that  can  cover  the  same  area;  If^ 
moreover,  it  be  spherical;  it  will  admit  dbnsidentble  Va** 
rieties  of  figure,  by  combining  different  spheres.  Thus^* 
a  dome  maj  begin  fVoih  its  base  as  a  portion  of  a  largo 
hemisphere,  and  may  be  broken  off*  at  ahy  horizontal 
course,  and  then  a  similar  or  a  greater  portion  of  a  smaU 
ler  sphere  may  spring  from  this  course  as  a  base.  It 
also  bears  being  intersected  by  cylindrical  /vaultings  ill 
every  direction,  and  the  intersections  are  exact  circles^ 
and  always  have  a  pleasing  eff*ect  It  also  springs  'mosft 
gracefully  from  th^  beads  of  snuiU  pier^  or  from  ifaio: 
comers  of  rooms  of  any  polygonal  shap^;  add  the  arohca 
formed  by  its  intersections  with  the  walls  are  always  ciN 
cuiar  and  graceful;  forming  very  handsome  spandrels  in 
every  position.  For  these  reasons,  Sir  Ghrtstopbe^  Wren 
employed  it  in  all  his  vaultings,  and  he  has  exhibited 
many  beautiful  vari^ies  in  the  traose|its  and  the  aisles  of 
St  PauPs,  which  are  highly  worthy  of  ibe  observation  of 
architects.  Nothing  can  be  more  graceful  than  the  vault- 
ings at  the  ends  of  the  north  and  south  transepts,  espe- 
cially as  finished  off*  in  the  fine  inside  view  published  by 
Gwynn  and  Wale. 

613.  We  conclude  thi^  article  with  observing,  that  iii6 
connection  of  the  parts,  arising  from  cement  and  from 
friction,  has  a  great  effect  on  dome- vaulting.  In  the! 
same  way  as  in  common  arches  and  cylindrical  vaulting, 
it  enables  all  overload  on  one  place  to  break  the  dome 
in  a  distant  place.  But  the  resistance  to  this  effect  is 
much  greater  in  dome-vaulting,  because  it  operates  all 
round  the  overloaded  part.  Hence  it  happens  that  domes 
are  much  less  shattered  by  partial  violence^  such  as  the 
falling  of  a  bomb  or  th^  like.  Large  holes  may  be  broken 
in  them  without  much  affecting  the  rest;  but,  on  th^ 
''other  hand,  it  greatly  diminishes  the  strength  whiek 
should  be  derived  from  the  mutual  pressure  in  the  verti- 
caljoints.    Friction  prevents  the  sliding  in  q(  the  arch 
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clones  which  prodoces  this  mutual  pressure  in  the  yerti- 
cal  joints,  except  in  the  Tery  higheit  courses,  and  even 
there  it  greatlj  diminishes  it  These  causes  make  a 
great  change  in  the  form  which  gives  the  greatest 
itrength ;  and  a»  their  laws  of  action  eke  still  iMit  verj 
imperfectly  understood,  it  is  perhaps  impossible,  in 
the  present  state  of  our  knowledge,  to  determine  this 
fsrm  with  tolerable  precbion.  We  see  plainly,  howevcTt 
that  it  allows  a  greater  deviation  from  the  best  form  than 
the  other  kind  of  Taulting,  and  domes  may  be  made  to 
rise  perpendicular  to  the  horizon  at  the  base,  ahhougfa  of 
no  great  thickness ;  a  thing  which  must  not  be  attempted 
in  a  plane  arch.  The  immense  addition  of  strength 
which  may.  be  derived  from  hooping,  largely  compensates 
for  an  defects;  and  there  is  hardly  any  bounds  to  the  ex* 
tent  to  which  a  very  thin  dome  vmulting  may  be  carried, 
when  it  is  hooped  or  framed  in  the  direction  of  the 
Inoriaontal  courses.  * 


'  *  For  full  descriptions  and  drawings  of  the  principal  arches  which  have 
teen  made  of  cast  iron,  and  for  a  New  Tlieory  of  Arches,  the  'reader  it 
referred  to  the  EoiNauaeu  Encyclopjeoia,  Art.  Baioob*    £z». 
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CENTRES  FOR  BRIDGES; 

614.  Cehtbr,  or  Centric,  is  a  word  borrowed  from  thb 
French  name  ceintre  or  ctntrcy  given  to  the  #rame  of  tini- 
ber  hj  which  the  brick  or  stone  of  arched  vaulting  is  sup- 
ported during  its  erection,  and  from  which  it  receives  its 

form  and  curvature. 

,1 

€15.  It  is  not  our  intention  to  describe  thd  viarietjr 
of  constructions  whiieh  maj  be  adopted  in  sitoations, 
where  the  arches  are  of  small  extent,  tod  where  suffi" 
cient  foundation  can  be  had  in  every  part  of  it  for  sup- 
porting the  frame.  In  such'  cases,  the  fk^quencj  of  the 
props  which  we  can  set  up  dispenses  with  much  eare ; 
and  a  frame  of  very  slight  timbers,  connected  together 
in  an  ordinary  waj,  will  suffice  for  carrying  the  weight, 
and  for  keeping  it  in  exact  shape.  But  when  the  arches 
have  a  wide  span,  and  consequently  a  very  great  weight, 
and  when  we  cannot  set  up  intermediate  jnllars,  either 
for  want  of  a  foundation  in  the  soft  bottom  of  a  river, 
or  because  the  arch  is  turned  between  two  lofty  piers, 
as  in  the  dome  of  a  stately  cathedrat-^we  are  then  obli- 
ged to  rest  every  thing  on  the  piers  themselves;  and  the 
framing  which  is  to  support  our  arch  before  the  keystone 
is  set,  must  itself  be  ^n  arch,  depending  on  the  mutual 
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abutment  of  its  beams.  One  sbould  think  that  this  Tieif 
of  the  copstruction  of  a  centre,  naturally  derived  from  the 
erectioQ  it  was  to  assist,  would  have  been  suggested  bj  the 
slightest  consideriition :  but  it  has  not  been  so.  When 
intermediate  pillars  were  not  employed,  it  was  usual  to 
frame  the  mquld  for  the  arch  with  little  attention  to  any 
thing  but  its  Aap^  and  then  to  cross  it  and  recross  it  in 
all  directions  with  other  ^  pieces  of  timber,  till  it  was 
thought  ^so  bound  together  that  it  could  be  lifted  in  any 
position,  and,  when  loaded  with  any  weight,  could  not 
change  its  shape.  The  frame  was  then  raised  in  a  lump, 
like  any  solid  body  of  the  same  shape,  atid  set  in  its  place. 
This  is  the  way  still  practised  by  many  country  artists, 
who,  having  no  clear  principles  to  guide  them,  do  not  stop 
•till  they  have  made  a  load  of  timber  almost  ?qual  to  the 
.Weight  which  it  is  to  carry. 

But  this  furtle^  method,  brides  leading  the  employe 
into  great  expence,  is  frequently  fatal  to  the  undertaker, 
from  the  unskilfulness  of  the  construction.  The  beams 
which  cannot  its  extremities  are  made  also  to  support 
the  middle  by  means  of  posts  which  rest  on  them.  They 
are  therefore  exposed  to  a  transverse  or  cross  strain, 
which  they  are  not  able  to  bear.  Their  number  must 
therefore  be  increased,  and  this  increases  the  load.  Some 
of  these  cross  strains  are  derived  from  beams  which  are 
pressed  very  obliquely,  and  therefore  exert  a  prodigious 
thrust  on  their  supports.  The  beams  are  also  greatly 
weakened  by  the  mortises  which  are  cut  in  them  to  re- 
ceive the  tenons  of  the  crossing  beams :  and  thus  the 
whole  is  exceedingly  weak,  compared  with  what  it  migbt 
have  been,  by  a  proper  disposition  of  the  same  quantity 
of  timber. 

616.  The  principles  from  which  we  are  to  derive  thk 
disposition  are  the  general  mechanical  principles  of 
carpentry,  of  which  we  have  given  already  some  ac- 
coimt     These  furnish  one  general   rule :     When  ^e 
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would  give  the  utmost  strength  possible  to  a  frame  of 
carpentry,  everj  piece  ahould  be  so  disposed  that  it  is 
subject  to  BO  strain  but  what  either  pushes  or  draws  it  in 
the  direction  of  its  length ;  and,  if  we  would  be  indebted 
to  timber  alone  for  the  force  or  strength  of  the  centre,  we 
must  rest  all  on  the  first  of  these  strains ;  for  when  the 
straining  force  tends  to  draw  a  beam  out  of  its  place,  it 
must  be  held  there  by  a  mortise  and  tenon,  which  possesses 
but  a  very  trifling  force,  or  by  iron  straps  and  bolts. 
Cases  occur  where  it  may  be  very  difficult  to  make  every 
strain  a  thrust,  and  the  best  artists  admit  of  ties ;  and  in- 
deed where  we  can  admit  a  tie-beam  connecting  the  two 
feet  of  our  frame,  we  need  seek  no  better  security.  But 
this  may  sometimes  be  very  ipconvenient.  When  it  is 
the  arch  of  a  bridge  that  we  are  to  support,  such  a  tie- 
beam  would  totally  stop  the  passage  of  small  craft  up  and 
down  the  river.  It  would  often  be  in  the  water^L  and 
thus  e^qnised  to  the  mo^t  fatal  accidents  by  freshes,  itc. 
Interrupted  ties,  therefore,  must  be  employed,  whose 
joint  or  meetings  must  be  supported  by  something  analo- 
gous to  the  king^posts  of  roofs.  When  this  is  judiciously 
done,  the  security  is  abundantly  good.  But  greiat  judg- 
ment is  necessary,  and  a  very  scrupulous  attention  to  the 
disposition  of  the  pieces.  It  is  by  no  means  an  easy  mat- 
ter to  discern  whether  a  beam,  which  makes  a  part  of  our 
centre,  id  in  a  state' of  compression  or  in  a  state  of  exten- 
sion. In  some  works  of  the  most  eminent  carpenters 
even  of  this  day,,  we  see  pieces  considered  as  struts  (and 
considerable  dependence  had  on  them  in  this  capacity), 
while  jthey  are  certainly  performing  the  office  of  tie- 
beams,  and  should  be  secured  accordingly.  This  was  the 
case  in  the  boldest  centre,  we  think,  that  has  been  exe- 
cuted in  Europe,  that  of  the  bridge  of  Orleans,  by  Mr 
Hupeau.  Yet  it  is  evidently  of  great  consequence  not  tp 
be  mistaken  in  this  point ;  for  when  we  are  mistaken,  and 
the  piece  is  stretched  which  we  imagine  to  be  compressvd^ 


M4  ON  TBB  coNBimnenoK  09 

^h  tiot  only  itre  depriyed  of  somd  feopport  th&t  we  er^ 
]f>ected,  but  tiie  expected  support  has  become  an  addi« 
tiondl  load. 

617.  To  ascertain  this  point,  we  may  suppose  the  piers 
to  yield  a  little  to  the  pressure  of  the  archstones  on  the 
centre  flrames.  The  feet,  therefore,  fly  outwards^  and  the 
^hape  is  altered  by  the  sinking  of  the  crown.  We  must 
draw  our  fratne  anew  for  this  new  state  of  things,  and 
itiust  notice  what  pieces  must  be  made  longer  than  be- 
fore. All  su6h  pieces  have  beien  acting  the  pait  of  tie- 
beams. 

But  a  centre  has  still  another  office  to  sustain ;  it  must 
keep  the  arch  in  its  form ;  that  is,  while  the  load  on  the 
centre  is  continually  increasing,  as  the  masons  lay  on 
more  courses  of  archstones,  thb  frame  must  not  yield  and 
go  out  of  shape,  sinking  under  the  weight  on  the  hanndies, 
and  rising  in  the  crown,  which  is  not  yet  carrying  any 
load^  The  frame  must  not  be  supply  9  and  must  derive 
its  stiffness,  not  from  the  closeness  and  strength  of  its 
joints,  which  are  quite  insignificant  when  set  in  co&iijpeti- 
tion  with  such  immense  strains,  but  from  struts  or  ties, 
properly  disposed,  which  hinder  any  of  the  angles  from 
changing  its  amplitude. 

618.  It  is  obvious,  from  all  that  has  been  said,  that  the 
strength  and  stiffness  of  the  whole  must  be  found  in  the 
triangles  into  which  this  frame  of  carpentry  may  be  re- 
solved. We  have  seen  that  the  strains  which  one  piece 
produces  on  two  others  with  which  it  meets  in  one  point, 
depends  on  the  angles  of  their  intersection  ;  and  that  it 
is  greater  as  an  obtuse  angle  is  more  obtuse,  or  an  acute 
angle  more  acute.  And  this  suggests  to  us  the  general 
maxim,  "  to  avoid  as  much  as  possible  all  verj^  obtuse 
aiigles.''  Acute  angles,  which  are  not  necessarily  accom- 
panied by  obtuse  ones,  are  not  so  hurtful ;  because  the 
•train  here  can  never  exceed  the  straining  force  ;  whereas, 
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in  the  oasis  <tf  an  obtuse  aogle^  it  ihaj  mn*pass  it  in  1107 
degrte. 

Such  are  tlie  gttiorU  rules  on. this. subject.  Although 
ioihethftig  of  the  mtvtttal  abulriient  of  timbei^i  and  the 
mippori  derived  firoin'ft^  Sias  been  long  perceivtBd,  and  tm* 
ployed  hj  the  carpekitera  in  |t>ofing,  and  also,  doubtless^ 
in  the  forming  'of  centres,  yet  it  is  a  matter  of  historical 
fact)  that  no  general  and  distinot  viev^s  had  be«i  taken  of 
it  till  about  the  beginning  of  this  century,  6r!a  little  ear*- 
liei^.  Fontano  has  preserved  the  figure  of  the  frames  oik 
tvhich  the  archea  of  St  Feter^s  at  Rome  were  turned. 
The  on^  employed  for  the  dome  is  constructed  with  very 
little  skill ;  and  those  for  the  arches  of  the  nave  and 
trdnfet^ts,  though  incomparably  superior^  and  of  consider- 
nbfe  simplicity  and  strength,  are  yet  far  inferior  to  ot&ei^ 
which  have  been  employed  in  later  times.  It  is  much 
to  be  regrett^  that  no  trace  remains  of  the  forms  em^ 
ployed  by  the  great  architect  and  consummate  mecha- 
nician Sir  Christoplier  Wi^n.  We  should  ddubtless  have 
seen  iti  them  every  thitig  that  sdence  iand  freat  sagacity 
cottid  suggest.  Wi  are  told,  indeed,  that  his  centering 
for  the  dome  of  St  PauPs  was  a  wonder  of  Stk  kind ;  be- 
gun in  the  air  at  the  height  of  160  feet  froiA  the  ground, 
and  without  making  use  of  even  a  projecting  corniche 
whereon  to  rest  it. 

619.  The  earliest  theory  of  the  kind  that  we  have  met 
withy  that  is  proposed  on  scientific  principles,  and  with 
the  express  purpoie  of  serving  as  a  lesson,' afe  two  centres 
by  M.  Pitot  about  the  beginning  of  thik  century.  As 
they  have  considerable  merit  (greatly  resembliog  those 
employed  by  Michael  Angeb  in  the  nave  of  St  l^eter'^s), 
and  afford  some  good  maxims,  we  shall  give  a  short  ac- 
count of  them. 

What  we  shall  describe  under  the  name  of  a  centra  is, 
properly  speaking,  only  one  frame,  truss,  or  rib,  of  a 
centre.    They  ore  set  up  in  vertical  planes,  parallel  tn 
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each  other,  at  the  distance  of  5,  6,  7,  or  8  feet>  lOu  the 
trusses  or  main  couples  of  a  roof.  Bridging  joists  ara 
laid  across  them.— In  smaller  works  these  are  kid  sps- 
ringly,  but  of  considerable  scantling,  and  are  boarded 
over ;  but  for  great  arches,  a  bridging  Joist  is  laid  lor 
every  course  of  arch  stones,  with  blockings  between  to 
keep  them  at  their  proper  distances.  The  stones  are 
not  laid  immediately  on  these  joists,  biit  'beams  of  soft 
wood  are  laid  along  each  joist^  on  which  the  stone  is 
laid.  These  beams  are  afterwards  cut  out  with  the  chis- 
sel,  in  order  to  separate  the  centre  from  the  ring  of 
f  tones,  which  must  now  support  eacl;  other  by  their  mu- 
tual abutment. 

620.  The  centre  is  distinguishable  into  two  parts,  ALLB 
(PI.  XI.  Fig.  1.)  and  LDL,  which  are  pretty  independent 
of  each  other,  or  at  least  act  separately.  The  horizontal 
Strbtcher  LL  cuts  the  semicircle  ADB  half  way  be- 
tween the  spring  and  the  crown  of  the  arch  ;  the  arches 
AL,  LD,  being  45^  each.  This  stretcher  is  divided  io 
the  same  proportion  in  the  points  6  and  H;  thai  is, 
GH  is  one  half  of  LL,  and  LG,  HL,  are  each  one- 
fourth  of  LL  nearly.  Each  end  is  supported  by  two 
Struts  £I,  GI,  which  rest  below  on  a  Sole  or  Ban  pro- 
perly supported.  The  interval  between  the  beads  of  the 
struts  GI,  he,  is  filled  up  by  the  STnAiNiNG  Bras 
GH,  abutting  in  a  proper  manner  on  the  struts  (see 
Carpentry.  The  extremities  L,  L,  are  united  in  like 
manner  by  butting  joints,  with  the  heads  of  the  outer 
struts.  The  Arch  Moulos  AP9  BP,  are  connected  with 
the  struts  by  cross  pieces  PQ,  which  we  shall  call  Bridlis, 
which  come  inwards  on  each  side  of  the  struts,  being 
double,  and  are  bolted  to  them.  This  may  be  called  tbe 
lower  part  of  the  frame.  The  upper  part  consists  of  the 
king.post  DR,  supported  on  each  side  by  the  two  struts 
or  braces  ML,  ON,  mortised  into  the  post,  and  also  mor- 
tised into  the  stretcher,  at  the  points  L^  N^  where  it  is 
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fupported  by  the  strote  below.  The  arches  LD,  LD,  are 
connected  with  the  struts  by  the  bridles  P,  Q,  in  the  same 
manner  as  below. 

621.  There  is  a  great  propriety  in  many  parts  of  this 
arrangement.  The  lower  parts  or  haunches  of  thp  arch 
press  very  lightly  on  the  centres.  Each  archstone  is  ly- 
ing on  an  inclined  plane,  and  tends  to  slide  down  only 
with  its  relative  weight;  that  is,  its  weight  is  to  its  ten- 
dency to  slide  down  the  joint  as  radius  is  to  the  sine  of  ele- 
vation of  the  joint.  Now  it  is  only  by  this  tendency  to 
slide  down  the  joint  that  they  press  on  the  centerings 
which  in  every  part  of  the  arch  is  perpendicular  to  the 
•joint :  But  the  pressure  on  the  joint,  arising  from  thif 
cause,  is  much  less  than  this,  by  reason  of  the  friction  of 
the  joints.  A  block  of  dry  freestone  will  not  slide  down 
at  &I1 ;  and  therefore  will  not  press  on  the  centering,  if 
'  the  joint  be  not  elevated  35  degrees  at  least.  But  the 
archstones  are  not  laid  in  this  numner,  by  sliding  them 
down  along  the  joint,  but  are  laid  on  the  centres,  and 
slide  down  their  slope,  till  they  touch  the  blocks  on 
which  they  are  to  rest;  so  that,  in  laying  the  arch- 
stones,- we  are  by  no  means  allowed  to  make  the  great 
:  deduction  from'  their  weight  just  now  mentioned,  and 
which  Mr  Couplet  prescribes  (Mem.  Acad.  Par.  1729). 
But  there  is  another  cause  which  diminishes  the  pressure 
on  the  centres  ;  each  block  slides  down  the  planks  on 
which  it  is  laid,  and  presses  on  the  block  below  it,  in  the 
direction  of  the  tangent  to  the  arch.  This  pressure  is 
transmitted  through  this  block,  in  the  same  direction,  to 
the  next,  and  through  it  to  the  third,  &c.  In  this  man- 
ner, it  is  plain,  that,  as  the  arch  advances,  there  is  a  tan- 
.  gential  pressure  on  the  lowerarchstones,  which  diminishea 
their  pressure  on  the  frame,  and,  if  sufficiently  great,  might 
even  push  thepi  away  from  it.  Mr  Couplet  has  given  an 
analysis  of  this  pressure,  and  shews,  that  in  a  semicircular 
lurch  of  uniform  thickness,  none  of  the  arch  stones  belQir 
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SO''  press  on  the  frames.  But  hel  wiihoiit  s^jittg  to,  cil- 
culales  on  the  supposition  that  the  blocks  descend  aloof 
the  circumference  of  this  frame  in  the  aame  mailBeE  as  U 
it  were  perfectly  smooth.  At  this  is  far  from  being  the 
case,  and  as  the  obstructions  are  to  the  last  degree  fari- 
oiis  and  irregular,  it  Is  quite  useless  to  Institute  aoj  cal- 
culation on  the  subject  A  little  reflection  will  conrinee 
the  reader,  that  in  this  case  the  obstructioii  arising  from 
friction  must  be  taken  into  aoebunt,  and  thai  it  mmH  mt 
be  taken  into  account  in  estimating  the  pressure  of  eadh 
successive  course  of  stones  as  they  are  laid.  It  is  enough 
that  we  see  that  the  pressure  of  the  lower  eouises  of  arch* 
atones  on  the  frame  is  diminished.  Mr  Couplet  says, 
that  the  whole  pressure  of  a  semicircular  arch  b  but  jths 
of  its  weight ;  but  it  is  much  greater,  for  the  reason  just 
now  given, 

G22,  We  have  tried,  with  a  well  made  wooden  modd 
(of  which  the  circumference  was  rubbed  with  black  lead 
to  render  it  more  slippery),  whether  my  part  of  the 
wooden  blocks  representing  the  archstones  were  detached 
from  the  frame  by  the  tangential  pressure  of  the  superior 
blocks ;  but  we  could  not  say  confidently  that  any  were 
so  detached.  We  perceived  that  all  kept  hold  of  a  thin 
slip  of  Chinese  paper  (also  rubbed  with  black  lead)  be- 
tween them  and  the  framcy  so  that  a  sensible  force  wss 
required  to  pull  it  out  From  a  combination  of  circum- 
stances, which  would  be  tedious  to  relate,  we  believe  that 
the  centres  carry  more  than  two*thirds  of  the  wei^^ht  of 
the  arch  before  the  keystone  is  set.  In  elliptical  and 
lower  pitched  circular  arches,  tlie  proportion  is  still 
greater. 

It  seems  reasonable  enough,  therefore,  to  dispose  the 
framing  in  the  manner  proposed  by  Pitot,  directing  tbt 
main  support  to  the  upper  mass  of  the  arch,  which  presses 
most  on  the  frame.     We  shall  derive  another  advantage 
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from  thit  conatmctioii,  which  has  not  occurred  to  Mr 
Pitot. 

There  is  an  evident  propriety  in  the  manner  in  whicli 
he  has  distributed  the  supports  of  the  upper  part  The 
struts  which  cany  the  king-post  spring  from  those  points 
of  the  stretcher  where  it  rests  on  the  struts  below :  thus 
the  stretcher,  on  which  all  depends,  bears  no  transverse 
strains.  It  is  stretehede;b]r  the  strut  above  it,  and  it  is 
eompressed'  in  ^  isiall' degree  between  the  struts  below 
it,  at  least  by  the  outer  ones. .  Mr  Pitot  proposes  the 
straining  beam  GH  as  a  lateral  support  to  the  stretcher, 
which  may  theirefore  be  of  two  pieces :  but  although  it 
does  augment  its  strength,  it  does  not  seem  necessary  for 
it.  The  stretcher  is  abundantly  carried  by  the  strap, 
which  may  and  should  suspend  it  from  the  king-post. 
The  great  use  of  the  straining  piece  is  to  give  a  firm  abut- 
ment to  the  inher  struts^  without  allowing  any  lateral 
•train  on  the  stisetcher.  N.  B:  Great  care  roust  be  taken 
to  make  tiie^  bold  sufficiently  firm  and  extensive  be- 
tween the  stretcher  and  the  upper  struts,  so  that  its  cohe- 
•ion  to  resist  the  tbmsts  from  these  struts  may  be  much 
employed. 

The  only  imperfection  that  we  find  in  this  frame  is  the 
lateral  strains  which  are  brought  upon  the  upper  struts 
by  the  bridles,  which  certainly  transmit  to  them  part  of 
the  weight  -of  the  archstones  on  tlie  curves.  The  space 
t>etween  the  curves  and  ML  should  also  have  been  trussed. 
Mr  Pilot's  form  is,  however,  extremely  stiff;  and  the 
causing  the  middle  bridle  to  reach  down  to  the  stretcher, 
seems  to  secure  the  upper  struts  from  all  risk  of  bend- 
ing. 

•  This  centre  gives  a  very  distinct  view  of  the  offices  of 
all  the  parts,  and  makes  therefoi'e  a  proper  introduc- 
tion to  the  general  subject.  It  is  the  simplest  that  can 
'be  in  its  principle,  because  all  the  essential  parts  «re  sub- 
jected to  one  kind  of  strain.    The  stretcher  LL  is  the 
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only  exception,  and  its  extension  isi^vther  m  coHrfgiral  dr« 
cumstance  than  a  step  in  the  general  support 

62S.  The  examination  of  the  strength  of  the  frame  is 
extremely  easy.  Mr  Pitot  gives  it  for  an  arch  of  60  feet 
span,  and  supposes  the  archstones  7  feet  iong^  which  is  a 
monstrous  thickness  for  so  small  an  arch  ;  4  feet  is  an 
abundant  allowance,  but  we  shall  abide  by  his  ooutniction. 
He  gives  the  following  scantlingslof  the  parts : 

The  ring  or  circumference  coiisists  of  pieces,  of  oak  18 
inches  broad  and  6  thick. 

The  stretcher  LL  is  12  inches  square. 

The  straining  piece  GH  is  also  18  by  12. 

The  lower  struts  10  by  8. 

Theking-post  12byl2. 

The  upper  struts  10  by  6s 

The  bridles  20  by  8. 

These  dimensions  are  French,  whidi  is  about  ^Ak 
larger  than  ours^  and  the  superficial  dimensions  (by  which 
the  section  and  the  absolute  strength  is  measured)  is  aU 
most  |th  larger  than  ours.  The  cubic  fbot»  by  which  the 
stones  arc  measured,  exceeds  ours  nearly  Jth.  The  pound 
is  deficient  about  ^\th.  But  since  very  nice  calculation  if 
neither  easy  nor  necessary  on  this  subject,  it  is  needless  to 
depart  from  the  French  measures^  which  would  occasios 
many  fractional  parts  and  a  troublesome  reduction. 

The  arch  is  supposed  to  be  built  of  stone  which  weighed 
160  pounds  per  foot  Mr  Pitot,  by  a  computation  (is 
which  he  has  committed  a  mistake),  says,  that  only  |  jtb 
of  this  weight  is  carried  by  llie  frame.  We  believe,  hoir« 
ever,  that  this  is  nearer  the  truth  than  Mr  Couplet's  as- 
sumption of  jths,  already  mentioned. 

Mr  Pitot  farther  assumes,  that  a  square  inch  oC  sonsd 
oak  will  carry  6640  pounds.  By  his  language  we  shoald 
imagine  that  it  will  not  carry  much  more  :  but  thisis  verj 
far  below  the  strength  of  any  British  oak  that  we  hsre 
tiied ;  so  far^  indeed,  that  we  rather  imagine  that  be 
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Iheans  tbat  this  load  nmy  be  laid  on  it  with  perfect  8ecu<> 
ritj  for  any  time.  Bnt  to  compensate  for  knots  and  other 
accidental  imperfections,  he  assumes  7200  as  the  measure 
of  its  absohite  force. 

He  computes  the  load  on  each  frame  to  be  707520 
pounds,  which  he  reduces  to  j  Jths,  or  £55908  pounds. 

The  absolute  force  of  each  of  the  lower  struts  ii 
576000  (at  7200  per  inch),  and  that  of  the  curvei 
518400.  Mr  Pitot,  considering  that  the  curves  are  kept 
from  bending  outwards  by  the  arch  stones  which  press  on 
them,  thinks  that  thejr  may  be  considered  as  acting  pre* 
ciselj  as  the  outer  sruts  £1.  We  have  no  objection  to 
this  supposition. 

624.  With  these  data  we  may  compute  the  load  which, 
the  lower  truss  con  safely  bear  by  the  rule  delivered  in 
our  treatise  on  Carpbhtrt.  We  therefore  proceed  as  foU 
lows  i 

Measure  off  by  a  scale  of  equal  parts  asy  at,  each 
^76000,  and  add  r  o  518400.  Complete  the  porollelo^ 
gram  avxs^  and  draw  the  vertical  x  c,  meeting  the  ho* 
iizontal  line  a  C  in  o.  Make  e  b  equal  to  c  a.  Join  x  b, 
and  complete  the  parallelogram  ax  by.  It  is  evident 
that  the  diagonal  xy  will  represent  the  load  which  these 
pieces  can  carry ;  for  the  line  a  o  is  the  united  force  of 
the  curve  AP  and  the  strut  lE^  and  a  «  is  the  strength 
of  16.  These  two  are  equivalent  to  a  «  ;  xb  is,  in  like 
manner,  equivalent  to  the  support  on  the  other  side,  and 
icy  is  the  load  which  f^ill  just  balance  the  two  supports 
tf  X  and  b  x. 

When  xyvi  measured  on  the  same  scale,  it  will  be 
found  =  2850000  pounds*  This  is  more  than  five  times 
the  load  which  actually  lies  on  the  frame.  It  is  there* 
fore  vastly  stronger  than  is  necessary.  Half  of  each  of 
the  linear  dimensions  would  have  been  quite  sufficient^ 
and  the  struts  needed  only -to  be  5  inches  by  4.    Even 
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thiB  would  have  carried  twice  tlie  weigtat,  and  would 
have  borne  the  load  reaily  l^d  on  it  with  perfect  safetj. 

We  proceed  to  measure  the  lir^gth  of-  the  uffier  part 
The  force  of  each  strut  is  432000^  and  that  of  the.  cvre 
i^  518400;  therefore^  haying  dhiwn  M  n  parallel  to  the 
strut  ON,  make  M  o  =  432000,  and  M  s  'zsz  482000  + 
SI 8400.  Complete  the  pandlelogram  li<ra.  Draw 
the  hcnrisontal  line  rk,  cutting  the  Tcprtical 'HC  in  Jb,  and 
make  ky  csMk:  It  is  plain,  (ram  what  was  done  for 
the  low^r  part,  that  M^  will  measure  the  lo9d  which  can 
be  carried  by  the  upper  part.  *This  will  be  found 
c:  11 00000.  This  is  also  greatly  superior  to  the  load ) 
but  not  in  so  great  a  proportion  as  the  odier  part  The 
chief  part  of  the  load  lies  on  the  upper  part ;  but  the 
chief  reason  of  the  difference  is  the  greater  oWquity  of 
the  upper  struts.  This  shortens  the  diagonal  M^  of  the 
parallelogram  of  forces.  Mr  Pitot  should  ha^e  adrert- 
ed  to  this;  and  instead  of  making  th6  upper  struts 
more  slender  than  the  lowers  be  should  heve  made  th^ 
stouter. 

The  strain  on  the  stretcher  LL  is  not  calculated.  It 
is  measured  by  r^*,  when  M  j/ is  the  load  actually' lyiog 
on  the  upper  part.  Less  than  the  sixth  part  of  the  co- 
hesion of  the  stretcher  is  more  than  sufficient  for  the  ho- 
rizontal thrust ;  and  there  is  no  difBcuIty  of  making  the 
foot  joints  of  the  struts  abundantly  strong  for  the  pur- 
pose. 

The  reader  will  perceive  that  the  computation  just 
now  given  does  not  state  the  proportions  of  the  straiw 
acluaUy  exerted  on  the  different  pieces,  hut  the  bad  on 
the  whole,  upon  the  supposition  that  each  piece  is  sub- 
jected to  a  strain  proportioned  to  its  strength.  The  other 
calculation  is  much  more  complicated,  but  is  not  neces- 
sary here. 

This  centre  has  a  very  palpable  defect.     If  the  pien 
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sliouU  yield  to  the  load ^  aaid  the  feet  of  the  centra  iljr 
4>ut;  the  lower  part  will  exert  a  very  considerable  strain 
on  the  stretcher,  tending  to  break  it  acrdss  between  N 
and  L,  and  on  the  other  side,  HKF  of  the  lower  part 
is. firmly  bound  together,  and  cannot  change  its  shap^ 
•aind  will  thecefbre  act  like  a  lever,  turning  round  the 
point  F.  It  will  draw  the  strut  HK  awayfrom  its  abut^ 
•nient  with  OH,  and  tbe :  stretcher  will  hi  strained  aci^ss 
at  the  plilce  between  H  and  F^  wh^re  it  ift  bolted  witk 
the  .bridle.  .This  naay  be  resisted  in  some  degree -by 
MD  iron  strap  uniting  ONandHK;  biit  there  will  still 
be  a  want  of  proportional  strength.  Indeed^  in  a&  ai^ 
of.  such  height  (a  semicirde),  there  is  but  little  risk  of  this 
yielding  of  the  piers.;  but  it  is  an  imperfection. .        .'      * 

6je&  The  centre  (PL  XI.  Fig.  8.)  is  constructed  6n  the 
jsameptibciple  precisely  for  ah  elliptical  arch.  The  calcup- 
lation.oC  its  strength  is  nearly  the  same  also  ;.only  the  tw# 
upper  struts  of  a  side  being  parallel,  the  parallelo^na 
}A  srv  (of  Fig.  L)!  is. 'not  Aeeded,  and  in  itft  M^ad.we 
jneasurc!  dffon  ON  a  line  to  represent  twice  its  strengtb. 
This  comes  in  place  of  M  /  of  Fig.  h-^N.  B.  The  cal- 
culation proceeds  on  the  supposition  that  the  short  strain- 
ing piece  MM  makes  but  one  firm  body  with  the  king* 
post.  Mr  Pitot  employed  this  piece^  we  presume,  to  s#* 
parate  the  heads  of  the  struts,  that  their  obliquity  might 
be  lessened  thereby:  and  this  is  a  good  thought;  for 
when  the  angle  formed  by  the  struts  on  each  side  is  very 
open,  the  strain  on  them  becomes  very  great. 

The  stretcher  of  this  frame  is  scarfed  in  the  middle. 
Suppose  this  joint  to  yield  a  little,  there  is  a  danger  of 
the  lower  strut  ON  losing  its  hold^  and  ceasing  to  jom  in' 
the  support ;  for  when  the  crown  sinks  by  the  lengthentn|r 
of  the  stretcher^  the  triangle  CRN  of  Fig.  2;  will  be  mor^ 
distorted  than  the  space  above  it,  and  ON  will  be  loosened. 
But  this  will  not  be  the  case  when  the  sinking  of  the 
erown  arises  from  the  mere  compression  of  ike  stni|iK 
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Jff}f  will  ii  happeA  at  all  in  the  ccaife.  Fig.  1«  On  tfe 
coQjfcrary^  the  stmt  ON  will  alwt.mMre  finnlj  hj  thejiel^ 
ing  of  the  foot  of  ML. 

Tlift  figure  of  this  arch  oi  Mr  Fi4otV  c^oiisifts  of  line 
lurches  of  circles,  each  of  60  degvees.  Aa  it  b  ekgut,  it 
will  not  be  lunACceptable  to.  the  artiat  to  kare  a  oaastnic- 
Mom  for  this  purpose. 

626.  Make  BY  =r  CD,  and  CZ  =s  }  CY.  Describe 
the  senicirde  ZMY,  and  make  ZS  =  ZM.  8  m  the 
centre  of  the  side  arches^  each  of  60  degrees.  The  centre 
7  of  the  arch,  which  unites  these  two^  ia  at  tbeangle  of  an 
•quiliuenl  trungle  STS. 

.  Tbia  constructioii  of  Mr  Pitot'*s  mokes  a  handsome 
t>val,  and  very  near  an  ellipsis,  but  liea  a  little  without 
a(L'  We  shall  add  another  of  ouc  own,  which  ocwcides 
•with  the  ellipse  in  eight  points,  and  furnishes  the  artist^ 
1^  the  way,  a  mie  for  drawing  an  bifinite  Taneljr  oC 

Let  AB,  DE  (Fig,  3.  Na  2i) be  the  aassof  an-dlipse, 
.C  the  centre^  and  F,  /,  the  two  foci.  Make  C  &  =  CD, 
•and  describe  a  circle  AD  b  e  passing  through  the  dhree 
l^ven  points  A,  D^  and  b.  It  may.  be  demonstrated,  that 
if  from  any  point  P  of  the  arch  AD  be  drawn  a  chord 
FD^  and  if  a  line  P  R  r  be  drawn,  making  the  angle  DPR 
s=  FDC,  and  meeting  the  two  axes  in  the  points  R  and  r, 
then  R  and  r  will  be  the  centres  of  the  circles,  which  will 
form  a  quarter  APD  of  an  oval,  which  has  AJB  and  DE 
for  its  two  axes. 

We  want  an  oval  which  shall  coincide  as  much  as  pos- 
sible with  an  ellipsis  ?  The  most  likely  method  for  this 
is  to  find  the  very  point  F  where  the  ellipsis  cuts  the 
circle  AD  b  e.  The  easiest  way  for  the  artist  is  to  de- 
scribe an  arch  of  a  circle  a  m,  having  AB  for  its  radius, 
and  the  remote  focus/ for  its  centre.  Then  set  one  foot 
of  the  compasses  on  any  point  F,  and  try  whether  the 
distance  PF  from  the  nearest  focus  F  is  exactly  equal  is 
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ks  diitailcft  P  m  from  tllat  circle.  Sbiftikigf  th«  foot  of 
ttte  ooAipasMi  froik  «be  pmtit  of  th«  arol^  to'  anetber,  will 
fioon  difco^e^  tb«  point  This  beitag  feiMA,  draw  PB; 
make  the  angle  DP  r  si  PD'  r,  b^  R  Bittit  are  the  cen^ 
^^8  wanted.  .  Tlletf  make  C  »  as  CRy  and  we  get  tike  cttt^ 
tres  for  the  other  side. 

^  The  geometeF  will  nbtrelisb  this  mechsMcatcontftnic- 
^rili.  He  Blay  efee#eftnfe  proe^ed  as  follows^:'  Braw  D'  tf 
pamllei  td^  MBf  ctlttteg  tti(B  cil^  ill  d^  Draw  e  4^*  drtliilg 
AC  in  N.  iMraw  C&  fftarallet  to  e  A,  amd  mbke  ttieangla 
€Gi^±:Ai>«.  :Altteet  CN  in  Oi  aiidjdin  O  t.  Mabe 
OM)  Odur  :±t  O^,  and  draw  MP^  MP"  petfieadiculiir  M 
AB.  Tbesd  6¥d{iiat)(^  Will'  cut  the  dfrale  AD  fr  e  M 
Che  p^itttB  1^  attdl,  P,  Wh^re  it  id  cut  bj  the  elUp^e.  We 
leaire  the  demoAtftFttfibti  a!<'ag^etailet^ica]  exercise  for  the 
dilettante. 

637^.  We  ^id;  Hhat  thi^'  cenierfrig  6S  Mr  I^itot^  ns 
sembled'  in  principle  th^  one  emfioy^'  by  Michael  Angeio 
Tor  tlie  niire  aad^  tk^abseptl^-  of  St  Peter^s  church  at  Bomci 
Fotttana,  who-  Baa  preser^d  tlfis^  a^'ribes  the  construe^ 
iioh  of  it  to  oiHB  of  the'  name  of  San  Gallo.  A  Aetcb  elf 
It  i#  gi^en  ib  Fig:  %  It  is,  however,  so  much  superior, 
and'  9Qr  diflferent  in  prihciple,  from  that  employed  fo^  thi^ 
<5upo}a,  that  we  cannot  think  it  the  invention  of  the  same 
person.  It^  is^  like  PitOt^s,  not  oiily  divisible,  but  really 
divided^  mto  twio  pBXt%  of  which  the  upper  carries  by» 
imich  the  greiltest  part  of  the  load.  The  pieces  are  ju^ 
dicfoiisly-  dispOtod^  and-  every  important  beam  is  artiplf 
secured  against  all  tran^erse  strains.  Ifts  only  fault  in  si 
great  pmofiision  of  strength. •  The  innermost  polygon  ag 
h  h  \w  qdite  superflnous^  because  no  strain  can  foro^  in  the 
stmts  which  rert  on  the  angles;  Should  the  piers  yield 
outwards,  this  polyg<^n-will  be  loose,  and  can  do  no  sen* 
vice.  No^  id  tfie  triittigle  g  i  A*  of  any  use,  if  the  kingu 
post  above  it  be  stn^pped  tb  the  tie-beam  and  straining^ 
Ml.    P-^rbeps"  the  inventor  ceasfidered  the  king-pest^  at  » 
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tnd  wiH  almort  rdBeve  the  liswcr  centerug,  a*  t|«i^|[i^fiqi 

iriiieh  ikeqMntljr  bopp^  iif^««t  |tfM»<^*     ^nib^-proce^ 

dure  is  peculiarly  advisable  for  low  pitched  or  elliptical 
arches^  But  this  will  be  more  clearly  seen  afterwards^ 
when  we  treat  of  the  internal  movements  of  an  arch  of 
masonry. 

Thi»  may  suffice  for  an  account  of  the  more  simple 
construction  of  trussed  centres  ;  and  we  proceed  to  such 
as  have  a  much  greater  complication  of  principle.  We 
shall  take  for  example  some  constructed  by  Mr  Perronet, 
a  very  celebrated  French  architect. 

€28.  Mr  Perronef  s  general  maxim  of  constniction  is  to 
make  the  truss  consist  of  several  courses  of  separate 
ImsseS)  hidependenty  as  he  thinks,  of  each  other^  and  thus 
to  employ  the  joint  support  oif  them  all.  In  this  con* 
struction  it  is  not  intended  to  make  use  of  one  truss,  or 
part  of  one  truss,  to  support  another,  as  in  the  former 
wetf  as  is  practised  in^  the  roofs  of  St  FauFs  churcfaj  Q^ 
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irent  Garden^  and  id  Drurj  Lane  theatre.  Each  tnis^ 
spans  over  the  whole  distance  of  the  piers,  and  would 
^tand  alone  (having,  however,  equilibriam).  It  consists 
of  a  number  of  struts,  set  end  to  end,  and  forming  a  poly- 
gon. These  trusses  are  so  arranged,  that  the  angles  of 
one  are  in  the  middle  of  the  sides  of  the  next,  as  when  a 
polygon  is  inscribed  in  a  circle,  and  another  (of  the  same 
number  of  sid^)  is  circumscribed  bj  lines  which  touch 
the  circle  in  the  angles  of  the  inscribed  polygon.  By 
this  construction  the  angles  of  the  alternate  trusses  lie  in 
lines  pointing  towards  the  centre  of  the  curve.  King- 
posts are  therefore  placed  in  this  direction  between  the 
adjoining  beams  of  the  trusses.  These  king-post^  consist 
of  two  beams,  one  on  each  side  of  the  truss,  and  embrace 
the  truss-beams  between  them,  meetipg  in  the  middle  of 
their  thickness.  The  abutting  beams  are  mortised,  half 
into  each  half  of  the  post.  The  other  beam,  which  makes 
the  base  of  the  triangle,  passes  through  the  post,  and  a 
strong  bolt  is  driven  through  the  joint,  and  secured  by  a 
key  or  a  nut.  ,  In  this  manner  is  the  whole  united ;  aod 
it  is  expected,  that  when  the  load  is  laid  on  the  uppermost 
truss,  it  will  all  butt  together,  forcing  down  the  king« 
posts,  and  therefore  pressing  them  on  the  beams  of  all  the 
inferior  trusses,  causing  them  also  to  abut  on  each  other, 
and  thus  bear  a  share  of  the  load.  Mr  Perronet  does  not 
assume  the  invention  to  himself;  but  says,  that  it  was  in- 
vented and  practised  by  Mr  Mansard  de  Sagonne  at  the 
great  bridge  of  Moulins.  It  is  much  more  ancient,  and  is 
the  work  of  the  celebrated  physician  and  architect  Per- 
rault ;  as  may  be  seen  in  the  collection  of  machines  and 
inventions  of  that  gentleman  published  after  his  death, 
and  also  in  the  great  collection  of  inventions  approved  of 
by  the  Academy  of  Sciences,  It  is  this  which  we  propose 
to  examine. 

629.  Fig  4.  represents  the  centering  employed  for  the^ 
bridge  of  Cravant.    The  arches  are  elliptical,  of  60  feet 
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»p8n  9»d  90  feet  rise.  The  ftit)i  ttoMs  mre  {mt  feel 
tlMck,  m4  wea|[b  176  pwAds  ptr  JOQt.  Tbe  tf«it^beiiii« 
Fere  froia  15  to  18  feet  loAg,  m4  tiKefr  aecti0a  way  9 
inches  bj  8.  Eidb  balf  of  Ibe  Uog-posU  wm  ahoul  7 
iciet  lo^g,  «A)cl  iU  Bectiw  9  iAohes  1^  8.  The  vhole  wm 
^f  o^  T|ie  five  tnif«iei  ivert  6^  fc^t  aaipader.  Tbe 
whole  weight  9f  tjiie  arch  wm  1350000  lbs.  whkh  we  may 
Cfdl  600  tojM  (U 19  &&d.)  Thifi  18  about  US  tons  far  ^each 
tniss.  We  must  allow  «ear  90  ioos  of  thia  raallj  to  preat 
tjbe  truas.  A  great  fNurt  of  thia  pressure  U  iione  bjr  the 
four  beaiQs  which  m^ke  tbe  feet  of  tbe  tnuaa,  «Ki|^e4  in 
P9^'s  oa  each  side.  The  diagonal  of  the  parallelograaa  of 
forces  drawn  for  these  beams  ist  to  one  cf  ibt  sides*  in 
the  proportion  of  360  to  385.  Tberefmris  anj,  aa  360  to 
385 ;  so  is  90  to  71^  ions,  the  thrust  on  each  foot  The 
aiection  of  each  is  144  inehes.  We  may  with  thye  ntmoflt 
aafety  lay  three  tons  on  every  inch  for  ever.  Thia  amounts 
to  4SS  tons,  which  is  more  than  sii:  tames  the  strain  real- 
If  pressing  the  foot  beams  in  the  direc^ioo  q£  their  length  ; 
nay,  the  upper  triiss  alone  is  able  to  carry  miich  more 
than  its  load.  The  absolute  strength  of  its  foot-beam  is 
216  tons.  It  is  much  more  advantageously  placed  ^  for 
the  diagonal  of  the  parallelogram  of  forces  corresponding 
t.o  its  position  is  to  the  side  as  436  to  285.  This  gives 
5^j%  tons  for  the  strain  on  each  foot;  which  is  not  much 
above  the  fourth  part  of  what  it  is  able  to  carry  for  ever. 
No  doubt  can  therefore  be  entertained  of  the  superabun* 
dant  strength  of  this  pentering.  We  see  tliat  the  upper 
row  of  struts  is  quite  sufficient^  and  all  that  is  wanted  is 
to  procure  stiffness  for  it ;  for  it  must  be  carefully  kept 
in  mind,  that  this  upper  row  is  not  like  an  equilibrated 
arch.  It  will  be  very  unequally  loaded  as  the  work  ad- 
vances. The  haunches  of  the  frame  will  be  pressed  down, 
and  the  joints  at  the  crown  raised  up.  This  must  be  re- 
ttbted. 
«  Here  then  we  may  gather^  by  the  way,  a  useful  lesson* 
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J^et  the  outer  row  of  fiCrots  be  Approbated  to  the  cirV 
riage  of  the  load,  and  let  the  rest  be  etti^Ioyed  for  gtving;'- 
stifftiesB.  For  this  purpose  let  the  oHter  row  llAVte  aban- 
dant  fltreagth.  The  ad?antageft  of  liihi  method  ate  coh^' 
sideraUe.  The  plbsitioii  of  the  beams  of  tkb  eirterii>r* 
row  is  more  advantageous,  wbeti  (as  ih  thib  elample)  M^ 
whole  is  made  to  rest  on  a  narrow  fbot  i  fo^  this  obligl^ 
us  to  make  the  last  angle,  at  least  ef  the  lo  w^  row,  mbiW 
open,  which  indreiBes  the  strain  on  the  strut ;  besides,  W 
h  next  to  impossible  to  distribute  th^  comprfiteitig  thrusts 
among  the  diflferent  rows  of  the  truss  beams ;  antf  a  beaitf 
which,  during  one  period  of  the  mason  work,  ill  acting 
the  part  of  a  strut,  in  another  period  is  bearing  no  strainf 
bat  its  own  weight,  and  in  another  it  is  stretehed  aai  a  tie^ 
A  third  advantage  is,  that^  in  a  case  like  this,  Where  Atl 
re^ts  on  a  narrow  fo6t,  and  the  lower  row  of  beams  tM 
bearing  a  great  pkrt  of  the  thrust,  the  horizontal  thrtiM 
on  tiie  pier  is  very  great,  and  may  push  it  aside.  Thb  lA 
the  most  ruinous  accident  that  can  happfco.  An  inch  olf 
two  of  yielding  will  cause  the  crown  of  the  arch  t6  sink 
prodigiously,  and  will  iusttotly  <lerangfe  nil  the  beariogti 
of  the  abutting  beams :  but  TV'hen  the  loWe)"  beAOks  iU 
ready  act  as  ties,  and  are  quite  adecjuate  to  thei):  office^ 
we  render  the  frame  perfectly  stiff  or  unchaligeAble  in  It^ 
form^  and  take  away  the  hoHirohtal  thrust  from  the  pfi|rtf 
entirely.  This  advantage  is  the  moare  t^Iuable,  becausd^ 
the  very  circumstance  which  obliges  uft  to  rest  all  on  6i 
narrow  foot|  placea  the  foot  0|i  the  tenj  top  of  the  pief^ 
and  makes  the  horikontlil  thnist  the  mdre  dimgerbas. 

But,  to  proceed  in  our  examination  of  the  centering  of 
Cravant  bridge,  let  us  suppose  t(iat  the  king-posts  are 
removed,  and  that  th^  beam^  are  joined  by  cotopisiss  joint*. 
If  the  pier  shall  yield  in  the  smallest  degree,  both  rows  of 
struts  must  sink ;  and  since  the  angles  (at  least  the  outers 
most)  of  the  low^  row  are  more  open  than  thos^  of  thii 
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iipp^r  row,  the  trown  of  the  lower  row  ^vill  sink  morK 
t]|i8n  that  of  the  upper. 

The  angles  of  the  alternate  rows  must  therefore  sepa- 
rate, a  little.  Now  restore  the  king>posts  ;  they  prevent 
this 'Sepitration.  Therefore  thta^  ore  Mtreiched;  therefore 
the  beams  of  the  lower  row  are  also  stretched;  ooase- 
quenUy  they  no  longer  bu^t  on  their  mortises^  and  must 
be  held  in  theii  places  by  bolts.  Thus  it  appears  that,  in 
(his  kind  of  sagging,  the  original  distribution  of  the  load 
among  the  different  rpws  of  beams  is  changed,  and  the 
upper  row  becomes  loaded  beyond  our  expectation. 

If  the  sagging  of  the  whole  truss  proceed  only  from 
the  compression  of  the  timbers,  the  case  is  diflTerent,  and 
^e  iiujy  preserve  the  original  distribution  of  mutual  abut- 
ment more  accurately.  Bqt  in  tliis  case  the  atifTaetfs  of 
the  frame  arises  chiefly  from  cross  ^traips.  Suppose  that 
the  frame  is  loaded  with  arch  stones  on  each  side  up  to. 
the  posts  HC,  b  c ;  Fig.  4.  the  angles  E  and  e  are  pressed 
down,  and  the  beams  EOF,  co.F  push  up  the  point  F. 
This  cannot  rise  without  bending  the  beams  £OF,  r  o  F  ; 
because  O  and  o  are  held  down  by  the  double  kinjj^.|>osts, 
which  grasp  the  beams  between  them.  There  is  there- 
fore a  cross  strain  on  ihe  beams.  Observe  also,  that  the 
triangle  EHF  does  not  preserve  its  shape  by  the  connec- 
tiqn  of  its  joints ;  for  although  the  strut  beams  are  mor- 
tised into  the  king-post,  they  are  in  very  shallow  mor- 
tises, ra their  for  steadying  them  than  for  holding  them 
together.  Mr  Perronet  did  not  even  pin  them,  thinking 
that  their  abutment  was  ver}'  great.  The  triangle  is  kept 
in  shape  by  the  base  EF,  which  is  firmly  bolted  into  the 
middle  post  at  O.  Had  these  intersections  not  been 
strongly  bolted,  we  imagine  that  the  centres  of  some  of 
jMr  Perronet's  bridges  would  have  yielded  much  more 
than  they  did  ;  yet  some  of  them  yielded  to  a  degree 
that  our  artists  would  have  thought  very  dangerous.     Sir 
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Verronet  was  obliged  to  load  the  crown  of  the  ceiiteiring 
with  very  great  weightSt  increasing  them  as  the  work! 
advanced  toprevent  the  frames  from  going  out  of  diape;.' 
IB  one  arch  of  120  feet  he  laid  oh  45  tons.  Notwitlw 
standing  this  imperfection,  which  is  perhaps  unavoidable^ 
this  mode  of  framing  is  undbubtedtj  very  judicious,' and- 
perhaps  the  best  whiph  can  be  employed  without  depend- 
ing'on  iron  work;.  ^ 

6S0.  Fig.  5.  represents  another,  constructed  by  Perro-' 
net  for  an  arch  of  90  feet  span  and  98  feet  rise;  The* 
trusses  were. 7  feet  apart,  and  the  arch  was  4§  thick;' 
•othat  the  unreduced  load  on  each  framie  was  veiy  nearly* 
S25  tons.  The  scantling  of  the  struts  was  15  by  19 
incihes..  The  princij^le  is.  the*  same  as  that  of  the  former; 
The  chief  difference  is,  that  in  this  centre  the  outei!^ 
truss-beam  of  the  lower  row  is  not  coupled  with  the 
middle  row^  but  kept  nearly  parallel  to  the  outer  beam 
of  the  upper  row.  This  adds  greatly  to  the  strength  of 
the  foot,  and  takes  off  n)uch  of  the  horizontal  thrust  from 
the  pier. 

Mr  Perronet  has  shewn  great  judgment  in  causing 
the  polygon  of  the  inner  row  of  truss  be^ms  gradually* 
to  approach  the  polygon  of  the  outer  row.  By  this  dis- 
position^ the  anglei  .of  the  inner  polygon  are  more  acute 
than  those  of  the  outer.  A  little  attention  will  shew, 
that  the  general  sagging  of  all  the  polygons  will  keep  the 
abutments  of  the  lower  one  nearer,  or  exactly,  to  theii* 
original  quantity.  We  must  indeed  except  the  foot-beam. 
It  is  still  too  oblique ;  and,  instead  of  converging  to  the 
foot  of  the  upper  row,  it  should  have  diverged  from  it. 
Had  this  been  done,  this  centre  is  almost  perfect  in  its 
kind.  As  it  is,  it  is  at  least  six  times  stronger  than  wa« 
absolutely  necessary.  We  shall  have  occasion  to  r^fer  ta 
this  figure  on  another  occasion. 

631.  This  maxim  is  better  exemplified  by  Mr  Perro* 
ivet  in  the  centering  of  (he  bridge  of  St  Mazence^  exU^ 
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Ufced  in  JPig.  5.  No.  2.  thn  that  of  Nogeot^  11^.  & 
1.  But  we  thmk  ihtt  a  komootaL  ftrofs^beaiii  c  ^  ahi 
have  been  inserted^  in  a  nibordhiBte  maDner^  betw 
the  kiug-posts  next  the  eromt  on  each  aide.  TUs  ipo 
prcTent  the  crown  from  risbg  while  the  hanachf  c 
are  loaded,  without  impairing  the  fine  abatmeats  of  i 
c  d^  when  the  arch  is  nearly  completed*  This  ia 
excellent  centering,  but  is  not  likely  to  be  of  niiich  ose 
these  kingdoms;  because  the  ar^  itself  will  be  eoi 
dered  as  ungraceful  and  ugly,  looking  Uke  a  huge  J 
iel.  Perronet  says,  that  he  preferred  it  to  the  eUqj 
because  it  was  lighter  on  the  piers,  which  were  thin.  I 
the  failure  of  one  arch  niust  be  imraediateiy  followed 
the  ruin  of  alL  We  luioir  much  better  methods  of  ligi 
ening  the  piers. 

632.  Fig.  6.  rqiresants  the  centering  of  the  bridge 
Neuilly,  near  Parb,  also  by  Perronet.  The  arch  1 
120  feet  span,  and  90  feet  rise,  and  is  5  feet  thick.  I 
frames  are  6  feet  apart,  aad  each  carries  an  alaolute  (tl 
is,  not  reduced  to  |J  or  to  J)  load  of  350  tons.  Tfaesti 
ll^ams  are  17  by  14  inches  in  scantling.  The  king-pc 
are  of  15  by  9  each  half;  and  the  horiaontal  bridi 
which  bind  the  difierent  frames  together  in  fire  piai 
are  also  15  by  9  each  half.  There  are  eight  -  other  1m 
2ontaI  binders  of  9  inches  square. 

This  is  one  of  the  most  remarkable  arches  in  the  wor 
not  altogether  on  account  of  its  width,  for  there  are 
veral  much  wider,  but  for  the  flatness  at  the  crown : 
aliout  26  feet  on  each  side  of  the  middle  it  was  intent 
to  be  a  portion  of  a  circle  of  150  feet  radius.  An  ai 
(semicircular)  of  300  feet  span  might  therefore  be  eai 
instructed,  and  would  be  much  stronger  than  this, 
cause  its  horizontal  thrust  at  the  crown  would  be  raj 
greater,  and  would  keep  it  more  firmly  united. 

The  bolts  of  this  centre  are  differently  placed  from  tb 
of  the  former ;  and  the  change  is  judicious.    Mr  Perxc 


fhmmg  idepeokdcd  on  tb^  trMsyierse  jtUengtb  of  tbo 
b^ms ;  find  4^effQfof#  he  irM  A^oefidL  iM^t  to  WMk^Mi  theai 
hfii^  boltft.  Kjut^  BOHrkbatMdipg  itU  hi$  ««m  ihe  fraui- 
kig  ^usfk  upf¥w4t  of  13  inches  JbeCona  Abe  keyfCones  wejne 
liid;;  iwdv  ^riflg  the  f ro^ms  of.  tb«  woi^  tint  «ro!m 
)rose  wnd  «md(»  bf  i^ftrwufts  ^p«»  iM  the  Joedfag  ir«8  es^ 
leiylted  «|o9g  it.  WbM  :89  ipourae^  wtm  l$id  mi  Mch  side^ 
Md  iAK>irt  i^  tops  laM  4w  the  ^rown  #f  eaclb  fnatBe,  it 
$vm)fi  ob^nit  AH  fwb.  Wbra  46€iNir9e0  were.lMd,  «i4 
tb#  niPQwn  IpfUbsd  with  AO  iOQf».it  mink  aboui  b^lf  ob  inch 
more.  It  continued  sinking  a$  the  work  advanced ;  and 
wbien  the  k^y^fn^  wbp  s^  U  boil « utik  13^  inches.  B^t 
this  #uikwg  v«s  pot  geaeral.;  on  the  ooAtrarf »  the  fram^ 
bii4  risefi  gceaily  ^t  [the  i^ery  haunebfisy  ^o  as  ite  open  tha 
upper  plurt  of  t1>e  joints,,  mmy^  lef  which  gaped  aa  inch  ;. 
aii4  thil  4opeftiog  of  the  joints  gmiluaUy  exieoded  fro« 
the  baNtnebes  towards  the  c/owst  i«  the  neigbbdurhood 
laf  wbi(eh  tbay  opeaed  on  the  ^loder  side.  This  evu 
destlx  arose  fmm  f^  wmi  of  stiffness  m  the  £mme.  Bufc 
these  Join43  dosed  f^n  when  the  penti^s  wem  struck,  ai 
irili  be  meAiioned  aAtrwAtrds. 

We  ba¥e  itaken  parikiular  opttee  of  the  sioi^eflients  a»d 
twistiog  of  ibis  ceatref  beeaase  we  tbjnk  that  they  indU 
(Qate  a  dafkiencyi  aoi  oialy  of  atiffneasp  but  of  abutment 
among  the  truss-belift.  The  whole  has  beea  tpo  fleg^ible* 
bef^ause  ibe  aflgl^  ane  too  obtusf :  ThH  ari^  froai  theic 
mvllkglmty.  '  Wbea  the  lotencepted  ardbes  have  so  littlqt 
ourvaturei  ffaa  powef  of  the  load  to^ress  it  inirard  in-i 
creases  ir«ry  fast.  When  ike  inUreepted  arch  is  redticed 
to  one  half,  this  ppil^er  if  mof*e  than  do«diled  i  and  it  i# 
also  doubted  wbra  the  radius  of  curvature ,  is  doubied*. 
The .  king-posts  sbMhl  have  been  farther  apart  near  tha 
arowAf  so  that  the  qtiMttty  of  arcb  between .  them  shoold 
aotppensate  for  its  diminif bed  cutwitiire. 

The  |K)wer  of  Kitj^iteadinf  aoy  ^^^^  ifmtf^ltj  of 
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load  woald  iherefore  htm  been  greater,  had  die  entai 
eomisted  of  fewer  pieccsy  and  their  aiig^  «f  awtlay 
been  proportionallj  more  acotto..  The  gieateet  iiD|iiofe- 
ment  wonkl  have  been,  to  place  the  foot  ol  the  kmer  tier 
of  tmrt-beanif  on  the  veiy  foot  of  the  piav  and  to  hafe 
alio  aeparated  it  at  the  head  fitm  the  Heit  with  • 
hmger  king-poflt,  end  tbqs  tohara  inad»i  the dUanM ef 
the  beams  on  the  king-potU  inoneaae  gradnallf  firom  the 
crown  to  the  spring.  This  wooM  have  aMde  aB  the 
angle*  of  abutment  more  acutc^  and  weedd  hav»  prodneed 
a  greater  [^etsiire  on  all  the  lower  Uen  when  the  fivme 
•egged. 

633.  Fig.  1.  of  n.  XII.  represent!  the  ecBteriigorthe 
bridge  of  Orleans.  The  arch  hai  lOOfeet  spea,  and  rites  30^ 
and  the  areh*stones  are  6  feet  long.  It  is  the  eonstnidkm 
of  Mr  Hupeau^  the  first  architect  of  the  bridge.  It  is  the 
boldest  work  of  the  kind  that  we  have  eecsp  and  iecon* 
etmcted  on  clear  principles.  The  main  abatments  are 
lew  in  number.  Because  the  beams  of  tike  ovter  ftAfgao 
ere  long,  they  are  very  well  supported  hj  straining  beams 
hi  the  middle;  end  the  struts  or  braces  which  support 
and  butt  on  them,  are  made  to  rest  on  pmnts  canied 
entirely  by  lies.  The  inventor,  howerer,  seems  to  hsfe 
thought  that  the  angles  of  the  inner  polygon  were  sup^' 
ported  by  mutual  compression,  as  in  the  out^  polygon. 
But  it  is  plain  that  the  whole  inner  polygon  may  be  fonn- 
ed  of  iron  rods.  Not  but  that  both  polygons  may  be  in  a 
state  of  compression  (this  is  very  possible) ;  but  the  smsll- 
est  sagging  of  the  frame  will  change  the  iMX>portions  of 
the  pressures  at  the  angles  of  the  two  polygons.  The 
pressures  on  the  exterior  angles  will  increase,  and  those 
on  the  lower  or  interior  angles  will  diminish  most  ra|iid- 
ly ;  so  that  the  abutments  on  the  lower  polygon  will  bs 
next  to  nothing.  Such  points  could  bear  veigr  little  pres» 
sure  from  the  braces  which  support  the  middle  of  tbe 
long,  bearings  of  the  .upper  beams,  and  ^their  pressures 
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must  be  borne  chiefly  bj  the  joints  supported  by  the 
jEing-|>osts.  The  king-post^  would  then  be  in  a  state 
of  extension.  It  is  difficult,  however,  to  decide  what 
is  the  {urecise  state  of  the  pressure  at  these!  interior  an- 
gles. 

634.  The  history  of  the  erection  of  this  bridge  wJU 
throw  much  light  on  this  point.  Mr  Hupeau  died  before 
any  of  the  arches  were  carried,  farther  than  a  very  f^ 
of  the  first  courses.  Mr  Perronet  succeeded  to  the  charge^ 
and  finished  the  bridge.  As  the  work  advanced,  the 
crown  of  the  frame  rose  very  much.  It  was  loaded ;  and 
it  sunk  as  remarkably.  This  shewed  that  the  lower  po- 
lygon was  giving  very  little  aid.  Mr  Perronet  then 
thought  the  frame  too  weak,  and  inserted  the  long  beam 
DE,  makifig  the  diagonal  of  the  quadrangle,  and  very 
nearly  in  the  direction  of  the  lower  beam  a  &•  but  falling 
rather  below  this  line.  He  now  found  the  frame  abun- 
dantly strong.  It  is  evident  that  the  truss  is  now  chang- 
ed exceedingly,  and  consists  of  only  the  two  long  sides, 
and  the  short  straining  beam  lying  horizontally  between 
their  heads.  The  whole  centering  consists  now  of  one 
great  truss  a  £  e  &,  and  its  long  sides  ce  £,  e  ft,  are  trussed 
up  at  B  and/  Had  this  simple  idea  been  made  the  prin- 
ciple of  the  construction,  it  would  have  been  excellent. 
The  angle  a  D£  might  have  been  about  176%  and  the 
polygon  D  c  g  h  employed  only  for  giving  a  slight  sup- 
port to  this  great  angle,  so  as  not  to  allow  it  to  exceed 
180°.  But  Mr  Perronet  found,  that  the  joint  c,  at  tha 
foot  of  the  post  £  c,  was  about  to  draw  loose,  and  he  Wfis 
obliged  to  bolt  long  pieces  of  timber  on  each  side  of  the 
joint,  embracing  both  beams.  These  were  evidently  act- 
ing the  same  part  as  iron  straps  would  have  done ;  a 
complete  proof  that,  whatever  may  have  been  the  original 
pressures,  there  was  no  abutment  now  at  the  point  c, 
and  that  the  beams  which  met  there  were  not  in  a  state  of 
eompressiop^  but  were  on  the  stretch,    ^r  Perronet  says 
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that  he  put  these  cheeks  to  the*  jeiAts  to  st^^Hhem.  B 
this  %VBS-  ndt  their  office ;  ^eeause  tlie  a^oinnig  ben 
were  not  struts,  bnt  ties,  as  fro  bo^e  aoW  prd^edl 

Vfe  mmj*  therefor^  eofiekiife,  that  the  oalor  pbl]f^ 
with  the  assistance  of  the  pieces,  a  by  D£,  were  carrjii 
the  whole  load.  We  do  ncrt  know  th^'  cKstattce  betiire< 
the  frames ;  but,  supposing'  tbem  seven'  feet  apart,  an 
tfhe  arch  six  feet  thick,  and  weigMng  ITO^ponndii  perfoo 
•we  learn'  the  load.  The  beans^  Were  M*  inches'  sqaar 
If  we  now  calculate  whnt  thej  Would  bear  at  the  san 
very  moderate  rate  allowed  to- the  other  cenliies^  we  fin 
that  the  beams  AB  and'  a  b  ore  not-  loaded  to*  one-sixth  t 
their  strength-. 

We  have  given  this  centre  as  a  fih^  exaupile  of  wh« 
terpentry  is  able  to  perform^  and  beeatise,  hj  its  sin 
plicitj,  it  is  a  sort  of  text  on  which  the  intelligent  artii 
ma  J  make  many  comments.  We  may  sc^pFatnlj^  that, 
the  lower  polygon  had  been  formed  of  iron  rods,  firm! 
•bolted  into  the  feet  of  the  king-post^^  it  would  bar 
maintained  its  shape  completely.  The  senrice  done  b 
the  beam  JYE  was  not  so  much  an  increase  of  abntmei 
as  a  discharge  of  the  weight  and  of  the  pull  nt  the  joint 
Therefore,  in  cases  where  the  feet  of  the  truss  ai 
rtcccssarih/  confined  to  a  very  narrow  ^pace,  we  shoal 
be  careful  to  make  the  upper  polygon  sufficient  to  carr 
the  whole  load  (say  by  doubling  its  beams),  and  we  ma 
then  make  the  lower  polygon  of  slender  dimensions,  pn 
vided  we  secure  the  joints  on  the  king-posts  by  iron  strap 
which  emhrnce  a  considerable  portion  of  tbe  tie  on  eac 
side  of  the  joint. 

G35.  We  are  far  from  thinking  that  these  centres  ar 
of  the  best  kind  that  could  be  employed  in  their  situa 
tion  ;  but  they  are  excellent  in  their  kind  ;  and  a  careft 
study  of  them  will  teach  the  artist  much  of  his  profe 
sion.  When  we  have  a  clear  conception  of  the  state  o 
strain  in  which  the  parts  of  a  frame  really  are,  we  bior 
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what  should  be  done  ui*4>rder  to  draw  all  the  advantage 
possible  firom  oar  materialsi  We  have  said  in  another 
pjace,  thai  where  we  can  give  oar  jeints  sufficient  conk 
nectioB  (as  bjr  straps  and  boHs,  (nt  hy  cheeks  or  fisbe^, 
it  is  better  to  use  ties  than  struts,  because  ties  nevdr 
bend^    - 

We  do-  not  mpjptwm  of  Mr  Perronef  s  practice  of  giB* 

ing  his  trusses  sudi  narrow  feet    By  bringing  the  foot 

of  the  lower  poljFgon  fiuiher  down,  we  greald j  diminish 

all  thft  stratas,  and  throw  more  load  on  the  tower  polyw 

jfOB :  and  w«  do  not  see  anj  of  Mr  PerroneCs  centrea 

where  this  might  not  have  been;  done<    He  seems  to  4tf* 

iect  a  great  span^  to  shew  the  wonders  of  his  art ;  but 

our  object  is^to  teach,  how  to  make  the  best  centre  of  a 

gtnn  quantity  of  materials ;  and  bow  to  make  the  mosl 

perfect  centre,  when  we  are  not  limited  in  this  respect 

jwr  in  the  extent  of  onr  fixed  points* 

.  696.  We  shall  conclude  this  series  of  examples'with  one 

where  no  suckaflbctation  takes  piace»    This  is  the  ceiK 

tering  of  the  bridge  at  BlackfiriArs,  London.    The  span  of 

the  arch  is  100  ftet,  and  its  hdght  firom  the  spring  is.about 

-4%     The.  drawing  Plate  XII.  Fig.  &  b  sufficiently  minute 

to  convey  a  distinct  notion  of  the  whole  construction*    We 

need,  not  be  very  particular  in  our  observations,  aftei^ 

what  has  been  said  on  the  general  principles  of  constmo- 

tibn^    The  leading  mazim^  in  the  present  example,  seema 

to  be,  that  every  part  of  the  arch  shall  be  eiuppmted  by  a 

Munple  truMi  oftno  leg$  resting^  one  cn^  each  pier.    H^  H^ 

.&o.  are  called  akbon  pieces  to  strengthen  theexteriof 

joints,,  and  to  make  the  rimo  as  stiff  initself  as  possible. 

from  the  ends  of  this  apron^pieoe  proceed*  the  two  legs  of" 

each  truss.     Theae  legs.are  13  inches  square :  They  are 

not  of  an  entire  (nece,  but  of  several,  meeting  in  firm 

abutment    Some  of  their  meetings  are  secured  by  the 

double    king-posts,,  which   grasp   them  firmly  between 

tbem^  and  are  held  together  by  bolts.     At  other  inter* 
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•eetioo^.tU  Uttmi  ajppMc  JtoMed  kto  *«idi.  oOeri  a 
•pradaoe  wldch  caiinot  bill  vitkMi  AiMem  .  amdi,  «ri 
Jirmld;  endanger :  their  breaking  bj  crcMt:  almingt.  if  it 
,ltara  ipoiMl^lt  for  the  firme  tkk  jdwfige  ilt  timpe.  But 
ifae  grtat.  bccsdth  of  thbiruiriit  Jik  eActval  Mop  to  aaj 
such  change*  The  fact  fras,  that  no  radfctjy  or  liaUqp 
4«kalever  was  obs^hred  .ditriog  .tbe  ptofftpm  ef  tba  masoa 
.WcMrki' :  Three  poidts  in-  a  stoaifht  fin*'  wiefe-iiiadded  an 
ffurpoie  for  this  obeenr^tioii^  and.  lyere^ohauied  mmj 
AtLj.  The  acch  was  more  than  six  feel,  thiek;  and  fk 
Abe  sinkiiig  <if  the  cravr n,  before  aetliag,  the  kcjstoiiei^ 
^lid  aot  amount  to  00^  inch. 

J  The  centre  emplojs  aboat  one-third  more  timher 
.•than  Perronet^a  great  centre  in  pcoportioft.  to  the  epan  of 
.the  ardfr ;  but  the.  cUcnmferetioe  indreaaet  in  a  greafcr 
jpnportion  than  thii»  becauae  it  ia  mere^ekrated.  lo 
eveiy  way  of  making  a  compariaon  of  the  dimeniiou, 
Jfr  MybcTa  ardi employs  more  timber;  but  it  iairjpond 
^  cm^ariim  slrongar*  The  great  elevalion  ia  partly 
the  reaaon  of  this.  But  the  diflposittoo  Of  the  fSmbeca  ii 
.also  much  more  advantageous,  and  may  be  copied  ercn 
•in  the  low-pitched  arches  of  Neuilly.  The  simple  tni»| 
reaching  from  pier  to.pLer  for  the  middle  point  of  Ihe 
arch,  gives  the  strong  support  where  it  is  most  of  all 
-wanted )  and  in  the  lateral  points  H,  although  one  leg  of 
the  truss  is  very  oblique,  the  other  compensates  for  it  hj 
its  upright  position^ 

The  chief  peculiarity  of  this  centre  is  to  be  seen  in^its 
base.  This  demands  a  more  particular  attention:  but 
we  must  first  make  some  observations  on  the  condition  d 
an  arch,  as  it  rests  on  the  centering  after  the  keystones 
are  all  set,  and  on  the  gradual  transference  of  the  pres- 
sure from  the  boards  of  the  centering  to  the  joints  of  the 
archstones. 

037.  While* ^U  the  archstones  lie  on  the  centering,  the 
lower  courses  are  also  leaning  pretty  strongly  on  each 
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other.     But  the  mortar  is  hardly  compressed  in   the 
joints ;  and   least  of  all   in   the  joints  near  the  crown. 
Suppose  the  arch  to  be  Cateharean,   or  of  any  other 
shape  that  is  perfectly  equilibrated :    When  the  center- 
ing is  gradually  withdrawn,  all  the  archstones  follow  it.  ^ 
Their  wedge-like  form   makes  this  impossible,  without 
the  middle  ones  squeezing  the  lateral  ones  aside.     This 
compresses  the  mortar  between   them.     As  the  stones 
thus  come  nearer  to  each  other,  thode  hear  the  crown 
must  descend  more  than  those  near  the  haunches,  be- 
fore every  stone  has  lessened  its  distance  from  the  next 
by  thie  same  quantity ;  for  example,  by  the  hundredth 
part  of  an  inch.     This  circumstance  alone  must  cause  s 
sinking  in  the  ci:own,  and  a  change  of  shape.     But  the 
joints  near  the  crown  are  already  more  open  than  those 
near  the  haunches:    This  produces,  a  still  greater  change 
of  form  before  all  is  settled.     Some  masons  endeavour 
to  remedy*  or  at  least  to  diminish,  this^  by  using  n6 
mortar  in  the  joints  near  the  crown.     They  lay  die 
stones  dry,  and  even  force  them  together  by  wedges  and 
blocks  laid  between  the  stones  on  opposite  sides  of  the 
crown :    They  afterwards  pour  in  finC'Cement     This  ap-. 
pears  a  good  practice.    Perronet  rejects  it)  because  the 
wedging  sometimes  breaks  the  stones.     We  should  not 
think  this  any  great  harm ;   because  the  fracture  will 
make  them  close  where  they  would  otherwise  lie  hollow. 
But,  after  all  our  care,  there  is  still  a  sinking  of  the 
crown  of  the  areh.     By  gradually  withdrawing  the  cent 
tering,  the  joints  close,  the  archstones  begin  to  butt  on 
each  other,  and  to  force  aside  the  lateral  courses.     This 
abutment  gradually   increasing,    the    pressure    oii    the 
haunches   of  the  centering  is  gradually  diminished  by 
the  mutual  abutment,  and  ceases  entirely  in  that  coursci, 
which  is  the  lowest  that  formerly  pressed  it :    it  then 
ceases  in  the  course  above,  and  then  in  the  third,  and  sa 
on.    And|  in  this  manner,  not  only  the  centering  qditt 
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the  arch,  gradually,  from  the  bottom  to  the  inpt  hy  iii 
nwn  retiring  from  it,  but  the  arch  also  quits  the  centering 
hy  changing  its  ihapt.  If  the  centering  were  now  piubcd 
up  again,  it  would  touch  the  arch  first  at  the  ctowd: 
maA  it  must  lift  up  that  part  gradually  before  it  come 
again  in  contact  wiih  the  haunches.  It  is  evidctilr  there- 
fore, that  an  arch,  built  on  a  centre  of  a  shape  perfectJy 
suited  to  e4uilibrBtion,  will  not  be  in  ecfQilibrio  wben 
the  centering  is  removed.  It  is  therefore  necessary  lo 
form  the  centering  in  such  a  manner  (by  raiding-  tlw 
crown),  that  it  shall  /enee  the  arch  of  a  proper  l^rm. 
Thif  is  a  very  delicate  task,  requiring  a  previous  know- 
ledge of  the  ensuing  change  of  form.  This  cannot  be 
ascertained  by  the  help  of  any  theory  we  are  actguainted 
with. 

But,  suppose  tliis  attained,  there  is  another  difficulty : 
While  the  work  advances,  the  centering  is  warped  bj 
the  load  laid  on  it,  and  continually  increasing  on  each 
side.  The  first  pressure  on  the  centering  foRes  down 
the  haunches,  and  raises  the  crown.  The  srcl)  is  there- 
fore less  cu^^■ed  at  the  haunches  than  is  intended :  lh« 
joints,  however,  accommodate  themselres  to  this  form, 
and  are  close,  and  filled  with  mortar.  When  the  masoni 
approach  the  middle  of  the  arch,  the  frame  sinks  then 
and  rises  up  at  the  haunches.  This  opens  all  the  joinU 
in  that  place  on  the  vpptr  side.  By  the  time  that  the 
keystones  are  set,  this  warping  has  gone  farther  ;  and  \he 
joints  are  open  on  tlie  under  side  near  the  crown.  It  U 
4rue  we  are  here  speaking  rather  of  an  extreme  case,  wbea 
the  centering  is  very  flexible ;  but  this  occurred  to  Mr 
Ferronet  in  the  two  great  bridges  of  Neuilly  and  of 
Mautz.  In  this  last  one,  the  crown  sunk  abm'e  a  foot 
before  the  key  was  set,  and  the  joints  at  the  haunches 
opened  above  an  inch  above,  while  some  nearer  the  crotvn 
<^ned  near  a  quarter  of  an  inch  betow. 

638.  In  this  coodition  of  things,  it  is  a  delicate  business 
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to  strike  the  centering.    Were  it  remored  in  an  infant, 
all  would  probablj  come  down ;  for  the  archstones  are 
not  yet  abutting  on  each  other,  and  the  joints  in  the 
middle  are  open  below.     Mr  Ferronet^s  method  appears 
to  us  to  be  very  judicious.     He  began  to  detach  the  cen-« 
tering  at  the  verj  bottom^  on  each  side  equally,  where 
the  pressure  on  the  centering  is  very  slight.    He  ctit  away 
the  blocks  which  were  immediately  under  each  archstone« 
He  proceeded  gradually  upwards  in  this  way  with  some 
speed,  till  all  was  detached  that  had  been  put  out  of  shape 
by  the  bending  of  the  centering.     This  being  no  longer 
supported,  sunk  inward,  till  it  was  stopped  by  the  abut- 
ment which  it  found  on  the  archstones  near  the  crown, 
which  were  still  resting  on  their  blocks.     During  part  of 
this  process,  the  open  joints  opened  still  more,  and  looked 
alarming.    This  was  owing  to  the  removal  of  the  load 
from  the  haunches  of  the  centering.     This  allowed  the 
crown  to  sink  still  more,  by  forcing  out  the  archstones  at 
the  haunches.     He  now  paused  some  days,  and  during 
this  time  the  two  haunches,  now  hanging  in  the  air,  gra- 
dually (Massed  in  toward  the  centering,  their  outer  joints 
closing  in  the  meanwhile.    The  haunches  were  now  press- 
ing pretty  hard  on  the  archstones  nearer  the  crown.     He 
then  proceeded  more  slowly,  destroying  the  blocks  and  - 
bridgings  of  these  upper  archstones.     As  soon  as  he  de- 
stroyed the  support  of  one,  it  immediately  yielded  to  the 
pressure  of  the  haunch  ;  and  if  the  joint  between  it  and 
the  one  adjoining  toward  the  crown  happened  to  be  opeu^ 
whether  on  the  under  or  the  upper  side,  it  immediately 
closed  on  it.    But  in  proceeding  thus,  he  found  every 
stone  sink  a  little  while  it  closed  on  its  neighbour ;  and 
this  was  like  to  produce  a  ragged  soffit,  which  is  a  defor* 
mity.     He  therefore  did  not  allow  them  to  sink  so  much. 
In  the  places  of  the  blocks  and  bridgings  which  he  had 
cut  away^  he  set  small  billets,  standing  on  their  ends,  be* 
tween  the  centering  and  the  archstones.     These  allowed 
the  pendulous  arch  io  puaii  toward  the  crown  without 
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sensibly  descending;  for  the  billets  were  pushed  out  of 
the  perpendicular,   and  some  of  them   tumbled  down« 
Proceeding  in  this  way,  he  advanced  to  the  very  next 
course  to  the  keystone  on  each  side,  the  joints  closing  all 
the  way  as  he  advanced.     The  last  job  was  very  trouble- 
some ;  we  mean  the  detaching  the  three  uppermost  courses 
from  the  centering :  for  the  whole  elasticity  of  the  cen- 
tering was  noir  trying  to  unbend,  and  pressing  hard 
against  them.    He  found  that  they  were  lifted  up;  for 
the  joints  beyond  them,  which  had  closed  completely, 
now  opened  again  below :  but  this  job  was  finished  in 
one  day,  and  the  centre  sprung  up  two  or  three  inches,  and 
the  whole  arch  sunk  about  six  inches.   This  was  an  anxioos^ 
time ;  for  he  dreaded  the  great  momentum  of  such  a  vast 
mass  of  matter.    It  was  hard  to  say  where  it  would  stop. 
He  had  the  pleasure  to  see  that  it  stopped  rery  soon, 
settling  slowly  as  the  mortar  was  compressed,  and  after 
one  or  two  days  settling  no  more.     This  settling  was 
very,  considerable  both  in  the  bridge  at  Neuilly  and  in  that 
at  Mantz.     In  the  former,  the  sinking  during  the  work 
amounted  to  13  inches.     It  sunk  six  inches  more  when 
the  blocks  and  bridgings  were  taken  out,  and  1^  when 
the  little  standards  were  destroyed,  and  1^  more  next 
day  ;  so  that  the  whole  sinking  of  the  pendulous  arch  was 
9^  inches,  besides  what  it  had  sunk  by  the  bending  and 
compression  of  the  centering  *. 

The  crown  of  the  centering  was  an  arch  of  a  circle  de- 
scribed  with  a  radius  of  150  feet;  but  by  the  sinking  of 
the  arch  its  ^ihape  was  considerably  changed,  and  about 
60  feet  of  it  formed  an  arch  of  a  circle  whose  radius  was 
244  feet.  Hence  Mr  Perronet  infers,  that  a  semicircle  of 
500  feet  span  may  be  erected.  It  would  no  doubt  be 
stronger  than  this  arch,  because  its  greater  horizontal 
thrust  would  keep  the  stones  firmer  together.  The  sink- 
ing of  the  arches  at  Mantz  was  not  quite  so  great,  but 


*  Thewhole  sinking  of  this  srcb  was  23i  inches.    Eiw 
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every  thing  proceeded  in  the  same  way.  It  amounted  in 
all  to  80^  inches,  of  which  12  inches  were  owing  to  the 
compression  and  bending  of  the  centering. 

639.  In  Fig.  5.  No.  1.  may  be  observed  an  indication  of 
this  procedure  of  the  masonry.  Ther^  may  be  noticed  a 
horizontal  line  a  c,  and  a  diagonal  a  b.  These  are  sup- 
posed to  be  drawn  on  the  masonry  as  it  would  have  stood 
had  the  frames  not  yielded  during  the  building.  The 
dotted  line  A  V  d  shews  the  shape  which  it  took  by  the 
sinking  of  the  centering.  The  dotted  line  of  the  other 
side  was  actually  drawn  on  the  masonry  when  the  key- 
stone W|M  set :  and  the  wavy  black  line  on  the  same  side 
shews  the  form  which  the  dotted  line  took  by  the  striking 
of  the  centering.  The  undulated  part  of  this  line  cuts  its 
former  position  a  little  below  the  middle,  going  without 
it  below,  and  falling  within  it  above.  This  shews  very 
distinctly  the  movement  of  the  whole  masonry,  distin- 
guishing the  parts  that  were  forced  out,  and  the  parts 
which  sunk  inward. 

We  presume  that  the  practical  reader  will  think  this 
account  of  the  internal  movements  of  a  stupendous  arch 
very  instructive  and  useful.  As  Mr  Perronet  observed  it 
to  be  uniformly  the  same  in  several  very  large  arches 
which  he  erected,  we  may  conclude  that  it  is  the  general 
process  of  nature.  We  by  no  means  have  the  confidence 
in  the  durability  or  solidity  of  his  arches  which  he  pru- 
dently professes  to  have.  We  have  conversed  with  some 
very  experienced  masons,  who  have  also  erected  very 
great  arches,  and  in  very  difficult  situations,  which  have 
given  universal  satisfaction ;  and  we  have  found  them 
uniformly  of  opinion,  that  an  arch  which  has  settled  to 
such  a  proportion  of  its  curvature  as  to  change  the  radius 
from  150  to  244  feet,  is  in  a  very  hazardous  situation. 
They  think  the  hazard  the  greater,  because  the  span  of 
the  arch  is  so  great  in  proportion  to  its  weight  (as  they 
express  it  very  emphatically)  or  its  height.     The  weighty 


^y  they,  of  the  hsunchefl  h  too  n 
the  ke/itooei,  which  have  ■am 
to  keep  them  from  glidiag  down, 
aoniog,  and  expresies  verj  ta.au 
cbanician  would  mjt  that  the  1 
crovrn  is  too  small.  When  we  qu 
propriety  of  Mr  Perronet  a  metfa( 
tering,  thejr  unaoimouil/  appro* 
ciple,  biit  said  that  it  was  vttj  ti 
ecutioD.  The  cases  which  be  aai 
They  should  have  almost  despain 
which  bad  gone  so  much  out  of  i 
the  centres;  because,  said  thay, 
ing,  to  a  great  distance  from  tl 
that  the  arcbstooes  could  not  slii 
close  even  the  under  side  of  the  ji 
above  the  haunches ;  so  that  aU 
too  great  a  distance  from  each  < 
gtiural  subsiding  of  the  whole  wi 
them  even  to  touch  each  other, 
served  such  bendings  of  the  center 
plowed,  having  never  allowed  thi 
feet  of  their  trusses  into  such  na 
serfed,  that  nothing  but  lighters 
can  pass  under  the  trusses,  and  tl 
protected  hy  advanced  works  fri 
of  a  loaded  boat,  that  there  ci 
more  than  one.  They  added,  tl 
municstion,  necessary  for  the  a 
the  worli,  made  all  this  suppos« 
sides,  the  business  can  hardiv  b< 
anywhere,  as  to  make  the  passag 
dispensably  necessary.  Noi  ws 
this  obstruction  greatly  complaii 
tton  of  Westminster  or  Bhickfria 
These  appeared  to  us  good  ru 
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more  cautious,  and  incomparablj  more  secure,  con^truc-i 
lion  of  Mr  Mylne,  in  which  the  breadth  given  to  each 
base  of  the  trusses  permitted  a  much  more  effective  dis* 
position  of  the  abutting  timbers,  and  also  enabled  the 
engineer  to  make  it  incomparably  stiffer;  so  that  no 
change  need  be  apprehended  in  the  joints  which  have  al^ 
ready  closed,  and  in  which  the  mortar  has  already  taken 
its  set,  and  commenced  an  union  that  never  can  be  restor* 
ed  if  it  be  once  broken  in  the  smallest  degree,  no  not  eved 
by  greater  compression. 

640.  Here  we  beg  leave  to  mention  our  notiobi  of  the 
connection  that  is  formed  by  mortar  composed  of  lime 
or  gypsum.  We  consider  it  as  consisting  chiefly,  if  not 
solely,  in  a  crystallization  of  the  line  or  gypsum  and 
water.  As  much  water  is  taken  up  as  is  necessary  for 
the  formation  of  the  crystals  during  their  gradual  con« 
version  into  mUd  calcareous  earth  or  alabaster,  and  tha 
rest  evaporates.  When  the  free  access  of  air  is  absolutely 
prevented,  the  crystallization  never  proceeds  to  that  state, 
even  although  the  mortar  becomes  extremely  dry  and 
hard. .  We  had  an  oppcH'tanlty  of  obsiei'i4ng  this  acci- 
dentally, when  passing  through  Haesfrieht  in  1770,  while 
they  were  cutting  up  a  massy  revetment  of  a  part  of  Ihe 
fortifications  more  than  300  years  old.  The  mortar  be- 
tween the  bricks  was  harder  than  the  bricks  (which  were 
Dutch  clinkers,  such  as  are  now  used  only  for  the  grieatest 
loads) ;  but  when  mixed  with  water  it  made  it  lime  water, 
seemingly  as  strong  as  if  fresh  lime  had  been  used.  We 
observed  the  same  thing  in  one  small  part  of  a  huge 
mass  of  ancient  Roman  work  near  Rbmney  in  Kent; 
but  the  rest,  and  all  the  very  old  mortar  that  we  have  seen, 
was  in  a  mild  state,  and  was  generally  much  harder  than 
what  produced  any  lime  water.  Now  when  the  mortar 
in  the  joints  has  begun  its  first  crystallization,  aad  is  al- 
lowed to  remain  in  perfect  rest,  we  are  confident  that  the 
subsequent*  crystals,  whether  of  lime  or  of  calcareous 
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earth,  or  of  gypiium,  will  be  muth  larger  snd  slron^ 
than  can  ever  be  produced  if  ihej  are  once  bruken  ;  and 
tbe  fartlier  tliat  this  crystallization  lias  been  carried,  tW 
is.  ihc  harder  tliat  tlic  mortar  has  become,  It^ss  of  U 
rcmstns  to  take  anv  new  crystallization.  Why  sboulj  it 
be  otherwise  here  than  in  every  other  crystallization  tbal 
we  are  acquainleil  nith  ? 

6+1.  We  think  therefore  that  it  is  of  great  consequence 
to  keep  the  joints  in  their  _^rsf  state  if  possible  i  and 
that  the  strenjith  (as  far  as  it  depends  on  tbe  mortar) 
is  greatly  diminished  hy  their  opening  ;  especially  n  hen 
the  morlar  has  acquired  considerable  hardness,  which  it 
will  do  in  a  month  or  six  weeks,  if  it  be  good.  The 
cohesion  given  by  mortar  is  indeed  a  mere  trifle,  when 
opposed  to  a  force  which  tends^  to  o]>en  the  joints,  act- 
ing, as  it  generally  does,  with  the  transverse  force  of  a 
lever:  but  in  situations  where  the  overload  on  any  par- 
ticular archstones  tends  to  push  them  down  throu^'ii  be- 
tween (heir  neighbours,  hke  wedges,  the  coheston  of  the 
mortar  is  then  of  very  great  consequence. 

"We  must  make  anotlu-r  oliservation.  Mr  Perroncl's 
iDgenious  proeeM  tended  very  dTectuaUy  to  close  the 
joints.  In  doing  this,  the  foi-ces  which  he  brought  into 
action  had  little  to  opjiose  them ;  but  as  soon  as  tbey 
were  closed,  the  contact  of  the  parts,  formerly  open, 
opposed  an  nbslmction  incomparably  greater,  and  imme- 
diately balanced  a  force  which  was  but  just  able  to  turn 
tbe  stone  gently  about  the  two  edges  in  which  it  touched 
the  adjoining  stones.  This  is  an  important  remark, 
though  seemingly  very  trifling ;,  and  we  wish  tbe  prac- 
titioner to  have' a  very  clear  conception  of  it;  but  it 
would  take  a  multitude  of  words  to  explaia  it.  It  is 
worth  an  experiment.  Form  a  little  arch  of  woodea 
blocks;  and  form  one  of  these  so,  that-when  they  are 
all  resting  on  the  centering,  it  may  he  open  at  the  outer 
joint— Remove  the  centeringi-Then  press  on  the  arcb 
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at  some  distanee  from  the  open  joint. — ^You  will  find 
that  a  very  «mali  pressure  will  make  the  arch  bend  till 
that  joint  closes— Press  a  little  harder,  and  the  arch  will 
liend  more,  and  the  next  joint  will  open.— -Thus  you  will 
find  that,  by  pressing  alternately  on  each  side  of  the  open 
joint,  that  stone  can  easily  be  made  to  flap  over  to  either 
side ;  and  that  immediately  after  this  is  done  the  resis- 
tance increases  greatly.  /  This  shews  clearly,  that  a  very 
moderate  force,judiciously  employed,  will  close  the  joints, 
but  will  not  press  the  parts  strongly  together.  The 
joints  therefore  are  cloaedy  hut .  no  more  than  closed^  and 
are  hanging  only  by  the  edges  by  which  they  were  hang* 
•ing  while  the  joints  were  open.  The  arch,  therefore^ 
though  apparently  close  and  firm,  is  but  loose  and  tot- 
tering. Mr  Perronet  says,  that  his  arches  were  firm, 
•because  hardly  a  stone  was  observed  to  chip  or  splinter 
off  at  the  edges  by  the  settlement  But.  he  had  done 
every  thing  to  prevent  this,-  by  digging  out  the  mortar 
from  between  the  headers,  to  the  depth  of  two  inches, 
with  saws  made  on  purpose.  But  we  are  well  informed, 
thail)efore  the  year  1791  (twenty  years  after  the  erec* 
tiou)  the  arches  at  Neuilly  had  sunk  very  sedsibly,  and 
that  very  targe  splinters  had  flown  off  in  several  places^ 
It  could  not  be  otherwise. 

648  The  original  construction  was  too  bold ;  we  may 
say  needlessly  and  ostentatiously  bold.  A  very  gentle 
slope  of  the  roadway,  which  would  not  have  slackened 
the  mad  gallop  of  a  ducal  carriage,  nor  sensibly  checked 
the  laborious  pull  of  a  loaded  waggon,  and  a  proper  dif« 
ference  in  the  sice  of  the  arches,  would  have  made  this 
wonderful  bridge  incomparably  stronger,  and  also  much 
more  elegant  and  pleasing  to  the  eye.  Indeed,  it  is  far 
from -being  as  handsome  as  it  might  have  been.  .The 
ellipse  is  a  most  pleasing  figure  to  every  beholder;  but 
this  is  concealed  as  much  as  possible,  and  it  is  attempted 
to  ^ye  the  whde  the  appearance  of  a  tremendous  lintejL 
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It  has  the  oppressive  look  of  danger.  It  wUl  not  beol 
long  doration.  The  bridge  at  Mautz  is  still  moreexc^ 
tioimble,  because  its  piers  are  tall  and  slender.  If  uij 
one  of  tlie  arches  faiU,  the  rest  must  fall  in  a  BTomenL 
An  8Txh  of  Ulackfriars  bridge  might  be  blowa  up  n'itlioul 
disturbing  its  neightH>ur3. 

643.  Mr  Perronet  mentions  another  mode  of  striking  Oik 
centering,  which  he  says  is  very  usual  in  France^  S,rerJ 
second  bridging  is  cut  out.  Some  time  after,  every  secood 
of  the  remainder;  after  this,  e?ery  second  of  the  re- 
niaiiider;  and  so  on,  till  all  is  removed.  This  is  never 
pruc^sed  in  this  country,  and  is  certainly  a  very  bsd 
method.  It  leaves  the  arch  hanging  by  a  number  of  dis- 
tant points ;  and  it  is  wonderl'ul  that  any  arch  cui  bear 
this  treatment. 

644.  Our  architects  liave  generally  proceeded  with  ex- 
treme caution.  Wherever  they  could,  they  supported  the 
centering  by  intermediate  pillars,  even  when  if  wms  • 
trussed  centre,  having  a  tie-beam  reaching  from  side  U 
side-  The  centre  was  made  to  rest,  not  immediately  on 
these  pillars,  but  on  pieces  of  timber  formed  like  acute 
wedges,  placed  in  pairs,  one  above  the  other,  and  hkria^^ 
the  point  of  the  one  on  the  thick  end  of  the  other.  Tboe 
wedges  were  well  soaped  and  rubbed  witfa  black  lead,  lo 
make  them  slippery.  When  the  centres  are  to  be  atriick, 
men  are  stationed  at  each  pair  of  the  wedges  with  heavy 
mauls.  They  are  directed  to  strike  together  On  the  op- 
posite wedges.  By  this  operation,  the  wbole  centering 
descends  together ;  or,  when  any  part  of  the  arch  is  ob- 
served to  have  opened  its  joints  on  the  upper  side,  the 
wedges  beluw  that  part  are  slackened.  The  framing 
may  perhaps  bend  a  little,  and  allow  that  part  to  tab- 
side.  If  any  part  of  the  arch  is  observed  to  open  its 
joints  on  the  under  side,  the  wedges  below  that  part  are 
allowed  to  stand  after  the  test  have  been  slackened.  By 
this  process,  the  whole  comes  down  gradually,  and  as 
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filowlj  as  we  please,  and  the  defects  of  every  pa^t  of  tbfr 
arch  may  be  attended  to.  Indeed  the  caution  and  mo^ 
deration  of  our  builders  have  commonly  been  such,  thaft 
few  defects  have  been  allowed  to  shew  themselves.  Wa 
are  but  little  acquainted  with  joints  opening  to  the  ex« 
tent  of  two  inches,  and  in  such  a  case  would  probably 
lift  every  stone  of  the  arch  again.  We  have  not 
employed  trussed  centerings  so  much  perhaps  as  wfef 
should  have  done ;  nor  do  we  see  their  advantage  (speak-^ 
ing  as  mere  builders)  over  centres  supported  all  over,  and 
ynchangeable  in  their  form.  Such  centres  must  bend  a 
little,  and  require  loading  on  the  middle  to  keep  them  id 
shape.  Their  compression  and  their  elasticity  are  very 
troublesome  in  the  striking  of  the  centres  in  Afr  Peiv 
ronet'^s  manner.  The  elasticity  is  indeed  of  use  when  the 
centres  are  strudi  in  the  way  now  described. 

These  observations  on  the  management  of  the  inteiw 
nal  movements  of  a  great  arch,  will  enable  the  readei^  ta 
appreciate  all  the  merit  of  Mr  Myine^S  very  ingenious 
construction.  We  proceed  therefore  to  complete  our 
description. 

645.  The  gradual  enlargement  of  the  base  of  the  piers 
of  Blackfriars  bridge  enabled  the  architect  to  place  a 
series  of  five  posts  C,  C,  C,  C,  C,  PI.  XII.  Fig.  2.  one  on 
each  stap  of  the  pier ;  the  ingenious  contei^ture  of  Ivhich 
made  it  like  one  tt)lid  block  of  stone.  These  struts  ytere 
gradually  more  and  mote  oblique,  till  the  otiter  one  form« 
ed  an  obtuse  angle  with  the  lowest  side  of  the  interior 
polygon  of  the  truss.  On  the  top  of  these  posts  was  laid 
a  ifloping  SEAT  or  beam  D  of  stout  oak,  the  upper  part 
of  which  was  formed  like  a  zig-zag  scarfing.  The  posts 
were  not  perpendicular  to  the  under  side  of  the  seat. 
The  angles  next  the  pier  were  somewhat  obtuse.  Short 
pieces  of  wood  were  placed  between  the  heads  of  the 
posts  (but  not  morticed  into  them),  to  prevent  them 
from  slipping  back.    Each  face  of  the  scarf  was  covered 
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a  tiudc  and  smooth  plate  of  copper.  Tbe  iieet  of 
Hkt  truss  were  mortised  into  a  similar  pierce  F,  wfciefc 
■lay  be  called  the  solb  of  the  tmss,  having  its  lower  side 
notched  in  the  same  manner  with  the  upper  side  of  D, 
and  like  it  covered  with  copper.  Between  these  two 
hj  the  STRiKiJiro  wnboi  £,  the  faces  of  whidi  eoRCspend 
exactly  with  the  slant  faces  of  the  sent  and  the  sole. 
The  wedge  was  so  placed,  that  the  corresponding  fines 
touched  each  other  for  about  half  of  their  length.  A 
block  of  wood  was  pot  in  at  the  broad  end  or  base  of 
Ihis  wedge,  to  keep  it  from  slipping  back  during  the  lay- 
ing the  archstones.  Its  outer  end  E  was  bound  with  icon, 
ntid  had  an  iron  bolt  several  inches  long  driven  into  it 
The  head  of  this  bolt  was  broad  enough  to  cover  the 
whole  wood  of  the  wedge  within  the  iron  femde. 

We  presume  that  the  reader,  by  this  time,  foresees  the 
euM  of  this  wedge.  It  is  to  be  driven  in  between  the  sole 
and  the  seat,  having  first  taken  out  the  block  at  the  bnie 
of  the  wedge.  As  it  advances  into  the  wider  spaces,  the 
whole  truss  must  descend,  and  bfB  fteed  from  the  arch ; 
but  it  will  require  prodigious  blows  to  drive  it  back. 
Mr  Mylne  did  not  think  so,  founding  his  expectation  on 
what  he  saw  in  the  launching  of  great  ships,  which  slide 
very  easily  on  a  slope  of  10  or  12  degrees.  He  rather 
feared,  that  taking  out  the  block  behind  would  allow  the 
wedge  to  be  pushed  back  at  once,  so  that  the  descent  of 
the  truss  would  be  too  rapid.  However,  to  be  certidn 
of  the  operation,  he  had  prepared  an  abundant  force  in  a 
very  ingenious  manner.  A  heavy  beam  of  oak,  armed 
at  the  end  with  iron,  was  suspended  from  two  points  of 
the  centre  like  a  battering  ram,  to  be  used  in  the  same 
manner.  Nothing  could'be  more  simple  in  its  structure, 
more  powerful  in  its  operation,  or  more  easy  in  its  manage- 
ment Accorduigly  the  success  was  to  his  wish.  Tbe 
wedge  did  not  slip  back  of  itself;  and  very  moderate 
blows  of  the  ram  drove  it  back  with  the  greatest  esse. 
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The  whole  operation  was  over  in  a  very  few  minute*« 
The  spectators  had  suspected,  that  the  space  allowed  for 
the  recess  of  the  wedge  was  not  sufficient  for  the  settle* 
ment  of  the  arch ;  but  the  architect  trusted  to  the  pre- 
cautions he  had  taken  in  its  construction.    The  reader, 
by  turning  to  the  article  Arch,  will  see,  that  there  wan 
only  the  arch  LY  which  could  be  expected  to  settle :  ac« 
cordingly,  the  recess  of  the  wedge  was  found  to  be  much 
more  than  was  necessary.     However,  had' this  not  been 
the  case,  it  was  only  necessary  to  take  out  the  pieces 
between  the  posts  below  the  seat,  and  then  to  drive  back 
the  heads  of  the  struts ;  but  this  was  not  needed,  we  be- 
lieve, in  any  of  the  arches.     We  are  well  assured  tha^ 
none  of  the  arches  sunk  an  inch  and  a  half.     The  great 
arch  of  100  feet  span  did  not  sink  one  inch  at  the  crown. 
It  could  hardly  be  perceived  whether  the  arch  quitted  the 
centering  gradually  or  not,  so  small  had  been  the  changes 
of  shape. 

646.  We  have  no  hesitation  in  saying,  that  (if  we  ex- 
cept some  waste  of  great  timber  by  uncommon  joggling) 
the  whole  of  this  performance  is  the  most  perfect  of  any 
that  has  come  to  our  knowledge. 

647.  The  subject  which  we  have  been  considering  is 
very  closely  connected  with  the  construction  of  wooden 
bridges.  These  are  not  always  constructed  on  the  sole 
principles  of  equilibrium,  by  means  of  mutual  abutment* 
They  are  stiff  frames  of  carpentry,  where,  by  a  proper 
disposition,  beams  are  put  into  a  state  of  extension,  as 
well  as  of  compression,  so  as  to  stand  in  place  of  solid 
bodies  as  big  as  the  spaces  which  the  beams  inclose; 
and  thus  we  are  enabled  to  couple  two,  three,  or  four  of 
these  together,  and  set  them  in  abutment  with  each 
other  like  mighty  archstones.  We  shall  close  this  ar- 
ticle, therefore,  with  two  or  three  specimens  of  wooden 
bridges,  disposed  in  a  series  of  progressive  compositioui 
so  as  to  serve  as  a  sort  of  introduction  to  the  art  in  gene- 
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ral,  mid  furnisli  a  principle  whicli  will  enable  the  ioielH- 
gent  and  cautious  arlist  to  push  it  with  confidence  as  (a 
as  it  can  go. 

The  genern)  problem  is  tliis.  Suppose  that  a  bridge  is  to 
be  thrown  over  the  space  AB  (PI.  XII.  Fig.  3.),  and  tli«t 
this  is  too  widt  for  the  strength  of  the  size  of  limber 
which  is  at  our  command ;  how  may  this  beam  AB  be 
supported  with  sufficient  effect?  There  are  but  two 
ways  in  which  the  middle  point  C  (where  the  greatest 
strain  is)  can  he  supported  :  1.  It  may  he  suspended  by 
Iwn  ropes,  iron  rods,  or  wooden  ties,  DC,  EC,  made 
fast  to  two  firm  points  D,  E,  above  it ;  or  it  may  rest  on 
the  ridge  of  two  rafters  rf  C,  c  C,  which  rest  on  two  firm 
points  (/,  f,  betow  it.  2.  It  may  be  supported  by  con- 
necting it  with  a  point  so  supported;  and  this  coQoec< 
tion  may  be  formed,  either  by  suspending  it  from  this 
point,  or  by  a  post  resting  on  it.  Thus  it  may  hang,  'by 
means  of  a  rod  or  a  king-post  FC,  from  the  ridge  F  ot 
two  rafters  AF,  BF ;  or  it  may  rest  on  the  strut  C  /, 
wliose  lower  extremity  /  is  carried  by  the  ropes,  rods,  or 
woodt-n  ties  A/,  B/ 

Whichsoerer  of  these  roethoda  we  employ,  U  follows, 
from  the  principles  of  carpentry,  that  the  support  giveo 
to  the  point  C  is  so  much  the  more  powerful,  as  we  mAe 
the  angle  DCE,  or  rf  C  e,  or  the  equivalent  angles  APB, 
or  A  fB,  more  acute. 

Eacli  of  these  methods  msy  be  supposed  equally  strong. 
Our  choice  will  depend  chiefly  on  the  facility  of  fisdrng 
the  proper  points  of  support  D,  E,  d,  e ;  except  in  the 
■econd  case,  where  we  require  no  fixed  points  but  A  and 
B.  The  simple  forms  of  the  first  case  require  a  great 
extent  of  figure.  Very  rarely  can  we  saspead  it  from 
points  situated  as  D  and  E.  It  is  even  seldom  that  we 
have  depth  enough  of  bank  to  allow  the  support  of  the 
rafters  d  C,  e  C  ;  but  'we  can  always  find  reom  for  the 


CBNTRB8  FOR  MUDGESL  70S 

simple  truss  AFB.    This  therefore  is  the  most  usuallj 
practised. 

648.  In  the  oonstniction,  we  must  follow  the  maxims 
and  directions  prescribed  in  our  articles  Carpbntry  and 
BooF.  The  beans  FA,  FB,  must  be  mortised  into  AB, 
in  the  firmest  manner,  and  there  secured  with  straps  and 
bolts ;  and  the  middle  must  hang  by  a  strap  attached  to 
the  king-post  FC»  or  to  the  iron  rod  that  is  used  for  a 
king-post  No  miulising  in  the  point  C  must  be  em* 
ployed;  it  is  unnecessary,  and  it  is  hurtful,  because  it 
weakens  the  beam,  and  because  it  lodges  water,  and  soon 
decays  by  rot.  The  best  practice  is  not  to  suspend  the 
beam  immediately  by  this  strap,  but  to  let  it  rest,  as  in 
Fig.  4.  on  a  beam  C,  which  crosses  the  bridge  below,  and 
has  its  other  end  suj^rted  in  the  same  manner  by  the 
ather  truss. 

It  is  erident  that  the  length ,  of  the  king-post  has  no 
effect  on  the  support  of  C.  We  may  therefore  contract ' 
every  thing,  and  preserve  the  same  strength  of  support^ 
by  finding  two  points  a  and  b  (Fig.  5.)  in  the  hanks, 
at  a  moderate  distance  below  A  and  B,  and  setting  up 
the  rafters  a  F,  6  F,  and  suspending  C  from  the  short- 
ened king-post.  In  this  construction,  when  the  beam 
AB  rests  on  a  cross  bearer,  as  is  drawn  here,  the  straits 
a  F,  6  F,  are  kept  dear  of  it.  No  connection  between 
them  is  necessary,  and  it  may  be  hurtful,  by  inducing 
cross  strains  on  both.  It  will,  however,  greatly  increase 
the  stillness  of  the  whole.  This  construction  may  safely 
be  loaded  with  ten  times  the  weight  that  AB  can  carry 
alone. 

649.  Suppose  this  done,  and  that  the  scantling  of 
AB  is  too  weak  for  carrying  the  weight  which  may  be 
brought  on  the  parts  AC,  CB.  We  may  now  truss 
up  each  half,  as  in  Fig.  6.  and  then  the  whole  will 
form  a  handsome  bridge,  of  the  simplest  construction 
possible.    The  intersections  of  the  secondary  braces  with 
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thoie  of  the  main  tniss  will  tohn'm  Kand-iiM  of  i^tiiMk 
'figure. 

We  are  not  c6h6ned  to  the  eAffdojiiMnt  df  an  entire 
|ri«ce  AB,  nor  to  a  rectilineal  fonki.  We  maj  fiaoie 
the  bridge  as  in  Fig.  7.  and  m  thb  ftmi  we  dmnade 
from  allowing  anj  connection  with  the  nAUk  poiafti 
of  the  main  braces.  This  coostraction  ali6  omj  hie  fot' 
lowed  till  each  beam  AC  and  CB  ia  loidid  to  ten 
times  what  it  can  safely  bear  withoat  the  aecondaij 
trutsingi' 

660.  There  is  another  waj  bjr  which  a  Wdfge  of  one 
beam  may  be  supported  beyond  the  power  dT'ttMLfirst  and 
simplest  construction*  This  is  represented  in  ftg.  & 
and  Fig.  9.  The  truss  beam  F6  shovld  oceopy  one^ 
third  Of  AB.  The  advantage  of  this  constnfttiiMi  is  rery 
considerable.  The  great  deration  of  the  Ivacei  (whidi 
is  a  principal  element  of  the  strength)  is  pteseifed»  and 
the  braces  are  gitetly  shortened. 

This  method  may  be  poshed  still  farther,  as  in  Pig; 

10. 

651.  And  all  these  methods  may  be  comlMnedi  bj  joio- 

ing  the  constructions  of  Fig.  8.  and  Fig.  9.  with  tittt  of 

Fig.  10. 

In  all  of  them  there  is  much  room  for  the  display  of 

skill,  in  the  proper  adjustment  of  the  scantling  of  the 

timber,  and  the  obliquity  of  the  braces  to  the  lengths 

of  the   diiTerent  bearings.    A  very  oblique  strut,  or  a 

slender  one,  will  suffice  for  a  small  load,  and  may  often 

give  an  opportunity   to  increase  the  general  strength; 

while  the  great  timbers  and  upright  supports  are  reserr- 

ed  for  the  main  pressures.      Nothing  will  improve  the 

composition  so  much  as  reflecting  progressively,  and  in 

the  order  of  these  examples,  on  the  whole.     This  alone 

can  preserve  the  great  principle  in  its  simplicity  and  full 

energy. 

So3.  These  constructipns  are  the  elements  of  all  that 
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can  be  done  in  the  art  of  building  wooden  bridges,  and  are 
to  be  found  more  or  less  obviouslj  and  distinctly  in  all  at- 
tempts of  this  kind.  We  may  assert,  that  the  more  obvi- 
ously they  appear,  the  more  perfect  the  bridge  will  be.  It 
is  astonishing  to  what  extent  the  principle  may  be  carried. 
We  have  seen  a  bridge  of  48  feet  span  formed  of  two  oak 
trusses,  the  Uggest  timber  of  which  did  not  exceed  six 
inches  squi^re,  bearing  with  perfect  steadiness  and  safety  a 
waggon  loaded  with  more  than  two  tons,  drawn  by  four 
stout  horses.  It  was  iramed  as  Fig.  16.  nearly,  with  the 
addition  of  the  dotted  lines,  and  was  near  thirty  yearn  old; 
protected,  however,  from  the  weather  by  a  wooden  toof,  as 
many  bridges  in  Germany  are. 

We  recollect  another  in  the  neighbourhood  of  Stettin, 
which  seemed  constructed  with  great  judgment  and  spirit. 
It  had  a  carriage-road  in  the  middle,  about  SO  feet  (we 
think)  wide,  and  on  each  mde  a  foot-way  about  five  feet 
wide.  The  span  was  not  less  than  60  feet,  and  the  great* 
est  scantling  did  not  appear  to  exceed  10  inches  by  6. 

This  bridge  consisted  of  four  trusses,  two  of  which  form- 
ed the  outside  of  the  bridge,  and  the  other  two  made  the 
separation  between  the  carriage-road  and  the  two  foot-ways. 
We  noticed  the  construction  of  the  trusses  very  particular- 
ly, and  found  it  similar  to  the  last,  except  in  the  middle  di- 
vision of  the  upper  truss,  which,  bebg  very  long,  was 
double-trussed,  as  in  Fig.  17. 

The  reader  will  find  in  that  volume  of  Leupold^s  Thea^ 
trum  Machinarumj  which  [he  calls  Tluahrum  PonAficum^ 
many  specimens  of  wooden  bridges,  which  are  very  frequent 
in  the  champain  parts  of  Germany.  They  are  not,  in  ge- 
neral, models  of  mechanic  art ;  but  the  reflecting  reader, 
who  considers  them  careftiUy^  will  pick  up  here  and  there 
subordinate  hints,  which  are  ingenious,  and  may  sometimes 
be  useful. 

What  we  have  now  exhibited  arc  not  to  be  considered  as 
models  of  construction,  but  as  elementary  examples  and 
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i^.p  mdaed  «  ywiint'^Ht  «tt^y  built  tVb  bjr  li^iaf  dk 
nicMftuiioii  etdioCkii^  itkioa'Cm  ta  p^frt*  tht  ahuttiBg 
ioinlt  an  dotD  o  iXMHliki  -  Thev  aio  not  fiHiaied  toRtlMr 
by  pins  or  bolts,  or  by  scarfings  of  any  kind.  Tbey  are, 
however,  held  together  by  iron  straps,  which  surround 
them,  at  the  distance  of  five  feet  from  each  other,  where 
they  are  fastened  by  bolts  and  keys. 

These  two  arches  having  been  erected  (by  the  help,  we 
fNresume,  of  pillars,  or  a  centering  of  some  kind),  and  well 
butted  against  the  rock  on  each  side,  were  freed  from  their 
supports,  and  allowed  to  settle.  They  are  so  placed^  that 
the  intended  road  abc  intersects  them  about  the  middle  of 
their  height.  The  road-way  is  supported  by  cross  joists, 
which  rest  on  a  long  horizontal  summer  beam.  This  is 
connected  with  the  arches  on  each  side  by  uprights  bdted 
into  them.  The  whole  is  covered  with  a  roof,  which  pro. 
jects  o^^  the  arches  on  each  side,  to  defend  them  from  the 
weather.  Three  of  the  spaces  between  these  uprights  have 
struts  or  braces,  which  give  the  upper  work  a  sort  of  truss- 
ing in  that  port. 
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This  oonstruetkm  is  simple  and  artless ;  and  appears,  by 
the  attempt  to  truss  the  ends,  to  be  the  performance  of  a 
person  ignorant  of  principle,  who  has  taken  the  whole  no- 
tion from  a  stone  arch.  It  is,  however,  of  a  strength  mudi 
more  than  adequate  to  any  load  that  can  be  liud  on  it.  Mr 
Coxe  says,  but  does  not  exphdn  how,  that  it  is  so  contrived 
that  any  part  of  it  can  be  repaired  independent  of  the  rest 
It  was  the  last  work  of  one  Ufaridi  Gnibenmann  of  Tufien, 
in  the  canton  of  Appenzel,  a  carpenter  without  education, 
but  celebrated  for  several  works  of  the  same  kind ;  par- 
ticularly the  bridge  over  the  Rhine  at  Schaffhausen,  con- 
msting  of  two  arches,  one  of  172  and  the  other  of  193 
feet  span,  both  resting  on  a  small  rock  near  the  middle  of 
the  river.* 

While  wridng  this  article,  we  got  an  account  of  a 
woodcn^bridge  erected  in  North  America,  in  whidi  this 
simple  notion  of  Grubenmann's  is  mightily  improved.  The 
span  of  the  arch  was  said  to  exceed  S50  feet,  and  its 
rise  exceedingly  small.  The  description  we  got  is  very  ge- 
neral, but  suffident,  we  think,  to  make  it  perfectly  intd- 
liable. 

654.  In  Fig.  49.  DD,  JBE,  FF,  are  supposed  to  be  three 
beams  of  the  arch.  They  oonrist  of  logs  of  timber  of  small 
lengths,  suppose  of  10  or  12  feet,  such  as  can  bb  found  of 
a  curvature  suited  to  its  place  in  the  arch  without  trimming 
it  across  the  gr^n.  Each  beam  is  double,  oonnsting  of 
two  logs  applied  to  each  other,  side  to  side,  and  breaking 
Jomtf  as  the  workmen  term  it.  They  are  kept  together  1^ 
wedges  and  keys  driven  through  them  at  short  intervals, 
as  at  K,  L,  &c. 

The  manner  of  joining  and  strongly  binding  the  two 
side  pieces  of  each  beam  is  shown  in  Fig.  90.    The  mortise 

*  Drawiugs  of  this  remarkable  bridge,  which  is  now  destroyed, 
will  be  found  in  the  Edinboroh  ENcrcLOPiESiA,  vol.  IV.  p.  S58, 
Plates  I^XXXIX  and  XC— Ed. 
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at c i and ic%o^  vUob  ia  wti»«Mh-lialf 
doaUj  k^gnr on  the  oatadellMB  OQ  the  in^^ 
tvo  moctiMf  meat  Two  keji^  BB  and  CC»  m 
Mch  wilhanoCdiicd;  or  ain^  on  its  n^et  ivlndLMlA 
fits  ooe  nd  of  the  mortiie.  The  kmer  nde  of  tbe  kiy  a 
stnii^ty  but  ID  fbnnedt  thet  wheo  both  keys  aie  n  thdr 
pleoe%  thejr  lonre  a  ipeoe between  them  inderatowadl 
then  It  the  other.  A  wedge  AA^  having  tlio  ane  tqior 
as  the  ipooe  jiut  mentioned,  is  pot  into  it  and  dnaa 
hpiEd.  It  is  oYideot  that  this  most  hold  the  too  kgi  iinn- 
Ijr  ti^gefther.     . 

This  ii  a  way  of  umtiiig  timter  not  mantipnad  indie 
ardde  Cauxhtet  ;  and  it  has  some  peeulinrities  worfijr 
ofnotiee.  In  the  fint  plaoe^  it  may  be  enqdojed  ae  as  la 
pcoduoe  a  very  strong  Literal  oonnexioBy  and  wonldflm 
oo-operate  finely  with  the  other  artificial  methods  of  sonrf^ 
iii^  and  tsbling  that  we  denribed  in  the  article  nfarcd  to. 
But  it  requires  luoe  sttentioii  to  some  ciraamstanoas  of 
oonstruction  to  secure  this  efffict.  If  the  joints  are  aeeii- 
TBtely  formed  to  each  other,  as  if  the  whole  had  been 
one  piece  divided  by  an  infinitely  thin  saw,  this  manner 
of  jmning  will  keep  them  all  in  their  places.  But  no  driv- 
ing of  the  wedge  A  A  will  make  them  firmer,  or  cause 
one  piece  to  press  hard  on  the  other.  If  the  abutment  of 
two  parts  of  the  half  beam  is  already  close,  it  will  remain 
so ;  but  if  open  in  the  smallest  degree,  the  driving  of  the 
wedge  will  not  make  it  Ughter.  In  this  respect,  there- 
fore, it  is  not  so  proper  as  the  forms  described  in  Cae- 

PEKTBY. 

In  order  that  the  method  now  described  may  have  the 
efiect  of  drawing  the  halves  of  the  beams  together,  and  of 
keeping  them  hard  squeezed  on  each  other,  the  joints  must 
be  made  so  as  not  to  correspond  exactly.  The  pronunent 
angle  aio  (Fig.  21.),  formed  by  the  ends  of  the  two  half 
mortises,  must  be  made  a  little  more  obtuse  than  the  angle 
afo  of  the  notch  of  the  key  which  this  jMnoBiinenoe  is  in- 
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tended  to  fill  up.    Moreover,  the  opposite  side  ei  ol  this 
key  should  not  be  quite  straight,  but  a  very  little  convex. 

With  these  precautions,  it  is  easy  to  see  that,  by  driving 
the  wedge  AA,  we  cause  the  notch  afo  to  take  hold,  first 
at  the  two  points  a  and  o,  and  then,  by  continuing  to  drive 
the  wedge,  the  sides  aji  of^  of  the  notch  gradually  com- 
press the  wood  of  the  half  beams,  and  press  them  on  each 
other.  By  continuing  to  drive  the  wedge,  the  mutual  com- 
presnon  of  the  key  and  the  beam  sc|ueezes  all  together, 
and  the  space  afo  %  is  completely  filled  up.  We  may  see, 
from  this  process,  that  the  mutual  compression  and  draw- 
ing together  of  the  timber  will  be  .greater  in  proportion 
as  we  make  the  angle  aio  more  prominent,  and  its  cor- 
responding angle  aj^o  more  deep ;  always  taking  care  that 
the  key  shall  be  thick  enough  not  to  break  in  the  narrow 
part 

This  adjustment  of  the  kejrs  to  the  mortise  is  necessary 
on  another  account  Suppoidng  the  joints  to  fit  each  other 
eiuu^tly  before  driving  the  wedge,  and  that  the  whole  shrinks 
a  little  by  drying— by  this  the  angle  aio  will  become  more 
prominent,  and  the  angle  o/b  will  become  more  shallow ; 
the  joint  will  open  at  a  and  o,  and  the  mutual  compression 
will  be  at  an  end. 

We  may  also  observe, .  that  this  method  will  not  give 
any  additional  firmness  to  the  abutments  of  the  different 
lengths  employed  to  piece  out  the  arch-beam ;  in  which  re- 
spect it  difiers  materially  from  the  other  modes  of  joining 
timber. 

Having  shown  how  each  beam  is  pieced  together,  we 
must  now  show  how  a  number  of  them  are  united,  so  as  to 
compose  an  arch  of  any  thickness.  This  is  done  in  the  very 
same  way.  The  beams  have  other  mortises  worked  out  of 
their  inner  sides,  half  out  of  each  half  of  the  beam.  The 
ends  of  the  mortises  are  formed  in  the  same  way  with  diosc 
already  described.  Long  keys  BB,  CC,  (Fig.  190  ^'^^ 
made  to  fit  them  properly,  the  notches  being  placed  so  as 
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to  ke^  die  beoins  at  a  ftapttiktmoB  fittii  eaelrfite**  It 
bno^pUm  that  driTing  in  idling  wedge  AA  wiHIiBld 
together* 

In  dus  manner  may  an'aidi  bn  tsteofdmi  to  mof  wgh^ 
omI  madki  of  an  J  dndcnem  of  akdtfng.  Thebric^oMi 
Portsmodth  rirery  in  Nordi  America,  was  moredHnM 
ftet  in  taigdi,  and  eoDfliated  ofieiFeral  pmndld  aniMi  tf 

beams.'  Thein?e«lmr(trethiricdMlda  nuMiaBMM 
aaid  dM  he  ^Muiiflte  aCiMgdi  «»|{M, 
perfect  copfidenee  make  one  ot  rniif  tiwaen  "tiie 

W^e  adtaure  tne.ingenitaty  oi  tbm  ^^^^^-^^P^¥^\ 
it  Tefjr  eflectaal'ftr  brillgiilptne  trtiihg%giatt>  flMi^iiBAttll* 
ftim  dmiulent;  ■  bSft  ivfe  miagme  that  it  n  <jidiiiii  ^^pflhft* 
dM,  bieeaine  it  ia  eztvemd J  flexible.    Then  tefllMttif  to 
ke^  it'ftom  bencBng,  bj  an  iileqaalitjr  of  loud,  bi*  dM 
tnuuveree  strength  of  the  beams.    The  kejs  and  mSgm 
ean  have  veiy  litde power  topravent  flds liemBi^gL  ^4be 
distanoe  between  the  beatais  wiU  alsoconUibiite  BOfe  ar 
noddng  to  the  sdffiiesB ;  nvf »  we  imagine  that  a  gnal 
distance  between  them  ^1  make  the  frame  more  fleadble 
Could  the  beams  be  placed  so  near  each  other  that  they 
could  be  somehow  joggled  on  each  other,  the  whole  would 
be  stifier ;  but  at  present  they  will  bend  like  the  plates  of 
a  coach-spring.      But  nothing  hinders   us  from  adding 
diagonal  pieces  to  this  construction,  which  will  give  it  anjr 
degree  of  stiffness,  and  will  enable  it  to  bear  any  ineqnali* 
ty  of  loading.     When  completed  in  this  manner,  we  ima* 
gine  that  it  will  be  at  least  equal  to  any  eonstniction  that 
has  been  yet  thought  of.     One  advantage  it  poaseases  that 
is  very  precious :  any  piece  that  fails  may  be  taken  out, 
and  replaced  by  another,  without  disturbing  the  rest,  and 
without  the  smallest  risk.     On  the  whole,  we  think  it  a 
very  valuable  addition  to  British  carpentry.     The  method 
here  practised,  both  for  joining  the  parts  of  one  beam  and 
for  framing  the  different  beams  together,  suggests  the  most 
firm  and  light  constructions  for  dome-roofe  that  can  be 
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ooDcdved;  inoompanbly  superior  to  any  that  have  yet 
been  erected.  The  whole  may  be  firamed^  without  a  nail 
or  a  s{nke,  into  one  net-like  shell  that  cannot  even  be  pulU 
ed  in  pieces.  We  may  perhaps  conuder  this  in  another 
article ;  at  present  we  return  to  the  conaderation  of  trussed 
bridges. 

When  the  width  of  the  river  exceeds  what  is  thought 
practicable  by  a  single  truss,  we  must  then  combine,  dther 
by  ample  addition  or  by  composition,  different  trusses  to- 
gcther.  We  compose  a  bridge  by  ample  addition  when 
we  make  a  frame  of  carpentry  of  an  undiangeable  and  pro- 
per shape,  to  serve  as  one  of  the  arcb.8tones  of  a  bridge  of 
masonry.  This  may  be  easily  comprehended  by  looking 
at  Fig*  2S.  Each  of  the  frames  A,  B,  C,  D,  must  be  con* 
sidered  as  a  separate  body,  and  all  are  supported  by  theic 
mutual  abutment.  The  nature  of  the  thing  is  not  changed^ 
although  we  suppose  that  the  rails  of  the  frame  B,  instead 
of  being  mortised  into  an  upright  V  V  unconnected  vrith 
the  frame  C,  is  mortised  into  the  upright  c  cot  that  frame, 
the  direction  and  intensity  of  the  mutual  pressures  of  the 
two  frames  are  the  same  in  both  cases ;  accordingly  this  is 
a  very  common  form  of  small  wooden  bridges.  It  is  usual, 
indeed,  to  put  diagonal  battens  into  each :  but  we  believe 
that  this  is  more  frequently  done  to  please  the  eye  than  to 
produce  an  unalterable  shape  of  each  frame. 

To  an  unskilful  carpenter  this  bridge  does  not  seem  es- 
sentially  different  bom  the  centering  of  Mr  Hupeau  for  the 
bridge  of  Orleans ;  and  indeed^  in  many  cases,  it  requires 
reflection,  and  sometimes  very  minute  reflection,  to  distin« 
guish  between  a  construction  which  is  only  an  addition  of 
frame  to  frame  till  the  width  be  covered,  from  a  construe* 
tion  where  one  frame  works  on  the  adjdining  one  transverse* 
ly,  pulling  it  in  one  part  and  drawing  it  in  another.  The 
ready  way  for  an  unlettered  artist  to  form  a  just  notion  of 
this  point,  is  to  examine  whether  he  may  saw  through  the 
ocmnecting  piece  V  V  from  one  end  to  the  other,  and  make 
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them  two  separate  frames.  Whenever  this  cannot  be  dune 
without  that  part  opening,  it  is  a  construction  b^  oompoa- 
tion.  Some  of  the  beams  are  on  the  stretcb ;  and  iraa 
straps,  extending  along  both  pieces,  are  necessary  for  as. 
curing  the  joinL  -  The  bridge  is  no  longer  a  piece  of  ma- 
sonry, but  a  performance  of  pure  carpentry,  depending  oo 
principles  peculiar  to  that  art.  Equilibration  is  necesstry 
in  the  first  construction ;  but,  in  the  second,  any  inequali^ 
of  loading  is  made  ineflPectual  for  hurting  the  edifice,  hj 
means  of  the  stretch  that  is  made  to  operate  on  some  other 
piece.  We  are  of  opinion  that  this  most  simple  employ- 
ment of  the  distinguishing  principle  of  carpentry,  by  which 
the  beams  are  made  to  act  as  ties,  will  give  the  most  perfect 
construction  of  a  wide  bridge.  One  polygon  alone  should 
contain  the  whole  of  the  abutments  ;  and  one  other  poly- 
gon should  consist  entirely  of  .ties ;  and  the  beams  which 
form  the  radii,  connecting  the  angles  of  the  two  polyps, 
complete  the  whole.  By  confining  the  attention  to  these 
two  simple  objects,  the  abutments  of  the  outer  polygon, 
and  the  joints  of  the  inner  one,  may  be  formed  in  the  most 
simple  and  efficient  manner,  without  any  collateral  connex- 
ions and  dependencies,  wincli  divide  the  attention,  increase 
the  complication,  and  commonly  produce  unexpected  and 
hurtful  strains.  It  was  for  this  reason  that  we  have  so 
frec^uently  rea)mmended  the  centering  of  the  bridge  of 
Orleans.  Its  office  will  be  completely  performed  by  a  tniss 
of  the  form  of  Fig.  23;  where  the  polygon  A13CDEF, 
consisting  of  two  layers  of  beams  (if  one  is  not  sufficient), 
contains  the  whole  abutments,  and  the  other  A  b  c  d  cF 
is  nothing  but  an  iron  rod.  In  this  construction,  the  olv 
tusencss  of  the  angles  of  the  lower  polygon  is  rather  an 
advantage.  The  braces  G  r,  G  (/,  which  are  wantctl  for 
trussing  the  middle  of  the  outer  beams,  will  effec'tuallv  -<'- 
cure  the  angles  of  the  exterior  polygon  against  all  risk  of 
change.  The  reader  must  perceive  that  wc  have  now  ter- 
minated in  the  construction  of  the  Norman  roof.     We  in- 
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deed  Uunk  it  the  be*  general  fonn^  when  some  modeimte 
dedi^  is  not  an  baapenUe  objecCiaii.  When  this  is  the 
case,  we  reeommend  the  general  plan  of  the  centering  of  the 
bridge  of  Orleans.  We  would  make  the  bridge  (we  speak  of 
a  great  bridge)  consist  of  four  trusses ;  two  ta  serve  as  the 
outsides  of  the  bridge,  and  two  inner  trusses,  separating 
the  carriage-way  finom  the  fooUpaths.  The  road  should 
follow  the  course  of  the  lower  pcdygon,  and  the  main  truss 
should  form  the  rails.  It  mi|^t  look  strai^;  but  we  are 
here  speaking  of  strength ;  and  erident,  but  not  unirieldy, 
strength^  onoe  it  becsomes  familiar,  b  the  surest  source  of 
beauty  in  all  works  of  this  kmd. 
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